Con temp orary Mathematics

The Invariant Variational Bicomplex

Irina A. Kogan and Peter J. Olver

Abstra ct. We establish a group-invariant version of the variational bicom-
plex that is based on a general moving frame construction. The main appli-
cation is an explicit group-invariant formula for the Euler-Lagrange equations
of an invariant variational problem.

1. Intro duction.

Most modern physical theories begin by postulating a symmetry group and
then formulating eld equations basedon a group-invariant variational principle.
As st recognizedby Soptus Lie, [17], every invariant variational problem can be
written in terms of the di®ererial invariants of the symmetry group. The assaiated
Euler-Lagrange equations inherit the symmetry group of the variational problem,
and so can also be written in terms of the di®ererial invariants. Surprisingly, to
date no-onehasfound a generalgroup-invariant formula that enablesoneto directly
construct the Euler-Lagrange equations from the invariant form of the variational
problem. Only afew speci ¢ examples,including plane curvesand spacecurvesand
surfacesin Euclidean geometry, are worked out in Grixths, [12], and in Anderson's
notes, [3], on the variational bicomplex.

In this note, we summarize our recert solution to this problem; full details
can be found in [16]. Our principal result is that, in all casesthe Euler-Lagrange
equations have the invariant form

(1) A"E(B)i B°H(B) = 0,

where E(E) is an invariantized version of the usual Euler-Lagrange expressionor
\Eulerian", while H(E) is an invariantized Hamiltonian, which in the multiv ariate
cortext is, in fact, a tensor, [20], and A”; B® certain invariant di®erenial operators,
which we namethe Eulerian and Hamiltonian operators. Our methods produce an
explicit computational algorithm for determining the invariant di®ererial operators
A";B", that, remarkably, can be directly constructed from the formulae for the
in nitesimal generatorsof the transformation group action using only linear algebra
and di®erertiation.
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This result will be based on combining two powerful ideas in the modern,
geometric approach to di®erertial equationsand the variational calculus. The rst
is the variational bicomplex due to Vinogradov, [23, 24], and Tulczyjew, [22], of
fundamental importance in the study of the geometry of jet bundles, di®erenial
equationsand the calculusof variations. Later cortributions of Tsujishita, [21], and
Anderson, [1, 3], have amply demonstrated the power of the bicomplex formalism
for both local and global problemsin the geometrictheory of di®erertial equations
and the calculus of variations.

The secondingredient is an equivariant reformulation of Cartan's moving frame
theory, [6, 11, 13, 15], due to the secondauthor and Fels, [9, 10]. For a general
“nite-dimensional transformation group G, a moving frame is de ned as an equi-
variant map from an open subsetof jet spaceto the Lie group G. Once a moving
frame is established, it provides a canonical medanism, called invariantization ,
that allows us to systematically construct the invariant cournterparts of all objects
of interest in the usual variational bicomplex, including di®ererial invariants, in-
variant di®erertial forms, etc. The key formula relates the di®erernials of ordinary
functions and forms to the invariant di®ererials of invariant functions and forms,
which requires additional \correction terms" similar to the terms that distinguish
covariant derivativesin Riemannian geometry from ordinary derivatives. In partic-
ular, theseformulae form the basisfor a complete classi cation of the syzygiesand
commutation formulae for di®erertiated invariants, as rst discoveredin [10]. The
invariant version of the vertical bicomplex di®erertial will then producethe desired
formula relating invariant variational problems and Euler-Lagrange equations.

The nal formula is not elemenary; nevertheless,an explicit computational
algorithm basedonly on in nitesimal data, linear algebra and di®erertiation is es-
tablished, which allows one to treat very general transformation groups with the
aid of a standard computer algebra system. Our own computations have beenim-
plemerted in both Mathema tica and Maple , and the results comparedin order
to give added assuranceof their overall correctness.We also note that the Maple
software package Vessiot , [2], deweloped by lan Anderson and his students, pro-
vides an extensiwve collection of generalpurposeroutines for performing complicated
bicomplex constructions. A humber of the moving frame algorithms have beensuc-
cessfullyimplemented using the Vessiot padkage. We alsonote that V. Itskov has
recertly proposedan alternativ e foundation of the subject, basedon a new approad
to symmetry reduction of exterior di®erertial systemsand variational problems;see
[14] and his cortribution to theseproceedings.

