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6. Eigen values and Singular Values

In this section, we collect together the basic facts about eigenvaluesand eigenvectors.
From a geometrical viewpoint, the eigenvectors indicate the directions of pure stretch
and the eigenvalues the extent of stretching. Most matrices are complete, meaning that
their (complex) eigenvectors form a basis of the underlying vector space. A particularly
important classare the symmetric matrices, whoseeigenvectors form an orthogonal basis
of Rn . A non-squarematrix A does not have eigenvalues. In their place, one usesthe
squareroots of the eigenvaluesof the associated squareGram matrix K = AT A, which are
called singular values of the original matrix. The numerical computation of eigenvalues
and eigenvectors is a challenging issue,and must be be deferred until later.

6.1. Eigen values and Eigen vectors.

We inaugurate our discussionof eigenvaluesand eigenvectorswith the basicde¯nition.

De¯nition 6.1. Let A be an n £ n matrix. A scalar ¸ is called an eigenvalueof A
if there is a non-zero vector v 6= 0, called an eigenvector , such that

A v = ¸ v : (6:1)

In other words, the matrix A stretches the eigenvector v by an amount speci¯ed by
the eigenvalue ¸ .

Remark: The odd-looking terms \eigenvalue" and \eigenvector" are hybrid German{
English words. In the original German, they are Eigenwert and Eigenvektor, which can
be fully translated as \prop er value" and \prop er vector". For some reason, the half-
translated terms have acquired a certain charm, and are now standard. The alternativ e
English terms characteristic value and characteristic vector can be found in some(mostly
older) texts. Oddly, the term characteristic equation, to be de¯ned below, is still used.

The requirement that the eigenvector v be nonzero is important, since v = 0 is a
trivial solution to the eigenvalue equation (6.1) for any scalar ¸ . Moreover, as far as
solving linear ordinary di®erential equations goes, the zero vector v = 0 gives u(t) ´ 0,
which is certainly a solution, but one that we already knew.

The eigenvalue equation (6.1) is a system of linear equations for the entries of the
eigenvector v | provided that the eigenvalue ¸ is speci¯ed in advance| but is \mildly"
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nonlinear as a combined system for ¸ and v . GaussianElimination per se will not solve
the problem, and we are in needof a new idea. Let us begin by rewriting the equation in
the form

(A ¡ ¸ I )v = 0; (6:2)

where I is the identit y matrix of the correct sizey. Now, for given ¸ , equation (6.2) is a
homogeneouslinear system for v , and always has the trivial zero solution v = 0. But we
are speci¯cally seekinga nonzero solution! A homogeneouslinear system has a nonzero
solution v 6= 0 if and only if its coe±cient matrix, which in this caseis A ¡ ¸ I , is singular.
This observation is the key to resolving the eigenvector equation.

Theorem 6.2. A scalar ¸ is an eigenvalue of the n £ n matrix A if and only if
the matrix A ¡ ¸ I is singular, i.e., of rank < n. The corresponding eigenvectors are the
nonzerosolutions to the eigenvalue equation (A ¡ ¸ I )v = 0.

Prop osition 6.3. A scalar ¸ is an eigenvalue of the matrix A if and only if ¸ is a
solution to the characteristic equation

det(A ¡ ¸ I ) = 0: (6:3)

In practice, when ¯nding eigenvalues and eigenvectors by hand, one ¯rst solves the
characteristic equation (6.3). Then, for each eigenvalue ¸ oneusesstandard linear algebra
methods, i.e., GaussianElimination, to solve the corresponding linear system(6.2) for the
eigenvector v .

Example 6.4. Consider the 2 £ 2 matrix

A =
µ

3 1
1 3

¶
:

We compute the determinant in the characteristic equation using formula (3.8):

det(A ¡ ¸ I ) = det
µ

3 ¡ ¸ 1
1 3 ¡ ¸

¶
= (3 ¡ ¸ )2 ¡ 1 = ¸ 2 ¡ 6¸ + 8:

Thus, the characteristic equation is a quadratic polynomial equation, and can be solved
by factorization:

¸ 2 ¡ 6¸ + 8 = (¸ ¡ 4) (¸ ¡ 2) = 0:

We concludethat A has two eigenvalues: ¸ 1 = 4 and ¸ 2 = 2.
For each eigenvalue, the corresponding eigenvectorsare found by solving the associated

homogeneouslinear system (6.2). For the ¯rst eigenvalue, the eigenvector equation is

(A ¡ 4I ) v =
µ

¡ 1 1
1 ¡ 1

¶ µ
x
y

¶
=

µ
0
0

¶
; or

¡ x + y = 0;

x ¡ y = 0:

y Note that it is not legal to write (6.2) in the form (A ¡ ¸ )v = 0 since we do not know how to
subtract a scalar ¸ from a matrix A. Worse, if you type A ¡ ¸ in Ma tlab or Ma thema tica ,
the result will be to subtract ¸ from all the entries of A, which is not what we are after!
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The generalsolution is

x = y = a; so v =
µ

a
a

¶
= a

µ
1
1

¶
;

where a is an arbitrary scalar. Only the nonzerosolutionsy count as eigenvectors, and so
the eigenvectors for the eigenvalue ¸ 1 = 4 must have a 6= 0, i.e., they are all nonzeroscalar
multiples of the basic eigenvector v 1 = ( 1; 1)T .

Remark: In general, if v is an eigenvector of A for the eigenvalue ¸ , then so is any
nonzeroscalar multiple of v . In practice, we only distinguish linearly independent eigen-
vectors. Thus, in this example,we shall say \ v 1 = ( 1; 1)T is the eigenvector corresponding
to the eigenvalue ¸ 1 = 4", when we really mean that the eigenvectors for ¸ 1 = 4 consist of
all nonzeroscalar multiples of v 1.

