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1. Introduct on.

he local theory of symmetries of i erential e ations has een ell esta lishe since
the aysof Soph s ie. enerali e ,or hi her or er symmetries can e trace ac to the
ori inal paper of Noether, , t erenote ploite ntil the iscovery that they play
a critical role in inte ra le soliton partial i erential e ations, cf. ,
hile the local theory is very ell evelope , the theory of nonlocal symmetries of
nonlocal i erential e ations remains incomplete. Partic lar res lts on certain classes of

nonlocal symmetries an nonlocal i erential e ations have een evelope y several

ro ps, incl in A raham Shra neret.al., 1, , ;1 , 1 manet.al., , , , hen
et.al., , ,1 , shchich et. al., 1 | thrie an  ic man, , 1, , ra imov
et. al., hapter , an many others, 11,1 ;1 ,1 ,1, , , , 1, . Per

haps the most promisin propose fo n ation for a eneral theory of nonlocal symmetries
is the rasilshchi  ino ra ov theory of coverin s, s . 0 ever, their
constr ction relies on the a priori speci cation of the n erlyin i erential e ation, an
so, nli e local et space, oes not form a mniversally vali fo n ation for the theory.




One of the reasons for the lac of a proper fo n ation is a contin in lac of n er
stan in of the calc 1 s of nonlocal vector el s. ecently, , rin an attempt to
systematically investi ate the symmetry properties of the a omtsev Petviashvili P
e ation, San ers an an ma eas rprisin iscovery that the Jaco ii entity for non
local vector el s appears to fail he o serve violation of the na ve version of the Jaco i
i entity applies to all of the prece in nonlocal symmetry calc li, an , conse ently, many
statements a o t the ie al e ra of nonlocal symmetries of i erential e ations are,

y in lar e, not vali as state . hisin icates the nee for a comprehensive re eval ation
of all earlier res lts on nonlocal symmetry al e ras.

n this paper, propose a ne theoretical an comp tational asis for a nonlocal
theory hich, li etheori inal et n leconstr ction, oesnotrelyonaspeci ¢ i erential
e ation, tappliese ally elltoa i e variety of nonlocal systems. ill also revie
the concept of a host symmetry, intro ce in , that resolves the apparent Jaco i
para o . Applications to the classi cation of symmetries of the P e ation appear in

. Similar iss es appear in the st y of rec rsion operators y San ers an an ,

nr d tr

et srecall the asic theory of enerali e symmetries in the local et n le frame

or as presente in . e specify  in epen ent varia les an
epen ent varia les . hein ce et space coor inates are enote y
,in  hich , an N isa non
ne ative m Itiin e , so ,of or er . elet
enote the collection of all s ch local et varia les. A is a smooth
f nction epen in on nitely many et varia les. f is any
smooth f nction, e let enote the eval ation of the i erential f nction on
he total erivatives are e ne so that here

hey act on the space of i erential f nctions as erivations, an so are completely
etermine y their action

on the coor inate f nctions. ere N  enotes the asism Iltiin e havin a in

the position an  eros else here. f isam ltiin e, elet enote
the correspon in hi her or er total erivative in partic lar,

e consi er in

2.2 —

here is the ,an serves to ni ely specify . e note
the asic form la



here enotes the rechet erivative of the i erential f nction | , hich is a
total i erential operator ith components

2. — 1

he or et een t o evol tionary vector el sis a ain an evol
tionary vector el

ith characteristic

5

he ie rac et satis es the Jaco ii entity, an hence en o s the space of evol tionary
vector el s ith the str ¢t re of a ie al e ra.

