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2. Numerical Solution of Scalar Equations

Most numerical solution methods are basedon someform of iteration. The basic idea
is that repeatedapplication of the algorithm will producecloserand closerapproximations
to the desiredsolution. To analyzesuch algorithms, our ¯rst task is to understand general
iterativ e processes.

2.1. Iteration of Functions.

Iteration, meaning repeated application of a function, can be viewed as a discrete
dynamical system in which the continuous time variable has been \quantized" to assume
integer values. Even iterating a very simple quadratic scalar function can lead to an amaz-
ing variety of dynamical phenomena, including multiply-p eriodic solutions and genuine
chaos. Nonlinear iterativ e systemsarise not just in mathematics, but also underlie the
growth and decay of biological populations, predator-prey interactions, spreadof commu-
nicable diseasessuch as Aids , and host of other natural phenomena. Moreover, many
numerical solution methods | for systems of algebraic equations, ordinary di®erential
equations, partial di®erential equations, and so on | rely on iteration, and so the the-
ory underlies the analysis of convergenceand e±ciency of such numerical approximation
schemes.

In general,an iterativ e system has the form

u (k+1) = g(u (k ) ); (2:1)

where g: Rn ! Rn is a real vector-valued function. (One can similarly treat iteration of
complex-valued functions g: Cn ! Cn , but, for simplicit y, we only deal with real systems
here.) A solution is a discrete collection of pointsy u (k ) 2 Rn , in which the index k =
0; 1; 2; 3; : : : takeson non-negative integer values.

Once we specify the initial iterate,

u (0) = c; (2:2)

then the resulting solution to the discrete dynamical system (2.1) is easily computed:

u (1) = g(u (0) ) = g(c); u (2) = g(u (1) ) = g(g(c)) ; u (3) = g(u (2) ) = g(g(g(c))) ; : : :

y The superscripts on u (k ) refer to the iteration number, and do not denote derivativ es.
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and so on. Thus, unlike continuous dynamical systems, the existenceand uniquenessof
solutions is not an issue. As long as each successive iterate u (k ) lies in the domain of
de¯nition of g one merely repeats the processto produce the solution,

u (k ) =

k times
z }| {
g ± ¢¢¢ ± g (c); k = 0; 1; 2; : : : ;

(2:3)

which is obtained by composing the function g with itself a total of k times. In other
words, the solution to a discrete dynamical system corresponds to repeatedly pushing the
g key on your calculator. For example,entering 0 and then repeatedly hitting the cos key
corresponds to solving the iterativ e system

u(k+1) = cosu(k ) ; u(0) = 0: (2:4)

The ¯rst 10 iterates are displayed in the following table:

k 0 1 2 3 4 5 6 7 8 9

u(k ) 0 1 :540302 :857553 :65429 :79348 :701369 :76396 :722102 :750418

For simplicit y, we shall always assumethat the vector-valued function g: Rn ! Rn is
de¯ned on all of Rn ; otherwise, we must always be careful that the successive iterates u (k )

never leave its domain of de¯nition, thereby causingthe iteration to break down. To avoid
technical complications, we will alsoassumethat g is at least continuous; later results rely
on additional smoothnessrequirements, e.g.,continuit y of its ¯rst and secondorder partial
derivatives.

While the solution to a discretedynamical systemis essentially trivial, understanding
its behavior is de¯nitely not. Sometimesthe solution convergesto a particular value |
the key requirement for numerical solution methods. Sometimesit goeso®to 1 , or, more
precisely, the norms of the iterates are unbounded: k u (k ) k ! 1 as k ! 1 . Sometimes
the solution repeats itself after a while. And sometimesthe iterates behave in a seemingly
random, chaotic manner | all depending on the function g and, at times, the initial
condition c. Although all of these casesmay arise in real-world applications, we shall
mostly concentrate upon understanding convergence.

De¯nition 2.1. A ¯xed point or equilibrium of a discrete dynamical system (2.1) is
a vector u? 2 Rn such that

g(u?) = u?: (2:5)

We easily seethat every ¯xed point provides a constant solution to the discrete dy-
namical system, namely u (k ) = u? for all k. Moreover, it is not hard to prove that any
convergent solution necessarilyconvergesto a ¯xed point.

Prop osition 2.2. If a solution to a discrete dynamical system converges,

lim
k !1

u (k ) = u?;

then the limit u? is a ¯xed point.
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Proof : This is a simple consequenceof the continuit y of g. We have

u? = lim
k !1

u (k+1) = lim
k !1

g(u (k ) ) = g
µ

lim
k !1

u (k )
¶

= g(u?);

the last two equalities following from the continuit y of g. Q.E.D.

For example,continuing the cosineiteration (2.4), we ¯nd that the iterates gradually
convergeto the value u? ¼ :739085,which is the unique solution to the ¯xed point equation

cosu = u:

Later we will seehow to rigorously prove this observed behavior.
Of course,not every solution to a discretedynamical systemwill necessarilyconverge,

but Proposition 2.2 says that if it does, then it must converge to a ¯xed point. Thus, a
key goal is to understand when a solution converges,and, if so, to which ¯xed point | if
there is more than one. Fixed points are divided into three classes:

² asymptotically stable, with the property that all nearby solutions convergeto it,
² stable, with the property that all nearby solutions stay nearby, and
² unstable, almost all of whosenearby solutions divergeaway from the ¯xed point.

Thus, from a practical standpoint, convergenceof the iterates of a discrete dynamical
systemrequiresasymptotic stabilit y of the ¯xed point. Exampleswill appear in abundance
in the following sections.

Scalar Functions

As always, the ¯rst step is to thoroughly understand the scalar case,and so we begin
with a discrete dynamical system

u(k+1) = g(u(k ) ); u(0) = c; (2:6)

in which g: R ! R is a continuous,scalar-valued function. As noted above, we will assume,
for simplicit y, that g is de¯ned everywhere,and sowe do not needto worry about whether
the iterates u(0) ; u(1) ; u(2) ; : : : are all well-de¯ned.

As usual, to study systemsone beginswith an in-depth analysisof the scalar version.
Consider the iterativ e equation

u(k+1) = au(k ) ; u(0) = c: (2:7)

The generalsolution to (2.7) is easily found:

u(1) = au(0) = ac; u(2) = au(1) = a2 c; u(3) = au(2) = a3 c;

and, in general,
u(k ) = ak c: (2:8)

If the initial condition is a = 0, then the solution u(k ) ´ 0 is constant. Therefore, 0 is a
¯xed point or equilibrium solution for the iterativ e system.

3/15/06 9 c° 2006 Peter J. Olv er



5 10 15 20 25 30

-1

-0.75

-0.5

-0.25

0.25

0.5

0.75

1

0 < a < 1

5 10 15 20 25 30

-1

-0.75

-0.5

-0.25

0.25

0.5

0.75

1

¡ 1 < a < 0

5 10 15 20 25 30

-1

-0.75

-0.5

-0.25

0.25

0.5

0.75

1

a = 1

5 10 15 20 25 30

-1

-0.75

-0.5

-0.25

0.25

0.5

0.75

1

a = ¡ 1

5 10 15 20 25 30

-10

-7.5

-5

-2.5

2.5

5

7.5

10

1 < a

5 10 15 20 25 30

-10

-7.5

-5

-2.5

2.5

5

7.5

10

a < ¡ 1

Figure 2.1. One Dimensional Real Linear Iterativ e Systems.

