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Abstract

A generalization of the concept of variational symmetry, basedon
. i prolongations, allows us to construct new methods of reduction for
Euler-Lagrange equations. An adapted formulation of the Noether's
theorem for the new classof symmetriesis presened. Someexamples
illustrate how the method works in practice.

1 Intro duction

Lie symmetry groups provides a powerful and systematic method for an-
alyzing ordinary (and partial) di®ererial equations. Howewver, not every
integration technique can be basedon symmetry analysis, [6, 7], and require
generalizationsof the classicalLie methods.

A more generalapproad to the integration of ordinary di®erenial equa-
tions is basedon the conceptof a nonlocal exponertial symmetry, which rst
appearedin ([15], Exercise2.31). This method was further developed in the
work of Abraham{Shrauner and her collaborators, [1], and in the theory
of solhable structures, [2, 8]. There exists a large variety of processesof
reduction that can be explained and deducedby this theory. Theseideas
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were further deweloped by the rst author, [11], who replacesthe non-local
exponertial terms by a new method of prolonging vector "elds known asthe
. i prolongation, leading to the notion of a C! j symmetry or , j symmetry.
These methods have been extended to partial di®ereriial equationsin the
work of Cicgona, Gaeta and Morando, [3, 4, 5], who dewelop the concept of
al-symmetry.
For ordinary di®erertial equationsthat can be derived from a variational
principle 7
Llul=  L(xuM)dx; (1.1)

the existenceof specialtypesof symmetries(variational symmetries) doubles
the power of Lie's method of reduction. Due to the special structure of the

Euler-Lagrange equation derived from (1.1), the knowledge of a variational

symmetry allows us to reducethe order by two.

We can expect that a generalization of the concept of variational sym-
metry, basedon the new , j prolongations, will generate new methods of
reduction for Euler-Lagrange equations. In this paper we establishthis gen-
eralization and introduce the concept of variational cl symmetry, also
including generalizedvector elds. Someimportant properties of thesevari-
ational C! j symmetries are presened. We also provides an algorithmic
procedureto reduce by two the order of any Euler-Lagrange equation that
admits a variational C j symmetry. This is a \partial" reduction, because,
in general, a one-parameter family of solutions is lost when the reduced
equation is considered.

The correspndence between variational symmetries and consenation
laws for Euler-Lagrange equationsis completely determined by celebrated
Noether's Theorem [9, 14, 15]. Since every consenation law rises from an
ordinary (generalized)variational symmetry, we can not expectto nd new
consenation laws assaiated with variational C! j symmetries. In Section
4 we establish the corresponding version of Noether's theorem for the new
symmetries(Theorem 3). This result allows usto reformulate the connection
betweenthe original Euler-Lagrange equation and the reducedequation. In
addition, we will be able to obtain a consenation law for the one-parameter
family of solutions lost in the reduction process,by relating the variational
Cl i symmetry to an special pseudo-ariational symmetry. We alsoinclude
seweral examplesto illustrate how this new method works in practice.

Throughout the paper, we will freely use the notations and results in
[15. We will restrict our attention to single variable integrals leading to
ordinary di®ereriial equations. Extensions of theseresultsto * j variational



symmetries of multiv ariable variational problems and Euler{Lagrange par-
tial di®ererial equationswill proceedin an analogousfashion, but we leave
the details to another publication.

2 Variational C?!j symmetries

2.1 Some previous results

Let us considera variational problem
Z

Llul=  L(x;u™)dx (2.2)

where the Lagrangian L(x; u(™) is de ned on M (", for someopen setM of
the spaceof independert and dependert variables X £ U. Let

X .
E[L]” (@ D)(@L)=0 (2.3)
i=0
be the assaiated Euler-Lagrange equation, where D stands for the total
derivative operator with respect to x. To simplify the notation, we will
denoteby A the spaceof smooth functions dependingon x; u and derivatives
of u up to some nite, but unspecied, order and we write P[u] = P (x; u(™)
if we do not needto precisethe order of derivativesthat P dependson.
Roughly speaking, a variational symmetry group of the functional (2.2)
is a local group of transformations that leaves the variational integral L
unchangedwhen u = f (x) is transformed by the action of the group. The
in nitesimal criterion of invariance ([15], pag. 253) characterizesthe in-
“nitesimal generatorsof connectedgroups of variational symmetries They
are the vector elds v = »(x; u)@ + “ (x; u)@ such that

viD(L) + LD(») = O (2.4)