2. The Invariant Variational Bicomplex.

We begin with a brief review of the variational bicomplex, relying primarily
on the lucid presenation in [3, 21]. Seealso [18] for basic results on jet bun-
dles, contact forms, prolongation, etc. Given an m-dimensional manifold M, we let
J" = J"(M; p) denotethe nth order (extended) jet bundle consisting of equivalence
classef p-dimensional submanifolds S %2 M under the equivalencerelation of nth
order contact. The innite jet bundle J* = J' (M;p) is de ned asthe inverselimit
of the "nite order jet bundles under the standard projections ¥4+t : Jn*1 1 gn,
Di®erertial functions, meaning functions F: J" ! R de ned on an open subset
of jet space, and di®erertial forms on J" will be routinely identied with their
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pull-backs to the appropriate open subsetof the in nite jet space. When we in-
troduce local coordinates z = (x;u) on M, we consider the rst p componerts

k=#1J.

A di®erertial form pon J' is called a contact form if it is annihilated by all
jets, sothat pjj; S= 0 for every p-dimensional submanifold S ¥2 M . The contact
or vertical subbunde C* ) 1, T9J! s spannedby the cortact one-forms. In local
coordinates, every contact one-form is a linear combination of the basic contact
forms

xP .
) W = duf uf; dx';  ®= 1L 0 #3:
i=1

horizontal subbunde H % T®J* . The splitting T%J!* = He C*) of the cotangert
bundle inducesa bi-grading - ® = = - 'S of the spaceof all di®ereriial forms on
J1, with Yast - B1 . s the projection to the spaceof forms of bigrade (r;s),
which are linear combinations of wedge products of r horizontal forms dx' and
s contact forms p?. The di®erertial on J' splits into horizontal and vertical

componerts, d = d,, + d, ,whered, :-"S! -1 jncreaseshorizontal degree,
and d, :-"S ! -7l increasesvertical degree. Closure, d+d = 0, implies that
dy,+td, =0=d, £d,, while d, +d, =i dy, +d, . The resulting structure is

known as the variational bicomplex

Given an r-dimensional Lie group G act smoothly on the manifold M, we let
G denote the nth prolongation of G to the jet bundle J" = J"(M;p) induced
by the action of G on p-dimensional submanifolds. If G acts e®ectiwely on eah
open subsetof M then, dueto the stabilization theorem [19], the prolonged action
becomeslocally free on a denseopen subsetV %2 J! | known as the regular subset
and hence, [8], one can nd a (locally) invariant coframe, and thus an invariant
version of the variational bicomplex.

As in [10], we introduce the lifted jet bunde B* = G £ J! , along with the
regularized prolonged group action g ¢(h; z* )) = (h ¢gi 1;g* ) ¢z(1)). The com-
ponerts of the evaluation map w(g;z(* )) = gt ) ¢z(1 ) provide a complete system
of lifted di®erential invariants on B . This endows the bundle

B! =GE£ J
Yaj @ w
Jt © Jt
with a double "bratli_on structure. The Cartesian product structure on B! induces
a bigrading P® = = brs of the spaceof di®erertial forms on B! , where brs is

the spaceof di®erenial forms which are linear combinations of wedgeproducts of
r jet forms dx', p2 and s Maurer{Cartan forms . We accordingly decompose
the di®erertial d = d; + dg into jet and group componerts, which forms a trivial

product bicomplex structure on B! . Let bj’ =~ brio genotethe spaceof pure jet
forms, i.e., linear combinations of wedgeproducts of dx'; U only, whosecoexcients
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may depend on jet coordinates and group parameters. The jet projection % : bay
b annihilates all the Maurer{Cartan forms.

Local freenessof the prolonged action implies that one can construct a right
(left) moving frame on the regular subsetV % J' , that is, a locally right (left)
G-equivariant map 2 V! G. A moving frame de nes a G-equivariant section
¥% V! B!, namely %z(*)) = (%4z(1));z(!)). See[10, 16] for the computational
algorithm for explicitly constructing a moving frame, basedon Cartan's method
of normalization, [6], which amounts to a choice of cross-sectionto the group or-
bits. The most important de nition in this paper tells us how to \in variantize" an
arbitrary di®erertial form using the moving frame section.

