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1. In tro duction.

Despite being in extensive, albeit implicit, use since the days of Lie and Cartan, jet
spacewas ¯rst formally de¯ned by Ehresmann, [12], to serve as the proper foundation for
studying the geometry of di®erential equations. The purposeof this paper is to establish
a new construction, called \m ulti-space", that plays the samegeometric, foundational role
for the numerical analysisof di®erential equations. The simplest exampleof a multi-space
already appears in the classical blow-up construction in algebraic geometry, [15], that
forms the basisof Hironaka's resolution of singularities, [17]. Multi-space is a far reaching
generalization of this classical construction, and has interesting, but as yet unexplored,
connectionswith the Hilb ert schemeof points on an algebraic variety, [18]. In particular,
the multi-space formulation permits the direct application of the new method of moving
frames,developed in collaboration with Mark Fels, [13, 14], to the systematicconstruction
of invariant numerical approximations to di®erential invariants and invariant di®erential
equations.

In modern numerical analysis, the development of numerical schemesthat incorpo-
rate additional structure enjoyed by the problem being approximated have becomequite
popular in recent years. The ¯rst instancesof such schemesare the symplectic integrators
arising in Hamiltonian mechanics, and the related energyconservingmethods, [7, 21, 30].
The designof symmetry-basednumerical approximation schemesfor di®erential equations
hasbeenstudied by various authors, including Shokin, [29], Dorodnitsyn, [10, 11], Axford
and Jaegers,[19], and Budd and Collins, [2]. Thesemethods are closelyrelated to the ac-
tiv e area of geometric integration of ordinary di®erential equationson Lie groups, [3, 22].
In practical applications of invariant theory to computer vision, group-invariant numeri-
cal schemesto approximate di®erential invariants basedon suitable combinations of joint
invariants, [27], have beenapplied to the problem of symmetry-basedobject recognition,
[1, 4, 5].

This paper servesas a brief intro duction to the basic ideasof multi-space and invari-
ant numerical algorithms. Owing to signi¯cant multi-dimensional complications, only the
simplest caseof curves | by which we always mean embeddedone-dimensionalsubman-
ifolds | and ordinary di®erential equations will be treated here. Moreover, the practical
evaluation of these numerical schemeswill also be deferred until a more extensive inves-
tigation is completed. Thus, this note is not meant to be a de¯nitiv e treatment of either
subject, but rather a report of work in progress.

2. Multi{Space for Curv es.

In this section, we outline the basic construction of multi-space that forms the foun-
dation for the study of the geometric properties of discrete approximations to derivatives
and numerical solutions to di®erential equations. We will only discussthe caseof curves,
which correspond to functions of a single independent variable, and hence satisfy ordi-
nary di®erential equations. The more di±cult caseof higher dimensional submanifolds,
corresponding to functions of several variables that satisfy partial di®erential equations,
relies on a new approach to multi-dimensional interpolation theory, and hencewill be the
subject of a subsequent paper, [28]. We will state results in the smooth, meaning C1 ,
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category; all results have immediate analytic counterparts, and one can, with proper care,
also formulate analogousconstructions for curveswith only ¯nite order of di®erentiabilit y.

Given a manifold M , we let Jn = Jn (M ; 1) denote the extendedy nth order jet space
for one-dimensionalsubmanifoldsC ½ M . Jet spaceis de¯ned as the spaceof equivalence
classesof curvesunder the equivalencerelation of n th order contact at a single point. We
let jn Cjz denote the n-jet or equivalence class of the curve C at the point z 2 C. If
we intro duce local coordinates z = (x; u) = (x; u1; : : : ; uq), where q = dim M ¡ 1, on a
coordinate chart fM ½ M then a curve C = f u = f (x)g de¯ned by a smooth function
f will be called a graph. The graphs are transverse to the vertical ¯b ers f x = cg, and
so their jets de¯ne an open densecoordinate chart for the restriction of Jn to fM . The
corresponding jet coordinates of jn C are the derivativesu(n ) = f (n ) (x) for n = 0; 1; 2; : : : .

Numerical ¯nite di®erenceapproximations to the derivatives of a function u = f (x)
rely on its values u0 = f (x0); : : : ; un = f (xn ) at several distinct points zi = (x i ; ui ) =
(x i ; f (x i )) on the curve. Thus, discrete approximations to jet coordinates on Jn are
functions F (z0; : : : ; zn ) de¯ned on the (n + 1)-fold Cartesian product spaceM £ (n +1) =
M £ ¢¢¢£ M . Note that to adequately approximate a derivative of order n requires at
least n + 1 function values,so the numerology is correct.

In order to seamlesslyconnect the jet coordinates with their discrete approximations,
then, we need to relate the jet spaceJn to the Cartesian product spaceM £ (n +1) . Now,
as the points z0; : : : ; zn coalesce,the approximation F (z0; : : : ; zn ) will not be well-de¯ned
unlesswe specify the \direction" of convergence.Thus, strictly speaking, F is not de¯ned
on all of M £ (n +1) , but, rather, on the \o®-diagonal" part, by which we mean the subset

M ¦ (n +1) =
©

(z0; : : : ; zn )
¯
¯ zi 6= zj for all i 6= j

ª
½ M £ (n +1)

consistingof all distinct (n + 1)-tuples of points. As two or more points cometogether, the
limiting valueof F (z0; : : : ; zn ) will begovernedby the derivatives(or jet) of the appropriate
order governing the direction of convergence. This observation serves to motivate our
construction of the nth order multi-space M (n ) , which shall contain both the jet spaceJn

and the o®-diagonalCartesian product spaceM ¦ (n +1) in a consistent manner.

De¯nition 2.1. An (n + 1)-pointed manifold is an object M = (z0; : : : ; zn ; M )
consistingof a smooth manifold M and n + 1 not necessarilydistinct points z0; : : : ; zn 2 M
thereon. Given M , we let # i = # f j j zj = zi g denotethe number of points which coincide
with the i th one.