The relation betweensymmetry groups and consenation laws was rst
determined by E. Noether. In modern language, the characteristic Q =
v(u) i v(X)uyx of a variational symmetry v is also the characteristic of a
consenation law for the Euler-Lagrange equation, i.e. QE[L] = D(P) for
someP 2 A. The hypothesis that the vector eld v generate a group
of variational symmetries is overly restrictive to deducethe existenceof a
consenation law. This motivatesa generalizationof a variational symmetry:
the in nitesimal divergen® symmetries are the vector elds v suc that

v(iN(L) + LD(») = D(B); (2.5)
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for someB 2 A.

It is well-known that a one-parameter symmetry group of variational
symmetriesfor the Euler-Lagrangeequationsallows usto reducethe order by
two. This is the Lagrangian counterpart of what is now known as Marsden{
Weinstein reduction, [10].

It is also known that there exist ordinary di®erenial equationswithout
Lie symmetriesthat canbereducedor integrated by using di®erert methods.
One of them, that explains a large variety of theseprocessesis basedon the
existenceof C! j symmetries[11, 13]. This conceptis basedof a new way of
prolonging vectors elds. For a givenvector eld v = »(x; u)@ + ~ (x; u)@
dened on M % X £ U and for an arbitrary function , 2 C! (M @) the
. i prolongation of order n of v is the vector eld

X . :
vEM=sow@+  HOgu)a@; (26
i=0

dened on M (M, where” L Ol(x; u) = " (x; u) and, for 16i 6n,

L (I)](X, u(i)) = D l'[,, (ii 1)]()(’ u(ii 1))¢| D(»(X; uR uj

+, LD Ul DY sk uyy @)
Formally, the , i prolongation of a vector eld v can be identi ed as the
ordinary prolongation of a nonlocal exponertial vector eld, ([15], Exercise
2.31)

R R
M= e IyLiM  Wwhere bz=e Xy

Equivalent characterizations of the , j prolongations canbe consultedin [12]
(Theorem 2). One of them, that will be usedin this paper, states that an
arbitrary prolongation of v to M (")

@ ) @ xXn . . @
Vi =oo(gu) =+ (u)—+  Pogu®) = (2.8)
@& @ . @i

is the , j prolongation of v if and only if
[va;DI=.vpi (D+,)(vq(x))D: (2.9)

For this kind of prolongationsit is possibleto calculate a completesystem
of di®ereriial invariants by invariant derivation of lower order invariants.
This is the key to construct new methods of order reduction, basedon the
existenceof C1 | symmetries, [11].



2.2 The Concept of Variational C! | Symmetries.

In this section, we shov how the concept of variational symmetry can be
generalizedwhen , j prolongations are considered. This will generatenew
methods of reduction for Euler-Lagrange equations. The concept of in-
“nitesimal divergencesymmetry and the , j prolongation formula inspire
the following generalization of the de nition of variational symmetry:

De nition 2.1 A vector eld v = »RU)@ + (X, u)@ is a variational
C! i symmetry of the functional L[u] = L (x; u(™)dx if there exists B[u] 2
A suchthat

v MLy + L(D + ,)(» = (D + ,)(B); (2.10)

for some, 2 C! (M®). We also say that v is a variational , j symmetry
to precise the function ;| for which (2.10) is satis ed.

Let us obsene that standard divergencevariational symmetries correspond
to variational C* j symmetriesfor function , = 0.

Two LagrangiansL and E are equivalent if L | E = Df is a divergence
term (seeTheorem 4.7 in [15]). In particular, the assaiated Euler-Lagrange
equationsare the same. The next proposition statesthe coherenceof de ni-
tion 2.1: formula (2.10) remains invariant when equivalent Lagrangiansare
considered.

R
Prop osition 2.1 Letv beavariational , j symmetryof L[u] =, L(x; u()dx.
The vector "eld v is alsoa variational , j symmetryof I€[u] =  E(x; u()dx
wher E = L + Df, for any f 2 A.