Example 2.3. Banks add interest to a savings account at discrete time intervals.
For example,if the bank o®ers5%interest compoundedyearly, this meansthat the account
balance will increaseby 5% each year. Thus, assumingno deposits or withdrawals, the
balance u(k ) after k years will satisfy the iterativ e equation (2.7) with a = 1 + r where
r = :05 is the interest rate, and the 1 indicates that all the money remains in the account.
Thus, after k years,your account balanceis

u(k ) = (1 + r )k c; where c = u(0) (2:9)

is your initial deposit. For example, if c = $1; 000, after 1 year your account has u(1) =
$1; 050, after 10 yearsu(10) = $1; 628:89, after 50 yearsu(50) = $11; 467:40, and after 200
yearsu(200) = $17; 292; 580:82.

When the interest is compounded monthly , the rate is still quoted on a yearly basis,
and so you receive 1

12 of the interest each month. If û(k ) denotes the balance after k
months, then, after n years, the account balance is û(12 n ) =

¡
1 + 1

12 r
¢

12 n c. Thus,
when the interest rate of 5% is compounded monthly , your account balance is û(12) =
$1; 051:16 after 1 year, û(120) = $1; 647:01 after 10 years, û(600) = $12; 119:38 after 50
years, and û(2400) = $21; 573; 572:66 dollars after 200 years. So, if you wait su±ciently
long, compounding will have a dramatic e®ect. Similarly, daily compounding replaces12
by 365:25, the number of days in a year. After 200 years, the balanceis $22; 011; 396:03.

Let us analyzethe solutions of scalar iterativ e equations,starting with the casewhen
a 2 R is a real constant. Aside from the equilibrium solution u(k ) ´ 0, the iterates exhibit
¯v e qualitativ ely di®erent behaviors, depending on the sizeof the coe±cient a.

(a) If a = 0, the solution immediately becomeszero, and stays there, so u(k ) = 0 for all
k ¸ 1.

(b) If 0 < a < 1, then the solution is of one sign, and tends monotonically to zero, so
u(k ) ! 0 as k ! 1 .
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(c) If ¡ 1 < a < 0, then the solution tends to zero: u(k ) ! 0 as k ! 1 . Successive
iterates have alternating signs.

(d) If a = 1, the solution is constant: u(k ) = a, for all k ¸ 0.
(e) If a = ¡ 1, the solution switchesback and forth betweentwo values;u(k ) = (¡ 1)k c.
(f ) If 1 < a < 1 , then the iterates u(k ) becomeunbounded. If c > 0, they go mono-

tonically to + 1 ; if c < 0, to ¡ 1 .
(g) If ¡ 1 < a < ¡ 1, then the iterates u(k ) also becomeunbounded, with alternating

signs.
In Figure 2.1 we exhibit representativ e scatter plots for the nontrivial cases(b { g). The
horizontal axis indicates the index k and the vertical axis the solution value u. Each dot
in the scatter plot represents an iterate u(k ) .

To describe the di®erent scenarios,we adopt a terminology that already appeared in
the continuous realm. In the ¯rst three cases,the ¯xed point u = 0 is said to be globally
asymptotically stable since all solutions tend to 0 as k ! 1 . In cases(d) and (e), the
zero solution is stable, since solutions with nearby initial data, j c j ¿ 1, remain nearby.
In the ¯nal two cases,the zero solution is unstable; any nonzero initial data a 6= 0 | no
matter how small | will give rise to a solution that eventually goes arbitrarily far away
from equilibrium.

Let us also analyzecomplex scalar iterativ e systems. The coe±cient a and the initial
datum c in (2.7) are allowed to be complex numbers. The solution is the same,(2.8), but
now we needto know what happenswhen we raise a complex number a to a high power.
The secret is to write a = r e i µ in polar form, where r = j a j is its modulus and µ = ph a
its angle or phase. Then ak = r k ei k µ. Since j e i k µ j = 1, we have j ak j = j a jk , and so
the solutions (2.8) have modulus j u(k ) j = j ak a j = j a jk j a j. As a result, u(k ) will remain
bounded if and only if j a j · 1, and will tend to zero as k ! 1 if and only if j a j < 1.

We have thus establishedthe basic stabilit y criteria for scalar, linear systems.

Theorem 2.4. The zero solution to a (real or complex) scalar iterativ e system
u(k+1) = au(k ) is

(a) asymptotically stable if and only if j a j < 1,
(b) stable if and only if j a j · 1,
(c) unstable if and only if j a j > 1.

Nonlinear Scalar Iteration

The simplest \nonlinear" caseis that of an a±ne function

g(u) = au + b; (2:10)

leading to an a±ne discrete dynamical system

u(k+1) = au(k ) + b: (2:11)

The only ¯xed point is the solution to

u? = g(u?) = au? + b; namely, u? =
b

1 ¡ a
: (2:12)
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Figure 2.2. Fixed Points.

The formula for u? requires that a 6= 1, and, indeed, the casea = 1 has no ¯xed point, as
the reader can easily con¯rm.

Sincewe already know the value of u?, we can readily analyze the di®erences

e(k ) = u(k ) ¡ u?; (2:13)

betweensuccessive iterates and the ¯xed point. Observe that, the smaller e(k ) is, the closer
u(k ) is to the desired ¯xed point. In many applications, the iterate u(k ) is viewed as an
approximation to the ¯xed point u?, and so e(k ) is interpreted as the error in the k th

iterate. Subtracting the ¯xed point equation (2.12) from the iteration equation (2.11), we
¯nd

u(k+1) ¡ u? = a(u(k ) ¡ u?):

Therefore the errors e(k ) are related by a linear iteration

e(k+1) = ae(k ) ; and hence e(k ) = ak e(0) : (2:14)

Therefore, the solutions to this scalar linear iteration converge:

e(k ) ¡ ! 0 and hence u(k ) ¡ ! u?; if and only if j a j < 1:

This is the criterion for asymptotic stability of the ¯xed point, or, equivalently , convergence
of the a±ne iterativ esystem(2.11). The magnitude of a determinesthe rate of convergence,
and the closer it is to 0, the faster the iterates approach the ¯xed point.

Example 2.5. The a±ne function

g(u) = 1
4 u + 2

leadsto the iterativ e scheme
u(k+1) = 1

4 u(k ) + 2:

3/15/06 12 c° 2006 Peter J. Olv er



Figure 2.3. Tangent Line Approximation.

Starting with the initial condition u(0) = 0, the ensuingvaluesare

k 1 2 3 4 5 6 7 8

u(k ) 2:0 2:5 2:625 2:6562 2:6641 2:6660 2:6665 2:6666

Thus, after 8 iterations, the iterates have produced the ¯xed point u? = 8
3 to 4 decimal

places. The rate of convergenceis 1
4 , and indeed

j e(k ) j = j u(k ) ¡ u? j =
¡

1
4

¢k
j u(0) ¡ u? j = 8

3

¡
1
4

¢k
¡ ! 0 as k ¡ ! 1 :

Let us now turn to the fully nonlinear case. First note that the ¯xed points of g(u)
correspond to the intersections of its graph with the graph of the function i (u) = u. For
instanceFigure 2.2 shows the graph of a function that has3 ¯xed points, labeledu?

1; u?
2; u?

3.
In general, near any point in its domain, a (smooth) nonlinear function can be well

approximated by its tangent line, which repre4sents the graph of an a±ne function; see
Figure 2.3. Therefore, if we are closeto a ¯xed point u?, then we might expect the iterativ e
system basedon the nonlinear function g(u) to behave very much like that of its a±ne
tangent line approximation. And, indeed, this intuition turns out to be essentially correct.
This result forms our ¯rst concrete example of linearization , in which the analysis of a
nonlinear system is basedon its linear (or, more precisely, a±ne) approximation.

The explicit formula for the tangent line to g(u) near the ¯xed point u = u? = g(u?)
is

g(u) ¼ g(u?) + g0(u?)(u ¡ u?) ´ au + b; (2:15)

where
a = g0(u?); b = g(u?) ¡ g0(u?) u? =

¡
1 ¡ g0(u?)