Given a manifold M , we let C(n ) = C(n ) (M ) denotethe set of all (n+ 1)-pointed curves
contained in M . We de¯ne an equivalencerelation on the spaceof multi-p ointed curves
that generalizesthe jet equivalencerelation of n th order contact at a single point.

De¯nition 2.2. Two (n + 1)-pointed curves

C = (z0; : : : ; zn ; C); eC = (~z0; : : : ; ~zn ; eC);

y The adjective \extended" refers to the fact that we are allowing arbitrary curves and not
just those satisfying somesort of transversality condition. See[25; Chapter 3] for details.
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have nth order multi-contact if and only if

zi = ~zi ; and j# i ¡ 1Cjzi
= j# i ¡ 1

eCjzi
; for each i = 0; : : : ; n:

The nth order multi-space, denotedM (n ) is the set of equivalenceclassesof (n + 1)-pointed
curvesin M under the equivalencerelation of n th order multi-contact. The equivalenceclass
of an (n + 1)-pointed curvesC is called its n th order multi-jet , and denoted j n C 2 M (n ) .

In particular, if the points on C = (z0; : : : ; zn ; C) are all distinct, then j n C = j n
eC if

and only if zi = ~zi for all i , which meansthat C and eC have all n + 1 points in common.
Therefore, we can identify the subsetof multi-jets of multi-p ointed curveshaving distinct
points with the o®-diagonalCartesian product spaceM ¦ (n +1) ½ Jn . On the other hand,
if all n + 1 points coincide, z0 = : : : = zn , then j n C = j n

eC if and only if C and eC have
nth order contact at their common point z0 = ~z0. Therefore, the multi-space equivalence
relation reduces to the ordinary jet spaceequivalence relation on the set of coincident
multi-p ointed curves, and in this way Jn ½ M (n ) . These two extremes do not exhaust
the possibilities, since one can have somebut not all points coincide. Intermediate cases
correspond to \o®-diagonal" Cartesian products of jet spaces

Jk1 ¦ ¢¢¢¦ Jk i ´
n

(z(k1 )
0 ; : : : ; z(k i )

i ) 2 Jk1 £ ¢¢¢£ Jk i

¯
¯
¯ ¼(z(k º )

º ) are distinct
o

; (2:1)

where
P

kº = n and ¼: Jk ! M is the usual jet spaceprojection. Thesemulti-jet spaces
appear in the work of Dhooghe, [9], on the theory of \semi-di®erential invariants" in
computer vision. For instance, we can decompose

M (3) = M ¦ 4 [ 6
¡
M ¦ M ¦ J1¢

[ 3
¡
J1 ¦ J1¢

[ 4
¡
M ¦ J2¢

[ J3 (2:2)

into a disjoint union, where, for instance, the factor

J1 ¦ J1 =
n

(z(1)
0 ; z(1)

1 ) 2 J1 £ J1)
¯
¯
¯ ¼(z(1)

0 ) 6= ¼(z(1)
1 )

o

corresponds to 4-pointed curves (z0; z1; z2; z3; C) with z0 = z1 6= z2 = z3, and appears 3
distinct times, depending on which pairs of points coincide.

An outline of the proof of the following fundamental result appears in the following
section.

Theorem 2.3. If M is a smooth m-dimensional manifold, then its n th order multi-
spaceM (n ) is a smooth manifold of dimension (n + 1)m, which contains the o®-diagonal
part M ¦ (n +1) of the Cartesian product spaceas an open, densesubmanifold, and the n th

order jet spaceJn as a smooth submanifold.

Remark: The action of the permutation group Sn +1 on the points of our multi-p ointed
curves inducesan action on M (n ) . Many (but by no meansall) objects of interest are in-
variant under this permutation group action. Unfortunately, the quotient spaceM (n ) =Sn +1

is, in general,only an \orbifold" with boundary.
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Example 2.4. If M = Rm is a Euclidean space, then the ¯rst order multi-space
M (1) is constructed from the classof 2-pointed curvesC(1) by using the equivalencerelation
(z0; z1; C) » (~z0; ~z1; eC) if and only if either

(a) z0 = ~z0 6= z1 = ~z1, and so C and eC have zeroth order contact at their two common
points, or

(b) z0 = ~z0 = z1 = ~z1 and C and eC have ¯rst order contact at this common point.
We can thus identify M (1) with the spaceof two-pointed lines, i.e.,

M (1) ' f (z0; z1; L ) j z0; z1 2 L; where L ½ Rm is a line g: (2:3)

If z0 6= z1, then L is uniquely determined; otherwise we use L to prescribe the tangent
direction at the point z0 = z1. The reader may comparethis with the method of \blo wing
up" singularities in algebraic geometry, [15], which, indeed, can be viewed as a very
particular caseof our general multi-space construction. Similarly, we can identify M (2)

with the spaceof three-pointed circles, i.e.,

M (2) ' f (z0; z1; z2; C) j z0; z1; z2 2 C; where C ½ Rm is a circle g:

Straight lines are included as circles of in¯nite radius, but points are not included (even
though they could be viewed as circles of zero radius). This relies on the fact that a circle
in Euclidean spaceis uniquely determined by three non-coincident points, or by a point
and a tangent direction at a secondpoint, or by a single osculating curve.

It would be very instructiv e to construct similar global models for the higher order
multi-spaces,as well as understanding their topological structure.

3. The Calculus of Finite Di®erences.

The proof of Theorem 2.3 requires the intro duction of coordinate charts on M (n ) .
Just as the local coordinates on Jn are provided by the coe±cients of Taylor polynomials,
the local coordinates on M (n ) are provided by the coe±cients of interpolating polynomi-
als. These are most conveniently written in terms of the classicaldivided di®erencesof
numerical interpolation theory, [8, 23].

