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1. Intro duction.

Despite being in extensive, albeit implicit, use sincethe days of Lie and Cartan, jet
spacewas rst formally de ned by Ehresmann,[12], to sere asthe proper foundation for
studying the geometry of di®erertial equations. The purposeof this paper is to establish
a new construction, called \m ulti-space”, that plays the samegeometric, foundational role
for the numerical analysis of di®erertial equations. The simplest example of a multi-space
already appears in the classical blow-up construction in algebraic geometry, [15], that
forms the basisof Hironaka's resolution of singularities, [17]. Multi-space is a far reacing
generalization of this classical construction, and has interesting, but as yet unexplored,
connectionswith the Hilb ert schemeof points on an algebraic variety, [18]. In particular,
the multi-space formulation permits the direct application of the new method of moving
frames,dewelopedin collaboration with Mark Fels,[13, 14], to the systematic construction
of invariant numerical approximations to di®ererial invariants and invariant di®ereriial
equations.

In modern numerical analysis, the developmer of numerical schemesthat incorpo-
rate additional structure enjoyed by the problem being approximated have becomequite
popular in recert years. The rst instancesof such schemesare the symplectic integrators
arising in Hamiltonian medanics, and the related energy conservingmethods, [7, 21, 30].
The designof symmetry-basednumerical approximation schemesfor di®erertial equations
hasbeenstudied by various authors, including Shokin, [29], Dorodnitsyn, [10, 11], Axford
and Jaegers,[19], and Budd and Collins, [2]. Thesemethods are closelyrelated to the ac-
tive area of geometricintegration of ordinary di®ereriial equationson Lie groups, [3, 22].
In practical applications of invariant theory to computer vision, group-invariant numeri-
cal schemesto approximate di®ererial invariants basedon suitable combinations of joint
invariants, [27], have beenapplied to the problem of symmetry-basedobject recognition,
[1,4,5].

This paper seresas a brief introduction to the basicideas of multi-space and invari-
ant numerical algorithms. Owing to signi cant multi-dimensional complications, only the
simplest caseof curves| by which we always mean embedded one-dimensionalsubman-
ifolds | and ordinary di®erertial equationswill be treated here. Moreover, the practical
evaluation of these numerical schemeswill also be deferred until a more extensive inves-
tigation is completed. Thus, this note is not meart to be a de nitiv e treatment of either
subject, but rather a report of work in progress.

2. Multi{Space for Curv es.

In this section, we outline the basic construction of multi-space that forms the foun-
dation for the study of the geometric properties of discrete approximations to derivatives
and numerical solutions to di®erertial equations. We will only discussthe caseof curves,
which correspond to functions of a single independert variable, and hence satisfy ordi-
nary di®erenial equations. The more ditcult caseof higher dimensional submanifolds,
corresponding to functions of seweral variables that satisfy partial di®ererial equations,
relieson a new approad to multi-dimensional interpolation theory, and hencewill be the
subject of a subsequeh paper, [28]. We will state results in the smooth, meaning C* ,
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category; all results have immediate analytic counterparts, and one can, with proper care,
alsoformulate analogousconstructions for curveswith only nite order of di®ereriabilit y.

Given a manifold M, we let J" = J"(M; 1) denote the extendalY nt" order jet space
for one-dimensionalsubmanifoldsC ¥2 M . Jet spaceis de ned asthe spaceof equivalence
classesof curvesunder the equivalencerelation of nth order contact at a single point. We
let j,,Cj, denote the n-jet or equivalence class of the curve C at the point z 2 C. If

coordinate chart M % M then a curve C = fu = f (x)g de ned by a smooth function
f will be called a graph. The graphs are transverseto the vertical bersfx = cg, and
so their jets de ne an open densecoordinate chart for the restriction of J" to . The
corresponding jet coordinates of j, C are the derivativesu(™ = f (M (x) forn= 0;1;2;:::.

Numerical nite di®erenceapproximations to the derivatives of a function u = f (x)

(x;;f (x;)) on the curve. Thus, discrete approximations to jet coordinates on J" are
functions F(z,;:::;2,) de ned on the (n + 1)-fold Cartesian product spaceM E(n+l) =
M £ ¢¢CE£ M. Note that to adequately approximate a derivative of order n requires at
leastn + 1 function values, so the numerology is correct.

In order to seamlesslyconnectthe jet coordinates with their discrete approximations,
then, we needto relate the jet spaceJ" to the Cartesian product spaceM £ ("*1) . Now,

unlesswe specify the \direction" of corvergence.Thus, strictly speaking, F is not de ned
on all of M £("*1) "put, rather, on the \o®-diagonal" part, by which we mean the subset
_ a

1 © -
M= Tz z,6 z foralli 6 | M E (D)

consistingof all distinct (n+ 1)-tuples of points. As two or more points cometogether, the
limiting valueof F(zy;:::;z,) will begovernedby the derivatives(or jet) of the appropriate
order governing the direction of corvergence. This obsenation serwesto motivate our
construction of the nt order multi-space M (") which shall cortain both the jet spaceJ”
and the o®-diagonalCartesian product spaceM ' ("*1) in a consistet manner.

thereon. GivenM , welet #i = #f | jz; = z g denotethe number of points which coincide
with the it one.