Definition 1. The invariantilzation of %di®erenial form - on J! is the
invariant di®erertial form -) = 3% Y (w"-)

Invariantization de nes a canonical projection (depending upon the moving
frame) from the spaceof di®erenial forms to the spaceof invariant di®erenial
forms. In particular the invariantized coordinate functions provide a complete
system of di®erertial invariants,

H' (6 u™) = 1(x); =L
12 (o u®) = (uR); ®=1:::;q k=#K , 0

known as the normalized di®erential invariants. Invariantization of the basis one-
forms dx'; u¢ provides an invariant coframe

$' = fdx'); i= L

#e = 18); ®=1::5;q k=#K O
The # form an invariant basis for the spaceof contact one-forms, while the in-
variant horizontal forms decompose,$' = !'' + ”', asa sum of the usual cortact-

invariant horizontal forms! ' 2 - %9 [10, 18], (not to be confusedwith invariant
contact forms), along with additional cortact \corrections” "' 2 - %1 soasto make
the $' fully invariant one-forms. If G acts projectably, there are no cortact correc-
tions: "' = 0. The total vector elds D,;:::; D, dualto ! *;:::;! P form a complete
set of invariant di®erential operators that map di®erertial invariants to di®erertial
invariants, and, more generally, invariant di®ererial forms to invariant di®ererial
forms by Lie di®erertiation, denotedD,(-). The invariant coframe$';#% is used
to bigrade the spaceof di®erertial forms - = €rs on J* . If the group acts
non-projectably, the invariant bigradation is di®erern from the standard bicomplex
bigradation, - 'S 6 £,

The most important fact underlying the generalconstruction is that the invari-
antization map fdoesnot respect the exterior derivative operator. Thus, in general,
df(-) 6 (d-). The recurrence formulae, [10, 16], provide the missing\correction
terms" df-) i Wd-). Remarkably, the correction terms can be algorithmically
constructed using only the in nitesimal generatorsof the group action!

Cartan forms which we view as di®ereriial forms on B! . Let ©* = %" be their
pull-backs by the moving frame section. Our key formula is a consequenceof the
duality betweenin nitesimal generatorsand Maurer{Cartan forms, [16].
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Lemma 2. If - is any di®erential form on J* , then

X
3) df-) =1fd) + " A v. ()

=1
wher v (-) denotesthe Lie derivative of - with respect to the prolongel in nites-
imal geneator v .

We now decompose(3) into invariant horizontal and vertical componerts. An
important obsenation is that the Lie derivative operation doesnot | unlessthe
vector “eld is projectable | presene the bigrading of our complex. While v cer-
tainly maps cortact forms to cortact forms, if v_ (x') = » (x; u), then v_(dx') =
d» = dy » + dy, » isacombination of horizontal and zerdh order cortact forms.
Therefore, if - 2 - 'S, thenv (-) 2 -"Se-"i 1s*1 'while d- 2 - "*1Se- Ms*l,
Consequetly, by (3), d€ 2 £r+liso ris+l o £ri 1is*2 whenewr € 2 €7, We de-
composethe pulled-back Maurer{Cartan forms ¥t~ = °" = °" + " into invariant
horizontal and invariant contact forms

xP _ X
(4) or — Ci- $I 2 _el:O; LR E®J #J® 2 _eoil:
i=1 ®;J

The coexcients C; ;Eg’ are certain di®erenial invariants. Substituting into (3)
allows us to invariantly decomposethe di®erertial d = d, + d, + d, , where

X i ¢
dy 1) = 9(dy -) + AR R/ O] I
=1
(5) L ¢
dy 1) = 1(dy -) + AR 7N A O B S I Z APy (N O]
. =1

X ¢
dy 1-) = " %% s V()]
.=1
Application of thesethree fundamertal identities will produce all the basic recur-

rence formulae! In this process,we will repeatedly use the fact that if F is a
di®erertial function and A is a contact one-form then

X 4 . X N
(6) d, F = (D;F)$' d, A= $' 7D A
i=1 i=1
Warning: The secondidentity is not true for a general one-form!
The appearanceof the extra di®ererial d,, makeslife more complicated, and
prevents us from using a lot of the standard bicomplex machinery. Breaking the
equation d® = 0 accordingto the invariant bigrading leadsto the basic formulae

d3 =0 dyd,+ d,dy =0;
d3, = 0; dydy + dy dy =0
Wewill call such a structure aquasi-tricomplex If G actsprojectably, then d,, = 0O,

and (7) reduceto the usual bicomplex relations for d ; d,, , and sothe terminology
\in variant variational bicomplex" is accuratein this case.