We work in a local coordinate chart z = (x; u) on M . For easeof notation, we identify
the coordinate chart with M itself. An (n + 1)-pointed graph consistsof the graph of a
smooth function u = f (x) together with (n + 1) points zi = (x i ; f (x i )) thereon. Again,
it is worth emphasizing that we allow someor all of the mesh points x0; : : : ; xn 2 R to
coincide. The multi-jets of (n + 1)-pointed graphs will form an open, densesubmanifold
M (n )

¡ ½ M (n ) . The missingpart M (n ) nM (n )
¡ consistsof multi-jets of (n+ 1)-pointed curves

with either vertical tangents at repeatedpoints, or having two or more distinct points lying
on the samevertical line f x = cg.

We de¯ne the classicaldivided di®erences [ z0z1 : : : zk ] by the standard recursive rule

[ z0z1 : : : zk ¡ 1zk ] =
[ z0z1z2 : : : zk ¡ 2zk ] ¡ [ z0z1z2 : : : zk ¡ 2zk ¡ 1 ]

xk ¡ xk ¡ 1
; [ zj ] = uj : (3:1)

The divided di®erencesare well-de¯ned provided no two points lie on the samevertical
line. They are, in fact, symmetric functions of their arguments zi .
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Remark: Classically, one employs the simpler notation [ u0u1 : : : uk ] for the divided
di®erence[ z0z1 : : : zk ]. However, the classicalnotation is ambiguous sinceit assumesthat
the mesh x0; : : : ; xn is ¯xed throughout. Becausewe are regarding the independent and
dependent variables on the samefooting | and, indeed, are allowing changesof variables
that scramble the two | it is important to adopt an unambiguous divided di®erence
notation here.

The classicalNewton interpolating polynomial constitutes the multi-spacecounterpart
of the Taylor polynomial in jet space. Indeed, it reducesto the Taylor polynomial when
all points are coincident.

Prop osition 3.1. If z0; : : : ; zn are n + 1 distinct points, no two of which lie on the
samevertical line, then there is a unique interpolating polynomial

pn (x) = [ z0 ] + (x ¡ x0) [ z0z1 ] + (x ¡ x0)(x ¡ x1) [ z0z1z2 ] + ¢¢¢

+ (x ¡ x0)(x ¡ x1) ¢¢¢(x ¡ xn ¡ 1) [ z0z1 : : : zn ]
(3:2)

of degree· n that satis¯es uk = p(xk ) for k = 0; : : : ; n.

Divided di®erencesare initially de¯ned only for distinct points zk . Requiring the
points to lie on a smooth curve (graph) allows us to extend the de¯nitions to caseswhen
two or more points are coincident. To emphasizethat the resulting \con°uent divided
di®erences"dependon the underlying curve(or function) wesometimeswrite [ z0z1 : : : zk ]C
instead of [ z0z1 : : : zk ].

De¯nition 3.2. Given an (n + 1)-pointed graph C = (z0; : : : ; zn ; C), its divided
di®erencesare de¯ned by [ zj ]C = f (x j ), and

[ z0z1 : : : zk ¡ 1zk ]C = lim
z! zk

[ z0z1z2 : : : zk ¡ 2z ]C ¡ [ z0z1z2 : : : zk ¡ 2zk ¡ 1 ]C
x ¡ xk ¡ 1

: (3:3)

When taking the limit, the point z = (x; f (x)) must lie on the curve C, and take limiting
valuesx ! xk and f (x) ! f (xk ).

In the non-con°uent casezk 6= zk ¡ 1 we can replacez by zk directly in the di®erence
quotient (3.3) and so ignore the limit. On the other hand, when all k + 1 points coincide,
the kth order con°uent divided di®erenceconvergesto

[ z0 : : : z0 ] =
f (k ) (x0)

k!
: (3:4)

The generalizationof the Newton interpolation formula (3.2) to the con°uent casecan now
be stated.

Theorem 3.3. Let x0; : : : ; xn 2 R be mesh points, and let a0; : : : ; an 2 Rq. De¯ne
the (n+ 1)-pointed graph C = (z0; : : : ; zn ; C) whereC denotesthe graph of the polynomial

pn (x) = a0 + a1 (x ¡ x0) + a2 (x ¡ x0)(x ¡ x1) + ¢¢¢+ an (x ¡ x0)(x ¡ x1) ¢¢¢(x ¡ xn ¡ 1);
(3:5)
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and zk = (xk ; pn (xk )) 2 C for k = 0; : : : ; n. Then the divided di®erencesfor C are equal
to

[ z0z1 : : : zk ]C = ak ; k = 0; : : : ; n: (3:6)

Theorem 3.4. Two (n + 1)-pointed graphsC; eC have nth order multi-contact if and
only if they have the samedivided di®erences:

[ z0z1 : : : zk ]C = [ z0z1 : : : zk ]eC ; k = 0; : : : ; n:

In particular, eC = (z0; : : : ; zn ; eC) will have nth order multi-contact with the polynomial
curve given by (3.5) if and only if eC is the graph of a function of the form

u = f (x) = pn (x) + (x ¡ x0)(x ¡ x1) ¢¢¢(x ¡ xn ) h(x); (3:7)

where h(x) is smooth.

We can now intro duce local coordinates on the multi-graph subset M (n )
¡ ½ M (n ) of

multi-space. They consistof the independent variablesalongwith all the divided di®erences

x0; : : : ; xn ;
u(0) = u0 = [ z0 ]C ; u(1) = [ z0z1 ]C ;

u(2) = 2 [ z0z1z2 ]C : : : u(n ) = n! [ z0z1 : : : zn ]C ;
(3:8)

prescribed by (n + 1)-pointed graphsC = (z0; : : : ; zn ; C). The n! factor is included so that
u(n ) agreeswith the usual derivative coordinate when restricted to Jn , cf. (3.4). For non-
coincident points (z0; : : : ; zn ) 2 M ¦ (n +1) , the divided di®erencecoordinates are uniquely
characterized by the Newton interpolation formulae

u0 = u(0) ;

u1 = u(0) + u(1) (x1 ¡ x0);

u2 = u(0) + u(1) (x2 ¡ x0) +
u(2)