Givenamanifold M , welet C™) = ") (M) denotethe setof all (n+ 1)-pointed curves
corntained in M. We de ne an equivalencerelation on the spaceof multi-p ointed curves
that generalizesthe jet equivalencerelation of nth order contact at a single point.

De nition 2.2. Two (n + 1)-pointed curves

Y The adjective \extended" refers to the fact that we are allowing arbitrary curves and not
just those satisfying some sort of transversality condition. See[25; Chapter 3] for details.
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have nt!" order multi-contact if and only if

z, = %; and  jgi. 1Cly = i 1Cg for eah =0
The nth order multi-space, denotedM (") is the set of equivalenceclassesof (n+ 1)-pointed
curvesin M under the equivalencerelation of nth order multi-contact. The equivalenceclass
of an (n + 1)-pointed curvesC is called its nth order multi-jet , and denotedj,C 2 M ("M,

In particular, if the points on C = (z,;:::;2,;C) are all distinct, thenj,C = j,€ if
and only if z; = z for all i, which meansthat C and € have all n + 1 points in common.
Therefore, we can identify the subsetof multi-jets of multi-p ointed curveshaving distinct
points with the o®-diagonalCartesian product spaceM i ("*1) 14 3" On the other hand,
if all n+ 1 points coincide, z, = ::: = z,, then j,C = j € if and only if C and € have
nth order cortact at their common point z, = z,. Therefore, the multi-space equivalence
relation reducesto the ordinary jet spaceequivalence relation on the set of coincidert
multi-p ointed curves, and in this way J" ¥ M ("), These two extremes do not exhaust
the possibilities, since one can have somebut not all points coincide. Intermediate cases
correspond to \o®-diagonal” Cartesian products of jet spaces

n — 0

Jatgee 30 (28 2Ny 2 3k £ geee JK T zlk)) aredistinet ; (2:1)

P
where k., = nand % JX! M is the usual jet spaceprojection. These multi-jet spaces
appear in the work of Dhooghe, [9], on the theory of \semi-di®erertial invariants" in
computer vision. For instance, we can decompose

e ¢ . ¢ ¢
M@ =ML 6eMIMIIt [ 3 gt am a2 BB (2:2)

into a disjoint union, where, for instance, the factor

n — o
W= (222 Ve 3N T Uzy) 8 YzY)

corresponds to 4-pointed curves (z,; z;; Z,; 25, C) with z, = z, 6 z, = z;, and appears 3
distinct times, depending on which pairs of points coincide.

An outline of the proof of the following fundamertal result appearsin the following
section.

Theorem 2.3. If M is a smooth m-dimensional manifold, then its nt order multi-
spaceM (M is a smooth manifold of dimension (n + 1)m, which contains the o®-diagonal
part M (") of the Cartesian product spaceas an open, densesubmanifold, and the nth
order jet spaceJ" asa smooth submanifold.

Remark: The action of the permutation group S"*! on the points of our multi-p ointed
curvesinducesan action on M ("), Many (but by no meansall) objects of interest are in-
variant under this permutation group action. Unfortunately, the quotient spaceM (") =5"+1
is, in general,only an\orbifold" with boundary.
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Example 2.4. If M = R™ is a Euclidean space,then the rst order multi-space
M @) is constructed from the classof 2-pointed curvesC® by usingthe equivalencerelation
(z9;2,;C) » (2y; 2; €) if and only if either
(8 z,= 2,6 z;, = 7, and soC and € have zerd" order contact at their two common
points, or
(b) zy=2,= 2z, = 7 and C and € have rst order cortact at this common point.
We can thus identify M @ with the spaceof two-pointed lines, i.e.,

M@ f(z0:25L) ] 29,2, 2 L; whereL %R™ isalineg: (2:3)

If z, 6 z;, then L is uniquely determined; otherwise we use L to prescribe the tangent
direction at the point z, = z;. The reader may comparethis with the method of \blo wing
up" singularities in algebraic geometry, [15], which, indeed, can be viewed as a very
particular caseof our general multi-space construction. Similarly, we can identify M @
with the spaceof three-pointed circles, i.e.,

M® " f(z,:2::2,;C) | Z9:2,;2, 2 C; whereC % R™ is acircleg:
0r <142 0r <1142

Straight lines are included as circles of in nite radius, but points are not included (even
though they could be viewed as circles of zeroradius). This relies on the fact that a circle
in Euclidean spaceis uniquely determined by three non-coinciden points, or by a point
and a tangent direction at a secondpoint, or by a single osculating curve.

It would be very instructiv e to construct similar global models for the higher order
multi-spaces, as well as understanding their topological structure.

3. The Calculus of Finite Di®erences.

The proof of Theorem 2.3 requires the introduction of coordinate charts on M ("),
Just asthe local coordinates on J" are provided by the coezxcients of Taylor polynomials,
the local coordinates on M (") are provided by the coexcients of interpolating polynomi-
als. These are most corveniertly written in terms of the classical divided di®erencesof
numerical interpolation theory, [8, 23].