¢
u?:

Note that u? = b=(1 ¡ a) remains a ¯xed point for the a±ne approximation: au? + b =
u?. According to the preceding discussion,the convergenceof the iterates for the a±ne
approximation is governed by the size of the coe±cient a = g0(u?). This observation
inspires the basic stabilit y criterion for ¯xed points of scalar iterativ e systems.
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Theorem 2.6. Let g(u) be a continuously di®erentiable scalar function. Suppose
u? = g(u?) is a ¯xed point. If j g0(u?) j < 1, then u? is an asymptotically stable ¯xed
point, and henceany sequenceof iterates u(k ) which starts out su±ciently closeto u? will
convergeto u?. On the other hand, if j g0(u?) j > 1, then u? is an unstable ¯xed point, and
the only iterates which converge to it are those that land exactly on it, i.e., u(k ) = u? for
somek ¸ 0.

Proof : The goal is to prove that the errors e(k ) = u(k ) ¡ u? betweenthe iterates and
the ¯xed point tend to 0 as k ! 1 . To this end, we try to estimate e(k+1) in terms of
e(k ) . According to (2.6) and the Mean Value Theorem from calculus,

e(k+1) = u(k+1) ¡ u? = g(u(k ) ) ¡ g(u?) = g0(v) (u(k ) ¡ u?) = g0(v) e(k ) ; (2:16)

for somev lying between u(k ) and u?. By continuit y, if j g0(u?) j < 1 at the ¯xed point,
then we can choose± > 0 and j g0(u?) j < ¾< 1 such that the estimate

j g0(v) j · ¾< 1 whenever j v ¡ u? j < ± (2:17)

holds in a (perhapssmall) interval surrounding the ¯xed point. Suppose

j e(k ) j = j u(k ) ¡ u? j < ±:

Then the point v in (2.16), which is closer to u? than u(k ) , satis¯es (2.17). Therefore,

j u(k+1) ¡ u? j · ¾j u(k ) ¡ u? j; and hence j e(k+1) j · ¾j e(k ) j: (2:18)

In particular, since ¾ < 1, we have j u(k+1) ¡ u? j < ±, and hencethe subsequent iterate
u(k+1) also lies in the interval where (2.17) holds. Repeating the argument, we conclude
that, provided the initial iterate satis¯es

j e(0) j = j u(0) ¡ u? j < ±;

the subsequent errors are bounded by

e(k ) · ¾k e(0) ; and hence e(k ) = j u(k ) ¡ u? j ¡ ! 0 as k ! 1 ;

which completesthe proof of the theorem in the stable case.
The proof in unstable caseis left as an exercisefor the reader. Q.E.D.

Remark: The constant ¾governs the rate of convergenceof the iterates to the ¯xed
point. The closerthe iterates are to the ¯xed point, the smaller we can choose± in (2.17),
and hencethe closerwe can choose¾to j g0(u?) j. Thus, roughly speaking, j g0(u?) j governs
the speedof convergence,once the iterates get closeto the ¯xed point. This observation
will be developed more fully in the following subsection.

Remark: The caseswhen g0(u?) = § 1 are not covered by the theorem. For a linear
system,such ¯xed points are stable, but not asymptotically stable. For nonlinear systems,
more detailed knowledgeof the nonlinear terms is required in order to resolve the status |
stable or unstable | of the ¯xed point. Despite their importance in certain applications,
we will not try to analyzesuch borderline casesany further here.
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Figure 2.4. Planetary Orbit.

Example 2.7. Given constants ²; m, the trigonometric equation

u = m + ² sinu (2:19)

is known asKepler's equation. It arisesin the study of planetary motion, in which 0 < ² < 1
represents the eccentricity of an elliptical planetary orbit, u is the eccentric anomaly,
de¯ned as the angle formed at the center of the ellipse by the planet and the major axis,
and m = 2¼t =T is its mean anomaly, which is the time, measuredin units of T=(2¼)
where T is the period of the orbit, i.e., the length of the planet's year, sinceperihelion or
point of closestapproach to the sun; seeFigure 2.4.

The solutions to Kepler's equation are the ¯xed points of the discrete dynamical
system basedon the function

g(u) = m + ² sinu:

Note that
j g0(u) j = j ² cosu j = j ² j < 1; (2:20)

which automatically implies that the as yet unknown ¯xed point is stable. Indeed, con-
dition (2.20) is enough to prove the existence of a unique stable ¯xed point; see the
remark after Theorem 9.7. In the particular case m = ² = 1

2 , the result of iterating
u(k+1) = 1

2 + 1
2 sinu(k ) starting with u(0) = 0 is

k 1 2 3 4 5 6 7 8 9

u(k ) :5 :7397 :8370 :8713 :8826 :8862 :8873 :8877 :8878

After 13 iterations, we have convergedsu±ciently closeto the solution (¯xed point) u? =
:887862to have computed its value to 6 decimal places.
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Figure 2.5. Graph of a Contraction.

Inspection of the proof of Theorem 2.6 reveals that we never really usedthe di®eren-
tiabilit y of g, except to verify the inequality

j g(u) ¡ g(u?) j · ¾j u ¡ u? j for some¯xed ¾< 1. (2:21)

A function that satis¯es (2.21) for all nearby u is called a contraction at the point u?. Any
function g(u) whosegraph lies betweenthe two lines

L § (u) = g(u?) § ¾(u ¡ u?) for some ¾< 1,

for all u su±ciently close to u?, i.e., such that j u ¡ u? j < ± for some ± > 0, de¯nes a
contraction, and hence¯xed point iteration starting with j u(0) ¡ u? j < ± will convergeto
u?; seeFigure 2.5. In particular, any function that is di®erentiable at u? with j g0(u?) j < 1
de¯nes a contraction at u?.

Example 2.8. The simplest truly nonlinear exampleis a quadratic polynomial. The
most important caseis the so-calledlogistic map

g(u) = ¸ u(1 ¡ u); (2:22)

where ¸ 6= 0 is a ¯xed non-zeroparameter. (The case¸ = 0 is completely trivial. Why?)
In fact, an elementary change of variables can make any quadratic iterativ e system into
one involving a logistic map.

The ¯xed points of the logistic map are the solutions to the quadratic equation

u = ¸ u(1 ¡ u); or ¸ u2 ¡ ¸ u + 1 = 0:

Using the quadratic formula, we concludethat g(u) has two ¯xed points:

u?
1 = 0; u?

2 = 1 ¡
1
¸

:
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Figure 2.6. Logistic Iterates.

Let us apply Theorem 2.6 to determine their stabilit y. The derivative is

g0(u) = ¸ ¡ 2¸ u; and so g0(u?
1) = ¸; g0(u?

2) = 2 ¡ ¸:

Therefore, if j ¸ j < 1, the ¯rst ¯xed point is stable, while if 1 < ¸ < 3, the second¯xed
point is stable. For ¸ < ¡ 1 or ¸ > 3 neither ¯xed point is stable, and we expect the
iterates to not convergeat all.

Numerical experiments with this example show that it is the sourceof an amazingly
diverserange of behavior, depending upon the value of the parameter ¸ . In the accompa-
nying Figure 2.6, we display the results of iteration starting with initial point u(0) = :5 for
several di®erent valuesof ¸ ; in each plot, the horizontal axis indicates the iterate number
k and the vertical axis the iterate valoue u(k ) for k = 0; : : : ; 100. As expected from Theo-
rem 2.6, the iterates converge to one of the ¯xed points in the range ¡ 1 < ¸ < 3, except
when ¸ = 1. For ¸ a little bit larger than ¸ 1 = 3, the iterates do not converge to a ¯xed
point. But it doesnot take long for them to settle down, switching back and forth between
two particular values. This behavior indicates the exitenceof a (stable) period 2 orbit for
the discrete dynamical system, in accordancewith the following de¯nition.
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De¯nition 2.9. A period k orbit of a discrete dynamical system is a solution that
satis¯es u(n + k ) = u(n ) for all n = 0; 1; 2; : : : . The (minimal ) period is the smallest positive
value of k for which this condition holds.

