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First intro duced by Gaston Darboux, and then brought to maturit y by ¶Elie Cartan,
[4], [5], the theory of moving frames (\rep µeresmobiles") is widely acknowledged to be a
powerful tool for studying the geometric properties of submanifolds under the action of a
transformation group. While the basic ideasof moving frames for classicalgroup actions
are now ubiquitous in di®erential geometry, the theory and practice of the moving frame
method for more general transformation group actions has remained relatively undevel-
oped. The famous critical assessment by Weyl in his review, [27], of Cartan's seminal
book, [5], retains its perspicuity to this day:

\I did not quite understand how he [Cartan] does this in general, though in the
exampleshe givesthe procedureis clear. : : : Nevertheless,I must admit I found the book,
like most of Cartan's papers, hard reading."

Implementations of the method of moving frames for certain groups having direct
geometrical signi¯cance | including the Euclidean, a±ne, and projective groups | can
be found in both Cartan's original treatise, [5], as well as many standard texts in di®er-
ential geometry, e.g., [13], [24], [28]. The method continues to attract the attention of
modern day researchers and has beensuccessfullyextended to a few additional examples,
including, for instance, holomorphic curves in projective spacesand Grassmannians.The
papers of Gri±ths, [12], Green, [11], Chern, [7], and the lecture notes of Jensen,[14],
are particularly noteworthy attempts to place Cartan's intuitiv e constructions on a ¯rm
theoretical and di®erential geometric foundation.
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Recently , [9], [10], the authors intro duced two new methods that enableone to algo-
rithmically implement both the practical and theoretical construction of moving framesfor
general transformation groups. The ¯rst algorithm, which we call the method of \moving
coframes", not only reproducesall of the classicalmoving frame constructions, often in a
simpler and more direct fashion, but can be readily applied to a wide variety of new situ-
ations, including in¯nite-dimensional pseudo-groups,intransitiv e group actions, restricted
reparametrization problems, joint group actions, to name a few. The second\regular-
ized" method is applicable to general¯nite-dimensional transformation group actions, and
provides a completely rigorous justi¯cation of the generaltheory. The regularized method
bypassesmany of the complications inherent in traditional approachesby completely avoid-
ing the usual processof normalization during the general computation. Once a moving
frame and coframe, along with the complete system of invariants, are constructed in the
regularized framework, one can easily restrict theseinvariants to particular classesof sub-
manifolds, producing (in nonsingular cases)the standard moving frame. PerhapsGri±ths
is the closest in spirit to our guiding philosophy; we fully agreewith his statement, [12;
p. 777], that \The e®ective use of frames : : : goes far beyond the notion that `framesare
essentially the sameas studying connectionsin the principal bundle of the tangent bun-
dle'." Indeed, by de-emphasizingthe group theoretical basis for normalization, which, in
the past, hashindered the theoretical foundations from covering all the situations to which
the practical algorithm could be applied, our formulation of the framework goes beyond
what Gri±ths envisioned, and successfullyrealizesCartan's original vision, [4], [5]. Sig-
ni¯can t applications include a new and more general proof of the fundamental theorem
on classi¯cation of di®erential invariants, a general classi¯cation theorem for syzygiesof
di®erential invariants, as well as new explicit commutation formulae for the associated
invariant di®erential operators. We demonstrate a simple but striking generalization of
a \replacement theorem" due to T.Y. Thomas, [25]. Re¯ned versionsof known general
theorems on the equivalence, symmetry and rigidit y of submanifolds are further direct
consequencesof our approach.

In this paper, we shall review the results of our investigations, referring the reader to
[9], [10] for proofs, further details, as well as numerous examplesand applications. We
begin by presenting the basicsof the regularized theory and its applications to di®erential
invariants, which is then illustrated by an example arising in classical invariant theory.
The moving coframe method is then brie°y discussed,and applied to two examples |
¯rst, the classical case of equi-a±ne geometry of curves in the plane, and second, an
in¯nite-dimensional pseudo-grouporiginally studied by Lie.

Throughout this paper, G will denotean r -dimensionalLie group acting smoothly on
an m-dimensionalmanifold M . Let GS = f g 2 G j g¢S = S g denotethe isotropy subgroup
of a subset S ½ M , and G¤

S =
T

x 2 S Gx its global isotropy subgroup, which consists of
those group elements which ¯x all points in S. The group G acts freely if Gz = f eg for
all z 2 M , e®ectively if G¤

M = f eg, and e®ectively on subsetsif G¤
U = f eg for every open

U ½ M . We further incorporate the adjective \lo cally" in theseconceptsby replacing f eg
by a general discrete subgroup of G. If G does not act e®ectively, one can, without any
lossof generality, replaceG by the e®ectively acting quotient group G=G¤

M , which acts in
essentially the samemanner as G does, cf. [21]. Clearly, if G acts e®ectively on subsets,
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then G acts e®ectively. Analytic continuation demonstratesthat the converseis true in the
analytic category, although not for general smooth actions. To avoid pathology, we shall
always assumethat G acts locally e®ectively on subsets.A group acts semi-regularly if all
its orbits have the samedimension. The action is regular if, in addition, each point x 2 M
has arbitrarily small neighborhoods whoseintersection with each orbit is connected.