We work in alocal coordinate chart z = (x; u) on M . For easeof notation, we identify
the coordinate chart with M itself. An (n + 1)-pointed graph consistsof the graph of a
smooth function u = f (x) together with (n + 1) points z; = (x;;f (x;)) thereon. Again,
it is worth emphasizingthat we allow someor all of the mesh points Xy;:::;X, 2 R to
coincide. The multi-jets of (n + 1)- pomted graphs will form an open, densesubmanlfold
M ) 15 M (M The missingpart M (M nM f consistsof multi-jets of (n+ 1)-pointed curves
with either vertlcal tangens at repeated points, or having two or more distinct points lying
on the samevertical line fx = cg.

We de ne the classicaldivided di®erences [z,z, :::z, ] by the standard recursive rule

(202124, 12 ] = [20212,::: 7 22;]! [20212; 11 2y; 2% 4] ; [z]1=u: (31
ki Xk
The divided di®erencesare well-de ned provided no two points lie on the same vertical
line. They are, in fact, symmetric functions of their argumerts z;.
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Remark: Classically, one employs the simpler notation [ugu, :::u, ] for the divided
di®erence] z,z, :::z, ]. Howewer, the classicalnotation is ambiguoussinceit assumeghat
the meshx,;:::;x, is xed throughout. Becausewe are regarding the independert and
dependert variables on the samefooting | and, indeed, are allowing changesof variables
that scranble the two | it is important to adopt an unambiguous divided di®erence

notation here.

The classicalNewton interpolating polynomial constitutes the multi-space counterpart
of the Taylor polynomial in jet space. Indeed, it reducesto the Taylor polynomial when
all points are coincidert.

Prop osition 3.1. If z,;:::;z, aren + 1 distinct points, no two of which lie on the
samevertical line, then there is a unique interpolating polynomial

P (X) = [Zo]+ (Xi Xg) [Zpgz1 ]+ (Xi Xo)(Xi Xy)[Z92;2,]+ ¢CC

+ (X X)X i Xp) @O(X | X, 1) [ZgZ;:::2,] (3:2)

Divided di®erencesare initially de ned only for distinct points z,. Requiring the
points to lie on a smooth curve (graph) allows us to extend the de nitions to caseswhen
two or more points are coincidert. To emphasizethat the resulting \con°uent divided
di®erences'depend on the underlying curve (or function) we sometimeswrite [z,z, :::z, ]-
instead of [,z ::: 7, ].

De nition 3.2. Given an (n + 1)-pointed graph C = (z,;:::;2,;C), its divided
di®erencesare de ned by [z ] = f (x;), and

- [202175 017y 07 ]c i [202125 0012y 2% a1 e
(202117, 1Z¢ ] = lem ' — ;

3 Xi X1 (3:3)

When taking the limit, the point z = (x; f (x)) must lie on the curve C, and take limiting
valuesx ! x, andf(x) ! f(x,).

In the non-con°uert casez, & z,. ; we canreplacez by z, directly in the di®erence
guotient (3.3) and soignore the limit. On the other hand, when all k + 1 points coincide,
the ki order con°uent divided di®erencecornvergesto

f(k)(x )
[20:::20] = 0 oz (3:4)
The generalization of the Newton interpolation formula (3.2) to the con°uent casecan now

be stated.

Pr(X) = ag+ a; (Xi Xo) + 3y (Xi Xp)(Xi Xp)+ €0+ a, (Xi Xp)(Xi Xq) (X i X, 1);
(3:5)



to
(202,12 e = &; k=0;:::5n: (3:6)

Theorem 3.4. Two (n+ 1)-pointed graphsC; € have nth order multi-contact if and
only if they have the samedivided di®erences:

[20z, 112 Jc = [2921 1002 ] k=0;:::;n:
In particular, € = (z,;:::;2,;€) will have nt" order multi-contact with the polynomial
curve given by (3.5) if and only if € is the graph of a function of the form
u="~f(x)=p,(X)+ (Xi Xp)(Xi X)X i X,)h(x); (3:7)

where h(x) is smooth.

We can now introduce local coordinates on the multi-graph subset M f”) YoM (M of
multi-space. They consistof the independert variablesalongwith all the divided di®erences

u® = Ug = [Zg]c: u® = [202; ]Ic;

; (3:8)
n y®@

220212, 1c o U™ =nlzz, 0002, 1

prescribed by (n+ 1)-pointed graphsC = (z,;:::;z,;C). The n! factor is included sothat
u(™ agreeswith the usual derivative coordinate when restricted to J", cf. (3.4). For non-

characterized by the Newton interpolation formulae

u, = u@;
= U@ + uB(x, i x);

c
iy
|

2

u
D+ u® (xy 0 ) + N (X2 i X)Xz i Xo); (3:9)

u, = uf

(n)

u
u, = U@ + u®(x, i x,)+ ¢ee+

(X0 Xp)(Xi Xp) CEEX | Xp; 1)

n!
In particular,
Ui Ug.
u® = [292,]= M’
e e e e (3:10)
u® = 2[z,2,2,] = 2(X1I Xo)Up + (Xg i Xp)Uy + (X5 i Xq)Ug

(X1 i Xp)(Xo i Xp)(Xoi Xy)

These formulae allow us to rewrite functions F(z,;:::;2,) on M ("*1 in terms of the
multi-space divided di®erencecoordinates, and thereby extend them to the jet and multi-
jet subspaces.