Thus, a ¯xed point
u(0) = u(1) = u(2) = ¢¢¢

is a period 1 orbit. A period 2 orbit satis¯es

u(0) = u(2) = u(4) = ¢¢¢ and u(1) = u(3) = u(5) = ¢¢¢ ;

but u(0) 6= u(1) , as otherwise the minimal period would be 1. Similarly, a period 3 orbit
has

u(0) = u(3) = u(6) = ¢¢¢ ; u(1) = u(4) = u(7) = ¢¢¢ ; u(2) = u(5) = u(8) = ¢¢¢ ;

with u(0) ; u(1) ; u(2) distinct. Stabilit y of a period k orbit implies that nearby iterates
convergeto this periodic solution.

For the logistic map, the period 2 orbit persists until ¸ = ¸ 2 ¼ 3:4495, after which
the iterates alternate between four values | a period 4 orbit. This again changesat
¸ = ¸ 3 ¼ 3:5441,after which the iterates end up alternating betweeneight values. In fact,
there is an increasingsequenceof values

3 = ¸ 1 < ¸ 2 < ¸ 3 < ¸ 4 < ¢¢¢ ;

where, for any ¸ n < ¸ · ¸ n +1 , the iterates eventually follow a period 2n orbit. Thus, as ¸
passesthrough each value ¸ n the period of the orbit goesfrom 2n to 2¢2n = 2n +1 , and the
discretedynamical systemexperiencesa bifurcation . The bifurcation values¸ n are packed
closerand closer together as n increases,piling up on an eventual limiting value

¸ ? = lim
n ! 1

¸ n ¼ 3:5699;

at which point the orbit's period has, so to speak, becomein¯nitely large. The entire
phenomenais known as a period doubling cascade.

Interestingly, the ratios of the distances between successive bifurcation points ap-
proachesa well-de¯ned limit,

¸ n +2 ¡ ¸ n +1

¸ n +1 ¡ ¸ n
¡ ! 4:6692: : : ; (2:23)

known as Feigenbaum's constant. In the 1970's, the American physicist Mitc hell Feigen-
baum, [16], discovered that similar period doubling cascadesappear in a broad range of
discrete dynamical systems. Even more remarkably, in almost all cases,the corresponding
ratios of distancesbetweenbifurcation points has the same limiting value. Feigenbaum's
experimental observations were rigorously proved by Oscar Lanford in 1982, [32].

After ¸ passesthe limiting value ¸ ?, all hell breaks loose. The iterates becomecom-
pletely chaoticy, moving at random over the interval [0; 1]. But this is not the end of the

y The term \c haotic" does have a precise mathematical de¯nition, but the reader can take it
more ¯gurativ ely for the purp osesof this elementary exposition.

3/15/06 18 c° 2006 Peter J. Olv er



2.5 3 3.5 4

0.2

0.4

0.6

0.8

1

Figure 2.7. The Logistic Map.

story. Embeddedwithin this chaotic regimeare certain small rangesof ¸ wherethe system
settles down to a stable orbit, whoseperiod is no longer necessarilya power of 2. In fact,
there exist valuesof ¸ for which the iterates settle down to a stable orbit of period k for any
positive integer k. For instance, as ¸ increasespast ¸ 3;? ¼ 3:83, a period 3 orbit appears
over a small range of values, after which, as ¸ incresesslightly further, there is a period
doubling cascadewhere period 6, 12, 24; : : : orbits successively appear, each persisting on
a shorter and shorter range of parameter values, until ¸ passesyet another critical value
where chaos breaks out yet again. There is a well-prescribed order in which the periodic
orbits make their successive appearance,and each odd period k orbit is followed by a very
closelyspacedsequenceof period doubling bifurcations, of periods 2n k for n = 1; 2; 3; : : : ,
after which the iterates revert to completely chaotic behavior until the next periodic case
emerges.The ratios of distancesbetweenbifurcation points always have the sameFeigen-
baum limit (2.23). Finally, theseperiodic and chaotic windows all pile up on the ultimate
parameter value ¸ ?

? = 4. And then, when ¸ > 4, all the iterates go o® to 1 , and the
system ceasesto be interesting.

The reader is encouragedto write a simple computer program and perform some
numerical experiments. In particular, Figure 2.7 shows the asymptotic behavior of the
iterates for values of the parameter in the interesting range 2 < ¸ < 4. The horizontal
axis is ¸ , and the marked points show the ultimate fate of the iteration for the given
value of ¸ . For instance, each point the single curve lying above the smaller values of
¸ represents a stable ¯xed point; this bifurcates into a pair of curves representing stable
period 2 orbits, which then bifurcates into 4 curves representing period 4 orbits, and so
on. Chaotic behavior is indicated by a somewhatrandom pattern of points lying above the
value of ¸ . To plot this ¯gure, we ran the logistic iteration u(n ) for 0 · n · 100,discarded
the ¯rst 50 points, and then plotted the next 50 iterates u(51) ; : : : ; u(100) . Investigation of
the ¯ne detailed structure of the logistic map requires yet more iterations with increased
numerical accuracy. In addition oneshould discard more of the initial iterates soasto give
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the systemenoughtime to settle down to a stable periodic orbit or, alternativ ely, continue
in a chaotic manner.

Remark: Sofar, wehaveonly lookedat real scalariterativ esystems.Complex discrete
dynamical systemsdisplay yet more remarkable and fascinating behavior. The complex
version of the logistic iteration equation leads to the justly famous Julia and Mandelbrot
sets, [33], with their stunning, psychedelic fractal structure, [42].

The rich range of phenomenain evidence,even in such extremely simple nonlinear
iterativ e systems, is astounding. While intimations ¯rst appeared in the late nineteenth
century research of the in°uential French mathematician Henri Poincar¶e, seriousinvestiga-
tions weredelayed until the advent of the computer era, which precipitated an explosionof
research activit y in the area of dynamical systems. Similar period doubling cascadesand
chaos are found in a broad range of nonlinear systems,[1], and are often encountered in
physical applications, [35]. A modern explanation of °uid turbulence is that it is a (very
complicated) form of chaos, [1].

Quadratic Convergence

Let us now return to the more mundane casewhen the iterates converge to a stable
¯xed point of the discretedynamical system. In applications, weusethe iterates to compute
a precisey numerical value for the ¯xed point, and hence the e±ciency of the algorithm
dependson the speedof convergenceof the iterates.

According to the remark following the proof Theorem 2.6, the convergencerate of an
iterativ e system is essentially governed by the magnitude of the derivative j g0(u?) j at the
¯xed point. The basic inequality (2.18) for the errors e(k ) = u(k ) ¡ u?, namely

j e(k+1) j · ¾j e(k ) j;

is known as a linear convergence estimate. It meansthat, once the iterates are close to
the ¯xed point, the error decreasesby a factor of (at least) ¾¼ j g0(u?) j at each step. If
the kth iterate u(k ) approximates the ¯xed point u? correctly to m decimal places,so its
error is bounded by

j e(k ) j < :5 £ 10¡ m ;

then the (k + 1)st iterate satis¯es the error bound

j e(k+1) j · ¾j e(k ) j < :5 £ 10¡ m ¾= :5 £ 10¡ m +log 10 ¾:

More generally, for any j > 0,

j e(k+ j ) j · ¾j j e(k ) j < :5 £ 10¡ m ¾j = :5 £ 10¡ m + j log 10 ¾;

which meansthat the (k + j ) th iterate u(k+ j ) has at leastz

m ¡ j log10 ¾= m + j log10 ¾¡ 1

y The degreeof precision is to be speci¯ed by the user and the application.
z Note that since ¾< 1, the logarithm log10 ¾¡ 1 = ¡ log10 ¾> 0 is positive.
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correct decimal places. For instance, if ¾ = :1 then each new iterate producesone new
decimal placeof accuracy(at least), while if ¾= :9 then it typically takes22 ¼ ¡ 1=log10 :9
iterates to produce just one additional accurate digit!