2
(x2 ¡ x1)(x2 ¡ x0);

...

un = u(0) + u(1) (x2 ¡ x0) + ¢¢¢+
u(n )

n!
(x ¡ x0)(x ¡ x1) ¢¢¢(x ¡ xn ¡ 1):

(3:9)

In particular,

u(1) = [ z0z1 ] =
u1 ¡ u0

x1 ¡ x0
;

u(2) = 2[ z0z1z2 ] = 2
(x1 ¡ x0)u2 + (x0 ¡ x2)u1 + (x2 ¡ x1)u0

(x1 ¡ x0)(x2 ¡ x0)(x2 ¡ x1)
:

(3:10)

These formulae allow us to rewrite functions F (z0; : : : ; zn ) on M ¦ (n +1) in terms of the
multi-space divided di®erencecoordinates, and thereby extend them to the jet and multi-
jet subspaces.

Theorem3.4 implies that the divided di®erencesareuniquely determinedby the multi-
jet of a multi-p ointed curve, and so provide local coordinates on M (n ) . The proof that
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the changeof divided di®erencecoordinates is smooth on the overlap of coordinate charts
proceedsindirectly . One ¯rst proves that the divided di®erencesdepend smoothly on
their arguments, even under smooth deformations of the underlying function as well as
the points themselves. Note that, under deformations, coincident points may split apart,
while distinct points may coalesce.

Lemma 3.5. Let C(t) = (z0(t); : : : ; zn (t); C(t)) , t 2 R, be a smoothly varying one-
parameter family of (n + 1)-pointed graphs. Then the corresponding divided di®erences
p(t) = [ z0(t); : : : ; zk (t) ]C (t ) are smooth functions of t.

One then invokesthe following elementary lemma to completethe proof of smoothness
of the changesof coordinates.

Lemma 3.6. If f : W ! R is a function de¯ned on an open set W ½ Rm such that
f (z(t)) is smooth for every smooth curve z: R ! W, then f (z) is a smooth function.

4. Numerical Appro ximations.

A smooth function ¢: Jn ! R on (an open subsetof) the jet space,written ¢( x; u(n ) ),
is known as a di®erential function . These include individual derivatives, as well as more
complicated combinations such as the Laplacian, the Euclidean curvature, general di®er-
ential invariants, etc. Any system of di®erential equations (or, even more generally, a
system of di®erential algebraic equations) is (locally) de¯ned by the vanishing of one or
more di®erential functions:

¢ 1(x; u(n ) ) = ¢¢¢= ¢ k (x; u(n ) ) = 0: (4:1)

To implement a numerical solution to the system (4.1) by ¯nite di®erencemethods, one
relies on suitable discrete approximations to each of its de¯ning di®erential functions ¢ º ,
and this requires extending the di®erential functions from the jet spaceto the associated
multi-space, in accordancewith the following de¯nition.

De¯nition 4.1. Let M be a Riemannian manifold with metric k¢k. Let N ½ M be
a closedsubmanifold and H : N ! R a smooth function on N . We call F : M ! R an order
k extension of H if for each compact K ½ M there exists a constant C > 0 so that

j F (x) ¡ H (y) j · C k x ¡ y kk ; x 2 K ; (4:2)

where y 2 N is the closestpoint on N to x.

The de¯nition is clearly independent of any particular choice of Riemannian metric
on M . If we intro duce local coordinates z = (x; y) so that N = f x = 0g, then (4.2) takes
the form

F (x; y) = H (y) + O(k x kk );

and so can be checked via a straightforward Taylor expansionof F on the submanifold.

De¯nition 4.2. An (n+ 1)-point numerical approximation of order k to a di®erential
function ¢: Jn ! R is a kth order extension F : M (n ) ! R of ¢ to multi-space, basedon
the inclusion Jn ½ M (n ) .
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In practice, one calculates the numerical approximation on the o®-diagonal part
M ¦ (n +1) ½ M (n ) where the points are non-coincident, and then relies on smoothness
to ensurethat it givesa reasonableapproximation to the di®erential function as the points
coalesce.In practice, ¢ may only be de¯ned on an open subsetof Jn , and the numerical
approximation F needonly be de¯ned in a neighborhood of the domain of de¯nition of ¢.
Let us convince the reader that De¯nition 4.2 is a legitimate geometric reformulation of
standard numerical approximation ideas.

The simplest illustration of De¯nition 4.2 is provided by the divided di®erencecoordi-
nates (3.8). Each divided di®erenceu(n ) forms an (n + 1)-point numerical approximation
to the nth order derivative coordinate on Jn . The order of the approximation is k = 1.
More generally, any di®erential function ¢( x; u; u(1) ; : : : u(n ) ) can immediately be given
an (n + 1)-point numerical approximation F = ¢( x0; u(0) ; u(1) ; : : : u(n ) ) by replacing each
derivative by its divided di®erencecoordinate approximation. However, these are by no
meansthe only numerical approximations possible.

The order of such a numerical approximation is, in accordancewith classicalcompu-
tations, determined by examination of its Taylor series. For example, expanding the ¯rst
order divided di®erenceabout x0, we ¯nd

u(1) = [ z0z1 ]C =
f (x1) ¡ f (x0)

x1 ¡ x0
= f 0(x0) +

f 00(x0)
2

(x1 ¡ x0) +
f 000(x0)

6
(x1 ¡ x0) + ¢¢¢:

(4:3)
The degreeof the error term, which in this caseis 1, is the order of approximation. To
obtain higher order approximations, we needto include more data points, and the Taylor
seriesprovides a systematic method of construction. For example,on three-pointed graph,
we have the ¯rst order divided di®erenceapproximation

u(2) = 2[ z0z1z2 ] = 2
(x1 ¡ x0)(u2 ¡ u0) ¡ (x2 ¡ x0)(u1 ¡ u0)