Theorem 3.4implies that the divided di®erencesare uniquely determined by the multi-
jet of a multi-p ointed curve, and so provide local coordinates on M ("), The proof that
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the changeof divided di®erencecoordinates is smooth on the overlap of coordinate charts
proceedsindirectly. One rst proves that the divided di®erencesdepend smoothly on
their argumerts, even under smooth deformations of the underlying function as well as
the points themselves. Note that, under deformations, coincidert points may split apart,
while distinct points may coalesce.

Onethen invokesthe following elemenary lemmato completethe proof of smoothness
of the changesof coordinates.

Lemma 3.6. If f:W ! R s afunction de ned on an opensetW % R™ suc that
f (z(t)) is smooth for every smooth curve zz.R! W, then f (z) is a smooth function.

4. Numerical Appro ximations.

A smooth function ¢: J" | R on (an open subsetof) the jet space,written ¢( x; u(™),
is known as a di®erential function. Theseinclude individual derivatives, as well as more
complicated combinations suc asthe Laplacian, the Euclidean curvature, general di®er-
ertial invariants, etc. Any system of di®erertial equations (or, even more generally, a
system of di®ereriial algebraic equations) is (locally) de ned by the vanishing of one or
more di®erertial functions:

¢ ,(xuMy = ¢e= ¢, (x;u™) =0 (4:1)

To implement a numerical solution to the system (4.1) by nite di®erencemethods, one
relies on suitable discrete approximations to ead of its de ning di®ererial functions ¢ ,,
and this requires extending the di®erertiial functions from the jet spaceto the assiated
multi-space, in accordancewith the following de nition.

De nition 4.1. Let M be a Riemannian manifold with metric k¢k Let N ¥2M be
a closedsubmanifoldand H: N ! R a smooth function onN. WecallF:M ! R an order
k extension of H if for eadh compactK %2 M there exists a constart C > 0 sothat

JF()i HY)i- Ckxi yk X2 K; (4:2)
wherey 2 N is the closestpoint on N to x.

The de nition is clearly independert of any particular choice of Riemannian metric
on M. If weintroduce local coordinates z = (x;y) sothat N = fx = Og, then (4.2) takes
the form

F(x;y) = H(y) + O(kxK“);

and so can be cheded via a straightforward Taylor expansionof F on the submanifold.

De nition  4.2. An (n+ 1)-point numerical approximation of order k to a di®ererial
function ¢: J" I R is a kth order extensionF:M (™ | R of ¢ to multi-space, basedon
the inclusion J" Y2 M (M),



In practice, one calculates the numerical approximation on the o®-diagonal part
M+ 15 M (M) where the points are non-coincidert, and then relies on smoothness
to ensurethat it givesa reasonableapproximation to the di®ererial function asthe points
coalesce.In practice, ¢ may only be de ned on an open subsetof J", and the numerical
approximation F needonly be de ned in a neighborhood of the domain of de nition of ¢.
Let us convince the reader that De nition 4.2 is a legitimate geometric reformulation of
standard numerical approximation ideas.

The simplestillustration of De nition 4.2is provided by the divided di®erencecoordi-
nates (3.8). Each divided di®erenceu(™ forms an (n + 1)-point numerical approximation
to the nth order derivative coordinate on J". The order of the approximation is k = 1.
More generally any di®erenial function ¢( x; u;u®;:::ul™) can immediately be given
an (n + 1)-point numerical approximation F = ¢( xq; u@ ;u®;:::u(M) by replacing eath
derivative by its divided di®erencecoordinate approximation. Howewer, these are by no
meansthe only numerical approximations possible.

The order of such a numerical approximation is, in accordancewith classicalcompu-
tations, determined by examination of its Taylor series. For example, expanding the rst
order divided di®erenceabout x,, we nd

u(l) — [ZOZ]_ ]C — f(xl) i f(XO) — .I:O(XO) + fO((XO)

X1i Xp 2

f 2%%o)
6

(X1i Xg) + ¢Cc:

(4:3)
The degreeof the error term, which in this caseis 1, is the order of approximation. To
obtain higher order approximations, we needto include more data points, and the Taylor
seriesprovides a systematic method of construction. For example,on three-pointed graph,
we have the rst order divided di®erenceapproximation

(Xyi Xg) +

(Xp i Xg)(Uyi Ug)i (Xpi Xg)(Upi Ug)

(2 =2 =2
u [202,2,] (X1 i Xp)(Xp i Xo)(Xpi Xg)

to the secondderivative
u® = fo?xo) + §f°°9xo)(xl + Xy 2Xg) + COC:
Replacing f °{x,) by u® in the expansion(4.3) leadsto secondorder approximation