Example 3. The Euclidean geometry of plane curvesis governed by the
standard action y = xcosAj usinA+ a, v = xsinA+ ucosA+ b, of the proper

) &+ dydy + dydy =0
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Euclidean group g = (A;a;b) 2 SE(2) on M = R?2. The prolonged group trans-
formations are constructed by applying the implicit di®erertiation operator D, =
(cosAj u, sinA)i 1D, to v, and so

_ sinA+ u, cosA u

h V,, = XX etc:
Y cosAj u,sinA YW (cosAj u, sinA)3

Solving the normalization equationsy = v = v, = 0 for the group parameters
producesthe right moving frame

8 A= tanilu,; a= | podd . b= pxi Y.

1+ u2 1+ uZ
(The classicalmoving frame, [13], is the left courterpart obtained by inverting the
group elemen givenin (8).) Invariantization of the coordinate functions, which is
done by substituting the moving frame formulae into the prolonged group transfor-
mations, producesthe fundamertal normalized di®ererial invariants

xX)=H = 0; Mu)=1,=0; Mu,)=1,=0;

TKUXX)ZIZZ'; TKuxxx):|3:'s; TKuxxxx):|4:'ss+3'3;
and soon. The Trst three, arising from the normalizations, are called phantom
invariants. The lowest order non-trivial di®ererial invariant is the Euclidean cur-

vature |, = - = u,, (1 + u2)32 while - ;- ;::: denote the derivativesof - with
respect to the arc-lengthform ! = = 1+ u2 dx. The invariant horizontal one-form
dx+u,du P—— u
9 $=9dx)= p=—2 =" 1+uldx+ p==n
1+ u2 1+ u2

is a sum of the cortact-invariant arc length form along with a cortact correction.
In the samemanner we obtain the basisinvariant cortact forms

_ _ 0 . _ _(1+U)2()|in Uy Uy B
(10) #=1W = pl+—7u§ #1= ) = (1+ u2)2 '

The prolongedin nitesimal generatorsof SE(2) are

Vi= @ V=@ Va=iu@+x@+ (1+u)@, + 3uu, @, + oot
The one-forms°" ;" governing the correction terms are found by applying the
recurrenceformulae (5) to the phantom invariants. From the “rst equation in (5),
we obtain

0= dy H = Wdyx) + Mvy(x) °1 + vp(x)) °2+ Ava(x)) 2= $ + °F

0= dylg= Tdyu)+ Mvy(u)°t+ Mvy(u) °2 + Kvg(u) °3 = °2;

0= dy Iy = My u) + vy(u,)) L+ Tvy(u) o2+ Mva(u)) °3 = - § + °3;
and hence®! = | $,°2=0,°3=j - $. Similarly, applying d, to the phantom
invariants and using the secondequation in (5) yields "' = 0,"2 = j #, "3 = j #,.
We are now ready to substitute the non-phantom invariants into (5). The horizontal

di®erertials dy 1, of the normalized di®erertial invariants |, = f(u,,) are usedto
produce the explicit recurrenceformulae

-1 - - - -1 . =73
SR PY s = Dl =13 ss = Dlg =140 3153

relating them to the di®ereriiated invariants D™ - . Similarly, the secondequation
in (5) givesthe vertical di®ereriial

(11) dy 1= dy - = k) + Mva(uy)) " = #, = (D?+ - 2)#;
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wherethe nal equation followsfrom the invariant cortact form recurrenceformulae
D# = #,, D#, = #,i - 2#; which arefound by applying d,, to the invariant cortact
forms and using the rst equation in (5). Finally, applying the secondformula in
(5) to $ yields

3. Invariant Variational Problems.

We now apply our construction to derive the formulae for the Euler-Lagrange
equations assaiated with an invariant variational problem. Let us recall the bi-
complex gonstruction of the Euler-Lagrange equations. A variational problem