Pr oof By using
vEOIL) + LD +,)(») = (D +,)(B); (2.11)
we get:

vl (n)](|_ +Df)+ (L+ Df)YD+ ,)(» =
= v ML) + v MIDf)+ L(D+ ,)(») + Df(D+ ,)(» (2.12)
= (D +,)(B)+ Df (D +,)(» + vl (M(Df):

Formula (2.9), written as[vl: (M:D]= vl (M1 (D +  )(v(x)) ¢D, applied
to f gives

v MIpfy= (D + )(vE M) (D+,)(v(x)) ¢DF: (2.13)



Therefore (2.12) becomes

v ML+ Df)+ (L+ Df)D +,)(» =
= (D +,)(B)+ (D +,)(vk ™M) (2.14)
= (D + ,)(B + vL:(Mlf):

The following result shows that a variational C! j symmetry remains as
a variational C! j symmetry under a changeof variables:

R
Prop osition 2.2 Letv beavariational C! j symmetryofL[u]= L (x; u(™)dx
and consider any changeof variables

R = X(x;u); &= 8(x;u): (2.15)
The vector “eld v in new variables, @, is a varigtional C! j symmetry of
the correspnding transformed functional €[e] = E(&; e)de.
Pr oof

Let us denote by
Xx=X(rge); u=U(ea): (2.16)

the inverse change of coordinates. The two Lagrangians L(x; u(™) and
E(e; ") are related, through the change of variables, by the formula

B(e a™)

L(x; u) = DeX (&;8)

(2.17)

We needthe following useful property of , j prolongations (see[11] for de-
tails):

V[’; (m] — e[g (n)], for (218)

. = DeX (% a):

. D , .
By (2.18) and sinceDy = 5 ’; , formula (2.10), in new variables, becomes:
B

A !
gl _E e 1

5.x " Duxyz(Prt ONee) = 5o (Dp+ O)(E): (2.19)




By derivation, the rst term of (2.19) becomes

DeXell M) Bel® M(DX)

D.X)2 (2.20)
and formula (2.9) applied to X gives
el (M(Dg(X)) = (De+ E)(X) i (Dg+ E)((R))DeX: (2.21)

By replacing (2.20) and (2.21) into (2.19) and simplifying, we nally get

el (M(E) + B(Dg + 8)((R)) = (De + E)(B): (2.22)

This provesthe result.
[ ]

Near any point where the vector eld v 6 0, we can intro duce a partic-
ular changeof variables (2.15) such that v takesthe canonicalform e = @,
formula (2.22) becomes

el® (MI(B) = (Dg + &)(B): (2.23)
Supposethat B = | @(A) for somefunction A. Then the Lagrangian
b E(r eM)+ Dg(A) (2.24)

and E have the sameEuler-Lagrange expression,Ea[Q]. Now formula (2.9)
becomesfel” (M; D] = €el® (M] which, when applied to A, provides:

el (M(Dy(A)) = (D + &) M (A)): (2.25)
By (2.23) and (2.25), we get
el MI(by = o (2.26)
Let w = w(e; &, 81) be a st order invariant for el> M, that is

@(w) + &@y, (w) = 0 (2.27)

A very important property of | j prolongations is that a complete system
of invariants of the n-th order , j prolongation can be constructed by suc-
cessie derivations of lower order invariants, [12]. In this case, by suc-
cessiwe derivations of w with respect to ® we obtain a system of coordi-

nates f ®; &; w; ¢¢¢; wy,; 19, sud that el (M = @. Let us also denote by
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P(e; w"i D) the Lagrangian (2.24) in the (& &;w(™i D) variables. By (2.26),
P doesnot depend on e.

By meansof the transformation fe = »;w = w(®; &; 81)g we get the fol-
lowing relation betweenEB[D] and the Euler-Lagrangeequation of D(le; w(ni 1))
(seeExercise5.49in [15]):

EolP] D2 (Ew[R]) i D2(DeWEW[P])
D2 (Ew[E]) (2.28)

@(W)Ew[P]i De(@,(W)Ew[L])

Therefore, by (2.27):

Eolf] = (De+ &) @, (W)EWP]: (2.29)

Let w = H (& Cyq; ¢¢¢ Con; 2) be the generalsolution of the reduced Euler-
Lagrange equation EW[Q] = 0. When w is written in terms of f g; ; 819, we
have a rst order ordinary di®erenial equation for e:

w(e; &; 81) = H(®; Cq; ¢¢¢, Con; 2); (2.30)

whosegeneralsolution 8 = G(&; Cq; ¢¢¢; Cop; 1) yieldsa (2ni 1) parameter
family of solutions

a(x; u) = G(®(x; u); Cq; ¢¢¢; Con; 1) (2.31)

to the original Euler-Lagrange equation E,[L] = O.