Similarly, for the secondeigenvalue ¸ 2 = 2, the eigenvector equation is

(A ¡ 2I ) v =
µ

1 1
1 1

¶ µ
x
y

¶
=

µ
0
0

¶
:

The solution ( ¡ a;a )T = a ( ¡ 1; 1)T is the set of scalar multiples of the eigenvector
v2 = ( ¡ 1; 1)T . Therefore, the complete list of eigenvaluesand eigenvectors (up to scalar
multiple) for this particular matrix is

¸ 1 = 4; v1 =
µ

1
1

¶
; ¸ 2 = 2; v2 =

µ
¡ 1

1

¶
:

Example 6.5. Consider the 3 £ 3 matrix

A =

0

@
0 ¡ 1 ¡ 1
1 2 1
1 1 2

1

A :

Using the formula for a 3 £ 3 determinant, we compute the characteristic equation

0 = det(A ¡ ¸ I ) = det

0

@
¡ ¸ ¡ 1 ¡ 1
1 2 ¡ ¸ 1
1 1 2 ¡ ¸

1

A

= (¡ ¸ )(2 ¡ ¸ )2 + (¡ 1) ¢1 ¢1 + (¡ 1) ¢1 ¢1 ¡

¡ 1 ¢(2 ¡ ¸ )( ¡ 1) ¡ 1 ¢1 ¢(¡ ¸ ) ¡ (2 ¡ ¸ ) ¢1 ¢(¡ 1)

= ¡ ¸ 3 + 4¸ 2 ¡ 5¸ + 2:
The resulting cubic polynomial can be factored:

¡ ¸ 3 + 4¸ 2 ¡ 5¸ + 2 = ¡ (¸ ¡ 1)2 (¸ ¡ 2) = 0:

y If, at this stage, you end up with a linear system with only the trivial zero solution, you've
done something wrong! Either you don't have a correct eigenvalue | maybe you made a mistake
setting up and/or solving the characteristic equation | or you've made an error solving the
homogeneouseigenvector system.
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Most 3£ 3 matrices have three di®erent eigenvalues,but this particular one has only two:
¸ 1 = 1, which is called a doubleeigenvaluesince it is a double root of the characteristic
equation, along with a simple eigenvalue¸ 2 = 2.

The eigenvector equation (6.2) for the double eigenvalue ¸ 1 = 1 is

(A ¡ I )v =

0

@
¡ 1 ¡ 1 ¡ 1

1 1 1
1 1 1

1

A

0

@
x
y
z

1

A =

0

@
0
0
0

1

A :

The generalsolution to this homogeneouslinear system

v =

0

@
¡ a ¡ b

a
b

1

A = a

0

@
¡ 1

1
0

1

A + b

0

@
¡ 1

0
1

1

A

depends upon two free variables: y = a and z = b. Any nonzero solution forms a valid
eigenvector for the eigenvalue ¸ 1 = 1, and so the generaleigenvector is any non-zerolinear
combination of the two \basis eigenvectors" v 1 = ( ¡ 1; 1; 0)T , bv1 = ( ¡ 1; 0; 1)T .

On the other hand, the eigenvector equation for the simple eigenvalue ¸ 2 = 2 is

(A ¡ 2 I )v =

0

@
¡ 2 ¡ 1 ¡ 1

1 0 1
1 1 0

1

A

0

@
x
y
z

1

A =

0

@
0
0
0

1

A :

The generalsolution

v =

0

@
¡ a

a
a

1

A = a

0

@
¡ 1

1
1

1

A

consistsof all scalar multiples of the eigenvector v 2 = ( ¡ 1; 1; 1)T .
In summary, the eigenvaluesand (basis) eigenvectors for this matrix are

¸ 1 = 1; v1 =

0

@
¡ 1

1
0

1

A ; bv1 =

0

@
¡ 1

0
1

1

A ;

¸ 2 = 2; v2 =

0

@
¡ 1

1
1

1

A :

(6:4)

In general, given a real eigenvalue ¸ , the corresponding eigenspace V¸ ½ Rn is the
subspacespannedby all its eigenvectors. Equivalently , the eigenspaceis the kernel

V¸ = ker(A ¡ ¸ I ): (6:5)

In particular, ¸ 2 R is an eigenvalue if and only if V¸ 6= f 0g is a nontrivial subspace,and
then every nonzero element of V¸ is a corresponding eigenvector. The most economical
way to indicate each eigenspaceis by writing out a basis, as in (6.4) with v 1; bv1 giving a
basis for V1, while v2 is a basis for V2.
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Example 6.6. The characteristic equation of the matrix A =

0

@
1 2 1
1 ¡ 1 1
2 0 1

1

A is

0 = det(A ¡ ¸ I ) = ¡ ¸ 3 + ¸ 2 + 5¸ + 3 = ¡ (¸ + 1)2 (¸ ¡ 3):

Again, there is a double eigenvalue ¸ 1 = ¡ 1 and a simple eigenvalue ¸ 2 = 3. However, in
this casethe matrix

A ¡ ¸ 1 I = A + I =

0

@
2 2 1
1 0 1
2 0 2

1

A

has only a one-dimensionalkernel, spannedby v 1 = ( 2; ¡ 1; ¡ 2)T . Thus, even though ¸ 1
is a double eigenvalue, it only admits a one-dimensionaleigenspace.The list of eigenvalues
and eigenvectors is, in a sense,incomplete:

¸ 1 = ¡ 1; v1 =

0

@
2

¡ 1
¡ 2

1

A ; ¸ 2 = 3; v2 =

0

@
2
1
2

1

A :

Example 6.7. Finally, consider the matrix A =

0

@
1 2 0
0 1 ¡ 2
2 2 ¡ 1

1

A . The characteristic

equation is

0 = det(A ¡ ¸ I ) = ¡ ¸ 3 + ¸ 2 ¡ 3¸ ¡ 5 = ¡ (¸ + 1) (¸ 2 ¡ 2¸ + 5):

The linear factor yields the eigenvalue ¡ 1. The quadratic factor leads to two complex
roots, 1 + 2i and 1 ¡ 2 i , which can be obtained via the quadratic formula. HenceA has
one real and two complex eigenvalues:

¸ 1 = ¡ 1; ¸ 2 = 1 + 2i ; ¸ 3 = 1 ¡ 2 i :

Solving the associated linear system, the real eigenvalue is found to have corresponding
eigenvector v1 = ( ¡ 1; 1; 1)T .

Complex eigenvaluesare as important as real eigenvalues,and we needto be able to
handle them too. To ¯nd the corresponding eigenvectors, which will also be complex, we
need to solve the usual eigenvalue equation (6.2), which is now a complex homogeneous
linear system. For example, the eigenvector(s) for ¸ 2 = 1 + 2i are found by solving

£
A ¡ (1 + 2i ) I

¤
v =

0

@
¡ 2i 2 0

0 ¡ 2 i ¡ 2
2 2 ¡ 2 ¡ 2 i

1

A

0

@
x
y
z

1

A =

0

@
0
0
0

1

A :

This linear systemcanbesolvedby GaussianElimination (with complexpivots). A simpler
strategy is to work directly: the ¯rst equation ¡ 2 i x + 2y = 0 tells us that y = i x, while
the secondequation ¡ 2 i y ¡ 2z = 0 says z = ¡ i y = x. If we trust our calculations so
far, we do not need to solve the ¯nal equation 2x + 2y + (¡ 2 ¡ 2 i )z = 0, sincewe know
that the coe±cient matrix is singular and hencethis equation must be a consequenceof
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the ¯rst two. (However, it does serve as a useful check on our work.) So, the general
solution v = ( x; i x; x )T is an arbitrary constant multiple of the complex eigenvector
v2 = ( 1; i ; 1)T . The eigenvector equation for ¸ 3 = 1 ¡ 2 i is similarly solved for the third
eigenvector v3 = ( 1; ¡ i ; 1)T .

Summarizing, the matrix under considerationhasthree complexeigenvaluesand three
corresponding eigenvectors, each unique up to (complex) scalar multiple:

¸ 1 = ¡ 1; ¸ 2 = 1 + 2i ; ¸ 3 = 1 ¡ 2 i ;

v1 =

0

@
¡ 1

1
1

1

A ; v2 =

0

@
1
i
1

1

A ; v3 =

0

@
1

¡ i
1

1

A :

Note that the third complex eigenvalue is the complex conjugate of the second,and the
eigenvectors are similarly related. This is indicativ e of a general fact for real matrices:

Prop osition 6.8. If A is a real matrix with a complex eigenvalue ¸ = ¹ + i º and
corresponding complex eigenvector v = x + i y , then the complex conjugate ¸ = ¹ ¡ i º is
also an eigenvalue with complex conjugate eigenvector v = x ¡ i y .

Proof : First take complex conjugatesof the eigenvalue equation (6.1):

A v = A v = ¸ v = ¸ v :

Using the fact that a real matrix is una®ectedby conjugation, so A = A, we conclude
A v = ¸ v , which is the equation for the eigenvalue ¸ and eigenvector v . Q.E.D.

As a consequence,when dealing with real matrices, we only need to compute the
eigenvectors for one of each complex conjugate pair of eigenvalues. This observation ef-
fectively halves the amount of work in the unfortunate event that we are confronted with
complex eigenvalues.

The eigenspace associated with a complex eigenvalue ¸ is the subspaceV¸ ½ Cn

spanned by the associated eigenvectors. One might also consider complex eigenvectors
associated with a real eigenvalue, but this doesn't add anything to the picture | they
are merely complex linear combinations of the real eigenvalues. Thus, we only intro duce
complex eigenvectors when dealing with genuinely complex eigenvalues.

Remark: The reader may recall that we said one should never use determinants in
practical computations. Sowhy havewereverted to usingdeterminants to ¯nd eigenvalues?
The truthful answer is that the practical computation of eigenvaluesand eigenvectorsnever
resorts to the characteristic equation! The method is fraught with numerical traps and
ine±ciencies when (a) computing the determinant leading to the characteristic equation,
then (b) solving the resulting polynomial equation, which is itself a nontrivial numerical
problemy, [7, 43], and, ¯nally , (c) solving each of the resulting linear eigenvector systems.

y In fact, one e®ective numerical strategy for ¯nding the roots of a polynomial is to turn the
procedure on its head, and calculate the eigenvalues of a matrix whose characteristic equation is
the polynomial in question! See[43 ] for details.
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Worse, if we only know an approximation ȩ to the true eigenvalue ¸ , the approximate
eigenvector system (A ¡ ȩ )v = 0 will almost certainly have a nonsingular coe±cient
matrix, and henceonly admits the trivial solution v = 0 | which does not even qualify
as an eigenvector!