Let Jn = Jn (M ; p) denote the nth order (extended) jet bundle consisting of equiv-
alence classesof p-dimensional submanifolds S ½ M under the equivalence relation of
nth order contact, cf. [20; Chapter 3]. We let jn S ½ Jn denote the n-jet of the subman-
ifold S. We intro duce local coordinates z = (x; u) on M , considering the ¯rst p compo-
nents x = (x1; : : : ; xp) as independent variables, and the latter q = m ¡ p components
u = (u1; : : : ; uq) as dependent variables. The induced local coordinates on Jn are denoted
by z(n ) = (x; u(n ) ), with components u®

J , where J = (j 1; : : : ; j k ), 1 · j º · p, representing
the partial derivativesof the dependent variableswith respect to the independent variables.

Since G preserves the order of contact between submanifolds, there is an induced
action of G on the jet bundle Jn known as its nth prolongation, and denoted by G(n ) .
We choose a basis f v1; : : : ; v r g for the Lie algebra g of in¯nitesimal generators on M ,
and let f pr(n ) v1; : : : ; pr(n ) v r g denote the corresponding basis for the Lie algebra g(n ) of
in¯nitesimal generatorsof the prolonged group action G(n ) . The prolonged generatorsare
obtained by truncating, at order n, the in¯nitely prolonged vector ¯elds

pr v · =
pX

i =1

»i
· (x; u)

@
@x i +

qX

®=1

X

k=# J ¸ 0

' ®
J;· (x; u(k ) )

@
@u®

J
; where

' ®
J;· = DJ Q®

· +
pX

i =1

»i
· u®

J;i ; Q®
· (x; u(1) ) = ' ®

· (x; u) ¡
pX

i =1

»i
· (x; u) u®

i :

(1:1)

Here Q· = (Q1
· ; : : : ; Qq

· ) is the usual characteristic of v · , and DJ = D j 1
¢¢¢D j k

denotes
total di®erentiation of order k = # J .

Let sn = maxf dim g(n ) jz ( n ) g denote the maximal orbit dimension of the prolonged
action G(n ) on Jn . The stableorbit dimension is s = maxsn . The stabilization order of G
is the minimal n such that sn = s. The regular subsetVn ½ Jn is the opensubsetconsisting
of all prolonged group orbits of dimension equal to the stable orbit dimension, while the
singular subset is Sn = Jn n Vn . Note that, by this de¯nition, Vn = ? and Sn = Jn if
n is less than the stabilization order of G(n ) . Ovsiannikov's stabilization theorem, [23],
[21], completely characterizesthe stable orbit dimension. A correct version can be stated
as follows; see[22] for details.

Theorem 1.1. A Lie group G acts locally e®ectively on subsetsof M if and only if
its stable orbit dimension equals its dimension, s = r = dim G, which meansthat G acts
locally freely on the regular subsetVn ½ Jn .

A submanifold S ½ M is called total ly singular if all its jets never intersect the regular
subset. Such submanifolds can be geometrically characterized as follows.

Theorem 1.2. A submanifold S ½ M is totally singular, meaning that jn S ½ Sn

for all n = 0; 1; : : :, if and only if its isotropy subgroupGS doesnot act locally freely on S.
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Our approach to the theory of moving frames is basedon the following simple but
remarkably powerful device. In general,any complicated transformation group action can
be \regularized" by lifting it to a suitable bundle sitting over the original manifold. Let
Bn = G £ Jn denote the trivial (left) principal G{bundle over the jet space.The n th order
regularization of the prolonged action G(n ) is the action of G on Bn given by

g ¢(h; z(n ) ) = (g ¢h; g(n ) ¢z(n ) ): (1:2)

The key, elementary result is that regularizing any group action immediately eliminates all
singularities and irregularities, e.g., lower dimensional orbits, non-embeddedorbits, etc.

Theorem 1.3. For any n ¸ 0, the regularized action (1.2) de¯nes a regular, free
action of G on the bundle Bn = G £ Jn .

Recall that a di®erential invariant is a function I : Jn ! R which is invariant under the
action of G(n ) . Similarly, a lifted di®erential invariant is de¯ned as a function L : Bn ! R
which is invariant under the regularizedaction (1.2). Remarkably, all the lifted di®erential
invariants are trivial to construct; they are the components of the order n evaluation map
w(n ) : Bn ! Jn which is given by w(n ) (g; z(n ) ) = (g(n ) )¡ 1 ¢z(n ) .

Prop osition 1.4. Every lifted di®erential invariant can be locally written asa func-
tion of the fundamental lifted di®erential invariants w(n ) (g; z(n ) ).

In particular, an ordinary di®erential invariant I : Jn ! R also de¯nes a lifted di®er-
ential invariant L = I ± ¼n : Bn ! R. Conversely, any lifted invariant L (g; x; u(n ) ) that does
not depend on the g coordinates automatically de¯nes an ordinary di®erential invariant.

Theorem 1.5. Let I (z(n ) ) be an ordinary di®erential invariant. Then we can write
I (z(n ) ) = I (w(n ) ) as the samefunction of the lifted di®erential invariants.