(Xqi Xo)z(uzi Ug) i (X5 i Xo)z(u1i Uo) 4:4
AR AR CARD @4

a® = u® + %(Xli Xo)u? =

to the rst derivative:
e = FAxo) i 21 OPKo)(Xpi Xo)(Xpi Xo) + CGOC:
When restricted to equally spacedmeshpoints x; = X, i h;x, = x,+ h, we nd

g = Y2i U _ f(Xg+ )i f(xgi h)
Xo i X 2h

reducesto the familiar certered di®erenceapproximation to f (x,). Note that the approx-
imation (4.4) is not symmetric under permutations of the points.
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5. Multi-In varian ts.

We now introduce an r-dimensional Lie group G which acts smoothly on M. SinceG
evidertly maps multi-p ointed curvesto multi-p ointed curves while preserving the multi-
cortact equivalencerelation, it inducesan action on the multi-spaceM (™ that will be called
the nth multi-pr olongation of G and denoted by G(™). On the jet subsetJ" ¥ M (") the
multi-prolonged action reducedto the usual jet spaceprolongation of our transformation
group, [25]. On the other hand, on the o®-diagonalpart M ("*1) 15 M (") the action
coincideswith the (n + 1)-fold Cartesian product action of G on M £ ("*1) [27].

Recall that a di®erential invariant is a function 1:J" I R which is invariant under
the prolonged action of G on the jet spaceJd". Similarly, a joint invariant is a function
J:M£(M*D) 1 R on the Cartesian product spacewhich is invariant under the product ac-
tion of G, cf. [27]. In this vein, we de ne a multi-invariant to be a function K:M (M1 R
on multi-space which is invariant under the multi-prolonged action of G("). The restriction
of a multi-in variant K to jet spacewill be a di®ererial invariant, | = K jJ", while restric-
tion to M ("1 will dene ajoint invariant J = K jM ("*)  Smoothnessof K will imply
that the joint invariant J is an invariant nt" order numerical approximation to the dif-
ferential invariant |. Moreover, every invariant nite di®erencenumerical approximation
to the di®erertial invariant | arisesin this manner. Thus, the theory of multi-in variants
is the theory of invariant numerical approximations! The basic idea of replacing di®er-
ential invariants by joint invariants forms the foundation of Dorodnitsyn's approad to
invariant numerical algorithms, [10, 11], and also the invariant numerical approximations
of di®ererial invariant signaturesin computer vision, [1, 4, 5, 27].

Furthermore, the restriction of a multi-in variant to an intermediate multi-jet subspace,
asin (2.1), will de ne ajoint di®ererial invariant, [27]| alsoknown asa semi-di®eretial
invariant in the computer vision literature, [9, 24]. The approximation of di®ereriial in-
variants by joint di®erertial invariants is, therefore, basedon the extension of the di®er-
ential invariant from the jet spaceto a suitable multi-jet subspace(2.1). The invariant
numerical approximations to joint di®ererial invariants are, in turn, obtained by extend-
ing them from the multi-jet subspaceto the ertire multi-space. Thus, multi-in variants also
include invariant semi-di®eretial approximations to di®ereriial invariants aswell asjoint
invariant numerical approximations to di®erertial invariants and semi-di®eretial invari-
ants | all in one seamlesggeometric framework.

Consequetly, for symmetry-basednumerical analysis, the construction of the requi-
site multi-in variants becomesa problem of paramount importance. The recertly developed
generaltheory of moving frames,[14, 27], providesa powerful, direct method for construct-
ing invariants of very general transformation group actions. To apply this method here,
we begin with a brief review of the basic moving frame constructions.

De nition  5.1. Givena nite-dimensional Lie group G acting smoothly on a man-
ifold M, a moving frame is a smooth, G-equivariant map*2M ! G.

The group G acts on itself by left or right multiplication. Classical moving frames,
[6,16], which are all included in this general de nition, rely on the left action, but, in
practice, the right versionsare often easierto compute, and will be the version of choice
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here. Right-equivariance requires
%gtz) = Yz)¢g !  forall z2M; g2G:

The classical left-equivariant moving frame ¥z) = “%z)' ! may be simply obtained by
applying the group inversion.

Theorem 5.2. A moving frame exists in a neighborhood of a point z 2 M if and
only if G acts freely and regularly near z.

Freenessrequires that every point in M has trivial isotropy subgroup, G, = feg.
Therefore, the group orbits are all of dimensionr = dim G. Regularity requiresthat the
orbits form a regular foliation; see[14, 25] for details.

The practical implementation of the moving frame construction is basedon Cartan's
method of normalization, [6, 14], which relies on the choice of a cross-sectionto the r-
dimensional group orbits.