(x1 ¡ x0)(x2 ¡ x0)(x2 ¡ x1)

to the secondderivative

u(2) = f 00(x0) + 2
3 f 000(x0)(x1 + x2 ¡ 2x0) + ¢¢¢:

Replacing f 00(x0) by u(2) in the expansion(4.3) leadsto secondorder approximation

~u(1) = u(1) +
1
2

(x1 ¡ x0)u(2) =
(x1 ¡ x0)2(u2 ¡ u0) ¡ (x2 ¡ x0)2(u1 ¡ u0)

(x1 ¡ x0)(x2 ¡ x0)(x1 ¡ x2)
(4:4)

to the ¯rst derivative:

~u(1) = f 0(x0) ¡ 1
6 f 000(x0)(x1 ¡ x0)(x2 ¡ x0) + ¢¢¢:

When restricted to equally spacedmeshpoints x1 = x0 ¡ h; x2 = x0 + h, we ¯nd

~u(1) =
u2 ¡ u1

x2 ¡ x1
=

f (x0 + h) ¡ f (x0 ¡ h)
2h

reducesto the familiar centered di®erenceapproximation to f 0(x0). Note that the approx-
imation (4.4) is not symmetric under permutations of the points.

9



5. Multi-In varian ts.

We now intro duce an r -dimensional Lie group G which acts smoothly on M . SinceG
evidently maps multi-p ointed curves to multi-p ointed curves while preserving the multi-
contact equivalencerelation, it inducesan action on the multi-spaceM (n ) that will becalled
the nth multi-pr olongation of G and denoted by G(n ) . On the jet subset Jn ½ M (n ) the
multi-prolonged action reduced to the usual jet spaceprolongation of our transformation
group, [25]. On the other hand, on the o®-diagonalpart M ¦ (n +1) ½ M (n ) the action
coincideswith the (n + 1)-fold Cartesian product action of G on M £ (n +1) , [27].

Recall that a di®erential invariant is a function I : Jn ! R which is invariant under
the prolonged action of G on the jet spaceJn . Similarly, a joint invariant is a function
J : M £ (n +1) ! R on the Cartesian product spacewhich is invariant under the product ac-
tion of G, cf. [27]. In this vein, we de¯ne a multi-invariant to be a function K : M (n ) ! R
on multi-space which is invariant under the multi-prolonged action of G(n ) . The restriction
of a multi-in variant K to jet spacewill be a di®erential invariant, I = K j Jn , while restric-
tion to M ¦ (n +1) will de¯ne a joint invariant J = K j M ¦ (n +1) . Smoothnessof K will imply
that the joint invariant J is an invariant n th order numerical approximation to the dif-
ferential invariant I . Moreover, every invariant ¯nite di®erencenumerical approximation
to the di®erential invariant I arisesin this manner. Thus, the theory of multi-in variants
is the theory of invariant numerical approximations! The basic idea of replacing di®er-
ential invariants by joint invariants forms the foundation of Dorodnitsyn's approach to
invariant numerical algorithms, [10, 11], and also the invariant numerical approximations
of di®erential invariant signatures in computer vision, [1, 4, 5, 27].

Furthermore, the restriction of a multi-in variant to an intermediate multi-jet subspace,
asin (2.1), will de¯ne a joint di®erential invariant, [27] | alsoknown asa semi-di®erential
invariant in the computer vision literature, [9, 24]. The approximation of di®erential in-
variants by joint di®erential invariants is, therefore, basedon the extension of the di®er-
ential invariant from the jet spaceto a suitable multi-jet subspace(2.1). The invariant
numerical approximations to joint di®erential invariants are, in turn, obtained by extend-
ing them from the multi-jet subspaceto the entire multi-space. Thus, multi-in variants also
include invariant semi-di®erential approximations to di®erential invariants as well as joint
invariant numerical approximations to di®erential invariants and semi-di®erential invari-
ants | all in one seamlessgeometric framework.

Consequently , for symmetry-basednumerical analysis, the construction of the requi-
site multi-in variants becomesa problem of paramount importance. The recently developed
generaltheory of moving frames,[14, 27], providesa powerful, direct method for construct-
ing invariants of very general transformation group actions. To apply this method here,
we begin with a brief review of the basic moving frame constructions.

De¯nition 5.1. Given a ¯nite-dimensional Lie group G acting smoothly on a man-
ifold M , a moving frame is a smooth, G-equivariant map ½: M ! G.

The group G acts on itself by left or right multiplication. Classical moving frames,
[6, 16], which are all included in this general de¯nition, rely on the left action, but, in
practice, the right versionsare often easierto compute, and will be the version of choice
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here. Right-equivariance requires

½(g ¢z) = ½(z) ¢g¡ 1 for all z 2 M ; g 2 G:

The classical left-equivariant moving frame e½(z) = ½(z) ¡ 1 may be simply obtained by
applying the group inversion.

Theorem 5.2. A moving frame exists in a neighborhood of a point z 2 M if and
only if G acts freely and regularly near z.

Freenessrequires that every point in M has trivial isotropy subgroup, Gz = f eg.
Therefore, the group orbits are all of dimension r = dim G. Regularity requires that the
orbits form a regular foliation; see[14, 25] for details.

The practical implementation of the moving frame construction is basedon Cartan's
method of normalization , [6, 14], which relies on the choice of a cross-sectionto the r -
dimensional group orbits.

Theorem 5.3. If G acts freely, regularly on M , and K ½ M is a cross-sectionto
the group orbits, then the map ½: M ! G that sendsz 2 M to the unique group element
g = ½(z) that mapsz to the cross-section,g¢z = ½(z) ¢z 2 K, de¯nes a right moving frame.