I [u] = L[u]ldx is determined by the Lagrangian form , = L[u]dx 2 - PO,
Its di®erertial d, = dy,, 2 - ! de'nes a form of type (p;1). We introduce an
equivalencerelation on such forms, sothat £ » - if andonly if £ = - + dy 2

for some2 2 - Pi il The quotient spaceF ! = - Pil=» is known as the spaceof
source forms. |51tegration by parts provesthat every sourceform has a canonical
represefiative  a_, ¢ o(x; u™)p®~ dx, and socanbeidentied with a g-tuple of

di®erertial functions ¢ = (¢ ;;:::;¢ (). In applications, a sourceform is regarded
asde ning a systemof q di®ereriial equations¢ , = ¢¢¢= ¢ q = O for the q depen-
dent variablesu = (ul;:::;u%. Composingthe di®ererial d: - P01 - Pl with

the projection ¥, : - P1 I F1! producesthe variational di®erential + = ¥ +d that
takesa Lagrangian form , = L[u]dx to its variational derivative sourceform

xd X Q@

(13) £ Ee(L) 1®~ dx; where  Eg(L) = (i D); =5
®=1 J @

are the classical Eulerian (Euler-Lagrange) expressionsfor the Lagrangian L. We

extend the de nition of the variational derivative +: - P! F1! to generalp forms

by setting & = %, +%,,(d€). Note that +& = + dependsonly on the horizontal

componert | = l/ﬁ;o(?), while annihilating all contact componerts of €.

According to Lie, [17, 18], as long as we work on the regular open subset
V % J! | any G-invariant variational problem is given by an invariant Lagrangian
form, = B!, where! =112 ¢e¢* ! P is the contact-invariant volume form, and the
invariant Lagrangian E is an arbitrary di®erenial invariant, and hencea function
of the fundamerntal di®erertial invariants and their invariant derivatives. The asso-
ciated Euler-Lagrange equationsE(L) = 0 admit G asa symmetry group, and so,
under suitable nondegeneracyhypotheses,[18, Theorem 6.25], can themselwes be
written in terms of the di®erertial invariants. The problemisto godirectly from the
di®ereriial invariant formula for the variational problem to the di®erertial invariant
formula for the Euler-Lagrange equations.

Let us rst treat the easier caseof curves or one-dimensionalsubmanifolds,
sowe have only p = 1 independert variable and q, 1 dependert variables, where
dimM = 1+ qg. In general,the moving frame construction providesuswith a certain

di®erertial invariants are obtained by invariant di®ereniation, IfE = DX1®, with
respect to the contact-invariant one-form! , which can be viewed asthe G-invariant
arc length elemen. The commain the subscript is to remind us that I;‘E is not the
sameas the normalized di®erertial invariant | 2 = uf). We usethe notation | ("
to denote the collection of all di®erertiated invariants IfE up to some prescribed
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order k - n. It is known, [18], that in most situations ~ = g, sothere are the same
number of generating di®erertial invariants as dependert variables.
A generalinvariant Lagrangian de nes a contact-invariant horizontal one-form
. = By 2 - 19 we replacethe cortact-invariant Lagrangian form with its
fully invariant counterpart € = B(1(M)$ 2 €10 where$ = ! + = {(dx) is the
fully invariant one-form obtained by invariantization. We needto compute
X @
(14) d,€=d,(E$)= d E"$ +Ed,$ = @d\,l;ﬁ@"$+ﬁd\,$:
i® i
We adopt the notation - ~ £ to indicate that the forms- ;£ 2 - P*1 havethe same
sourceform ¥;(-) = #4(£), which occursif and only if %4.,(-) = %.,(E) + dy?®

for some2 2 €Pi L1 |f F is any di®erenial function and A is a cortact one-form,

(15) dy (FA)= d,F*A+Fdy A, andso | Fd,A  d,F"A:
From (6) it follows that
(16) F(DA"S$ " (DF)A~$:

In particular, if we chooseA = d, H for somedi®erertial function H, then, by (7),
dyA=d, dH=jd,d,H=id, (DH ¢$):

Therefore, (15) takesthe form

a7 Fd,(DH)*$ " i DFd,H~$ | F(DH)d, $:

Equations (16), (17) constitute our basic invariant integration by parts formulae.
We now iterativ ely apply (17) to the rst term of (14). The “rst iteration uses
F = @=@andH = I ; sothat DH = I . Therefore,
A !
&E | e