Nevertheless, the characteristic equation does give us important theoretical insight
into the structure of the eigenvalues of a matrix, and can be used when dealing with
small matrices, e.g., 2 £ 2 and 3 £ 3, presuming exact arithmetic is employed. Numerical
algorithms for computing eigenvalues and eigenvectors are basedon completely di®erent
ideas.

Prop osition 6.9. A matrix A is singular if and only if 0 is an eigenvalue.

Proof : By de¯nition, 0 is an eigenvalueof A if and only if there is a nonzerosolution to
the eigenvector equation A v = 0v = 0. Thus, 0 is an eigenvector of A if and only if it has
a non-zerovector in its kernel, kerA 6= f 0g, and henceA is necessarilysingular. Q.E.D.

Basic Properties of Eigenvalues

If A is an n £ n matrix, then its characteristic polynomial is

pA (¸ ) = det(A ¡ ¸ I ) = cn ¸ n + cn ¡ 1 ¸ n ¡ 1 + ¢¢¢ + c1 ¸ + c0: (6:6)

The fact that pA (¸ ) is a polynomial of degreen is a consequenceof the generaldetermi-
nantal formula. Indeed, every term is prescribed by a permutation ¼ of the rows of the
matrix, and equalsplus or minus a product of n distinct matrix entries including one from
each row and one from each column. The term corresponding to the identit y permutation
is obtained by multiplying the diagonal entries together, which, in this case,is

(a11 ¡ ¸ ) (a22 ¡ ¸ ) ¢¢¢ (ann ¡ ¸ ) = (¡ 1)n ¸ n + (¡ 1)n ¡ 1¡
a11 + a22 + ¢¢¢ + ann

¢
¸ n ¡ 1+ ¢¢¢ :

(6:7)
All of the other terms have at most n ¡ 2 diagonal factors aii ¡ ¸ , and so are polynomials
of degree· n ¡ 2 in ¸ . Thus, (6.7) is the only summandcontaining the monomials ¸ n and
¸ n ¡ 1, and so their respective coe±cients are

cn = (¡ 1)n ; cn ¡ 1 = (¡ 1)n ¡ 1(a11 + a22 + ¢¢¢ + ann ) = (¡ 1)n ¡ 1 tr A; (6:8)

where tr A, the sum of its diagonal entries, is called the trace of the matrix A. The other
coe±cients cn ¡ 2; : : : ; c1; c0 in (6.6) are more complicated combinations of the entries of A.
However, setting ¸ = 0 implies

pA (0) = det A = c0;

and hence the constant term in the characteristic polynomial equals the determinant of

the matrix. In particular, if A =
µ

a b
c d

¶
is a 2 £ 2 matrix, its characteristic polynomial

has the explicit form

pA (¸ ) = det(A ¡ ¸ I ) = det
µ

a ¡ ¸ b
c d ¡ ¸

¶

= ¸ 2 ¡ (a + d)¸ + (ad ¡ bc) = ¸ 2 ¡ (tr A)¸ + (det A):

(6:9)
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As a result of theseconsiderations,the characteristic equation of an n £ n matrix A
is a polynomial equation of degreen. According to the Fundamental Theorem of Algebra,
[17], every (complex) polynomial of degreen ¸ 1 can be completely factored, and so we
can write the characteristic polynomial in factored form:

pA (¸ ) = (¡ 1)n (¸ ¡ ¸ 1)( ¸ ¡ ¸ 2) ¢¢¢ (¸ ¡ ¸ n ): (6:10)

The complex numbers ¸ 1; : : : ; ¸ n , some of which may be repeated, are the roots of the
characteristic equation pA (¸ ) = 0, and hencethe eigenvaluesof the matrix A. Therefore,
we immediately conclude:

Theorem 6.10. An n £ n matrix A has at least oneand at most n distinct complex
eigenvalues.

Most n £ n matrices | meaning those for which the characteristic polynomial factors
into n distinct factors | haveexactly n complexeigenvalues. More generally, an eigenvalue
¸ j is said to have multiplicity m if the factor (¸ ¡ ¸ j ) appears exactly m times in the
factorization (6.10) of the characteristic polynomial. An eigenvalue is simple if it has
multiplicit y 1. In particular, A has n distinct eigenvalues if and only if all its eigenvalues
are simple. In all cases,when the repeated eigenvalues are counted in accordancewith
their multiplicit y, every n £ n matrix has a total of n, possibly repeated, eigenvalues.

An exampleof a matrix with just oneeigenvalue, of multiplicit y n, is the n£ n identit y
matrix I , whoseonly eigenvalue is ¸ = 1. In this case,every nonzerovector in Rn is an
eigenvector of the identit y matrix, and sothe eigenspaceis all of Rn . At the other extreme,
the \bidiagonal" Jordan block matrix y

Ja =

0

B
B
B
B
B
B
@

a 1
a 1

a 1
. . .

. . .
a 1

a

1

C
C
C
C
C
C
A

(6:11)

also has only one eigenvalue, ¸ = a, again of multiplicit y n. But in this case,Ja has only
one eigenvector (up to scalar multiple), which is the ¯rst standard basisvector e1, and so
its eigenspaceis one-dimensional.

Remark: If ¸ is a complex eigenvalue of multiplicit y k for the real matrix A, then its
complex conjugate ¸ also has multiplicit y k. This is becausecomplex conjugate roots of a
real polynomial necessarilyappear with identical multiplicities.