ount r tot co d ntt

Attemptin to enerali e the al e ra of evol tionary vector el sto nonlocal varia les
r nsintosomeimme iate, ne pecte 1 c lties. nt itively, the nonlocal varia lessho 1

e iven y iteratin the inverse total erivatives , applie to either the et coor inates
, or, more enerally, to i erential f nctions. n partic lar, e allo nonlocal varia les
in hich Z is an ar itrary m ltiin e . ven more enerally, one mi ht
allo inversion of ar itrary total i erential operators ,  here > ,

hose coe cients can e either constants, or even eneral i erential f nctions.
o ever, the follo in fairly simple comp tation appears to in icate that the Jaco i

i entity oes hol et een nonlocal vector el s.
A, et , ith in epen ent varia le an epen ent varia le
onsi er the vector el s , an ith respective characteristics |, an

he rstt o arelocal vector el s, an ,in fact, correspon to the in nitesimal enerators
of the translation ro p

he Jaco i1i entity for these three vector el s has the form

here e or on the level of the characteristics, sin the in ce comm tator rac et
.5 . Since

re ectin the fact that the ro p of translations is a elian, e only nee to comp te the
rstt otermsin . . irst, sin the e nition of the rechet erivative, e comp te



here is an ar itrary constant representin the am i ity in the anti erivative

h s,

irrespective of the inte ration constant . On the other han |,

here is another ar itrary constant, an so

herefore, no matter ho e choose the inte ration constants , the left han si e of

e als | ero, an so the Jaco ii entity appears to e invali

his e ample is, in fact, the simplest of a i e variety of apparent nonlocal co ntere
amples to the Jaco ii entity. Similar pro lems arise in the str ct re of the ie al e ra of
nonlocal symmetries of the P e ation, , an the theory of rec rsion operators,

on oc r nt r.

n or er to eep the constr ctions reasona ly simple, e ill or entirely ithin
the polynomial cate ory thro ho t. h s, eonlyconsi er i erential polynomials ith
polynomial coe cients. Also e or , itho t any si ni cant loss of enerality, ith
real val e polynomials, the comple version ein an easy a aptation.

vy a e mean a t ple Z  ith inte er entries. he

of is . hem Itiin e is , ritten , if its

entries are positive . e impose a partial or er on the space of m Iti in ices ith

if an only if . e ill also impose a total or erin on the

m lti in ices that respects e ree, so if , then . n partic lar, e ree
le ico raphic or erin is a convenient choice of total or er, 1

et R R enote the al e ra of polynomial f nctions e

pen in pon varia les. he erivatives ma e into a partial i erential

al e ra. iven a possi ly in nite set of epen ent varia les , let

enote the 1 erential al e ra consistin of all polynomials in their local eriva

tives , ,  hose coe cients are polynomial f nctions in . e rite

for a i erential polynomial in . ven tho h
may contain in nitely many varia les, any i erential polynomial has only
nitely many s mman s an hence epen son only nitely many varia les . he set of

polynomials that only epen on can ei enti e ith itself, an there is a nat ral
ecomposition

here consists of all i erential polynomials that vanish henever e set all
. Any or erin of in ces an or erin of the erivatives, so
henever or an . hisor erin int rn in ces the e ree
le ico raphic or erin on the i erential monomials in
he total erivatives act on as erivations. heir ernels are ell
no n



er { ‘ } 4

e e in o r constr ction ith the al e ra of

O r oal is to constr ct a nonlocal i erential al e ra s ch
that each total erivative e nes an inverti le map every here e cept
on the or inary polynomials . he polynomials in ill, therefore, e
polynomials involvin e pressions of the form here  is any local or nonlocal
i erential polynomial, e. ., , , Or even , an

so on. O r constr ction ill accomplishe y in ctively implementin the follo in
constr ction.
At each step, e are iven an in nite' collection of epen ent varia les

hich is the is oint nion of the s sets

epth

consistin of all epen ent varia les of a iven . 0o hly spea in , the epth of a
varia le 1ill meas re its epth of nonlocality . n partic lar, all the ori inal varia les
in o r local i erential al e ra have epth . e also assi n
a eiht t to each varia le in . or simplicity, the ori inal epen ent
varia les can have ei ht , altho h the initial ei htin can e a apte to
partic lar applications, as in

e let enote the al e ra of polynomials in the var
ia les for all an Z . e e ne

epth epth t t

Note that linearly nonlocal varia les for ill contin e to have epth . he
total erivatives act on as erivations s ect to the same r les