In this way, we have managedto construct a reducedLagrangian, of order
ni 1, whosecorresponding Euler-Lagrange equation (of order 2nj 2) pro-
videsa2ni 1j parameterfamily of solutionsto the original Euler-Lagrange
equations. In other words, we have provedthat variational C! | symmetries
generatenew reduction proceduresfor Euler-Lagrange equations, as spelled
out in the following theorem:

Theorem 1 Reguction of order

Let L[u] = L(x;u™)dx be an nj th order variational problem with
Euler-Lagrange equation Ey[L] = 0O, of order 2n. Let v be a variational
i symmetny, where , 2 Ct (M), Then there exists a variational prob-
lem IP[W] = D(E; w("i Dyde of order nj 1, with Euler-Lagrange equation
EW[D] = 0 of order 2nj 2, suchthat a (2nj 1); parameter family of solu-
tions of Ey[L] = 0 can be found by solving a rst order equation from the
solutions of the Euler-Lagrange reduced equation E[P] = 0.



3 Generalized variational C?!j symmetries

A signi cant generalization of the notion of symmetry group is obtained by
allowing the componerts » and " of anin nitesimal generatorto depend also
on derivativesof u. A genealized vector “eld will be a formal expressionof
the form v = »[u]@+ " [u]@ in which » and " dependson x; u and derivatives
of u with respectto x up to some nite (but unspeci ed) order. Formally, the
prolongation of generalizedvector elds is obtained in the samemanner as
for ordinary vector elds. In asimilar way, we can consider, j prolongations
of generalizedvector elds, for functions , depending on x; u and derivatives
of u (see[13] for details). Based on this generalizations, the concepts of
generalizedsymmetry and generalized, j symmetry are straightforward. In
particular, we can also de ne generalizedvariational C! j symmetries as
follows:

De niton 3.1 A genealized vector eld v = »[u]@ + " [4]@ is a gener-
alized variational C! j symmetry of the functional L[u] = L (x; u(™)dx if
there exists B[u] 2 A suchthat

v ML)y + L(D + ,)(» = (D + , )(B); (3.32)
for some, 2 A.

To simplify the terminology, in what follows we will not specify the
term genemlized if it is clear from the context which type of variational
C! | symmetry is considered.

Any vector eld v = »[ul@ + “[u]l@ has an assaiated ewolutionary
represetative,vqo = Q@ whereQ = "[u]j »[u]u; is the characteristic of v.
We have the following alternativ e expressionfor the , j prolongation of the
vector eld, [13]:

vb = vE ™M up; wherevy ™ =" (D + ) (Q@: (3.33)
i=0

The vector eld v and its ewlutionary form vq determine essetially the
samevariational C! | symmetry:

Prop osition 3.1 A vector eld v is a variational , j symmetry of (2.2) if
and only if vqg is a variational | j symmetry.



Pr oof By (3.33), the identity (3.32) is satis ed if and only if:

V[Q,; (n)](l_) +»D(L)+ L(D+ ,)(» = (D +,)B): (3.34)

This expressioncan be written asfollows:
Vg; (”)](L) =(D+ )Bi »); (3.35)

which provesthe result.
[ |

The term strict variational symmetry is usedto distingue standard vari-
ational symmetries from divergencevariational symmetries. Similarly, we
will say that v is a strict variational C! j symmetry when the secondmem-
ber of (2.10) is identically null. The following result proves, in particular,
that there exists strict variational C! j symmetry assaiated to any given
variational C! j symmetry:

R
Prop osition 3.2 Letv beavariational , j symmetryof L[u] = L (x; u()dx
andf 2 A. The vector "eld vl (M+f D is alsoa variational C! j symmetry.
As a consegquene, vbi (Wi Bp is a strict variational C* j symmetry.