One usually choosesa local coordinate cross-sectionK = f z1 = c1; : : : ; zr = cr g,
where the ¯rst r , say, of the coordinates z = (z1; : : : ; zm ) on M are set equal to suitably
chosen constants. If we write out the local coordinate formulae w(g; z) = g ¢z for the
group transformations, then the corresponding right moving frame g = ½(z) is obtained
by solving the normalization equations

w1(g; z) = c1; : : : wr (g; z) = cr ; (5:1)

for the group parameters g = (g1; : : : ; gr ) in terms of the coordinates z = (z1; : : : ; zm ).
When we substitute the moving frame expressionsg = ½(z) into the transformation for-
mulae, the resulting functions I º (z) = wº (½(z); z) are easily seento be G-invariant. The
¯rst r coincide with the normalization constants, I 1(z) = c1; : : : ; I r (z) = cr , while the
remaining m ¡ r provide a system of fundamental invariants for the group action.

Theorem 5.4. If g = ½(z) is the moving frame solution to the normalization equa-
tions (5.1), then I r +1 (z) = wr +1 (½(z); z); : : : ; I m (z) = wm (½(z); z) form a completesystem
of functionally independent invariants.

The moving frame construction provides an added bonus | a canonical way to asso-
ciate an invariant with any function.

De¯nition 5.5. The invariantization of a scalar function F : M ! R with respect to
a right moving frame ½is the the invariant function I = ¶(F ) de¯ned by I (z) = F (½(z) ¢z).

In particular, if I (z) is an invariant, then ¶(I ) = I . Therefore, invariantization de¯nes
a canonical projection, depending on the moving frame, from functions to invariants. Ge-
ometrically, invariantization amounts to restricting the function to the cross-sectionand
then requiring that the induced invariant be constant along the group orbits.
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So far, the moving frame construction has rested upon the hypothesis that the group
action on M is both regular and free. Most interesting group actions are not free. There
are two common methods for making an (e®ective) group action free. In classicalappli-
cations in geometry, [6, 16, 20], this is accomplishedby prolonging the action to a jet
spaceJn of suitably high order; the consequential invariants are the classicaldi®erential
invariants for the group, [14, 25]. Alternativ ely, one may consider the product action of
G on a su±ciently large Cartesian product M £ (n +1) ; here, the invariants are joint invari-
ants, [27], of particular interest in classicalalgebra, [26, 31]. In neither caseis there a
general theorem guaranteeing the freenessand regularity of the prolonged or product ac-
tions, (indeed, there are counterexamplesin the product case),but such pathologiesnever
occur in practical examples. In our approach to invariant numerical approximations, we
amalgamate the two methods by prolonging to an appropriate multi-space. The moving
frame on the multi-space, which we refer to as a multi-fr ame, will lead us immediately
to the required multi-in variants and hencea general, systematic construction for invari-
ant numerical approximations to di®erential invariants. Any multi-frame ½(n ) : M (n ) ! G
will evidently restrict to a classicalmoving frame ½(n ) : Jn ! G on the jet spacealong a
compatible product frame ½¦ (n +1) : M ¦ (n +1) ! G.

In local coordinates, we use wk = (yk ; vk ) = g ¢zk to denote the transformation
formulae for the individual points on a multi-p ointed curve. The multi-pronged action on
the divided di®erencecoordinates gives

y0; : : : ; yn ;
v(0) = v0 = [ w0 ]; v(1) = [ w0w1 ];

v(2) = [ w0w1w2 ]; : : : v(n ) = n! [ w0; : : : ; wn ];
(5:2)

where the formulae are most easily computed via the di®erencequotients

[ w0w1 : : : wk ¡ 1wk ] =
[ w0w1w2 : : : wk ¡ 2wk ] ¡ [ w0w1w2 : : : wk ¡ 2wk ¡ 1 ]

yk ¡ yk ¡ 1
; [ wj ] = vj ;

(5:3)
and then taking appropriate limits to cover the caseof coalescingpoints. Inspired by the
constructions in [14], we will refer to (5.2) as the lifted divided di®erence invariants .

To compute a multi-frame, we need to normalize by choosing a cross-sectionto the
group orbits in M (n ) , which amounts to setting r = dim G of the lifted divided di®erence
invariants (5.2) equal to suitably chosenconstants. An important observation is that in
order to obtain the limiting di®erential invariants, we must require our local cross-section
to passthrough the jet space,and de¯ne, by intersection, a cross-sectionfor the prolonged
action on Jn . This compatibilit y constraint implies that we are only allowed to normalize
the ¯rst lifted independent variable y0 = c0. If we try to normalize y1 then we must
either set y1 = c0 = y0, and the cross-sectionwould only be valid for coincident points
w1 = w0 which would prevent us from extending it to the non-coincident caserequired
for constructing invariant numerical approximations, or set y1 = c1 6= c0, and this would
prevent the points w0 and w1 from coalescing,soour moving frame could not be restricted
to the jet subspace!

With the aid of the multi-frame, the most direct construction of the requisite multi-
invariants and associated invariant numerical di®erentiation formulae is through the in-
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variantization of the original ¯nite di®erencequotients (3.1). Substituting the multi-frame
formulae for the group parametersinto the lifted coordinates (5.2) providesa completesys-
tem of multi-in variants on M (n ) ; this follows immediately from Theorem 5.4. We denote
the fundamental multi-in variants by

yi 7¡! H i = ¶(x i ); v(n ) 7¡! K (n ) = ¶(u(n ) ); (5:4)

where ¶ denotes the invariantization map associated with the multi-frame. The funda-
mental di®erential invariants for the prolonged action of G on Jn can all be obtained by
restriction, so that I (n ) = K (n ) j Jn . On the jet space,the points are coincident, and so
the multi-in variants H i will all restrict to the same di®erential invariant c0 = H = H i j Jn

| the normalization value of y0. On the other hand, the fundamental joint invariants on
M ¦ (n +1) are obtained by restricting the multi-in variants H i = ¶(x i ) and K i = ¶(ui ). The
multi-in variants can computed by using a multi-in variant divided di®erencerecursion

[ I j ] = K j = ¶(uj ) [ I 0 : : : I k ] = ¶( [ z0z1 : : : zk ] ) =
[ I 0 : : : I k ¡ 2I k ] ¡ [ I 0 : : : I k ¡ 2I k ¡ 1 ]

H k ¡ H k ¡ 1
;

(5:5)
and using continuit y to extend the formulae to coincident points. The multi-in variants

K (n ) = n! [ I 0 : : : I n ] = ¶( u(n ) ) (5:6)

de¯ne the fundamental ¯rst order invariant numerical approximations to the di®erential
invariants I (n ) . Higher order invariant numerical approximations can be obtained by in-
variantization of the higher order divided di®erenceapproximations, cf. (4.4). The moving
frame construction has a signi¯cant advantage over the in¯nitesimal approach used by
Dorodnitsyn, [10, 11], in that it doesnot require the solution of partial di®erential equa-
tions in order to construct the multi-in variants.