If we explicitly multiply out the factored product (6.10) and equate the result to the
characteristic polynomial (6.6), we ¯nd that its coe±cients c0; c1; : : : cn ¡ 1 can be written

y All non-displayed entries are zero.
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ascertain polynomials of the roots, known as the elementary symmetric polynomials. The
¯rst and last are of particular importance:

c0 = ¸ 1 ¸ 2 ¢¢¢ ¸ n ; cn ¡ 1 = (¡ 1)n ¡ 1 (¸ 1 + ¸ 2 + ¢¢¢ + ¸ n ): (6:12)

Comparison with our previous formulae for the coe±cients c0 and cn ¡ 1 leads to the fol-
lowing useful result.

Prop osition 6.11. The sum of the eigenvaluesof a matrix equalsits trace:

¸ 1 + ¸ 2 + ¢¢¢ + ¸ n = tr A = a11 + a22 + ¢¢¢ + ann : (6:13)

The product of the eigenvaluesequalsits determinant :

¸ 1 ¸ 2 ¢¢¢ ¸ n = det A: (6:14)

Remark: For repeated eigenvalues, one must add or multiply them in the formulae
(6.13{14) according to their multiplicit y.

Example 6.12. The matrix A =

0

@
1 2 1
1 ¡ 1 1
2 0 1

1

A consideredin Example 6.6 hastrace
and determinant

tr A = 1; det A = 3;

which ¯x, respectively, the coe±cient of ¸ 2 and the constant term in its characteristic
equation. This matrix has two distinct eigenvalues: ¡ 1, which is a double eigenvalue, and
3, which is simple. For this particular matrix, formulae (6.13{14) become

1 = tr A = (¡ 1) + (¡ 1) + 3; 3 = det A = (¡ 1)(¡ 1) 3:

Note that the double eigenvalue contributes twice to the sum and to the product.

6.2. Completeness.

Most of the vector spacebasesthat play a distinguished role in applications are as-
sembled from the eigenvectors of a particular matrix. In this section, we show that the
eigenvectorsof any \complete" matrix automatically form a basisfor Rn or, in the complex
case,Cn . In the following subsection,we use the eigenvector basis to rewrite the linear
transformation determined by the matrix in a simple diagonal form. The most important
cases| symmetric and positivede¯nite matrices | will be treated in the following section.

The ¯rst task is to show that eigenvectors corresponding to distinct eigenvalues are
automatically linearly independent.

Lemma 6.13. If ¸ 1; : : : ; ¸ k are distinct eigenvaluesof the samematrix A, then the
corresponding eigenvectors v 1; : : : ; v k are linearly independent.
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Proof : The result is proved by induction on the number of eigenvalues. The case
k = 1 is immediate sincean eigenvector cannot be zero. Assumethat we know the result
is valid for k ¡ 1 eigenvalues. Supposewe have a vanishing linear combination:

c1 v1 + ¢¢¢ + ck ¡ 1 v k ¡ 1 + ck v k = 0: (6:15)

Let us multiply this equation by the matrix A:

A
¡

c1 v1 + ¢¢¢ + ck ¡ 1 v k ¡ 1 + ck v k

¢
= c1 A v1 + ¢¢¢ + ck ¡ 1 A v k ¡ 1 + ck A v k

= c1 ¸ 1 v1 + ¢¢¢ + ck ¡ 1 ¸ k ¡ 1 v k ¡ 1 + ck ¸ k v k = 0:

On the other hand, if we multiply the original equation (6.15) by ¸ k , we also have

c1 ¸ k v1 + ¢¢¢ + ck ¡ 1 ¸ k v k ¡ 1 + ck ¸ k v k = 0:

Subtracting this from the previous equation, the ¯nal terms cancel and we are left with
the equation

c1(¸ 1 ¡ ¸ k )v1 + ¢¢¢ + ck ¡ 1(¸ k ¡ 1 ¡ ¸ k )v k ¡ 1 = 0:

This is a vanishing linear combination of the ¯rst k ¡ 1 eigenvectors, and so, by our
induction hypothesis,can only happen if all the coe±cients are zero:

c1(¸ 1 ¡ ¸ k ) = 0; : : : ck ¡ 1(¸ k ¡ 1 ¡ ¸ k ) = 0:

The eigenvalues were assumedto be distinct, so ¸ j 6= ¸ k when j 6= k. Consequently ,
c1 = ¢¢¢= ck ¡ 1 = 0. Substituting these values back into (6.15), we ¯nd ck v k = 0, and
so ck = 0 also, since the eigenvector v k 6= 0. Thus we have proved that (6.15) holds if
and only if c1 = ¢¢¢= ck = 0, which implies the linear independenceof the eigenvectors
v1; : : : ; v k . This completesthe induction step. Q.E.D.

The most important consequenceof this result is when a matrix has the maximum
allotment of eigenvalues.

Theorem 6.14. If the n £ n real matrix A hasn distinct real eigenvalues¸ 1; : : : ; ¸ n ,
then the corresponding real eigenvectors v 1; : : : ; vn form a basis of Rn . If A (which may
now be either a real or a complex matrix ) has n distinct complex eigenvalues, then the
corresponding eigenvectors v 1; : : : ; vn form a basisof Cn .

For instance, the 2 £ 2 matrix in Example 6.4 has two distinct real eigenvalues, and
its two independent eigenvectors form a basis of R2. The 3 £ 3 matrix in Example 6.7
has three distinct complex eigenvalues, and its eigenvectors form a basis for C3. If a
matrix has multiple eigenvalues,then there may or may not be an eigenvector basisof Rn

(or Cn ). The matrix in Example 6.5 admits an eigenvector basis, whereasthe matrix in
Example 6.6 does not. In general, it can be proved that the dimension of the eigenspace
is lessthan or equal to the eigenvalue's multiplicit y. In particular, every simple eigenvalue
has a one-dimensionaleigenspace,and hence,up to scalar multiple, only one associated
eigenvector.

