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1) An Energy Balance Model describing the evolution of 
latitudinal temperature (Budyko-Sellers)

2) A dynamic (moving) iceline (Widiasih)

3) Forcing due to Greenhouse Gases (Collaborators)

“Earth”

Assumption:  
Symmetry across 
the equator Motto: “Make 

everything as simple 
as possible, 

.”  -Einstein

Slide from Prof. McGehee, 2010

Its solutions, temperature profiles T(y,t), live in a function space, and these spaces 
are typically infinite-dimensional.

Luckily, a reduction method has been developed by McGehee and Widiasih:

1. Assume the profile is piecewise smooth across the iceline
2. Make an infinite expansion of each “piece” of the profile 

3. This reduces the system to an infinite number of ODE…
4. An infinite number of which we can reasonably ignore.
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1. Assume the profile is piecewise smooth across the iceline and even (in y)

2. Make an infinite expansion of each “piece” of the profile  (in Fourier-Legendre series)

Exponential 
decay!

4. An infinite number of (ODE) 
which we can reasonably 

ignore.

Computed 
from Budyko-
Sellers model 
(D. McGehee)

Computed using the 
low-dimensional 
approximation

Actually, the equilibrium solutions are 
exactly the same in both frames!
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Budyko-Sellers + 
Iceline Equation 

(From E. Widiasih)

Reduced Budyko-
Sellers + Iceline

Equation

Time evolution of temperature at latitude y, “jump’’ denotes location of 
iceline.

A=202

Stable, high-
latitude ice cap

Unstable mid-
latitude ice cap

Ice-free
Snowball

 Abbot et. al. (2011): Yes, think of a reduction in OLR (A 
from Budyko) from the present value as an increase in 
radiative forcing due to GHG.

 Hogg (2007), and others: A is a function of log(pCO2), so 
one could couple an equation for atmospheric CO2 directly 
to the Budyko-Iceline model.

Idea motivated by Abbott et. al. 
2011
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 Motivated by Hogg (2007),  Zeeman, Cutler and Gartside
(Bowdoin, 2011), focus on a linear evolution equation 
for CO2 with effects from volcanism and weathering of 
silicate rocks:

Oscillating Iceline
and Temperature 

Profile

Dynamics of A and 
iceline

superimposed on 
bifurcation 

diagram

 Reduction techniques allowed for a much simpler, 
numerically inexpensive, investigation of a high-dimensional 
model.  How can we use/improve these for other 
systems or more general use? 

 Does this model tell us anything about the real world, e.g. 
potential mechanisms for onset of glacial 
oscillations or dramatic bifurcations?

 If so, What are the “right” timescales and 
parameters, and is it necessary to find them?

 Math Challenge: Multiple timescale analysis of a piecewise 
smooth system (at ice boundaries)- requires extension of 
singular perturbation theory?

Thank you!