Given a G-invariant di®erential equation

¢( x; u(n ) ) = 0; (5:7)

we can invariantize the left hand side to rewrite the di®erential equation in terms of the
fundamental di®erential invariants:

¶(¢( x; u(n ) )) = ¢( H ; I (0) ; : : : ; I (n ) ) = 0:

The invariant ¯nite di®erenceapproximation to the di®erential equation is then obtained
by replacing the di®erential invariants I (k ) by their multi-in variant counterparts K (k ) :

¢( c0; K (0) ; : : : ; K (n ) ) = 0: (5:8)

Lack of spaceprecludesa more detailed development and analysisof theseideashere,
and we closewith two simple illustrativ e examples.

Example 5.6. Consider the elementary action

(x; u) 7¡! (¸ ¡ 1x + a; ¸u + b)
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of the three-parameter similarit y group G = R2 n R on M = R2. To obtain the multi-
prolonged action, we compute the divided di®erences(5.2) of the basic lifted invariants

yk = ¸ ¡ 1xk + a; vk = ¸ uk + b:

We ¯nd
v(1) = [ w0w1 ] =

v1 ¡ v0

y1 ¡ y0
= ¸ 2 u1 ¡ u0

x1 ¡ x0
= ¸ 2 [ z0z1 ] = ¸ 2 u(1) :

More generally,
v(n ) = ¸ n +1 u(n ) ; n ¸ 1: (5:9)

Note that we may compute the multi-space transformation formulae assuming initially
that the points are distinct, and then extending to coincident casesby continuit y. (In fact,
this gives an alternativ e method for computing the standard jet spaceprolongations of
group actions!) In particular, when all the points coincide, each u(n ) reducesto the nth

order derivative coordinate, and (5.9) reducesto the prolonged action of G on Jn . We
choosethe normalization cross-sectionde¯ned by

y0 = 0; v0 = 0; v(1) = 1;

which, upon solving for the group parameters, leadsto the basic moving frame

a = ¡
p

u(1) x0; b = ¡
u0p
u(1)

; ¸ =
1

p
u(1)

; (5:10)

where, for simplicit y, we restrict to the subsetwhere u(1) = [ z0z1 ] > 0. The fundamental
joint similarit y invariants are obtained by substituting theseformulae into

yk 7¡! H k = (xk ¡ x0)
p

u(1) = (xk ¡ x0)

s
u1 ¡ u0

x1 ¡ x0
;

vk 7¡! K k =
uk ¡ u0p

u(1)
= (uk ¡ u0)

s
x1 ¡ x0

u1 ¡ u0
;

both of which reduce to the trivial zero di®erential invariant on Jn . Higher order multi-
invariants are obtained by substituting (5.10) into the lifted invariants (5.9), leading to

K (n ) =
u(n )

(u(1) )(n +1) =2
=

n! [ z0z1 : : : zn ]
[ z0z1z2 ](n +1) =2

:

In the limit, these reduce to the di®erential invariants I (n ) = (u(1) )¡ (n +1) =2 u(n ) , and
so K (n ) give the desired similarit y-invariant, ¯rst order numerical approximations. To
construct an invariant numerical scheme for any similarit y-invariant ordinary di®erential
equation

¢( x; u; u(1) ; u(2) ; : : : u(n ) ) = 0;

we merely invariantize the de¯ning di®erential function, leading to the generalsimilarit y{
invariant numerical approximation

¢(0 ; 0; 1; K (2) ; : : : ; K (n ) ) = 0:
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Example 5.7. The action of the proper Euclidean group of SE(2) on M = R2 given
by

(y; v) = g ¢(x; u) = (x cosµ ¡ u sinµ + a; x sinµ + u cosµ + b) (5:11)

forms the foundation of the Euclidean geometry of planar curves. The multi-prolonged
action is free on M (n ) for n ¸ 1, and we can thereby determine a ¯rst order multi-frame
and useit to completely classifyEuclidean multi-in variants. The ¯rst order transformation
formulae are

y0 = x0 cosµ ¡ u0 sinµ + a; v0 = x0 sinµ + u0 cosµ + b;

y1 = x1 cosµ ¡ u1 sinµ + a; v(1) =
sinµ + u(1) cosµ
cosµ ¡ u(1) sinµ

;
(5:12)

where u(1) = [ z0z1 ]. Normalization basedon the cross-sectiony0 = v0 = v(1) = 0 results
in the right moving frame

a = ¡ x0 cosµ + u0 sinµ = ¡
x0 + u(1) u0p

1 + (u(1) )2
;

b = ¡ x0 sinµ ¡ u0 cosµ =
x0 u(1) ¡ u0p

1 + (u(1) )2
;

tan µ = ¡ u(1) : (5:13)