De¯nition 6.15. An eigenvalue ¸ of a matrix A is called complete if the correspond-
ing eigenspaceV¸ = ker(A ¡ ¸ I ) has the samedimension as its multiplicit y. The matrix
A is complete if all its eigenvaluesare.
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Note that a simple eigenvalue is automatically complete, since its eigenspaceis the
one-dimensionalsubspacespannedby the corresponding eigenvector. Thus, only multiple
eigenvaluescan causea matrix to be incomplete.

Remark: The multiplicit y of an eigenvalue ¸ i is sometimesreferred to as its algebraic
multiplicity . The dimension of the eigenspaceV¸ is its geometric multiplicity , and so
completenessrequires that the two multiplicities are equal. The word \complete" is not
completely standard; other common terms for such matrices are perfect , semi-simple and,
as discussedshortly, diagonalizable.

Theorem 6.16. An n £ n real or complex matrix A is complete if and only if its
eigenvectors span Cn . In particular, any n £ n matrix that has n distinct eigenvalues is
complete.

Or, stated another way, a matrix is completeif and only if its eigenvectorscan be used
to form a basisof Cn . Most matrices are complete. Incomplete n £ n matrices, which have
fewer than n linearly independent complex eigenvectors, are considerably lesspleasant to
deal with.

6.3. Eigen values of Symmetric Matrices.

Fortunately, the matrices that arise in most applications are complete and, in fact,
possesssomeadditional structure that amelioratesthe calculation of their eigenvaluesand
eigenvectors. The most important class are the symmetric, including positive de¯nite,
matrices. In fact, not only are the eigenvaluesof a symmetric matrix necessarilyreal, the
eigenvectors always form an orthogonal basis of the underlying Euclidean space. In fact,
this is by far the most common way for orthogonal basesto appear | as the eigenvector
basesof symmetric matrices. Let us state this important result, but defer its proof until
the end of the section.

Theorem 6.17. Let A = AT be a real symmetric n £ n matrix. Then
(a) All the eigenvaluesof A are real.
(b) Eigenvectors corresponding to distinct eigenvaluesare orthogonal.
(c) There is an orthonormal basisof Rn consisting of n eigenvectors of A.

In particular, all symmetric matrices are complete.

Example 6.18. The 2 £ 2 matrix A =
µ

3 1
1 3

¶
consideredin Example 6.4 is sym-

metric, and so has real eigenvalues ¸ 1 = 4 and ¸ 2 = 2. You can easily check that the
corresponding eigenvectors v 1 = ( 1; 1)T and v2 = ( ¡ 1; 1)T are orthogonal: v1 ¢v2 = 0,
and henceform an orthogonal basis of R2. The orthonormal eigenvector basis promised
by Theorem 6.17 is obtained by dividing each eigenvector by its Euclidean norm:

u1 =

Ã
1p
2

1p
2

!

; u2 =

Ã
¡ 1p

2
1p
2

!

:
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Example 6.19. Consider the symmetric matrix A =

0

@
5 ¡ 4 2

¡ 4 5 2
2 2 ¡ 1

1

A . A straight-

forward computation producesits eigenvaluesand eigenvectors:

¸ 1 = 9; ¸ 2 = 3; ¸ 3 = ¡ 3;

v1 =

0

@
1

¡ 1
0

1

A ; v2 =

0

@
1
1
1

1

A ; v3 =

0

@
1
1

¡ 2

1

A :

As the readercan check, the eigenvectors form an orthogonal basisof R3. An orthonormal
basis is provided by the unit eigenvectors

u1 =

0

B
B
@

1p
2

¡ 1p
2

0

1

C
C
A ; u2 =

0

B
B
@

1p
3

1p
3

1p
3

1

C
C
A ; u3 =

0

B
B
@

1p
6

1p
6

¡ 2p
6

1

C
C
A :

In particular, the eigenvalues of a symmetric matrix can be used to test its positive
de¯niteness.

Theorem 6.20. A symmetric matrix K = K T is positive de¯nite if and only if all
of its eigenvaluesare strictly positive.

Example 6.21. Considerthe symmetric matrix K =

0

@
8 0 1
0 8 1
1 1 7

1

A . Its characteristic
equation is

det(K ¡ ¸ I ) = ¡ ¸ 3 + 23¸ 2 ¡ 174¸ + 432= ¡ (¸ ¡ 9)(¸ ¡ 8)(¸ ¡ 6);

and so its eigenvalues are 9; 8, and 6. Since they are all positive, K is a positive de¯nite
matrix. The associated eigenvectors are

¸ 1 = 9; v1 =

0

@
1
1
1

1

A ; ¸ 2 = 8; v2 =

0

@
¡ 1

1
0

1

A ; ¸ 3 = 6; v3 =

0

@
¡ 1
¡ 1

2

1

A :

Note that the eigenvectorsform an orthogonal basisof R3, asguaranteed by Theorem 6.17.
As usual, we can construct an corresponding orthonormal eigenvector basis

u1 =

0

B
B
@

1p
3

1p
3

1p
3

1

C
C
A ; u2 =

0

B
B
@

¡ 1p
2

1p
2

0

1

C
C
A ; u3 =

0

B
B
@

¡ 1p
6

¡ 1p
6

2p
6

1

C
C
A ;

by dividing each eigenvector by its norm.
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Figure 6.1. Gerschgorin Disks and Eigenvalues.