et enote the set of in epen ent monomials in , i.e., pro cts of the
form . herefore, consists of nite linear com inations of
monomials ith coe cientsin . ee ten the notion of epthan ei ht to monomials
in y settin

epth ma { epth epth  } t t t 4

T



henever . hs, e rite

here enotes the set of monomials of epth
e escri e thein ction step. or each monomial , an each ,
eintro ceane epen ent varia le of epth s ch that
4
ormally, e can rite
44

t it is etter, for the time ein , to re ar each of these as a completely ne  epen ent
varia le. Once the in ction proce re is complete, e shall impose the relations implie
y 4. . he ei ht an epth of each ne varia le is

t t epth epth

he in ctive step sets

inally, e let

U 45

e can i entify as the in ective limit of s al e ras

of pro ressively hi her an hi her epth. Note that is ell e ne for any

. A nonlocal i erential polynomial is sai to e of ei ht if all

its constit ent monomials have ei ht . e rite for the set of all homo eneo s
i erential polynomials of ei ht ,an so @

Of co rse, the i erential al e ra containsah en m erofre n ancies, since

e have not yet ta en into acco nt the e nin relations 4. of o r nonlocal varia les.
h s, enee to etermine hich of these nonlocal e pressions are trivial, meanin that
they vanish hen eval ate pon any smooth f nction. n local i erential al e ra, one
can prove triviality y eval atin the i erential polynomial on all polynomial f nctions
n the nonlocal case, the class of polynomial f nctions is not appropriate
eca se the inverse erivatives incl e a possi le inte ration constant, an so are
not ni ely e ne on the space of polynomial f nctions. o chec the vanishin of a
nonlocal i erential polynomial, one nee sto eep trac of a consistent choice of inte ration
constants se to eval ate the nonlocal terms, an this rapi ly ecomes a i c¢ lt, if not
intracta le iss e. A more enli htene approach is to intro ce the follo in f nctions.

nton . . Af nction of the form in hich is a polynomial
an Z ill ecalle a .t il ecalle
if , meanin for . et enote the

al e ra of all positive polynomial e ponential f nctions.



he ey property is that, in contrast to the space of polynomials, erivatives are
inverti le hen restricte to the positive polynomial e ponential space

e recall the ell no n form la

> 4

f is a polynomial, then the s m terminates, an ives an e plicit form la for
nton . . Ahomo eneo snonlocal i erential polynomial is
for all

he fact that testin a nonlocal i erential polynomial on all polynomial e ponentials
is s cient to etect triviality is a conse ence of the fact that polynomial e ponential
f nctions are s  ciently e tensive to match any nite nonlocal et. e let

&P here { ‘ for all } 4

enote the i eal of all trivial nonlocal i erential polynomials. f then, y the

last remar in emma 4. , for any Z , an hence is a
homo eneo s nonlocal i erential i eal. n partic lar, the e nin relations 4. ofo r
nonlocal varia les elon to thei eal, meanin .

inallyy, e e neor to ethe otient al e ra

4
his al e raincorporates all the relations implie y 4. an their anti erivatives. e
easily chec that is ni ely e ne on all of , an moreover forms an inverse
to hen restricte to
or

n practical applications, the ey iss e is hether e can perform e ective comp

tations in the nonlocal i erential al e ra . he main estion is ho to reco ni e
hether a iven i erential polynomial lies in the 1 erential i eal . e
ass me, itho t loss of enerality, that is homo eneo s. o hly spea in ,

i erentiatin the polynomial s ciently often ill event ally an in a niten m er
of steps pro ce a p rely local i erential polynomial ith the property that



if an only if . o ever, the latter ill occ rif an only if in
, hich is trivial to chec .

n or er to implement an al orithm, ee ten o rori inal term or erin to incl e

all the nonlocal varia les . eset if an only if epth epth ,
or if epth epth an the correspon in monomials satisfy
in thein ce term or erin on
Altho h the f 11 i erential al e ra contains a 1 antic n m er of i erent

varia les, any iven polynomial only epen s on

nitely many of them, an so all comp tations are nite in e tent. et

e the hi hest or er varia le occ rrin in . e can ass me , since other ise e
replace , in accor ance ith 4. , hich has smaller epth an hence
appears earlier in the term or erin . e riteo t