In Riemannian geometry, Theorem 1.5 reducesto the striking Thomas Replacement
Theorem, [25; p. 109]. See[2] for recent applications of Thomas' result.

The intro duction of local coordinates z = (x; u) on M alsopartitions the fundamental
zeroth order lifted invariants w = (w1; : : : ; wm ) = g¡ 1 ¢z into two components, w =
(y; v), where y = (y1; : : : ; yp) will be consideredas \lifted independent variables", and
v = (v1; : : : ; vq) as \lifted dependent variables". The lifted di®erential invariants can be
found via a processof invariant di®erentiation, which we now describe.

The identi¯cation of independent variableson M inducesa splitting of the di®erential
forms on Jn into horizontal and contact components, cf. [1], [21]. Given a di®erential
function F (x; u(n ) ), let

dH F =
pX

i =1

(D i F ) dxi (1:3)

denote the horizontal component of its exterior derivative, known as the total di®erential
of F . Formula (1.3) extends without changeto lifted functions F (g; x; u(n ) ). Let

´ i = dH yi =
pX

j =1

(D j yi ) dxj ; i = 1; : : : ; p;
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denote the horizontal di®erentials of the lifted independent variables. We then rewrite
(1.3) in invariant form

dH F =
pX

j =1

(Ej F ) ´ j ; where Ej F =
D (y1; : : : ; yj ¡ 1; F; yj +1 ; : : : yp)

D (y1; : : : ; yp)
:

We can identify the lifted invariant di®erential operator Ej = D y j with total di®erentiation
with respect to the lifted invariant yj . In column vector notation, E = (D y) ¡ T ¢D ,
where D y is the total Jacobian matrix of y and D = (D 1; : : : ; Dp)T is the \total gradient
operator". A very important point is that, unlike the usual invariant di®erential operators,
the lifted invariant di®erential operators always mutually commute, [Ej ; Ek ] = 0.

Prop osition 1.6. The components w(n ) = (y; v(n ) ) of the fundamental lifted in-
variants are found by successively applying the invariant di®erential operators Ej = D y j

associated with the ¯rst p lifted invariants y = (y1; : : : ; yp) to the remaining zeroth order
invariants v = (v1; : : : ; vq), so that v®

J = EJ v®, where EJ = Ej 1
¢: : : ¢Ej k

.

The primary useof a moving frame is that it enablesone to passfrom lifted invariant
objects, which are trivial, to their ordinary invariant counterparts back on the original
manifold and its jet spaces.This allows us to systematically analyzethe invariants via the
particularities of the moving frame. We ¯rst discussthe theory of completely determined
moving frames, meaning onesthat do not depend on any group parameters.

De¯nition 1.7. An nth order (left) moving frame is a map ½(n ) : Jn ! G which is
(locally) G-equivariant with respect to the prolongedaction G(n ) on Jn , and the left action
h 7! g ¢h of G on itself.

We can identify a moving frame with an equivariant section ¾(n ) : Jn ! Bn = G £ Jn

given by ¾(n ) (x; u(n ) ) = (½(n ) (x; u(n ) ); x; u(n ) ). Note that any nth order moving frame also
de¯nes a moving frame on all higher order jet bundles by composition with the standard
projections ¼k

n : Jk ! Jn , k > n.

Theorem 1.8. If G acts e®ectively on subsets,then an n th order moving frame exists
in a neighborhood of a point z(n ) 2 Jn if and only if z(n ) 2 Vn is a regular jet.

In particular, the minimal order at which any moving frame exists is the stabilization
order of the group. In practical implementations, Cartan's normalization procedure for
constructing moving frames amounts to choosing a (local) cross-sectionK n ½ Vn to the
regular prolonged group orbits. Let On denote the G(n ) orbit passingthrough the regular
jet z(n ) 2 On ½ Vn , and supposethat On intersects the cross-sectionat the unique point
k(n ) 2 On \ Kn ; we can view k(n ) as the \canonical form" of the jet z(n ) . Finally, let
g = ½(n ) (z(n ) ) denote the group element which maps k(n ) to z(n ) = g(n ) ¢k(n ) . The
resulting map ½(n ) : Jn ! G from the jet spaceto the group is the moving frame de¯ned
by the chosencross-section.

Assuming G(n ) acts locally freely, the simplest local cross-sectionsare obtained by
setting r = dim G of the jet coordinates z(n ) = (x; u(n ) ) to be constant. Let z1; : : : ; zr
denote the chosencoordinates, so that each zº is either one of the x i 's or one of the u®

J 's.
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Let w1; : : : ; wr be the corresponding lifted invariants, so that wº is the corresponding yi or
v®

J . The normalization constants c1; : : : ; cr are chosenso that the normalization equations

w1(g; x; u(n ) ) = c1; : : : wr (g; x; u(n ) ) = cr ; (1:4)

can be (locally) uniquely solved for g = ½(n ) (x; u(n ) ) in terms of the jet coordinates; the
resulting map de¯nes the moving frame associated with the chosencross-section.