6.4. The Gerschgorin Circle Theorem.

In general,preciselycomputing the eigenvaluesis not easy, and, in most cases,must be
done through a numerical eigenvalue routine. In applications, though, we may not require
their exact numerical values, but only approximate locations. The Gerschgorin Circle
Theorem, due to the early twentieth century Russian mathematician SemenGerschgorin,
servesto restrict the eigenvaluesto a certain well-de¯ned region in the complex plane.

De¯nition 6.22. Let A be an n £ n matrix, either real or complex. For each
1 · i · n, de¯ne the Gerschgorin disk

D i = f j z ¡ aii j · r i j z 2 C g; where r i =
nX

j =1
j 6= i

j aij j: (6:16)

The Gerschgorin domain DA =
n[

i =1

D i ½ C is the union of the Gerschgorin disks.

Thus, the i th Gerschgorin disk D i is centered at the i th diagonal entry aii , and has
radius r i equal to the sum of the absolute valuesof the o®-diagonalentries that are in the
i th row of A. We can now state the Gerschgorin Circle Theorem.

Theorem 6.23. All real and complex eigenvalues of the matrix A lie in its Ger-
schgorin domain DA .

Example 6.24. The matrix A =

0

@
2 ¡ 1 0
1 4 ¡ 1

¡ 1 ¡ 1 ¡ 3

1

A has Gerschgorin disks

D1 = f j z ¡ 2 j · 1g; D2 = f j z ¡ 4 j · 2g; D3 = f j z + 3j · 2g;

which are plotted in Figure 6.1. The eigenvaluesof A are

¸ 1 = 3; ¸ 2 =
p

10 = 3:1623: : : ; ¸ 3 = ¡
p

10 = ¡ 3:1623: : : :

Observe that ¸ 1 belongsto both D1 and D2, while ¸ 2 lies in D2, and ¸ 3 is in D3. We thus
con¯rm that all three eigenvaluesare in the Gerschgorin domain D A = D1 [ D2 [ D3.
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Proof of Theorem 6.23: Let v be an eigenvector of A with eigenvalue ¸ . Let u =
v=k v k1 be the corresponding unit eigenvector with respect to the 1 norm, so

k u k1 = max
©

j u1 j; : : : ; j un j
ª

= 1:

Let ui be an entry of u that achieves the maximum: j ui j = 1. Writing out the i th

component of the eigenvalue equation A u = ¸ u, we ¯nd

nX

j = 1

aij uj = ¸ ui ; which we rewrite as
nX

j =1
j 6= i

aij uj = (¸ ¡ aii ) ui :

Therefore, sinceall j uj j · 1 while j ui j = 1,

j ¸ ¡ aii j = j ¸ ¡ aii j j ui j =

¯
¯
¯
¯
¯
¯

X

j 6= i

aij uj

¯
¯
¯
¯
¯
¯

·
X

j 6= i

j aij j j uj j ·
X

j 6= i

j aij j = r i :

This immediately implies that ¸ 2 D i ½ DA belongsto the i th Gerschgorin disk. Q.E.D.

Oneapplication is a simple direct test that guaranteesinvertibilit y of a matrix without
requiring GaussianElimination or computing determinants. According to Proposition 6.9,
a matrix A is nonsingular if and only if it does not admit zero as an eigenvalue. Thus,
if its Gerschgorin domain does not contain 0, it cannot be an eigenvalue, and henceA is
necessarilyinvertible. The condition 0 62D A requires that the matrix have large diagonal
entries, as quanti¯ed by the following de¯nition.

De¯nition 6.25. A squarematrix A is called strictly diagonally dominant if

j aii j >
nX

j =1
j 6= i

j aij j; for all i = 1; : : : ; n: (6:17)

In other words, strict diagonal dominance requires each diagonal entry to be larger,
in absolute value, than the sum of the absolute values of all the other entries in its row.

For example, the matrix

0

@
3 ¡ 1 1
1 ¡ 4 2

¡ 2 ¡ 1 5

1

A is strictly diagonally dominant since

j 3 j > j ¡ 1 j + j 1 j; j ¡ 4 j > j 1 j + j 2 j; j 5 j > j ¡ 2 j + j ¡ 1 j:

Diagonally dominant matrices appear frequently in numerical solution methods for both
ordinary and partial di®erential equations. As we shall see,they are the most common
classof matrices to which iterativ e solution methods can be successfullyapplied.

Theorem 6.26. A strictly diagonally dominant matrix is nonsingular.

Proof : The diagonal dominance inequalities (6.17) imply that the radius of the i th

Gerschgorin disk is strictly lessthan the modulus of its center: r i < j aii j. Thus, the disk
cannot contain 0; indeed, if z 2 D i , then, by the triangle inequality,

r i > j z ¡ aii j ¸ j aii j ¡ j z j > r i ¡ j z j; and hence j z j > 0:
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Thus, 0 62 DA does not lie in the Gerschgorin domain and so cannot be an eigen-
value. Q.E.D.

Warning : The converseto this result is obviously not true; there are plenty of non-
singular matrices that are not diagonally dominant.

6.5. Singular Values.

We have already indicated the central role played by the eigenvaluesand eigenvectors
of a squarematrix in both theory and applications. Much more evidenceto this e®ectwill
appear in the ensuingchapters. Alas, rectangular matrices do not have eigenvalues(why?),
and so, at ¯rst glance,do not appear to possessany quantities of comparablesigni¯cance.
But you no doubt recall that our earlier treatment of least squaresminimization problems,
as well as the equilibrium equations for structures and circuits, made essential useof the
symmetric, positive semi-de¯nite square Gram matrix K = AT A | which canbe naturally
formed even when A is not square. Perhapsthe eigenvaluesof K might play a comparably
important role for generalmatrices. Sincethey are not easily related to the eigenvaluesof
A | which, in the non-squarecase,don't even exist | we shall endow them with a new
name.