> 4
here each coe cient epen sonlo eror ervaria les an e ass me

. Since is of lo er or er than , the latter con ition can e chec e y the
same al orithm. he erivative

> | ] 4

oes not appear earlier in the term or erin . o ever, the com ination
)3 4
of lo er or er than in . hein ction step claims that if an only if
, an hence the same al orithm can e se on . Since is of lo er or er,

e se the same al orithm on , an so event ally t in a nite n m er of steps
re cin toa p rely local i erential polynomial, as esire .

o prove the claim, e ation 4. implies that, for any ,
herefore,
an hence or . No , if is nontrivial, then the ets of
polynomial e ponential f nctions that solve the nonlocal i erential e ation
forms a proper s variety, an every here o tsi e this s wvariety, hich,
y contin ity, implies for all , an proves the claim. Of co rse, the

implementation of this al orithm mi ht e itelen thy, an so evelopin more e cient
al orithms o 1 e an interestin research topic.



outon r ctor d nd tr

n this section e e ten the space of evol tionary vector el s to o r nonlocal if
ferential al e ra. Since they are e ne as comm tators, the Jaco i entity ill e
a tomatically vali .

nton .1. A ona i erential al e ra
is a erivation , ith er , hile comm tes ith all total
erivatives.
f e rop the hypothesis er then the only a itional erivations
that comm te ith the total erivatives are the partial erivatives see

herefore, an evol tionary vector el m st satisfy

5
for all an . ach evol tionary vector el is ni ely speci e y
its action on the coor inate varia les. e enote the space of evol tionary vector
el s y . he comm tator rac et
et eent oevol tionary vector el sen o s ith the str ct reof a ieal e ra, satis

fyin the s als e symmetry an Jaco ii entities. he proof of the latter is elementary.

he space of evol tionary vector el s is a mo le. hepro ct
of an oes not comm te ith total i erentiation.
iven an evol tionary vector el , e e ne its to have

components

he comm tation con ition implies

for all positive m Iti in ices . h s, in the local sit ation, an evol tionary vector

el is ni ely etermine y its characteristic. his asic fact is tr e in nonlocal

i erential al e ras  there are non ero evol tionary vector el s ith ero characteristic
an this o servation motivates the follo in ey e nition.

nton . . Anevol tionary vector el iscalle aa for some Z
if for all an
here are no host vector el sin a local i erential al e ra eca se each evo
1 tionary vector el is ni ely etermine 1y its characteristic . here are, ho ever,
positive host vector el s for e ample the vector el  ith characteristic is a

host for any positive m Iti in e



et sseeho thee istenceof host vector el sserves to resolve the

Jaco ii entity para o in . . S rprisin ly, the pro lem is ith the nonlocal vector
el ith characteristic , t rather the local comm tator correspon in
to the vector el s ith characteristics an , respectively.  hile on the
local i erential al e ra , it is, in fact, a host vector el on a nonlocal i erential

al e ra. th s, s rprisin ly, in a nonlocal settin , the ro p of translations is not a elian
he action of the vector el s on the local varia les oes not ni ely specify their
action on the nonlocal varia les, e to the presence of possi le inte ration constants.
o ever, as e have seen, the inte ration constants o not play a si ni cant role in the
resol tion of the Jaco ii entity para o , an so e shall all the inte ration constants
to e ero y efa It. herefore,

5
Since only epen son , e have ,an  so
herefore, is a host vector el that satis es
his host provi es the missin term in the Jaco ii entity . . n ee ,

n , eintro ce a host calc 1 s for eneral nonlocal evol tionary vector
el s. he rst remar isthat onlyevol tionary vector el sthat epen on thein epen
ent varia les can e hosts. n ee ,if isa host, then
herefore, if an is any positive m 1ti in e s ch that , then

an e no that er , so that is a f nction of only.
Z
nton .. ivenam ltiin e 7 , e ne