De¯nition 1.9. The fundamental nth order normalized di®erential invariants asso-
ciated with a moving frame ½(n ) of order n (or less)are given by

I (n ) (z(n ) ) = w(n ) ± ¾(n ) (z(n ) ) = ½(n ) (z(n ) )¡ 1 ¢z(n ) :

Note that I (n ) (z(n ) ) = k(n ) 2 Kn can be identi¯ed with the canonical form of the jet
z(n ) . In terms of the invariant local coordinates w(n ) = (y; v(n ) ) on Bn , the fundamental
normalized di®erential invariants are

J i (x; u(n ) ) = yi (½(n ) (x; u(n ) ); x; u); i = 1; : : : ; p;

I ®
K (x; u(k ) ) = v®

K (½(n ) (x; u(n ) ); x; u(k ) ); ® = 1; : : : ; q; k = # K ¸ 0:
(1:5)

In particular, the normalized di®erential invariants corresponding to the components wi
being normalized via (1.4) will be constant. We shall call these the phantom di®erential
invariants . The other components of w(n ) will de¯ne a complete system of functionally
independent di®erential invariants de¯ned on the domain of de¯nition of the moving frame
map.

Theorem 1.10. Let n be greater than or equal to the order of the moving frame.
Every nth order di®erential invariant can be locally written asa function of the normalized
nth order di®erential invariants I (n ) . The function is unique provided it doesnot depend
on the phantom invariants.

Given an arbitrary di®erential function F : Jn ! R, then L = F ± w(n ) : Bn ! R
de¯nes a lifted di®erential invariant, and henceJ = L ± ¾(n ) = F ± I (n ) de¯nes a di®erential
invariant, called the invariantization of F with respect to the given moving frame. Thus,
a moving frame provides a natural way to construct a di®erential invariant from any
di®erential function! Theorem 1.5 just says that if F itself is a di®erential invariant,
then F ± w(n ) is independent of the group parameters, and henceJ = F . In other words,
invariantization de¯nes a projection, depending on the moving frame, from the spaceof
di®erential functions to the spaceof di®erential invariants.

The higher order di®erential invariants can also be obtained by invariant di®erenti-
ation. The normalized contact-invariant coframe is the pull-back of the lifted contact-
invariant coframe: ! = (¾(n ) )¤´ = (D y ± ¾(n ) ) dx. The associated invariant di®erential
operators D = (D y ± ¾(n ) )¡ T ¢D are obtained by normalizing the lifted invariant di®erential
operators E. The invariant di®erential operators D j do not necessarilycommute; explicit
commutation formulae are presented below.

The invariant di®erential operators will map di®erential invariants to higher order
di®erential invariants. However, unlike their lifted counterparts, they do not directly pro-
duce the normalized di®erential invariants; in other words, DK I ® is not , in general,equal
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to I ®
K . The moving frame method will e®ectively resolve the computational di±culties

in the usual (unlifted) theory. The fundamental recurrence formulae for the di®erential
invariants (1.5) are

D j J i = ±i
j + M i

j ; D j I ®
K = I ®

K ;j + M ®
K ;j : (1:6)

The \correction terms" M i
j , M ®

K ;j can be e®ectively computed using the following algo-
rithm. For any n greater than or equal to the order of the moving frame, let q(n ) =
p+ q

¡ p+ n
n

¢
= dim Jn . Let V = V (n ) denote the r £ q(n ) matrix whoseentries are the coe±-

cients »i ; ' ®
J of the nth order prolonged in¯nitesimal generators(1.1). Let W = V ± I (n ) be

its invariantized version, obtained by replacing the jet coordinates z(n ) by the associated
di®erential invariants I (n ) . We perform a Gauss{Jordan row reduction on the matrix W
so as to reduce the r £ r minor whosecolumns correspond to the chosennormalization
variables z1; : : : ; zr to be the identit y matrix; let P be the resulting r £ q(n ) matrix of
invariants. Let S = (S·

i ) denote the p £ r matrix whoseentries are the total derivatives
S·

i = D i z· of the normalization coordinates. Let T = S ± I (n ) be its invariantization. Then
the correction terms in (1.6) are the entries of the p £ q(n ) matrix product M = ¡ T ¢P.

A syzygy is a functional dependency H (: : : DJ I º : : :) ´ 0 among the fundamental
di®erentiated invariants. The normalization procedure not only gives us a generating
system of fundamental di®erential invariants, but also classi¯es all syzygiesamong the
normalized di®erential invariants.

Theorem 1.11. A generatingsystemof di®erential invariants consistsof a) all non-
phantom di®erential invariants J i and I ® coming from the un-normalized zeroth order
lifted invariants yi , v®, and b) all non-phantom di®erential invariants of the form I ®

J;i
where I ®

J is a phantom di®erential invariant. In other words, every other di®erential in-
variant can, locally, be written asa function of the generatinginvariants and their invariant
derivatives,DK J i , DK I ®

J;i . All syzygiesamongthe di®erentiated invariants are di®erential
consequencesof the following three fundamental types:
(i ) D j J i = ±i

j + M i
j , when J i is non-phantom,

(ii ) DJ I ®
K = c+ M ®

K ;J , when I ®
K is a generating di®erential invariant, while I ®

J;K = c is a
phantom di®erential invariant, and

(iii ) DJ I ®
LK ¡ DK I ®

LJ = M ®
LK ;J ¡ M ®

LJ ;K , where I ®
LK and I ®

LJ are generating di®erential
invariants the multi-indices K \ J = ? are disjoint and non-zero, while L is an
arbitrary multi-index.