Pr oof
A simple calculation gives

(vLiM+ fD)L)+ L(D + ,)(»+ f)

=vbiML)y+ LD+, )»+fD(L)+DEL)+LF : (3.36)

By (3.32), the right menber of (3.36) becomeg(D + | )(B)+ D(fL)+ Lf ,
for someB 2 A and thus

(v M+ fD)(L) + L(D + ,)(»+ f)
=(D+,)B+ (D+,)(fL) (3.37)
=(D+,)B+fL):

This proves that vl (M + fD is a variational C' j symmetry. For f =
i %, the secondmember of (3.37) is identically null, which provesthat the
modied vector "eld vbi(M'j BD is astrict variational C! j symmetry.

The following proposition will also be useful.
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R
Prop osition 3.3 Letv beavariational , j symmetryof L[u] =  L(x; u(™)dx
and let f 2 A be an arbitrary non null function. Then fv is a variational
e symmetry of L[u]=  L(x;uM)dx for €=, j 2,

Pr oof
The proof is basedon the following property of | j prolongations ([11],
Lemma 5.1):
D(f).

: (3.38)

fyli M = (F B for € =
By multiplying both members of (2.10) by f, replacing, by € + w and
by (3.38), we get:
D(f)

»=1(D+©)B+1—"B: (339)

FV)EMIL) + FL(D + &)»+ fL Df(f)

Successie simpli cations of expression(3.39):

FV)EMIL)+ fL(D + €»+ LD (f)»=f(D + ©)B + D(f)B
FEVEMIL)+ LED(») + f€»+ D(f)») = fD(B)+ f€B + D(f)B

lead to the desiredresult:

FV)EMIL) + L(D + €)(f» = (D + ©)(f B): (3.40)

4 Noether's theorem and variational C!j symmetries

Theorem 1 provides a method to reduce by two the order of a given Euler-
Lagrangeequation. This is a \partial" reduction, meaningthat, in general,
a one-parameterfamily of solutions can not be derived from the solutions
of the corresponding reducedequation. It all hasto do with relation (2.29).
Solutions of the reducedequation annihilates the expressionin the brackets
of secondmenber of (2.29). However there could be solutions of the Euler-
Lagrange equation for which this expressionis neither null nor constart. In
other words, in general,that expressionis not a rst integral of the Euler-
Lagrange equation.

In this sectionwe investigate the form of the well-known Noether's the-
orem for when | j prolongations are considered. The version preseried here
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is inspired on the proof of Noether's theorem usedin [15]. From this stand-
point, the essencef this theorem is reducedto the formula

viW(L) = QCE[L]+ D(A); for someA 2 A; (4.41)

which is basedon techniques of integration by parts. First of all, we prove
a formula that is similar to (4.41), but adaptedto , j prolongations.

Lemma 4.1 SupwseQ;, 2 A. There existsA 2 A suchthat

vg ML) = QEE[LT+ (D +,)(A): (4.42)

Pr oof
Let us prove that for any F; G and for eadh i 2 N, there exists A; 2 A
such that ' _
(D+.,)(F)G=F(i D)'(G)+ (D + ,)(A): (4.43)

Fori = Oandi = 1, formula (4.43) is satis ed for Ag = 0 and A; = FG,
respectively. Let us assumethat (4.43) is true for i j 1. Then there exists
a function A&, ; sud that

(D+ )iY(D+,)F)G=(D+,)F)iD)YG)+ (D+, )& 1):
It is clear that

(D+.)(F)G = i FD((i D) *G)) + (D +,)(&)+ (D + ,)(&i 1)
F(i D)'(G) + (D + ,)(Ai);

where & = F(j D)'i }(G) and A; = &, 1 + &;. Then we can write

P .
p o (D +.,)(Q@, (L)

o Qi D) (@ (L)) + (D +,)(A) (4.44)
QE[L]+ (D + , )(A):

V[Q,; (n)](L)

Next we presern a result which is formally similar to Noether's theorem,
for variational , j symmetries.