here H 5

other ise



nton .. ivenam ltiin e 7Z , e ne the asis host vector el

so that , hichisa host for any
ro o ton . .
> R

he s mmation in Proposition 5. can e in nite. o ever, only certain con ra

tions of the non ero coe cients are allo e in or er that map to .
et s form late the res Its in the one epen ent varia le case here R, an so
he m Iti varia le casecan efo n in . et ssplit the space of evol tionary
vector el s here enotes the space of p rely  epen ent vector el s,
SO . n the polynomial cate ory, every is a host vector el .
he remain er, , consists of  epen ent vector el s, here
Since er on , the evol tionary vector el sin are ni ely etermine
y their characteristics ,an e rite as in the local cate ory. h s,
to re emphasi e only the epen ent vector el s can e hosts an hence ca se any

i ¢ lty in the non local cate ory.

oro r

Z here y Z 54

o implement a calc 1 s of evol tionary vector el s, e i entify a vector el ith
its characteristic .  he characteristic of the evol tionary vector el is, as s al,

he characteristic of the host vector el ill e formally ritten as . n this
manner, every nonlocal vector el 5.4 hasa ni e characteristic

> 55

n partic lar, a local vector el ith polynomial characteristic ecomes a host char
acteristic . n ee ,one can, a ain in the one epen ent varia le case, replace all
polynomials herever they appear in the characteristic 5.5 . he only
place tr e hosts appear, i.e., ith ,isin the in epen ent terms in the s mma
tion. Only hen the vector el has een eval ate on a nonlocal i erential polynomial
are e allo e to replace the host f nctions y their act al form las 5.

n this calc 1 s, the pro ctr le ecomes the host pro ctr le

() 5

he pro ct ma es sense as lon as one of the m Iti in ices is non ne ative, provi e e
a opt the Pochhammer e nition

() -II 5



for the m Itinomial sym ol. An ,in ee ,onlys chpro cts illappear hen eeval ate
comm tators an apply vector el s to nonlocal i erential polynomials.

he precise host calc 1 s r les for comp tin the comm tators of host character
istics ill no e escri e . he comm tators of or inary characteristics for

follo the samer les .5 asin the local case, here e replace the m ltipli
cation of monomials y the host m ltiplication r le 5. . Secon ly, since hosts o not
involve the epen ent varia les, they m t ally comm te

5

inally, the host characteristics act as erivations on the or inary characteristics

h s, eonlynee to no ho tocomm te hosts an erivative coor inates,
5
in or er to comp te in the host characteristic space.
et srevisit ampleb. . he three host characteristics are
hen the three terms are
he s m of these three terms is , an so the Jaco i para o is resolve .
B he rst Jaco i i entity para o that as fo n in , hile

or in on the symmetry al e ra of the P e ation, ,1 ,1 | , as more compli
cate than . . ere , ith in epen ent varia les , an , ith epen ent
varia le . onsi er the vector el s ith characteristics |, an . Asin
Section , itho t the intro ction of host terms, the Jaco is m

5

e als , not ero. n this case, the three host characteristics are

hen,
an so,

he latter three terms a pto ,an sothe Jaco ii entity is vali in the host frame

or .



oncu on.

n this paper, haveintro ce a eneral frame or for a nonlocal i erential al e ra
that 1ill han le ite eneral nonlocal polynomial e pressions. Several f rther topics of
investi ation are no of importance

A complete re eval ation of earlier or on nonlocal symmetries of local an non

local partial i erential e ations is re ire . A proper n erstan in of the
hitherto n etecte host terms nee s to e properly incorporate into earlier
res lts, incl in the st y of rec rsion operators an master symmetries, all of
hich typically involve nonlocal operations.
he frame or for the eometric an al e raic st y of nonlocal symmetries an
nonlocal i erential e ations re ires f rther evelopment. he esta lishment
of a complete nonlocal variational calc 1 s on the nonlocal i erential al e ra
,incl in nonlocal conservation la s, an a nonlocal form of Noether s
heorem, , , ol eavery orth hile pro ect for oth theoretical evel
opments an practical applications.
mplementation of the nonlocal host calc 1 sinstan ar comp teral e rapac a es
o | help a lot in these investi ations.
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