A similar algorithm producesthe commutation formulae

[D i ; D j ] =
pX

i =1

Ak
ij Dk ; i; j = 1; : : : ; p; (1:7)

among the normalized invariant di®erential operators. Let X k denote the r £ p matrix
whoseentries are the total derivatives X k

·i = D i »
k
· of the kth independent variable coef-

¯cients. Let Y k = X k ± I (1) denote its invariantization. Let B k the result of performing
the sameGauss{Jordan reduction on Y k as was doneon W; in other words, if P = E ¢W,
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then B k = E ¢Y k . Then the coe±cient matrix Ak = (Ak
ij ) in (1.7) is the skew-symmetric

part of the matrix product Ck = T ¢B k , i.e., Ak = Ck ¡ (Ck )T .

Example 1.12. Let M = R3, with coordinates x1; x2; u. Let G = GL(2), and
consider the action (x1; x2; u) 7! (®x1 + ¯ x2; ° x1 + ±x2; ¸u ), where ¸ = ®± ¡ ¯ ° . This
action plays a key role in the classical invariant theory of binary forms, when u is a
homogeneouspolynomial, cf. [21]. The order zero invariants are obtained by inverting the
group transformations:

y1 = ¸ ¡ 1(±x1 ¡ ¯ x2); y2 = ¸ ¡ 1(¡ ° x1 + ®x2); v = ¸ ¡ 1u:

The lifted contact-invariant coframeand associated invariant di®erential operators are

´ 1 = dH y1 = ¸ ¡ 1(±dx1 ¡ ¯ dx2);

´ 1 = dH y2 = ¸ ¡ 1(¡ ° dx1 + ®dx2);

E1 = ®D1 + ° D2;

E2 = ¯ D1 + ±D2:

The higher order lifted di®erential invariants are then vj k = (E1) j (E2)k v; in particular

v1 =
®u1 + ° u2

¸
; v2 =

¯ u1 + ±u2

¸
; v11 =

®2u11 + 2®° u12 + ° 2u22

¸
;

v12 =
®¯ ±u11 + (®±+ ¯ ° )u12 + ° ±u22

¸
; v22 =

¯ 2u11 + 2¯ ±u12 + ±2u22

¸
:

Let us choosethe cross-sectionK 1 = f x1 = 1; x2 = 0; u1 = 1; u2 = 0g. The normalization
equations

y1 = 1; y2 = 0; v1 = 1; v2 = 0;

are then solved for the group parameters, leading to a ¯rst order moving frame
µ

® ¯
° ±

¶
=

µ
x1 ¡ u2
x2 u1

¶
;

which is well-de¯ned on surfacesu = u(x; y) provided x1u1 + x2u2 6= 0. The resulting
normalized di®erential invariants are

J 1 = 1; J 2 = 0; I =
u

x1u1 + x2u2
; I 1 = 1; I 2 = 0;

I 11 =
(x1)2u11 + 2x1x2u12 + (x2)2u22

x1u1 + x2u2
; I 12 =

¡ x1u2u11 + (x1u1 ¡ x2u2)u12 + x2u1u22

x1u1 + x2u2
;

I 22 =
(u2)2u11 ¡ 2u1u2u12 + (u1)2u22

x1u1 + x2u2
:

The Replacement Theorem 1.5 shows that each of thesecan be rewritten as the identical
function of the lifted invariants; e.g., I = (x1u1 + x2u2)¡ 1u = (y1v1 + y2v2)¡ 1v. According
to Theorem 1.11, we can take I ; I 11; I 12; I 22 as our generating system, meaning that all
higher order di®erential invariants can be obtained by successively applying the invariant
di®erential operators to them. The normalized coframe is

! 1 =
u1 dx1 + u2 dx2

x1u1 + x2u2
=

dH u
x1u1 + x2u2

; ! 2 =
¡ x2 dx1 + x1 dx2

x1u1 + x2u2
;
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The associated invariant di®erential operators are well-known in classicalinvariant theory:
D1 = x1D1 + x2D2 is the scalingprocessand D2 = ¡ u2D1 + u1D2 is the Jacobianprocess.