This meansthat there is a hugeadvantage| particularly in the application of iterativ e
methods to the numerical solution of equations | to arrange that j g0(u?) j be as small as
possible. The fastest convergencerate of all will occur when g0(u?) = 0. In fact, in such a
happy situation, the rate of convergenceis not just slightly , but dramatically faster than
linear.

Theorem 2.10. Suppose that g 2 C2, and u? = g(u?) is a ¯xed point such that
g0(u?) = 0. Then, for all iterates u(k ) su±ciently closeto u?, the errors e(k ) = u(k ) ¡ u?

satisfy the quadratic convergenceestimate

j e(k+1) j · ¿ j e(k ) j2 (2:24)

for someconstant ¿ > 0.

Proof : Just as that of the linear convergenceestimate (2.18), the proof relies on
approximating g(u) by a simpler function near the ¯xed point. For linear convergence,an
a±ne approximation su±ced, but herewe require a higher order approximation. Thus, we
replacethe mean value formula (2.16) by the ¯rst order Taylor expansion

g(u) = g(u?) + g0(u?) (u ¡ u?) + 1
2 g00(w) (u ¡ u?)2; (2:25)

where the ¯nal error term dependson an (unknown) point w that lies betweenu and u?.
At a ¯xed point, the constant term is g(u?) = u?. Furthermore, under our hypothesis
g0(u?) = 0, and so (2.25) reducesto

g(u) ¡ u? = 1
2 g00(w) (u ¡ u?)2:

Therefore,
j g(u) ¡ u? j · ¿ j u ¡ u? j2; (2:26)

where ¿ is chosenso that
1
2 j g00(w) j · ¿ (2:27)

for all w su±ciently close to u?. Therefore, the magnitude of ¿ is governed by the size
of the second derivative of the iterativ e function g(u) near the ¯xed point. We use the
inequality (2.26) to estimate the error

j e(k+1) j = j u(k+1) ¡ u? j = j g(u(k ) ) ¡ g(u?) j · ¿ j u(k ) ¡ u? j2 = ¿j e(k ) j2;

which establishesthe quadratic convergenceestimate (2.24). Q.E.D.

Let usseehow the quadratic estimate (2.24) speedsup the convergencerate. Following
our earlier argument, supposeu(k ) is correct to m decimal places,so

j e(k ) j < :5 £ 10¡ m :
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Then (2.24) implies that

j e(k+1) j < :5 £ (10¡ m )2 ¿ = :5 £ 10¡ 2 m +log 10 ¿;

and so u(k+1) has 2m ¡ log10 ¿ accurate decimal places. If ¿ ¼ j g00(u?) j is of moderate
size, we have essentially doubled the number of accurate decimal places in just a single
iterate! A seconditeration will double the number of accurate digits yet again. Thus,
the convergenceof a quadratic iteration schemeis extremely rapid, and, barring round-o®
errors, onecan produceany desirednumber of digits of accuracy in a very short time. For
example, if we start with an initial guessthat is accurate in the ¯rst decimal digit, then a
linear iteration with ¾= :1 will require 49 iterations to obtain 50 decimal place accuracy,
whereasa quadratic iteration (with ¿ = 1) will only require 6 iterations to obtain 26 = 64
decimal placesof accuracy!

Example 2.11. Consider the function

g(u) =
2u3 + 3
3u2 + 3

:

There is a unique (real) ¯xed point u? = g(u?), which is the real solution to the cubic
equation

1
3 u3 + u ¡ 1 = 0:

Note that

g0(u) =
2u4 + 6u2 ¡ 6u

3(u2 + 1)2 =
6u

¡
1
3 u3 + u ¡ 1

¢

3(u2 + 1)2 ;

and henceg0(u?) = 0 vanishesat the ¯xed point. Theorem 2.10 implies that the iterations
will exhibit quadratic convergenceto the root. Indeed, we ¯nd, starting with u(0) = 0, the
following values:

k 1 2 3

u(k ) 1:00000000000000 :833333333333333 :817850637522769

4 5 6

:817731680821982 :817731673886824 :817731673886824

The convergencerate is dramatic: after only 5 iterations, we have produced the ¯rst 15
decimal places of the ¯xed point. In contrast, the linearly convergent scheme based on
eg(u) = 1 ¡ 1

3 u3 takes 29 iterations just to produce the ¯rst 5 decimal placesof the same
solution.

In practice, the appearanceof a quadratically convergent ¯xed point is a matter of
luck. The construction of quadratically convergent iterativ e methods for solving equations
will be the focus of the following Section.
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Figure 2.8. Graph of u5 + u + 1.

2.2. Numerical Solution of Equations.

Solving nonlinear equationsand systemsof equationsis, of course,a problem of utmost
importance in mathematics and its manifold applications. We begin by studying the scalar
case.Thus, we are given a real-valued function f : R ! R, and seekits roots, i.e., the real
solution(s) to the scalar equation

f (u) = 0: (2:28)

Here are someprotot ypical examples:
(a) Find the roots of the quintic polynomial equation

u5 + u + 1 = 0: (2:29)

Graphing the left hand side of the equation, as in Figure 2.8, convinces us that there is
just onereal root, lying somewherebetween¡ 1 and ¡ :5. While there are explicit algebraic
formulas for the roots of quadratic, cubic, and quartic polynomials, a famoustheoremy due
to the Norwegian mathematician Nils Henrik Abel in the early 1800'sstates that there is
no such formula for generic¯fth order polynomial equations.

(b) Any ¯xed point equation u = g(u) has the form (2.28) where f (u) = u ¡ g(u).
For example, the trigonometric Kepler equation

u ¡ ² sinu = m

arises in the study of planetary motion, cf. Example 2.7. Here ²; m are ¯xed constants,
and we seeka corresponding solution u.

(c) Supposewe are given chemical compoundsA; B ; C that react to producea fourth
compound D according to

2A + B Ã ! D ; A + 3C Ã ! D :

Let a;b;c be the initial concentrations of the reagents A; B ; C injected into the reaction
chamber. If u denotesthe concentration of D produced by the ¯rst reaction, and v that

y A modern proof of this fact relies on Galois theory, [19 ].
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Figure 2.9. Intermediate Value Theorem.

by the secondreaction, then the ¯nal equilibrium concentrations

a? = a ¡ 2u ¡ v; b? = b¡ u; c? = c ¡ 3v; d? = u + v;

of the reagents will be determined by solving the nonlinear system

(a ¡ 2u ¡ v)2(b¡ u) = ®(u + v); (a ¡ 2u ¡ v)(c ¡ 3v)3 = ¯ (u + v); (2:30)

where ®; ¯ are the known equilibrium constants of the two reactions.
Our immediate goal is to develop numerical algorithms for solving such nonlinear

scalar equations.

The Bisection Method

The most primitiv e algorithm, and the only one that is guaranteed to work in all cases,
is the Bisection Method. While it has an iterativ e °avor, it cannot be properly classedas
a method governedby functional iteration asde¯ned in the precedingsection,and somust
be studied directly in its own right.

The starting point is the Intermediate Value Theorem, which we state in simpli¯ed
form. SeeFigure 2.9 for an illustration, and [2] for a proof.