Theorem 5.3. If G acts freely, regularly on M, and K ¥2 M is a cross-sectionto
the group orbits, then the map “2M ! G that sendsz 2 M to the unique group elemert
g = £z) that mapsz to the cross-sectiong¢z = ¥£z) ¢z 2 K, de nesa right moving frame.

chosenconstarts. If we write out the local coordinate formulae w(g;z) = g ¢z for the
group transformations, then the corresponding right moving frame g = £z) is obtained
by solving the normalization equations

wi(g2)= e i w(g2)= G (5:1)

for the group parametersg = (g;;:::;0,) in terms of the coordinates z = (z;;:::;2,).
When we substitute the moving frame expressionsg = %£z) into the transformation for-
mulae, the resulting functions |, (z) = w. (*42);z) are easily seento be G-invariant. The
‘rst r coincide with the normalization constarts, 1,(z) = c;;:::;1,(z) = ¢, while the

remaining m j r provide a system of fundamenrtal invariants for the group action.

Theorem 5.4, If g= “4z) is the moving frame solution to the normalization equa-

of functionally independent invariants.

The moving frame construction provides an added bonus| a canonicalway to asso-
ciate an invariant with any function.

De nition  5.5. The invariantization of a scalarfunction F:M ! R with respect to
a right moving frame %is the the invariant function | = (F) de ned by | (z) = F(*4z) ¢z).

In particular, if | (z) is aninvariant, then (1) = |. Therefore, invariantization de nes
a canonical projection, depending on the moving frame, from functions to invariants. Ge-
ometrically, invariantization amourts to restricting the function to the cross-sectionand
then requiring that the induced invariant be constart along the group orbits.
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Sofar, the moving frame construction has rested upon the hypothesisthat the group
action on M is both regular and free. Most interesting group actions are not free. There
are two common methods for making an (e®ectiwe) group action free. In classicalappli-
cations in geometry, [6,16, 20], this is accomplishedby prolonging the action to a jet
spaceJ" of suitably high order; the consequetial invariants are the classicaldi®ereriial
invariants for the group, [14, 25]. Alternativ ely, one may considerthe product action of
G on a suxciently large Cartesian product M £ ("*1) : here, the invariants are joint invari-
ants, [27], of particular interest in classicalalgebra, [26, 31]. In neither caseis there a
generaltheorem guaranteeing the freenessand regularity of the prolonged or product ac-
tions, (indeed, there are counterexamplesin the product case),but sud pathologiesnever
occur in practical examples. In our approacd to invariant numerical approximations, we
amalgamate the two methods by prolonging to an appropriate multi-space. The moving
frame on the multi-space, which we refer to as a multi-fr ame, will lead us immediately
to the required multi-in variants and hence a general, systematic construction for invari-
ant numerical approximations to di®erertial invariants. Any multi-frame %" :M M 1 G
will evidertly restrict to a classicalmoving frame ¥":J" | G on the jet spacealong a
compatible product frame % (") : M ("*D) 1 G,

In local coordinates, we use w, = (Y,;Vv,) = g ¢z, to denote the transformation
formulae for the individual points on a multi-p ointed curve. The multi-pronged action on
the divided di®erencecoordinates gives

..... . vO = vy = [w; v = [wow, J; :
Yoo ¥ns @ _ . (M) — AlTw -~ . (5:2)
v = Twow, W, | v = nl[wg; iiow, 1
where the formulae are most easily computed via the di®erencequotients
WoW Wy DWW [ [WoW W,y 22l W . W
[WOW1:::Wki1Wk]:[ oW1 W2 ki 2 k]f [WoW; W, ki 2 k,1]; [w1= v;
Y i Y1
(5:3)

and then taking appropriate limits to cover the caseof coalescingpoints. Inspired by the
constructions in [14], we will refer to (5.2) asthe lifted divided di®erence invariants .

To compute a multi-frame, we needto normalize by choosing a cross-sectionto the
group orbits in M (" which amourts to setting r = dim G of the lifted divided di®erence
invariants (5.2) equal to suitably chosenconstarts. An important obsenation is that in
order to obtain the limiting di®ererial invariants, we must require our local cross-section
to passthrough the jet space,and de ne, by intersection, a cross-sectionfor the prolonged
action on J". This compatibility constraint implies that we are only allowed to normalize
the rst lifted independert variable y, = ¢,. If we try to normalize y, then we must
either sety, = ¢, = y,, and the cross-sectionwould only be valid for coincidert points
w; = w, which would prevent us from extending it to the non-coincidert caserequired
for constructing invariant numerical approximations, or sety, = ¢, 6 ¢,, and this would
prevent the points w, and w, from coalescing,soour moving frame could not be restricted
to the jet subspace!

