
Solutions to Homework 11

FM 5011 Mathematical Background for Finance

Let Wt be a Brownian motion.

1-1. Compute E [W 2
1 W2].

Let Y := W1 and Z := W2 −W1. Since Wt is a Brownian motion, Y and Z are standard normal
and iid. Since

Y 2Z + Y 3 = W 2
1 (W2 −W1) + W 3

1 = W 2
1 W2,

E
[
W 2

1 W2

]
= E

[
Y 2Z + Y 3

]
= E

[
Y 2Z

]
+ E

[
Y 3

]
= E

[
Y 2

]
· E [Z] + E

[
Y 3

]
(since Y 2 and Z are independent)

= 1 · 0 + 0

= 0,

because

E
[
Y 2

]
=

1√
2π

∫ ∞

−∞
x2e−

x2

2 dx =
1√
2π

[
−xe−

x2

2

∣∣∣∞
−∞

+

∫ ∞

−∞
e−

x2

2 dx

]
= 0 + 1 = 1,

E [Z] =
1√
2π

∫ ∞

−∞
xe−

x2

2 dx =
1√
2π

[
−e−

x2

2

∣∣∣∞
−∞

]
= 0,

E
[
Y 3

]
=

1√
2π

∫ ∞

−∞
x3e−

x2

2 dx =
1√
2π

[
−x2e−

x2

2

∣∣∣∞
−∞

+

∫ ∞

−∞
2xe−

x2

2 dx

]
= 0 + 0 = 0.

1-2. Let Xt be a solution to dXt = 3dWt − 4dt. Compute E
[
eX2+X3

]
.

The solution to the SDE is
Xt = 3Wt − 4t.

Let Y := W2√
2

and Z := W3 −W2. Since Wt is a Brownian motion, Y and Z are standard normal
and iid.

Y =
W2√

2
=⇒ W2 =

√
2Y

Z = W3 −W2 =⇒ W3 = W2 + Z =
√

2Y + Z.
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Therefore,

E
[
eX2+X3

]
= E

[
e3W2−8+3W3−12

]
= E

[
e6
√

2Y +3Z−20
]

= e−20E
[
e6
√

2Y +3Z
]

= e−20E
[
e6
√

2Y
]
· E

[
e3Z

]
(since e6

√
2Y and e3Z are independent)

= e−20e36e
9
2

= e
41
2 ,

since

E
[
e6
√

2Y
]

=
1√
2π

∫ ∞

−∞
e6
√

2e−
x2

2 dx

=
1√
2π

∫ ∞

−∞
e6
√

2(x+6
√

2)e−
(x+6

√
2)2

2 dx (replacing x by x + 6
√

2)

=
1√
2π

∫ ∞

−∞
e6
√

2x+72−x2

2
−6
√

2x−36dx

=
e36

√
2π

∫ ∞

−∞
e−

x2

2 dx

= e36

and

E
[
e3Z

]
=

1√
2π

∫ ∞

−∞
e3xe−

x2

2 dx

=
1√
2π

∫ ∞

−∞
e3(x+3)e−

(x+3)2

2 dx (replacing x by x + 3)

=
1√
2π

∫ ∞

∞
e3x+9−x2

2
−3x− 9

2 dx

=
e

9
2

√
2π

∫ ∞

−∞
e−

x2

2 dx

= e
9
2 .

Let Xt be a solution to the SDE (stochastic differential equation)

dXt =
(
cos

(
X2

t

))
dWt + (sin(Xt)) dt.

2-1. Let Yt := X5
t . Find the SDE for Yt.
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Using Itô’s lemma, we obtain

dYt =

[
∂Yt

∂t
+

∂Yt

∂Xt

(sin(Xt)) +
1

2

∂2Yt

∂X2
t

(
cos(X2

t )
)2

]
dt +

∂Yt

∂Xt

(
cos(X2

t )
)
dWt

=

[
0 + 5X4

t sin(Xt) +
1

2
· 20X3

t cos2
(
X2

t

)]
dt + 5X4

t cos(X2
t )dWt

=
[
5X4

t sin(Xt) + 10X3
t cos2(X2

t )
]
dt + 5X4

t cos(X2
t )dWt.

Therefore, Yt satisfies the stochastic differential equation

dYt = 5X4
t cos(X2

t )dWt +
[
5X4

t sin(Xt) + 10X3
t cos2(X2

t )
]
dt.

2-2. Let St := teXt. Find the SDE for St.

Using Itô’s lemma, we obtain

dSt =

[
∂St

∂t
+

∂St

∂Xt

(sin(Xt)) +
1

2

∂2St

∂X2
t

(
cos(X2

t )
)2

]
dt +

∂St

∂Xt

(
cos(X2

t )
)
dWt

=

[
eXt + teXt sin(Xt) +

1

2
teXt cos2

(
X2

t

)]
dt + teXt cos(X2

t )dWt.

Therefore, St satisfies the stochastic differential equation

dSt = teXt cos(X2
t )dWt +

[
eXt + teXt sin(Xt) +

1

2
teXt cos2

(
X2

t

)]
dt.
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