Lemma 2.12. Let f (u) be a continuous scalar function. Supposewe can ¯nd two
points a < b where the valuesof f (a) and f (b) take opposite signs,so either f (a) < 0 and
f (b) > 0, or f (a) > 0 and f (b) < 0. Then there exists at least one point a < u? < b where
f (u?) = 0.

Note that if f (a) = 0 or f (b) = 0, then ¯nding a root is trivial. If f (a) and f (b) have
the samesign, then there may or may not be a root in between. Figure 2.10 plots the
functions u2 + 1, u2 and u2 ¡ 1, on the interval ¡ 2 · u · 2. The ¯rst has two simple
roots; the secondhas a single double root, while the third has no root. We also note
that continuit y of the function on the entire interval [a; b] is an essential hypothesis. For
example, the function f (u) = 1=u satis¯es f (¡ 1) = ¡ 1 and f (1) = 1, but there is no root
to the equation 1=u = 0.
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Figure 2.10. Roots of Quadratic Functions.

Note carefully that the Lemma 2.12 does not say there is a unique root between a
and b. There may be many roots, or even, in pathological examples,in¯nitely many. All
the theorem guarantees is that, under the stated hypotheses,there is at least one root.

Once we are assuredthat a root exists, bisection relies on a \divide and conquer"
strategy. The goal is to locate a root a < u? < b between the endpoints. Lacking any
additional evidence,one tactic would be to try the midpoint c = 1

2 (a + b) as a ¯rst guess
for the root. If, by some miracle, f (c) = 0, then we are done, since we have found a
solution! Otherwise (and typically) we look at the sign of f (c). There are two possibilities.
If f (a) and f (c) are of opposite signs, then the Intermediate Value Theorem tells us that
there is a root u? lying betweena < u? < c. Otherwise, f (c) and f (b) must have opposite
signs, and so there is a root c < u? < b. In either event, we apply the samemethod to
the interval in which we are assureda root lies, and repeat the procedure. Each iteration
halvesthe length of the interval, and choosesthe half in which a root is sure to lie. (There
may, of course,be a root in the other half interval, but as we cannot be sure, we discard
it from further consideration.) The root we home in on lies trapped in intervals of smaller
and smaller width, and so convergenceof the method is guaranteed.

Example 2.13. The roots of the quadratic equation

f (u) = u2 + u ¡ 3 = 0

can be computed exactly by the quadratic formula:

u?
1 =

¡ 1 +
p

13
2

¼ 1:302775: : : ; u?
2 =

¡ 1 ¡
p

13
2

¼ ¡ 2:302775: : : :

Let us seehow onemight approximate them by applying the Bisection Algorithm. Westart
the procedureby choosing the points a = u(0) = 1; b = v(0) = 2, noting that f (1) = ¡ 1
and f (2) = 3 have opposite signs and hencewe are guaranteed that there is at least one
root between 1 and 2. In the ¯rst step we look at the midpoint of the interval [1; 2],
which is 1:5, and evaluate f (1:5) = :75. Since f (1) = ¡ 1 and f (1:5) = :75 have opposite
signs, we know that there is a root lying between1 and 1:5. Thus, we take u(1) = 1 and
v(1) = 1:5 as the endpoints of the next interval, and continue. The next midpoint is at
1:25, where f (1:25) = ¡ :1875 has the opposite sign to f (1:5) = :75, and so a root lies
betweenu(2) = 1:25 and v(2) = 1:5. The processis then iterated as long as desired | or,
more practically, as long as your computer's precision doesnot becomean issue.
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k u(k ) v(k ) w(k ) = 1
2 (u(k ) + v(k ) ) f (w(k ) )

0 1 2 1:5 :75
1 1 1:5 1:25 ¡ :1875
2 1:25 1:5 1:375 :2656
3 1:25 1:375 1:3125 :0352
4 1:25 1:3125 1:2813 ¡ :0771
5 1:2813 1:3125 1:2969 ¡ :0212
6 1:2969 1:3125 1:3047 :0069
7 1:2969 1:3047 1:3008 ¡ :0072
8 1:3008 1:3047 1:3027 ¡ :0002
9 1:3027 1:3047 1:3037 :0034
10 1:3027 1:3037 1:3032 :0016
11 1:3027 1:3032 1:3030 :0007
12 1:3027 1:3030 1:3029 :0003
13 1:3027 1:3029 1:3028 :0001
14 1:3027 1:3028 1:3028 ¡ :0000

The table displays the result of the algorithm, rounded o® to four decimal places.
After 14 iterations, the Bisection Method has correctly computed the ¯rst four decimal
digits of the positive root u?

1. A similar bisection starting with the interval from u(1) = ¡ 3
to v(1) = ¡ 2 will produce the negative root.

A formal implementation of the Bisection Algorithm appears in the accompanying
pseudocode program. The endpoints of the k th interval are denoted by u(k ) and v(k ) . The
midpoint is w(k ) = 1

2

¡
u(k ) + v(k )

¢
, and the key decision is whether w(k ) should be the

right or left hand endpoint of the next interval. The integer n, governing the number of
iterations, is to be prescribed in accordancewith how accurately we wish to approximate
the root u?.

The algorithm produces two sequencesof approximations u(k ) and v(k ) that both
convergemonotonically to u?, one from below and the other from above:

a = u(0) · u(1) · u(2) · ¢¢¢ · u(k ) ¡ ! u? Ã ¡ v(k ) · ¢¢¢ · v(2) · v(1) · v(0) = b:

and u? is trapped betweenthe two. Thus, the root is trapped inside a sequenceof intervals
[u(k ) ; v(k ) ] of progressively shorter and shorter length. Indeed, the length of each interval
is exactly half that of its predecessor:

v(k ) ¡ u(k ) = 1
2 (v(k ¡ 1) ¡ u(k ¡ 1) ):

Iterating this formula, we concludethat

v(n ) ¡ u(n ) =
¡

1
2

¢n
(v(0) ¡ u(0) ) =

¡
1
2

¢n
(b¡ a) ¡ ! 0 as n ¡ ! 1 :
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The Bisection Method

start

if f (a) f (b) < 0 set u(0) = a, v(0) = b

else print \Bisection Method not applicable"

for k = 0 to n ¡ 1

set w(k ) = 1
2 (u(k ) + v(k ) )

if f (w(k ) ) = 0, stop; print u? = w(k )

if f (u(k ) ) f (w(k ) ) < 0, set u(k+1) = u(k ) , v(k+1) = w(k )

else set u(k+1) = w(k ) , v(k+1) = v(k )

next k

print u? = w(n ) = 1
2 (u(n ) + v(n ) )

end

The midpoint
w(n ) = 1

2 (u(n ) + v(n ) )

lies within a distance

j w(n ) ¡ u? j · 1
2 (v(n ) ¡ u(n ) ) =

¡
1
2

¢n +1
(b¡ a)

of the root. Consequently , if wedesireto approximate the root within a prescribedtolerance
" , we should choosethe number of iterations n so that

¡
1
2

¢n +1
(b¡ a) < "; or n > log2

b¡ a
"

¡ 1: (2:31)

Summarizing:

Theorem 2.14. If f (u) is a continuous function, with f (a) f (b) < 0, then the
Bisection Method starting with u(0) = a; v(0) = b, will converge to a solution u? to the
equation f (u) = 0 lying betweena and b. After n steps,the midpoint w(n ) = 1

2 (u(n ) + v(n ) )
will be within a distance of " = 2¡ n ¡ 1(b¡ a) from the solution.