€3 c&E

@dVI,IA$,ID @ dV|5@I1A$|@|S@dV$
N Nl il
Continuing to integrate the “rst term by parts, we eventually arrive at the formula
X
(18) dy &7 Eo(B)dy 1" $ i H(B)dy$;
®=1
where
h 3 NG 3
(19) Es(E)= (D) a@° ®= 1;:::;m;
i=0 )
is, by analogy with (13), the invariantized Eulerian of E, while
X X G 3
(20) H(E) = l;(?ij(iD )]@i E
®=1 i>j i
is the invariantized Hamiltonian, which is the counterpart of the usual Hamiltonian
X X L a
(21) H(L) = Ui(? i (i Dy)! @P® i L
®=1 i>j , 0 I

assaiated with a (non-invariant) higher order Lagrangian L (x; u(™), cf. [3, 7].
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In the secondphase of the computation, we use the recurrence formulae to
compute the vertical di®erertials

xd _ xd B
(22) d1®=" AS(#);  d$=  B(®#)"S$; @=Lunm

=1 =1

in terms of invariant derivatives of the zerd" order inygriant cortact forms. The
m£ qmatrix of invariant di®ererial operatorsA = A® will becalledthe Euler&an
operator, while the 1 £ q vector of invariant di®ererial operators B = ! B- is
called the Hamiltonian operator. We "nally substitute (22) into (18) and integrate

by parts using (16) to obtain the key formula
1

0
Xnooxa xa _
d&¢” =@ (AD)Ey(B)i  (B)HE)A# " $
®=1 =1 =1

£
A"E(B)i B H(E) s ;

where # = #;#,,111}#, ¢T. Here ° dﬁnotesthe formal inva]g'ant adjoint of an
invariant di®ererial operator, soif P = P, D¥,thenP®= ", (iD )k ¢P,. We
concludethat the Euler-Lagrange equations for our invariant variational problem

are equivalert to the invariant system of di®ererial equations (1).

Example 4. Continuing with Example 3, any Euclidean-invariant variational
problem corresponds to a contact invariant Lagrangian, = E(-; - ;- «::::)!. To
compute the Eulerian and Hamiltonian operators we use (22), which, accordingto
(9), (10), take the form d,, - = (D2+ -?)#and d,$ =i - #* $. Therefore, the
Eulerian operator is A = D2+ - 2 = A, while the Hamiltonian operator B = j - =
B” is a multiplication operator by j - . Both happen to be invariantly self-adjoirt.
The invariant Euler-Lagrange formula (1) reducesto the known formula, [3, 12],

(D%2+ -2)E(B)+ - H(B)= 0

for the Euclidean-invariant Euler-Lagrange equation.
Let us now tackle the generalcaseof invariant variational problemscorrespond-

di®ererial invariants, which meansthat the di®ereriated invariants
(23) 1k = Del®=Dy Dy, , 0D, 1®  where K = (kjiiiiky);

corntain a completesystemof higher order di®ererial invariants. Sincethe invariant
di®erertial operators do not, in general,commute | see[10, 16] for the explicit
commutation formulae| the order of di®ereniation is important. The fact that
we are allowed to invariantly di®ereniate 1® in any order | not to mertion the
possibleoccurrenceof additional syzygiesamongthe di®ereriated invariants, [10],
| imply that there can exist many redundanciesin our formula for the invariant
Lagrangian € = E$, where$ = $ 17 ¢¢¢” $P is the invariant volume form.
Remarkably, these play no signi cant role in the ensuingcomputation.
As before we begin by computing

X
(24) d, €= @%d\,l;,@("$+9dv$;

®K K
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Introducethe (pj 1){forms
$5H =D U8 =(DItTsIreeen g1 IA g A ggen $P 2 P10
If F is any di®ereriial function and A any cortact one-form, then
(25) dy (FAN$ )= dyFAANS ( + FdyANS i FAN dy$ )
Since dy $ ;, 2 €0, it must be a multiple of the invariant volume form, and we

we will call the twist invariants. Using (6) we can rewrite (25) as
~ ~ £ a_ ~
(26) FdyA"$; =F(OA"S | (Di+Z)F A"S = (D)F)A" $;

where D/ = | (D, + Z,) is called the twisted invariant adjoint of the invariant
di®erertial operator D;. If we chooseA = d, H whereH is a di®erenial function,
then (26) results in the multiv ariate invariant integration by parts formula

X _
27)  Fd(DH)"$ = (DYF)dyH"$ i  F(DH)d$ ~$
j=1

We use (27) repeatedly to integrate the “rst term of (24) by parts, leading to

i xa ® xP ) )
(28) dvée E®(E)dv| NS HJI(E) dV$] A $(i);
®=1 i=1
where
X . X X
(29) E(B)= D @?@ o M =0 By I35 Dx @(3 :
K JiK

K ®=1 J;K

are, respectively, the invariant Eulerian and invariant Hamiltonian tensor of the
invariant Lagrangian E. In (29), we usethe twisted adjoints

DY = DY ¢eeDY = (j )™(Dy, + Z,,) ¢6¢(D, + Z, ); K = (kysiiiKy)s

of the repeated invariant di®ererial operators. Note the reversal in the order of
di®erertiation from that in (23).

