Opportunity for participation points

Earn a participation point at
e the beginning of each Monday lecture
e at the end of each Wednesday lecture.

(Each participation point is equivalent to
an extra point on a midterm).

Green's theorem

/F dx—//aFQ aFlda:dy

LHS: total circulation around C
RHS: integral of tendency to circulate

Stokes’ theorem (Section 6.4)

Recall the one-variable Fundamental

Theorem of Calculus

b
F(b) — F(a) = / F'(x)dx

LHS: total change in F
RHS: F/(x) is tendency for F' to increase.

Interpret: total change in F' is integral of
its tendency to increase.

Stokes' theorem

/(’9MF.dX: //McurI(F)-nda,

LHS: total circulation around OM
(boundary of M)
RHS: integral of tendency to circulate

around normal of surface M




Remember: need to get orientation right

positive side of the surface: the side that
the normal points out from

positively oriented boundary: goes
counterclockwise when viewed from the
positive side of the surface.

Stokes’ theorem true for positively oriented
boundary oM.

By Stokes’ theorem, we need to compute

/ curl(F) -ndo
M

where M is a surface with boundary C.
Let M be the quarter disk in the yz-plane.

Normal vector n needs to point in which
direction? Toward the positive or negative
side of the x-axis?

Example. Let C be the closed curve
Z

(0.0,1) guarter circle

N

/ y
N (0,1,0)
X

For F(x,y,2) = (y,z,z), compute

/F-dx
C

using Stokes’ Theorem.
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Next, parameterize surface (quarter disk)

f(r,0) = (0,rcosd,rsinf)

Now compute fCF - dx directly.
Divide C' into three parts.

Z
for 0<r<1and0<0<m/2. (0,0.1) C
2
of _ (0, cos 8, sin0) Cl/\
gr
of = (0, —rsinf,rcosf) / y
of 9f S, (010
EX%Zi(TCOSQG—FTSinQH):ri « 3
Is the surface oriented properly? Recall F(x,y,z2) = (y,z,x)
If not, use g X g = —ri. First C1. Parameterize
' 00  Or
Should the integral [, curl(F) - ndo be g(t) = (0,0,t) 0<t<1

positive or negative?

/ curl(F) -ndo
M

B 1 /2 8f 8f
_/O /O curl F(f(r, 0)) - <%x5) do dr

/2

/ (-1,-1,-1) - (—r,0,0)dé dr
0
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/ rd0 dr = T
0 4

h
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g'(t) =(0,0,1)
F(g(t)) ) g/(t) — F(07 Oat) ) (07 07 1)
= (0,t,0)-(0,0,1)
=0

Therefore

1
/ F-dxz/ F(g(t)) - ¢'(t)dt = O.
Ci 0



The integral for C3 is similar.

/F-dx=0

Last, do integral over C5.
Parameterize as

g(0) = (0,sin#,cosh)
g'(0) = (0,cosH, —sing)

0<o< /2

Therfore,

/F-alxzE
c 4

in agreement with our Stokes' theorem
answer.

/2
/F-dx:/ F(g(0)) - g (6)db
CQ O
/2
:/ F(0,sin#,cos®) - (0,cosd, —sinH)db
0

/2
=/ (sin#,cosh,0) - (0,cosh, —sinh)do
0

/2
=/ cos? 0 do

0
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=/ T 4
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One trick to use Stokes’ theorem:
You are given a curve C.
How to select a surface?

(For Green’s theorem, this wasn't an issue
because everything was 2D).

A special case where this is relatively easy:
When the curve C lies in a plane.

Especially easy:
that plane is parallel to a coordinate plane.



Example: Say want to use Stokes' theorem
to compute [, F -dx where C is polygon
path connecting the following points:

(1,1,0), (3,1,4), (1,1,5), (-1,1,1)

Does this curve lie in a plane?
Z| (1,15

(—1,1,1)<

(3,1,4)

(1,1,0)

In other cases, a surface is given explicitly
in the problem.

Example: fCF .dx where C is the curve in
which the cone z? = z? 4 y? intersects the
plane z = 1. (Oriented counter clockwise
viewed from positive z-axis).

If one coordinate is constant, then curve is
parallel to a coordinate plane.

(zz-plane for above example).

For Stokes’ theorem,
plane.

use surface in that

/F-dx:/ curl(F) -ndo
C M

for what surface M7

Portion of plane or portion of cone?



Use can use either surface. g y g — (0.0.7)
Let P be the portion of the plane z = 1 or 00

with z? 4+ y?2 < 1 with upward pointing /curI(F)-nda
normal. P

1 p27
Let Q be the portion of the cone 22 = :/o /Ocurl(F(TCOSQ’TS'nevl))'(Ovovr)dgd"“
z? 4 y? with 0 < z < 1 with upward angling 1 r2r
normal =//(m%awmmﬂym@mwm
' 0Jo

1 p2m
How do [, curl(F)-ndo and churl(F)-nda :// 340 dr
0 Jo

compare?
1
=/ 2rr3dr =
0 2

Continue example: Let

Y3 23
F(z,y,z) = (sinz — =—,cosy + —, xyz

3 3
Compute [, F -dx.
Can show that curl(F) = (xz, —yz, 22 + y°).
Use surface P, parameterized by

f(r,0) = (rcosf,rsinf, 1)

for0<r<1,0<60<2r