For example,in the caseof the quadratic equation in Example 2.13,after 14 iterations,
we have approximated the positive root to within

" =
¡

1
2

¢15
(2 ¡ 1) ¼ 3:052£ 10¡ 5;

recon¯rming our observation that wehaveaccurately computed its ¯rst four decimalplaces.
If we are in need of 10 decimal places, we set our tolerance to " = :5 £ 10¡ 10, and so,
accordingto (2.31), must perform n = 34 > 33:22 ¼ log2 2 £ 1010 ¡ 1 successivebisectionsy.

y This assumeswe have su±cient precision on the computer to avoid round-o® errors.
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Example 2.15. As noted at the beginning of this section, the quintic equation

f (u) = u5 + u + 1 = 0

hasonereal root, whosevaluecanbereadily computedby bisection. Westart the algorithm
with the initial points u(0) = ¡ 1; v(0) = 0, noting that f (¡ 1) = ¡ 1 < 0 while f (0) = 1 > 0
are of opposite signs. In order to compute the root to 6 decimal places,we set " = :5£ 10¡ 6

in (2.31), and so need to perform n = 20 > 19:93 ¼ log2 2 £ 106 ¡ 1 bisections. Indeed,
the algorithm producesthe approximation u? ¼ ¡ :754878to the root, and the displayed
digits are guaranteed to be accurate.

Fixed Point Methods

The Bisection Method hasan ironclad guarantee to convergeto a root of the function
| provided it can be properly started by locating two points where the function takes
opposite signs. This may be tric ky if the function has two very closely spacedroots and
is, say, negative only for a very small interval between them, and may be impossible
for multiple roots, e.g., the root u? = 0 of the quadratic function f (u) = u2. When
applicable, its convergencerate is completely predictable, but not especially fast. Worse,
it hasno immediately apparent extensionto systemsof equations,sincethere is no obvious
counterpart to the Intermediate Value Theorem for vector-valued functions.

Most other numerical schemesfor solving equations rely on someform of ¯xed point
iteration. Thus, we seekto replace the system of equations f (u) = 0 with a ¯xed point
systemu = g(u), that leadsto the iterativ e solution schemeu (k+1) = g(u (k ) ). For this to
work, there are two key requirements:

(a) The solution u? to the equation f (u) = 0 is also a ¯xed point for g(u), and
(b) u? is, in fact a stable ¯xed point, meaning that the Jacobian g 0(u?) is a convergent

matrix, or, slightly more restrictiv ely, k g0(u?) k < 1 for a prescribed matrix norm.
If both conditions hold, then, provided we choose the initial iterate u (0) = c su±ciently
close to u?, the iterates u (k ) ! u? will converge to the desired solution. Thus, the key
to the practical useof functional iteration for solving equations is the proper designof an
iterativ e system | coupled with a reasonablygood initial guessfor the solution. Before
implementing generalprocedures,let us discussa naÄ³ve example.

Example 2.16. To solve the cubic equation

f (u) = u3 ¡ u ¡ 1 = 0 (2:32)

we note that f (1) = ¡ 1 while f (2) = 5, and so there is a root between 1 and 2. Indeed,
the Bisection Method leadsto the approximate value u? ¼ 1:3247after 17 iterations.

Let us try to ¯nd the sameroot by ¯xed point iteration. As a ¯rst, naÄ³ve, guess,we
rewrite the cubic equation in ¯xed point form

u = u3 ¡ 1 = eg(u):

Starting with the initial guessu(0) = 1:5, successive approximations to the solution are
found by iterating

u(k+1) = eg(u(k ) ) = (u(k ) )3 ¡ 1; k = 0; 1; 2; : : : :
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However, their values

u(0) = 1:5; u(1) = 2:375; u(2) = 12:396;

u(3) = 1904; u(4) = 6:9024£ 109; u(5) = 3:2886£ 1029; : : :

rapidly becomeunbounded,and sofail to converge. This could, in fact, havebeenpredicted
by the convergencecriterion in Theorem 2.6. Indeed, eg0(u) = ¡ 3u2 and so j eg0(u) j > 3
for all u ¸ 1, including the root u?. This meansthat u? is an unstable ¯xed point, and
the iterates cannot convergeto it.

On the other hand, we can rewrite the equation (2.32) in the alternativ e iterativ e form

u = 3
p

1 + u = g(u):

In this case
0 · g0(u) =

1
3(1 + u)2=3

·
1
3

for u > 0:

Thus, the stabilit y condition (2.17) is satis¯ed, and we anticipate convergenceat a rate of
at least 1

3 . (The Bisection Method convergesmore slowly, at rate 1
2 .) Indeed, the ¯rst few

iterates u(k+1) = 3
p

1 + u(k ) are

1:5; 1:35721; 1:33086; 1:32588; 1:32494; 1:32476; 1:32473;

and we have convergedto the root, correct to four decimal places,in only 6 iterations.

Newton's Method

Our immediate goal is to designan e±cient iterativ e schemeu(k+1) = g(u(k ) ) whose
iterates converge rapidly to the solution of the given scalar equation f (u) = 0. As we
learned in Section 2.1, the convergenceof the iteration is governed by the magnitude
of its derivative at the ¯xed point. At the very least, we should impose the stabilit y
criterion j g0(u?) j < 1, and the smaller this quantit y can be made, the faster the iterativ e
schemeconverges. if we are able to arrangethat g0(u?) = 0, then the iterates will converge
quadratically fast, leading,asnoted in the discussionfollowing Theorem2.10,to a dramatic
improvement in speedand e±ciency.

Now, the ¯rst condition requires that g(u) = u whenever f (u) = 0. A little thought
will convince you that the iterativ e function should take the form

g(u) = u ¡ h(u) f (u); (2:33)

where h(u) is a reasonablynice function. If f (u?) = 0, then clearly u? = g(u?), and so u?

is a ¯xed point. The converseholds provided h(u) 6= 0 is never zero.
For quadratic convergence,the key requirement is that the derivative of g(u) be zero

at the ¯xed point solutions. We compute

g0(u) = 1 ¡ h0(u) f (u) ¡ h(u) f 0(u):

Thus, g0(u?) = 0 at a solution to f (u?) = 0 if and only if

0 = 1 ¡ h0(u?) f (u?) ¡ h(u?) f 0(u?) = 1 ¡ h(u?) f 0(u?):
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Consequently , we should require that

h(u?) =
1

f 0(u?)
(2:34)

to ensure a quadratically convergent iterativ e scheme. This assumesthat f 0(u?) 6= 0,
which means that u? is a simple root of f . For here on, we leave aside multiple roots,
which require a di®erent approach.

Of course, there are many functions h(u) that satisfy (2.34), since we only need to
specify its value at a single point. The problem is that we do not know u? | after all this
is what we are trying to compute | and so cannot compute the value of the derivative
of f there. However, we can circumvent this apparent di±cult y by a simple device: we
imposeequation (2.34) at all points, setting

h(u) =
1

f 0(u)
; (2:35)

which certainly guaranteesthat it holds at the solution u?. The result is the function

g(u) = u ¡
f (u)
f 0(u)

; (2:36)

and the resulting iteration scheme is known as Newton's Method, which, as the name
suggests,datesback to the founder of the calculus. To this day, Newton's Method remains
the most important general purpose algorithm for solving equations. It starts with an
initial guessu(0) to be supplied by the user, and then successively computes

u(k+1) = u(k ) ¡
f (u(k ) )
f 0(u(k ) )

: (2:37)

As long asthe initial guessis su±ciently close,the iterates u(k ) are guaranteed to converge,
quadratically fast, to the (simple) root u? of the equation f (u) = 0.

Theorem 2.17. Supposef (u) 2 C2 is twice continuously di®erentiable. Let u? be
a solution to the equation f (u?) = 0 such that f 0(u?) 6= 0. Given an initial guessu(0)

su±ciently closeto u?, the Newton iteration scheme(2.37) convergesat a quadratic rate
to the solution u?.