Let us now illustrate the algorithm for determining recurrenceformulae, syzygiesand
commutation formulae. The prolonged in¯nitesimal generator coe±cient matrix and its
invariantized counterpart are, up to secondorder,

V =

0

B
@

x1 0 u 0 u2 u11 0 u22
x2 0 0 0 ¡ u1 0 ¡ u11 ¡ 2u12
0 x1 0 ¡ u2 0 ¡ 2u12 ¡ u22 0
0 x2 u u1 0 u11 0 ¡ u22

1

C
A ;

W =

0

B
@

1 0 I 0 0 ¡ I 11 0 I 22
0 0 0 0 ¡ 1 0 ¡ I 11 ¡ 2I 12
0 1 0 0 0 ¡ 2I 12 ¡ I 22 0
0 0 I 1 0 I 11 0 ¡ I 22

1

C
A :

Sincewe are normalizing x1; x2; u1; u2, we also needthe matrices

S =
µ

1 0 u11 u12
0 1 u12 u22

¶
; T =

µ
1 0 I 11 I 12
0 1 I 12 I 22

¶
:

We useGauss{Jordan reduction on the invariantized coe±cient matrix W making the cho-
sennormalization columns | in the present casecolumns 1, 2, 4 and 5 | into an identit y
matrix, and then premultiply the resulting matrix by T. The entries of the resulting matrix
product

µ
1 0 I 11 I 12
0 1 I 12 I 22

¶
0

B
@

1 0 I 0 0 ¡ I 11 0 I 22
0 1 0 0 0 ¡ 2I 12 ¡ I 22 0
0 0 I 1 0 I 11 0 ¡ I 22
0 0 0 0 1 0 I 11 2I 12

1

C
A =

=
µ

1 0 I (1 + I 11) I 11 I 12 (I 11 ¡ 1)I 11 I 11I 12 2I 2
12 ¡ (I 11 ¡ 1)I 22

0 1 I I 12 I 12 I 22 (I 11 ¡ 2)I 12 (I 11 ¡ 1)I 22 I 12I 22

¶

are minus the required correction terms:

D1J 1 = ±1
1 ¡ 1 = 0; D2J 1 = ±1

2 ¡ 0 = 0;

D1J 2 = ±2
1 ¡ 0 = 0; D2J 2 = ±2

2 ¡ 1 = 0;

D1I = I 1 ¡ I (1 + I 11) = 1 ¡ I (1 + I 11); D2I = I 2 ¡ I I 12 = ¡ I I 12;

D1I 1 = I 11 ¡ I 11 = 0; D2I 1 = I 12 ¡ I 12 = 0;

D1I 2 = I 12 ¡ I 12 = 0; D2I 2 = I 22 ¡ I 22 = 0;

D1I 11 = I 111 + (1 ¡ I 11)I 11; D2I 11 = I 112 + (2 ¡ I 11)I 12;

D1I 12 = I 112 ¡ I 11I 12; D2I 12 = I 122 + (1 ¡ I 11)I 22;

D1I 22 = I 122 + (I 11 ¡ 1)I 22 ¡ 2I 2
12; D2I 22 = I 222 ¡ I 12I 22:

The formulae for D1I and D2I provide the syzygiesof the secondtype, and show that
we can use I to generate I 11 and I 12. (There are no syzygiesof the ¯rst type since we
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normalized all the lifted independent variables.) There are three fundamental syzygiesof
the third type:

D1I 12 ¡ D2I 11 = ¡ 2I 12;

D1I 22 ¡ D2I 12 = 2(I 11 ¡ 1)I 22 ¡ 2I 2
12;

(D1)2I 22 ¡ (D2)2I 11 = 2I 22D1I 11 + (5I 12 ¡ 2)D1I 12 + (3I 11 ¡ 5)D1I 22 ¡

¡ (2I 11 ¡ 5)(I 11 ¡ 1)I 12 + 4(I 11 ¡ 1)I 2
12:

Finally, the commutation formulae can be determined directly:

[D1; D2] = ¡ I 12D1 + (I 11 ¡ 1)D2: (1:8)

The alternativ e method is to ¯rst construct the matrices

X 1 = Y 1 =

0

B
@

1 0
0 1
0 0
0 0

1

C
A ; B 1 =

0

B
@

1 0
0 0
0 0
0 ¡ 1

1

C
A ; X 2 = Y 2 =

0

B
@

0 0
0 0
1 0
0 1

1

C
A ; B 2 =

0

B
@

0 0
1 0
0 1
0 0

1

C
A ;

where X i are obtained by di®erentiating the coe±cients »i of @x i in the in¯nitesimal
generators; Y i are their invariantizations, which are the same becausethe X i happen
to be constant, and B i is obtained from Y i by applying the same Gauss{Jordan row
operations as were done to W above. Multiplying B i by T to obtain C i , and then skew
symmetrizing to obtain A i yields

C1 = T ¢B 1 =
µ

1 ¡ I 12
0 I 22

¶
; A1 = C1 ¡ (C1)T =

µ
0 ¡ I 12

I 12 0

¶
;

C2 = T ¢B 2 =
µ

0 I 11
1 I 12

¶
; A2 = C2 ¡ (C2)T =

µ
0 I 11 ¡ 1

1 ¡ I 11 0

¶
:

The (1; 2) entry of A i provides the coe±cient of D i in (1.8).

In applications to equivalenceproblems and geometry, we restrict the moving frame
and associated invariants to a submanifold of the appropriate dimension.

De¯nition 1.13. A p-dimensional submanifold parametrized by ¶: X ! S ½ M is
called regular with respect to a moving frame ½(n ) : Jn ! G if its n-jet jn S lies in the
domain of de¯nition of ½(n ) . In this case,the restricted moving frame on the submanifold
is de¯ned as the composition ¸ (n ) = ½(n ) ± jn ¶: X ! G.