With the aid of the multi-frame, the most direct construction of the requisite multi-
invariants and assaiated invariant numerical di®erertiation formulae is through the in-
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variantization of the original nite di®erencequotients (3.1). Substituting the multi-frame
formulae for the group parametersinto the lifted coordinates (5.2) providesa complete sys-
tem of multi-in variants on M (™); this follows immediately from Theorem 5.4. We denote
the fundamental multi-in variants by

Yo 71 Hp=1%); vimo 71 KM = qu™y; (5:4)

where { denotesthe invariantization map assaiated with the multi-frame. The funda-
mental di®erertial invariants for the prolonged action of G on J" can all be obtained by
restriction, sothat 1(" = K (M jJ". On the jet space,the points are coincidert, and so
the multi-in variants H; will all restrict to the same di®erertial invariant ¢, = H = H; jJ"
| the normalization value of y,. On the other hand, the fundamertal joint invariants on
M ("*1) are obtained by restricting the multi-in variants H; = x;) and K, = {u;). The
multi-in variants can computed by using a multi-in variant divided di®erencerecursion

lgiiily Sl ]i [loiiily. ol
1=Ky =) Dol ] = Mizgzy 2]y = o a2 Lot 2l 1],
k| ki 1
(5:5)
and using cortinuity to extend the formulae to coincidert points. The multi-in variants

KM =nllly:1, 1= u™) (5:6)

de ne the fundamertal rst order invariant numerical approximations to the di®ererial
invariants | ("), Higher order invariant numerical approximations can be obtained by in-
variantization of the higher order divided di®erenceapproximations, cf. (4.4). The moving
frame construction has a signi cant advantage over the in nitesimal approac used by
Dorodnitsyn, [10, 11], in that it doesnot require the solution of partial di®ererial equa-
tions in order to construct the multi-in variants.

Given a G-invariant di®erertial equation
¢( x; uM) = 0; (5:7)

we can invariantize the left hand side to rewrite the di®ererial equation in terms of the
fundamenal di®erertial invariants:

The invariant nite di®erenceapproximation to the di®ererial equation is then obtained
by replacing the di®ererial invariants | ) by their multi-in variant courterparts K (K):

¢(c; K@i kM) = o (5:8)

Lack of spaceprecludesa more detailed developmert and analysis of theseideashere,
and we closewith two simple illustrativ e examples.

Example 5.6. Considerthe elemenary action
(x;u) 71 ((ilx+a,u+b
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of the three-parameter similarity group G = R?2n R on M = R?. To obtain the multi-
prolonged action, we compute the divided di®erenceq5.2) of the basiclifted invariants

Ve = . X+ g Vg =, Ut b

5

We nd

Vii V, u,j u
v = gy = LYo 2l o 2 ys 2y,
Yii Yo X1i Xp
More generally,
v = n+dy(). n, 1 (5:9)

Note that we may compute the multi-space transformation formulae assuming initially
that the points are distinct, and then extending to coincidert casesby continuity. (In fact,
this gives an alternative method for computing the standard jet spaceprolongations of
group actions!) In particular, when all the points coincide, ead u(™ reducesto the nth
order derivative coordinate, and (5.9) reducesto the prolonged action of G on J". We
choosethe normalization cross-sectionde ned by

Yo = O; Vo = 0; v = 1;
which, upon solving for the group parameters,leadsto the basic moving frame
P — Uy 1
a=i u® xg; b= p—; R - S (5:10)
u@ u@

where, for simplicity, we restrict to the subsetwhere u® = [z,z,]> 0. The fundamertal
joint similarity invariants are obtained by substituting theseformulae into

s
pP— U.j u
Y 71 Hie = (X i Xo) U@ = (X i X) u;
s
U, i u X, i X
V7] K= $2=(u.j u,) =170,
u® Upi Ug

both of which reduceto the trivial zero di®ereriial invariant on J". Higher order multi-
invariants are obtained by substituting (5.10) into the lifted invariants (5.9), leading to

K (M) = u(m _n'[zyz;:0z,]
- (U )(n+1) =2 - [2,2,2, J(n+1) =2

In the limit, these reduce to the di®ererial invariants | (" = (u®)i ("+1)=2y(") ~gnd
so K (M give the desired similarity-invariant, rst order numerical approximations. To
construct an invariant numerical scheme for any similarit y-invariant ordinary di®ereriial
equation

¢(x;u;u®;u@;umy = o;
we merely invariantize the de ning di®ererial function, leading to the general similarit y{
invariant numerical approximation
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Example 5.7. The action of the proper Euclidean group of SE(2) on M = R? given
by
(y;v) = g¢(x;u) = (Xxcospj usinp+ a;xsinpu+ ucosp+ b (5:11)
forms the foundation of the Euclidean geometry of planar curves. The multi-prolonged
action is freeon M (") for n, 1, and we can thereby determine a rst order multi-frame
and useit to completely classify Euclidean multi-in variants. The rst order transformation
formulae are

Yo = XoCOSHi UySinp+ a; Vo = X Sinp+ uycosp+ b;

. 1 _
Y1 = X4 COSHi Ugsinp+ a; y@ = SInp+ u® cosy, (5:12)
cospi u® sinp

where u® = [z,z,]. Normalization basedon the cross-sectiony, = v, = v = 0 results
in the right moving frame

: Xo + u® ug
a= | Xy COSU+ UySiNU= j s
+ (ub)? 1
" tanp= i u® : (5:13)
u
b= i Xx,SiNKj uyCOS M
i Xp Hi Ug = 1+ (uD)2

(Actually, the angular coordinate W is not quite uniquely speci ed by this cross-section,
sincepu+ Yaalso solvesthe normalization equations. This ambiguity can be resoled either

by restricting to oriented curves, or by prolonging to M @ . If we wish to also include
re°ections, then there is a secondsign ambiguity that must be taken into accourt | see
[27] for full details.) Substituting the moving frame formulae (5.13) into the lifted divided

di®erencesresults in a complete system of (oriented) Euclidean multi-in variants. These
are easily computed by beginning with the fundamenal joint invariants I, = (H,;K,) =

X,; uy), where

(X i nO) + u® (uy i up) 1+ (22, ][ 257 ] .