The secondphaseof the computation requires,in analogywith (22), the vertical
di®ereniation formulae

xa _ D 4
(30) dy 1® = AS# ); dy$!) = Bl-(#)"$';
=1 T
i e¢ , L ,
where A = A®  denotesthe Eulerian operator, which is an m £_q matrix of
invariant di®erertial operators, while the p? row vectors B} = ! Bl-  of invariant

di®erertial operatorsform the invariant Hamiltonian operator comblex This allows
us to write (28) in the vectorial form

xP , .
d, " E(E)AFH S | Hj(B)BI(#)" $:

ij =1
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We now apply (26) to further integrate both terms by parts. The nal result is
written in terms of twisted %djoints of Eurlian and Hamiltolnian operators,

X A .
d, & #£= @AYEE); (B)YH[(B)A #" $:
ij =1
Pr oposition 5. The Euler-Lagrange expressionsof an invariant Lagrangian
form € = E(1(M)$ are equivalent to the invariant systemof di®erential equations

xP A
(31) AYEB)i  (B)VH[(B)=O:
ij =1

Example 6. Considerthe standard action of the Euclidean group (R;a) 2
SE(3) on surfacesS ¥ R3. The moving frame computations provide a simple,
direct route to the fundamental quartities of Euclidean surface geometry [13].
It is worth re-emphasizingthat all the formulae in this example follow from our
in nitesimal moving frame calculus using only linear algebra and di®erertiation;
the explicit formulae for the actual di®ereriial invariants (principal curvatures),
the Frenet coframe, the invariant contact forms, etc., are never required! We as-
sumethat the surfaceis parametrized by z = (x;y;u(x;y)), noting that the nal
formulae are, in fact, parameter-independert. The classical (local) left moving
frame ¥%x; u®) = (a;R) 2 SE(3) consistsof the point on the curve de ning the
translation componert a = z, while the columns of the rotation matrix R con-
tain the unit tangent vectors forming the Frenet frame along with the unit normal
to the surface. The fundamertal di®erenial invariants are the principal curva-
tures -1 = fuy), -2 = f(uyy). The mean and Gaussian curvature invariants
H = 3(-1+ -2, K = -1.2 are often used as corveniert alternative invariants,
sincethey eliminate someof the residual discrete ambiguities in the moving frame.
Higher order di®erertial invariants are obtained by di®erertiation with respect to
the dual invariant di®ererial operators D,; D, for the Frenet coframe$ * = f(dx?),
$ 2 = (dx?). The di®ereriated invariants are not functionally independen, since
there is a fundamental syzygy

1.2 1.2 . 23\2 .

(32) choi At aat 2 :.leiz.(zgl) 2
arising from the Codazzi equations. The Codazzi syzygy can, in fact, be directly
deducedfrom our in nitesimal moving frame computations by comparing the re-
currenceformulae for - %, and - 4, with the normalized invariant, .y )-

Any Euclidean-invariant variational problem has the form E(- (M)11a 12
where! 1~ 12 = 15 ($1~ $2) is the usual intrinsic surface area 2-form. The

invariant Lagrangian E is an arbitrary di®erertial invariant, and socan be rewritten
in terms of the principal curvature invariants and their derivatives,or, equivalertly,
in terms of the Gaussianand mean curvatures. The former represeration leadsto
simpler formulae and will be retained. From the “rst formula in (5), we obtain the

L2
22l =

.2 1
twist invariants dy $ ) = dy $2= 5%, dy$p =i dy$t= 28,
AT 2.
.2 .1
S0Z; = 1712 Z, = 2721 The twist invariants appear in Guggenheimer's

proof of the fundamental existencetheoremfor Euclidean surfaces[13, p. 234]. The
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denominator vanishesat umbilic points on the surface,where the moving frame is
not valid. The Codazzi syzygy (32) can be written compactly as