(Actually , the angular coordinate µ is not quite uniquely speci¯ed by this cross-section,
sinceµ+ ¼also solvesthe normalization equations. This ambiguit y can be resolved either
by restricting to oriented curves, or by prolonging to M (2) . If we wish to also include
re°ections, then there is a secondsign ambiguit y that must be taken into account | see
[27] for full details.) Substituting the moving frame formulae (5.13) into the lifted divided
di®erencesresults in a complete system of (oriented) Euclidean multi-in variants. These
are easily computed by beginning with the fundamental joint invariants I k = (H k ; K k ) =
¶(xk ; uk ), where

yk 7¡! H k =
(xk ¡ x0) + u(1) (uk ¡ u0)

p
1 + (u(1) )2

= (xk ¡ x0)
1 + [ z0z1 ] [ z0zk ]

p
1 + [ z0z1 ]2

;

vk 7¡! K k =
(uk ¡ u0) ¡ u(1) (xk ¡ x0)

p
1 + (u(1) )2

= (xk ¡ x0)
[ z0zk ] ¡ [ z0z1 ]
p

1 + [ z0z1 ]2
:

The multi-in variants are obtained by forming divided di®erencequotients

[ I 0I k ] =
K k ¡ K 0

H k ¡ H0
=

K k

H k
=

(xk ¡ x1)[ z0z1zk ]
1 + [ z0zk ] [ z0z1 ]

;

where, in particular, I (1) = [ I 0I 1 ] = 0. The secondorder multi-in variant

I (2) = 2[ I 0I 1I 2 ] = 2
[ I 0I 2 ] ¡ [ I 0I 1 ]

H2 ¡ H1
=

2[ z0z1z2 ]
p

1 + [ z0z1 ]2
¡

1 + [ z0z1 ] [ z1z2 ]
¢¡

1 + [ z0z1 ] [ z0z2 ]
¢

=
u(2)

p
1 + (u(1) )2

£
1 + (u(1) )2 + 1

2 u(1) u(2) (x2 ¡ x0)
¤£

1 + (u(1) )2 + 1
2 u(1) u(2) (x2 ¡ x1)

¤
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provides a Euclidean{invariant numerical approximation to the Euclidean curvature:

lim
z1 ;z2 ! z0

I (2) = · =
u(2)

(1 + (u(1) )2)3=2
:

Similarly, the third order multi-in variant

I (3) = 6[ I 0I 1I 2I 3 ] = 6
[ I 0I 1I 3 ] ¡ [ I 0I 1I 2 ]

H3 ¡ H2

will form a Euclidean{invariant approximation for the normalized di®erential invariant
· s = ¶(uxxx ), the derivative of curvature with respect to arc length, [4, 14].

To compare thesewith the invariant numerical approximations proposedin [5, 4, 1],
we reformulate the divided di®erenceformulae in terms of the geometrical con¯gurations
of the four distinct points z0; z1; z2; z3 on our curve. We ¯nd

H k =
(z1 ¡ z0) ¢(zk ¡ z0)

k z1 ¡ z0 k
= r k cosÁk ;

K k =
(z1 ¡ z0) ^ (zk ¡ z0)

k z1 ¡ z0 k
= r k sinÁk ;

[ I 0I k ] = tan Ák ;

where
r k = k zk ¡ z0 k; Ák = <) (zk ¡ z0; z1 ¡ z0);

denotesthe distance and the angle betweenthe indicated vectors. Therefore,

I (2) = 2
tan Á2

r 2 cosÁ2 ¡ r 1
;

I (3) = 6
(r 2 cosÁ2 ¡ r 1) tan Á3 ¡ (r 3 cosÁ3 ¡ r 1) tan Á2

(r 2 cosÁ2 ¡ r 1)( r 3 cosÁ3 ¡ r 1)( r 3 cosÁ3 ¡ r 2 cosÁ2)
:

(5:14)

Interestingly, I (2) is not the sameEuclidean approximation to the curvature that wasused
in [4, 5]. The latter was basedon the Heron formula for the radius of a circle through
three points:

I ? =
4¢
abc

=
2 sinÁ2

k z1 ¡ z2 k
: (5:15)

Here ¢ denotesthe area of the triangle connecting z0; z1; z2 and

a = r 1 = k z1 ¡ z0 k; b = r 2 = k z2 ¡ z0 k; c = k z2 ¡ z1 k;

are its side lengths. The ratio tends to a limit I ?=I (2) ! 1 as the points coalesce.The geo-
metrical approximation (5.15) has the advantage that it is symmetric under permutations
of the points; one can achieve the samething by symmetrizing the divided di®erencever-
sion I (2) . Furthermore, I (3) is an invariant approximation for the di®erential invariant · s,
that, like the approximations constructed by Boutin, [1], convergesproperly for arbitrary
spacingsof the points on the curve.

Both I (2) and I (3) are ¯rst order numerical approximations to their respective di®eren-
tial invariants. One can form invariant approximations of higher order by invariantization
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of the higher order divided di®erenceapproximations to ordinary derivatives. For example,
invariantization of the secondorder approximation

f (x2 ¡ x0)2 ¡ (x1 ¡ x0)2 g[ z0z3 ] + f (x1 ¡ x0)2 ¡ (x3 ¡ x0)2 g[ z0z2 ]

+ f (x3 ¡ x0)2 ¡ (x2 ¡ x0)2 g[ z0z1 ]
(x3 ¡ x2)(x3 ¡ x1)(x2 ¡ x1)

to f 00(x0) leads to a secondorder invariant numerical approximation to the Euclidean
curvature: ¡

r 2
2 cos2 Á2 ¡ r 2

1

¢
tan Á3 ¡

¡
r 2

3 cos2 Á2 ¡ r 2
1

¢
tan Á2

(r 2 cosÁ2 ¡ r 1)( r 3 cosÁ3 ¡ r 1)( r 3 cosÁ3 ¡ r 2 cosÁ2)
:

Lack of spaceprecludesus from tackling any more substantial exampleshere. The
interested reader may ¯nd the analysisof the planar equi-a±ne group w = A z + b, where
det A = 1, a good challenge. This group action underlies the (equi-)a±ne geometry of
planar curves, [16], and has been extensively used in computer vision; see[4, 5] and the
referencestherein.

Acknowledgments: I would like to thank Peter Hydon for helpful comments on an
earlier draft of this paper.
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