Proof : By continuit y, if f 0(u?) 6= 0, then f 0(u) 6= 0 for all u su±ciently closeto u?, and
hencethe Newton iterativ e function (2.36) is well de¯ned and continuously di®erentiable
near u?. Sinceg0(u) = f (u) f 00(u)=f 0(u)2, we have g0(u?) = 0 when f (u?) = 0, aspromised
by our construction. The quadratic convergenceof the resulting iterativ e scheme is an
immediate consequenceof Theorem 2.10. Q.E.D.

Example 2.18. Consider the cubic equation

f (u) = u3 ¡ u ¡ 1 = 0;

that we already solved in Example 2.16. The function usedin the Newton iteration is

g(u) = u ¡
f (u)
f 0(u)

= u ¡
u3 ¡ u ¡ 1

3u2 ¡ 1
;
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Figure 2.11. The function f (u) = u3 ¡ 3
2 u2 + 5

9 u ¡ 1
27 .

which is well-de¯ned as long asu 6= § 1p
3

. We will try to avoid thesesingular points. The
iterativ e procedure

u(k+1) = g(u(k ) ) = u(k ) ¡
(u(k ) )3 ¡ u(k ) ¡ 1

3(u(k ) )2 ¡ 1

with initial guessu(0) = 1:5 producesthe following values:

1:5; 1:34783; 1:32520; 1:32472;

and we have computed the root to 5 decimal places after only three iterations. The
quadratic convergenceof Newton's Method implies that, roughly, each new iterate doubles
the number of correct decimal places. Thus, to compute the root accurately to 40 decimal
placeswould only require 3 further iterationsy. This underscoresthe tremendousadvantage
that the Newton algorithm o®ersover competing methods.

Example 2.19. Consider the cubic polynomial equation

f (u) = u3 ¡ 3
2 u2 + 5

9 u ¡ 1
27 = 0:

Since

f (0) = ¡ 1
27 ; f

¡
1
3

¢
= 1

54 ; f
¡

2
3

¢
= ¡ 1

27 ; f (1) = 1
54 ;

the Intermediate Value Lemma 2.12 guarantees that there are three roots on the interval
[0; 1]: one between0 and 1

3 , the secondbetween 1
3 and 2

3 , and the third between 2
3 and 1.

The graph in Figure 2.11 recon¯rms this observation. Since we are dealing with a cubic
polynomial, there are no other roots. (Why?)

y This assumeswe are working in a su±ciently high precision arithmetic soasto avoid round-o®
errors.
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It takessixteen iterations of the Bisection Method starting with the three subintervals£
0; 1

3

¤
,

£
1
3 ; 2

3

¤
and

£
2
3 ; 1

¤
, to produce the roots to six decimal places:

u?
1 ¼ :085119; u?

2 ¼ :451805; u?
3 ¼ :963076:

Incidentally , if we start with the interval [0; 1] and apply bisection, we converge(perhaps
surprisingly) to the largest root u?

3 in 17 iterations.

Fixed point iteration basedon the formulation

u = g(u) = ¡ u3 + 3
2 u2 + 4

9 u + 1
27

can be usedto ¯nd the ¯rst and third roots, but not the secondroot. For instance,starting
with u(0) = 0 producesu?

1 to 5 decimal placesafter 23 iterations, whereasstarting with
u(0) = 1 producesu?

3 to 5 decimal placesafter 14 iterations. The reasonwe cannot produce
u?

2 is due to the magnitude of the derivative

g0(u) = ¡ 3u2 + 3u + 4
9

at the roots, which is

g0(u?
1) ¼ 0:678065; g0(u?

2) ¼ 1:18748; g0(u?
3) ¼ 0:551126:

Thus, u?
1 and u?

3 are stable ¯xed points, but u?
2 is unstable. However, becauseg0(u?

1) and
g0(u?

3) are both bigger than :5, this iterativ e algorithm actually convergesslower than
ordinary bisection!

Finally, Newton's Method is basedupon iteration of the rational function

g(u) = u ¡
f (u)
f 0(u)

= u ¡
u3 ¡ 3

2 u2 + 5
9 u ¡ 1

27

3u2 ¡ 3u + 5
9

:

Starting with an initial guessof u(0) = 0, the method computes u?
1 to 6 decimal places

after only 4 iterations; starting with u(0) = :5, it producesu?
2 to similar accuracy after 2

iterations; while starting with u(0) = 1 producesu?
3 after 3 iterations | a dramatic speed

up over the other two methods.

Newton's Method hasa very prett y graphical interpretation, that helpsus understand
what is going on and why it convergesso fast. Given the equation f (u) = 0, supposewe
know an approximate value u = u(k ) for a solution. Nearby u(k ) , we can approximate the
nonlinear function f (u) by its tangent line

y = f (u(k ) ) + f 0(u(k ) )(u ¡ u(k ) ): (2:38)

As long as the tangent line is not horizontal | which requires f 0(u(k ) ) 6= 0 | it crosses
the axis at

u(k+1) = u(k ) ¡
f (u(k ) )
f 0(u(k ) )

;
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u(k )u(k+1)

f (u)

Figure 2.12. Newton's Method.

which represents a new, and, presumably more accurate, approximation to the desired
root. The procedure is illustrated pictorially in Figure 2.12. Note that the passagefrom
u(k ) to u(k+1) is exactly the Newton iteration step (2.37). Thus, Newtonian iteration is
the sameas the approximation of function's root by those of its successive tangent lines.

Given a su±ciently accurate initial guess, Newton's Method will rapidly produce
highly accuratevaluesfor the simple roots to the equation in question. In practice, barring
somekind of special exploitable structure, Newton's Method is the root-¯nding algorithm
of choice. The one caveat is that we need to start the processreasonably close to the
root we are seeking. Otherwise, there is no guarantee that a particular set of iterates will
converge,although if they do, the limiting value is necessarilya root of our equation. The
behavior of Newton's Method as we changeparameters and vary the initial guessis very
similar to the simpler logistic map that we studied in Section 2.1, including period dou-
bling bifurcations and chaotic behavior. The reader is invited to experiment with simple
examples;further details can be found in [42].

Example 2.20. For ¯xed valuesof the eccentricit y ², Kepler's equation

u ¡ ² sinu = m (2:39)

can be viewed as a implicit equation de¯ning the eccentric anomaly u as a function of
the mean anomaly m. To solve Kepler's equation by Newton's Method, we intro duce the
iterativ e function

g(u) = u ¡
u ¡ ² sinu ¡ m

1 ¡ ² cosu
:

Notice that when j ² j < 1, the denominator never vanishesand so the iteration remains
well-de¯ned everywhere. Starting with a su±ciently closeinitial guessu(0) , we are assured
that the method will quickly convergeto the solution.

Fixing the eccentricit y ², we can employ tghe method of continuation to determine
how the solution u? = h(m) depends upon the mean anomaly m. Namely, we start at
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Figure 2.13. The Solution to the Kepler Equation for Eccentricit y ² = :5.

m = m0 = 0 with the obvious solution u? = h(0) = 0. Then, to compute the solution
at successive closely spacedvalues 0 < m1 < m2 < m3 < ¢¢¢ , we use the previously
computed value as an initial guessu(0) = h(mk ) for the value of the solution at the next
meshpoint mk+1 , and run the Newton schemeuntil it convergesto a su±ciently accurate
approximation to the value u? = h(mk+1 ). As long as mk+1 is reasonably close to mk ,
Newton's Method will convergeto the solution quite quickly.

The continuation method will quickly produce the values of u at the sample points.
Intermediate values can either be determined by an interpolation scheme, e.g., a cubic
spline ¯t of the data, or by running the Newton schemeusing the closestknown value as
an initial condition. A plot for 0 · m · 1 using the value ² = :5 appears in Figure 2.13.
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