K=-%2=D)(Z,)+DJ(Z,) =i (D;+Z,)Z,i (D, + Z,)Z,;

which expresseghe Gaussiancurvature K as an invariant divergence. This fact
lies at the heart of the Gauss{Bonnet Theorem. The invariant vertical derivatives
of the principal curvatures are straightforwardly determined from (5),

dy -t = M) = _ID%‘* Z,D,+ (-1)? #

dy 2= fKy) = DI+ 2,0, + (92 #
where# = (1) = f(duj u, dxi uydy) is the fundamertal in\ﬁ;\riant cortact form.
Df+Z,Dp+ (+1)?
D3+Z,D,+ %:'2)2
'D,D,i Z,D, #7$2

Therefore, the Eulerian operator is A = . Further,

dv$1:i.1#/\$l+ ¢ 1.2 !
i
D,D,i Z,D, #"$?!
d,$2= —2 1'_2i1_21 P 2HN$ 2
which yields the Hamiltonian operator complex
Bi=i % 1 ¢ 1 ¢
B%zi-Z' B%:.li.Z DiDzi 25D T TT 2 D,D; i Z,D, =i B:

Therefore, accordingto our fundamertal formula (5), the Euler-Lagrange equation
for a Euclidean-invariant variational problem is

£ o

0= (D£1 +Z1)%i (Dy+ Zy)¢Zy+ (- 1) E(B)
a
+ D2+ Zp)%i (Dy+2,) 62, + (97 B(B) + - THI(B) + - PHE(E)
£ o H(B)i H(E)

+ (Dy+ Z,)(Dy+ Zy)+ (D + Zy)¢Z, ¢ % :
As before, Eg(E) arethe invariant Eulerians with respectto the principal curvatures
-®, while H! () arethe invariant Hamiltonians. In particular, if E(- *; - ?) doesnot
depend on any di®erertiated invariants, the Euler-Lagrange equation reducesto
£ o £ o @

(DY)?+ D3 ¢Z,+ (-1)? @"’ (D3)?+ Dy ¢Z, + (-?)? @2

For example, the problem of minimizing surface area has invariant Lagrangian
E = 1, and so has the well-known Euler-Lagrangeequation E(L) = j (-1 + -2) =
i 2H = 0, and henceminimal surfaceshave vanishing mean curvature. The mean
curvature Lagrangian E = H = (- + - ?) has Euler-Lagrange equation

L2 (22 (1422 = 122 K =0

i (1+-DE=0

For the Willmore Lagrangian € = 1(- )2+ 3(- %)?, [3, 5], we immediately nd the
known Euler-Lagrange equation

0= E(L)=¢(- 1+ -2+ 3¢+ -2 i -?)?=2¢H + 4H?| K)H;

where¢ = (D,+Z,)D,+ (D,+Z,)D, = i D{®D,i DJ WD, isthe Laplace{Beltrami
operator on our surface.
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Remark: Anderson, [3], derives the Euler-Lagrange equations for Euclidean sur-
facesby writing the invariant Lagrangian in terms of the rst and secondfunda-
mental forms on the surface, whereas,in accordancewith our moving frame ap-
proach, we write it directly in terms of the intrinsic principal curvature di®ererial
invariants. Bryant, [5], usesconformal invariance to construct the Euler-Lagrange
equations for the Willmore functional. Implementing our methods for the confor-
mal moving frame will give a formula for the Euler-Lagrange equation of a general
conformally-invariant variational problem.

4. Conclusions.

In this paper, we have provided a complete, algorithmic solution to the problem
of constructing the invariant form of the Euler-Lagrange equations assaiated with
a Lagrangianwhich admits a nite-dimensional Lie group of variational symmetries.
The algorithm relieson the equivariant moving frame method, but only requiresthe
in nitesimal generators,di®erertiation and linear algebrato construct the required
formulae. This is in cortrast to the explicit determination of the moving frame
and the fundamental di®ereriial invariants, which typically requires manipulating
rational algebraic expressions,which are notoriously dizcult to handle exciently
and accurately in current computer algebra systems.

The general construction of the invariant variational bicomplex basedon the
equivariant moving frame approad canbe applied to a broad range of investigations
involving group-invariant quartities appearingin the variational bicomplex, includ-
ing di®erertial equations,variational problems,consenation laws and characteristic
classes.In particular, Anderson and Pohjanpelto, [4], identify the cohomology of
the invariant bicomplex with the Lie algebra cohomology of the transformation
group. We refer the readerto [16] for more details and additional examples.

Acknowledgments We would like to thank lan Anderson, Mark Fels, Vladimir It-
skov and Niky Kamran for enlightening discussionson this material.
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