Theoremg, 2 Letv be avariational , j symmetry of the variational problem
Lul = L(x;u™)dx and Q the correspnding characteristic of v. Then
there exists P[u] 2 A suchthat

QE[L]= (D + ,)(P): (4.45)
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Pr oof
By (3.35) and (4.42) we deduce

0= QE[L]+ (D + . )(Aj B+ »L): (4.46)
Therefore (4.45) is satis ed for P = j A+ Bj »L.

Every variational symmetry of a variational problem is necessarilya sym-
metry of the corresponding Euler-Lagrange equation. This can be proved
by meansof an important commutation formula ([15], pag. 332):

Elvg (L)] = vg" (EIL]) + DR(EILD; (4.47)

wherel; Q2 A, and Dg denotesthe Frechet derivative operator.

Our next goal is to prove that variational C! j symmetries are condi-
tional C! j symmetries of the Euler-Lagrange equation. That meansthat
variational C! j symmetriessatisfy the invariancecriterion vi: @MI(E[L]) =
0 only for a particular classof solutions of E[L] = O.

With this aim, let usinvestigatethe form of formula (4.47) when, | pro-
longations are considered. First we intro duce somenotations and technical
formulas that will be usedto prove subsequeh results. The following oper-
ators are similar to the Frechet derivative operator and its adjoint, when D
is replacedby D + |,

. X .
D+,)p@=ve™P)=" (@P)D+,)(Q): (4.48)
i=0

X .
(D+.)o(P)= (i (D+.,)(@(Q)¢P): (4.49)
i=0

Let usobsenethat (D + , )i (1) correspondsto the Euler-Lagrange operator
when D is replacedby D + ., sowe will write

51

E-[Ql= (D +,)q(1):

In Lemma 4.2 formula (4.47) for , -prolongations will be stated. The
proof we presert usesthe following relations, that can be chedked without
too much ditcult y:
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E-[P+Q] = E:[P]+ E:[Q] (4.50)
E-[PQ] = (D+,)p(Q+ (D+,)5(P) (4.51)
E:-[(D+,)P] = (D+,)°(P) (4.52)
(D+.,)e)(Q = (D+,)g(Q: (4.53)

Lemma 4.2 Supmsel; Q and, 2 A. Then
E-vg ML) = vi ENELD + (D + )JELD + (D +,)°(A) (4.54)
for A givenin Lemma4.1.

Pr oof By (4.50)-(4.53) and (4.42):

E-[QE[L]I+ E-[(D + ,)A]
(D+ )2, (Q+ (D + )BELD + (D +,)°(A)
vg CELD + (D + )BELLD + (D +,)°(A):

E. [Vg (n)](L)]

Lemma #A.3 Letv be avariational , j symmetry of the variational problem
Llul = L(x;uM)dx: Let Q be the correspnding characteristic, and let
P[u] be given by Theorem 2. Then

v CYELD = i (D+ )JELD+ (D+,)°(P):  (4.55)

Pr oof By formula (3.35), the left hand side of (4.54) becomes

E-[(D+,)(Bi »)]
(D+,)°(B i »L) (4.56)
(D +,)2(P)+ (D + ,)"(A)

E- vg ™(L)]

and by (4.54) we get the result.

Let us obsene that evaluating (4.55) when E[L] = O gives
D (2 _ o
v CNELDiEr0 = (O + ) (P)iErL)-o (4.57)
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and the second menmber, in general, is not null. Therefore, variational
C! | symmetriesarenot, in general,C! j symmetriesof the Euler-Lagrange
equation. Howeer, vg (2”)](E[L]) = 0 on solutions to the combined system
E[L] = O;P = 0. This explains, from another point of view, the \partial"
reduction for the Euler-Lagrangeequation stated by Theorem 1. Next result
connectsfunction P of Theorem 2 with the expressionin brackets of formula
(2.29) and, consequetly, with the reducedequation of Theorem 1.

Theorem 3 et v be a variational , j symmetry of the variational prob-
lem L[u] = L(x;uM)dx, and P[u] given by Theorem 2. Then v is a
. i symmetry of the equation P[u] = 0. The reduced equation of P[u] = 0
throughthis , j symmetry is (up to multipliers) the reduced equation of the
Euler-Lagrange equation correspnding to v, according to Theorem 1.