De¯nition 6.27. The singular values¾1; : : : ; ¾r of an m£ n matrix A are the positive
square roots, ¾i =

p
¸ i > 0, of the nonzero eigenvalues of the associated Gram matrix

K = AT A. The corresponding eigenvectors of K are known as the singular vectors of A.

SinceK is necessarilypositive semi-de¯nite, its eigenvaluesare always non-negative,
¸ i ¸ 0, which justi¯es the positivit y of the singular valuesof A | independently of whether
A itself has positive, negative, or even complex eigenvalues | or is rectangular and has
no eigenvaluesat all. The standard convention is to label the singular valuesin decreasing
order, so that ¾1 ¸ ¾2 ¸ ¢¢¢ ¸ ¾r > 0. Thus, ¾1 will always denote the largest or
dominant singular value. If K = AT A has repeated eigenvalues, the singular valuesof A
are repeated with the samemultiplicities. As we will see,the number r of singular values
is always equal to the rank of the matrix.

Warning : Many texts include the zero eigenvaluesof K as singular valuesof A. We
¯nd this to be somewhatlessconvenient, but you should be aware of the di®erencesin the
two conventions.

Example 6.28. Let A =
µ

3 5
4 0

¶
. The associated Gram matrix K = AT A =

µ
25 15
15 25

¶
has eigenvalues¸ 1 = 40, ¸ 2 = 10, and corresponding eigenvectors v 1 =

µ
1
1

¶
,

v2 =
µ

1
¡ 1

¶
. Thus, the singular values of A are ¾1 =

p
40 ¼ 6:3246 and ¾2 =

p
10 ¼

3:1623, with v1; v2 being the singular vectors. Note that the singular values are not the
sameas its eigenvalues, which are ¸ 1 = 1

2 (3 +
p

89) ¼ 6:2170 and ¸ 2 = 1
2 (3 ¡

p
89) ¼

¡ 3:2170| nor are the singular vectors eigenvectors of A.
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Only in the special caseof symmetric matrices is there a direct connection between
the singular valuesand the eigenvalues.

Prop osition 6.29. If A = AT is a symmetric matrix, its singular values are the
absolutevaluesof its nonzeroeigenvalues: ¾i = j ¸ i j > 0; its singular vectorscoincidewith
the associated non-null eigenvectors.

Proof : When A is symmetric, K = AT A = A2. So, if A v = ¸ v , then K v = A2 v =
¸ 2 v . Thus, every eigenvector v of A is also an eigenvector of K with eigenvalue ¸ 2.
Therefore, the eigenvector basis of A is also an eigenvector basis for K , and hencealso
forms a complete system of singular vectors for A. Q.E.D.

Condition Number, Rank, and Principal Component Analysis

The singular values not only provide a prett y geometric interpretation of the action
of the matrix, they also play a key role in modern computational algorithms. The relative
magnitudes of the singular values can be used to distinguish well-behaved linear systems
from ill-conditioned systemswhich are much tric kier to solve accurately. Sincethe number
of singular valuesequalsthe matrix's rank, an n£ n matrix with fewer than n singular values
is singular. For the samereason, a square matrix with one or more very small singular
valuesshould be consideredto be closeto singular. The potential di±cult y of accurately
solving a linear algebraic system with coe±cient matrix A is traditionally quanti¯ed as
follows.

De¯nition 6.30. The condition number of a nonsingular n £ n matrix is the ratio
betweenits largest and smallest singular value: · (A) = ¾1=¾n .

If A is singular, it is said to have condition number 1 . A matrix with a very large
condition number is said to be il l-conditioned; in practice, this occurs when the condition
number is larger than the reciprocal of the machine's precision, e.g., 107 for typical single
precision arithmetic. As the name implies, it is much harder to solve a linear system
A x = b when its coe±cient matrix is ill-conditioned.

Determining the rank of a large matrix can be a numerical challenge. Small numer-
ical errors in the entries can have an unpredictable e®ect. For example, the matrix A =0

@
1 1 ¡ 1
2 2 ¡ 2
3 3 ¡ 3

1

A hasrank r = 1, but a tiny change,e.g., eA =

0

@
1:00001 1: ¡ 1:
2: 2:00001 ¡ 2:
3: 3: ¡ 3:00001

1

A ,

will produce a nonsingular matrix with rank r = 3. The latter matrix, however, is very
close to singular, and this is highlighted by its singular values, which are ¾1 ¼ 6:48075
while ¾2 ¼ ¾3 ¼ :000001.The fact that the secondand third singular valuesare very small
indicates that eA is very closeto a matrix of rank 1 and should be viewed as a numerical
(or experimental) perturbation of such a matrix. Thus, an e®ective practical method for
computing the rank of a matrix is to ¯rst assigna threshold, e.g.,10¡ 5, for singular values,
and then treat any small singular value lying below the threshold as if it were zero.

This idea underlies the method of Principal Component Analysis that is assuming
an increasingly visible role in modern statistics, data mining, imaging, speech recognition,
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semantics, and a variety of other ¯elds, [29]. The singular vectorsassociated with the larger
singular valuesindicate the principal components of the matrix, while small singular values
indicate relatively unimportant directions. In applications, the columns of the matrix A
represent the data vectors, which are normalized to have mean 0. The corresponding
Gram matrix K = AT A can be identi¯ed as the associated covariance matrix , [12]. Its
eigenvectors are the principal components that serve to indicate directions of correlation
and clustering in the data.
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