= (Xk i Xo)

71 H ) + U™ (U [202,](22,
" ‘ 1+ (u)? D1+ [22, 12
i sy . .
Ugi Ug)i u® (x. i x 7,z 2,z
o Kk=(kIp°)'7(k' 0)=(xkixo [pog]:
1+ (ud)2 1+ (22, 12

The multi-in variants are obtained by forming divided di®erencequotients

Kii Ko _ Ky o (i X)[25217]
Hei Ho  Hy 1+ [zo7 {2074 ] "

[lol]=
where, in particular, 1® = [l1o1,]1= 0. The secondorder multi-in variant
p -
o2 Hyi H,y 1"‘ [Zozl][ZlZZ] 1+ [2p21][252,]

c u@ P 1+ (u(l))z
T1+ (UW)2+ LuOu@ (x, i xo) 1+ (UD)2+ Lu®u@ (x, | Xl)

| @
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provides a Euclidean{invariant numerical approximation to the Euclidean curvature:

(2

. u

im 1@ =. = .
21:22! 2o (]_+ (u(l))2)3-2

Similarly, the third order multi-in variant

Lol 1310 [lol4l5]
|(3):6[||||]=6[013 0'1'2
0'1'2"'3 H3| H2
will form a Euclidean{invariant approximation for the normalized di®ereriial invariant
s = Nuy,, ), the derivative of curvature with respect to arc length, [4, 14].
To comparethesewith the invariant numerical approximations proposedin [5, 4, 1],

we reformulate the divided di®erenceformulae in terms of the geometrical con gurations
of the four distinct points z,;z;;z,;z; on our curve. We nd

(Z1i Zo) ™z i Zp) _

Hy = K21 2K = 1, COSA; e
<, = (217 20)" (Z i ZO):rkSinAk; [Iol]= tanA;
kz,i zpk
where
e = Kz i zpk; A= S(zZi 20iz1i Zo);

denotesthe distance and the angle betweenthe indicated vectors. Therefore,
1@ = o tan,A2 ;
I, COSA, | ' r , ' ,
|@ = (ry, C(,)sA2 i rl)tanA3 i (r3cosA; i, ry)tan Az, _
(rycosA, i ry)(rycosA; i rq)(rzCosA; i r,cosh,)
Interestingly, | @ is not the sameEuclidean approximation to the curvature that wasused

in [4,5]. The latter was basedon the Heron formula for the radius of a circle through
three points:

(5:14)

72 A¢ 2 sinA,

abc kz,i z,K’ (5:19)

Here ¢ denotesthe areaof the triangle connecting z,; z;; z, and
a=r,=kKz;i z5k; b=r,=kz,i 7,k c=Kkz,i z; k

areits sidelengths. The ratio tendsto alimit | ?=1© 1 1 asthe points coalesce.The geo-
metrical approximation (5.15) hasthe advantage that it is symmetric under permutations
of the points; one can achieve the samething by symmetrizing the divided di®erencever-
sion | @ . Furthermore, | @ is an invariant approximation for the di®erertial invariant - ,
that, like the approximations constructed by Boutin, [1], convergesproperly for arbitrary
spacingsof the points on the curve.

Both | ® and | ® arerst order numerical approximations to their respective di®eren-
tial invariants. One can form invariant approximations of higher order by invariantization

16



of the higher order divided di®erenceapproximations to ordinary derivatives. For example,
invariantization of the secondorder approximation

f(Xo0 Xo)? i (Xpi Xo)?9[ZoZg]+ T (Xyi Xo)?i (Xgi X0)?9[Zp2,]
+f(X3] Xo)2 i (Xai Xo)zg[zozl]
(Xgi X)Xz i X)Xz i Xq)
to f°{x,) leadsto a secondorder invariant numerical approximation to the Euclidean
curvature:

i ] ¢ o i’ ¢ .
Ir%cos’-Azi r2 tanAg 'r§CO§A21 r# tanA,
(r,cosA, i ry)(rscosAqj ry)(rycoshgj r,cosA,)’

Lack of spaceprecludesus from tackling any more substartial exampleshere. The
interested readermay nd the analysis of the planar equi-atne group w = Az + b, where
detA = 1, a good challenge. This group action underlies the (equi-)atne geometry of
planar curves, [16], and has been extensivwely usedin computer vision; see[4, 5] and the
referencestherein.

Acknowledgments | would like to thank Peter Hydon for helpful commerts on an
earlier draft of this paper.
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