Theorem 1.14. A submanifold S ½ M admits an n th order moving frame if and only
if S is regular of order n, i.e., jn S ½ Vn . Thus, in the analytic category, a submanifold S
admits a moving frame (of somesu±ciently high order) if and only if its isotropy subgroup
GS acts freely on S itself.

Let S be a regular submanifold for a moving frame ½(n ) . For any k ¸ n, the k th order
di®erential invariant classifying manifold C(k ) (S) associated with a submanifold ¶: X ! M
is the manifold parametrized by the normalized di®erential invariants of order k, namely
J (k ) = I (k ) ± jk ¶. For simplicit y, let us assumethat C(k ) (S) is an embedded submanifold
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of its classifying spaceZ (k ) ' Jk of dimension tk for k ¸ n. Note that tk equals the
number of functionally independent invariants obtained by restricting the normalized k th

order di®erential invariants to S. In the fully regular case,then, we have

tn < tn +1 < tn +2 < ¢¢¢< ts = ts+1 = ¢¢¢= t · p;

where t is the di®erential invariant rank and s is the di®erential invariant order of S. We
can now state the fundamental equivalenceand symmetry theorems.

Theorem 1.15. Let S; S ½ M be regular p-dimensional submanifolds with respect
to a moving frame map ½(n ) . Then S and S are (locally) congruent, S = g ¢S, if and only
if they have the samedi®erential invariant order s and their classifying manifolds of order
s + 1 are identical : C(s+1) (S) = C(s+1) (S).

Theorem 1.16. Let S ½ M be a regular p-dimensional submanifold of di®erential
invariant rank t with respect to a moving frame ½(n ) . Then its isotropy group GS is an
(r ¡ t)-dimensional subgroup of G acting locally freely on S.

A submanifold S is order k congruent to a submanifold S at z 2 S if there is a group
transformation g 2 G such that S and g¢S have order k contact at z. Note that the group
transformation g = g(z) may vary from point to point. The rigidity order of S is the
minimal k for which order k congruenceimplies congruence,so S = g ¢S for ¯xed g 2 G.
It turns out that this also meansthat the only congruent submanifold S = g¢S which has
kth order contact with S at a point is S itself.

Theorem 1.17. If S ½ M is a regular submanifold of di®erential invariant order s
with respect to a moving frame, then S has rigidit y order at most s + 1.

We now describe the method of moving coframes,which provides an alternativ e ap-
proach, basedon invariant di®erential forms, that also extends to pseudo-groupactions.
For simplicit y, let us assumethat G acts transitiv ely on M . Choosea basepoint z0 2 M .
A smooth map ½(0) : M ! G is called a compatible lift with basepoint z0 if it satis¯es

½(0) (z) ¢z0 = z: (1:9)

We will call the general compatible lift ½(0) (z; h) the moving frame of order zero. It is
computedby solving the systemof m equations(1.9) for m of the group parametersin terms
of the coordinates z on M and the remaining r ¡ m = dim G ¡ dim M group parameters,
which we denote by h. Unlike the preceding moving frames, unlessG acts locally freely
on M , the order zero moving frame wil l depend on someof the group parameters. We
can use ½(0) to pull-back the left-invariant Maurer{Cartan forms on G, leading to the
moving coframe of order zero. We can determine lifted invariants by analyzing the linear
dependenciesamong the horizontal components of the moving coframe forms. Group-
dependent invariants can be normalized to convenient constant valuesby solving for some
of the unnormalized parameters. We successively eliminate parametersby substituting the
normalization formulae into the moving coframeand recomputing dependencies.After the
parameters have all been normalized, the di®erential invariants will appear through any
remaining dependenciesamong the ¯nal moving coframe elements. Let us illustrate the
basic method by a classicalexample; see[9] for more details and applications.
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Example 1.18. The equia±ne geometry of curves in the plane is governed by the
special a±ne group SA(2) = SL(2) n R2, acting on M = R2 according to

g : x 7¡! Ax + a; x 2 M ; A 2 SL(2); a 2 R2:

We adopt a vector notation for the matrix A = (® ¯ ) 2 SL(2), where det A = ® ^ ¯ = 1.
The Maurer{Cartan forms on SA(2) are

¹ 1 = ® ^ d®; ¹ 2 = ¯ ^ d® = ® ^ d¯ ; ¹ 3 = ¯ ^ d¯ ; º 1 = ® ^ da; º 2 = ¯ ^ da:

Choosethe basepoint to be x 0 = 0. Solving the compatible lift equations x = g ¢x 0 = a
yields the zeroth order moving frame a = x. Substituting into the Maurer{Cartan forms,
we ¯nd that, for a parametrized curve x(t), the forms º 1; º 2 restrict to the following two
horizontal forms:

º 1 = (® ^ x t ) dt; º 2 = (¯ ^ x t ) dt:

Their ratio produces the lifted invariant (® ^ x t )=(¯ ^ x t ), which is normalized to 0 by
setting ® = ¸ x t for some scalar parameter ¸ . This implies that ¹ 1 = ¸ 2(x t ^ x tt ) dt.
Assuming x t ^ x tt 6= 0, the latter form can be normalized to equal ¡ º 2 by setting

¡ ¯ ^ x t = ¸ 2(x t ^ x tt ); or ¯ = ¸ 2 x tt + ¹ x t ;

for somescalar ¹ . Unimodularit y implies ¸ = (x t ^ x tt )¡ 1=3. Therefore

¡ º 2 = ds = 3
p

x t ^ x tt dt

reproducesthe equi-a±ne arc length element. Furthermore, ¹ 2 = ¯ ^ d® = J ds, where
the lifted invariant

J = ¹ (x t ^ x tt )1=3 +
x t ^ x ttt

3(x t ^ x tt )4=3

is normalized to zero in the obvious manner. Therefore, the ¯nal moving frame is given by

® =
dx
ds

=
x t

3
p

x t ^ x tt

; ¯ =
d2x
ds2 =

x tt

(x t ^ x tt )2=3
¡

x t

3(x t ^ x tt )5=3
; a = x:

Finally, ¹ 3 = · ds, where

· = x ss ^ x sss =
(x t ^ x tttt ) + 4(x tt ^ x ttt )

3(x t ^ x tt )5=3
¡

5(x t ^ x ttt )2

9(x t ^ x tt )8=3

de¯nes the equi-a±ne curvature. All higher order di®erential invariants are obtained by
di®erentiating · with respect to the equi-a±ne arc length ds. This reproducesthe basic
invariants of the equi-a±ne geometry of curves, [13]; seealso [3], [8], for applications in
computer vision. The classical Frenet equations are a simple reformulation of the ¯nal
moving frame formulae. We identify the linear part A = (e1; e2) = (x s; x ss ) of the ¯nal
moving frame with the equi-a±ne frame at a point x(t) on the curve, so that e1 = x s is
the unit a±ne tangent vector, wherease2 = x ss is the unit equi-a±ne normal. Combining
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this with the SL(2) Maurer{Cartan matrix A ¡ 1 dA =
µ

0 1
· 0

¶
ds leads to the complete

Frenet equationsof planar equi-a±ne geometry:

dx
ds

= e1;
de1

ds
= e2;

de2

ds
= · e1:

Note that the chosennormalizations are governed by the cross-section

K3 = f x = u = ux = 0; uxx = 1; uxxx = 0g

to the group orbits on J3. In fact, it is not hard to apply the regularized method directly
in this example. In general, the more complicated the group action, the more e±cient the
moving coframe approach becomes.Curves whose2-jets passthrough the singular locus
x t ^ x tt = 0 can be covered by higher order moving frames, except for the straight lines,
which are the totally singular curves in equi-a±ne geometry.

Finally, we demonstrate how the moving coframemethod can be adapted to the case
of in¯nite Lie pseudo-groups. By de¯nition, a Lie pseudo-groupconsists of an in¯nite-
dimensional family of invertible (local) transformations that form the general solution
to an involutiv e system of partial di®erential equations, cf. [17], [6]. We can always
characterize the pseudo-grouptransformations Ã: M ! M as the projections of bundle
maps ª: B ! B, de¯ned on a principal ¯b er bundle B ! M , that preserve a system of
one-forms³ = f ³1; : : : ; ³ k g, so that ª ¤³ = ³ . The forms ³ will play the role of the moving
coframe forms for the pseudo-group,and the ¯b er coordinates of the bundle B will play
the role of the undetermined group parameters. Of course,in this case³ doesnot form a
full coframe on B. A compatible lift, or moving frame of order zero, is just an arbitrary
section ¾(0) : M ! B. With these provisos, the normalization and reduction procedure is
implemented as in the ¯nite-dimensional situation.

Example 1.19. Consider the intransitiv e pseudo-groupconsisting of (local) di®eo-
morphisms on M = R3 of the form

x = f (x); y = y; u =
u

f 0(x)
: (1:10)

This pseudo-groupwas intro ducedby Lie, [18; p. 373], in his study of secondorder partial
di®erential equations integrable by the method of Darboux, and was further investigated
by Medolaghi, [19], Vessiot, [26], and Kumpera, [16]. Following a general procedure
presented in [15], a zeroth order moving coframeconsistsof the one-forms

³1 = u dx; ³2 = ®dx +
du
u

; ³3 = dy;

which are de¯ned on a rank onebundle B ! M with ¯b er coordinate ®. Indeed,any trans-
formation that satis¯es ª ¤³ i = ³ i , i = 1; 2; 3, projects to a pseudo-grouptransformation
(1.10). For surfacesu = u(x; y), the linear dependency³ 2 = ¡ (u®+ ux ) ³1 ¡ (uy =u) dy pro-
ducesthe normalization ® = ¡ ux =u, along with the basic ¯rst order di®erential invariant
I = uy =u. The ¯nal invariant moving coframe is

³1 = u dx; ³2 =
du ¡ ux dx

u
³3 = dy:
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The invariant total di®erential operators are thus D1 = u¡ 1D x , D2 = D y . A complete
systemof di®erential invariants consistsof y, I , and the higher order invariant derivatives
(D1) j (D2)k I .

Acknowledgments: We would like to thank Ian Anderson for sharing his insights, in-
spiration, and critical comments while this work was in progress.
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