Pr oof Let us retain the notation of Theorem 1. We can assumethat v
is a proper C! j symmetry, i.e., not equivalent to a standard variational
symmetry. In terms of (&;e;w?"i 1), (4.45) becomes

Eolf]= (De + 8)(®); (4.58)
where B stands for P in the new variables. By (2.29),
(De + E)(B + @, (W)Ew[R)) = O: (4.59)

We setB + @, (W)Ew[P] = H (& &w?"i 1) and (4.59) can be written:

De(H (& & w@"i D)) + €(g; 8;w)H (k; & w2"i D)

_ %(E; g w@ni D)+ %(E; g;w"i ) ¢Dge + ¢o¢ (4.60)

+

0

(; & W V) G + S(e; B w)H () B W Y):

2nj 1

The only term where w,, appears is (&; &; Wi Dy ¢wy,, and so

@VZni 1
its coe+cient must vanish: @@ (&, &;w2"i DY Therefore, H does not
2nj 1
depend on wa,; 1, and (4.60) beC(I)mes
0 = @(E; a; w@ni 2) + @(E;H;W(Z”i 2)) ¢D e + ¢0¢
@ @ @
+ (& 8; w2 2)) ¢wap, 1 + (% B;W)H (B B; Wi ):

@VZni 2
(4.61)
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The variable w2, 1 only appearsin (&; 8; w"i 2)) ¢wy,; 1, and, as

@VZni 2

above, we deducethat H does not depend on wan; 1. By cortinuing this
process,we obtain

0 = %(E; |) + %(E; B) ¢Dge + €(& a; w)H (k; B); (4.62)

that is: 0= Dg(H) + € ¢H: If function H is not null, &; 2241 = ¢

and Proposition 3.3 provesthat Hie is a (standard) variational symmetry,
which we excluded at the start of the proof.
Thus,H =~ 0and
B = @,(wEw[L]: (4.63)

Since Ew[P] doesnot depend on e, we have vl @ni DI(P) = 0 whenP = 0,
which provesthat v is , j symmetry of P = 0. In particular, B does not
dependon e and P = 0Qis the reducedequation corresponding to v. Formula
(4.63) provesthe secondpart of the theorem.

[ |

5 Partial conservation laws

In this sectionwe focusour attention on the solutions of the Euler-Lagrange
equation that do not arise from the reduced equation of Theorem 1. Suc
solutions satisfy P 6 0 but (D + ., )(P) = 0. The following result statesthat
%v is a pseudo-ariational symmetry of the problem, which is de ned as a
generalizedvector eld v = »(x; u®)@ + ~ (x; u®)@ that satis'es

v(N(L) + LD (») = D(B); (5.64)

for someB[u] 2 A, only on solutions of the Euler-Lagrange equations ([15],
Exercise5.38).

Theorem 4 LetL[u] = RL(x; u(M)dx be an nj th order variational problem
with Euler-Lagrangeequation Ey[L] = O, of order 2n. Let v be a variational
. i symmetry and let P be as in Theorem 2. The generlized vector eld
Y = %v is a pseudo-variational symmetry of the problem.

Pr oof According to De nition 2.10,there exists B[u] 2 A suc that

v ML)y + L(D + ,)(» = (D + ., )(B); (5.65)
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for some, 2 C! (M @). According to Proposition 3.3, the vector “eld v
is a variational C! j symmetry for € = | + @. In particular,

5

MU 1 [e (]
1. 1 B
Lv (n)] = _ .
5 % 5 % : (5.66)

Now we multiply both members of (5.65) by = :

1. 1 1
ZylLi (M) + = + = = + . )
PV (L) pL(D L)» P(D ,)B: (5.67)

Let us evaluate (5.67) on the solutions u of the Euler-Lagrange equations
such that P[u] 6 0. Since(D + | )(P)[u] = 0, the following relation holds,
forany A2 A : o

SO+ )AW=D 5 [ (5.68)
If (D + ,)(P)[u]= 0, we alsohave

L o Tieim Hy T
EV’ [u] = Ev [u] = EV [u]: (5.69)

Therefore, (5.67) evaluated on u becomes

M 1 ﬂ(n) M »ﬂ UBﬂ
5V QU+ LD 5 U = D 5 [ul: (5.70)

This provesthe theorem.
[ |

To every pseudo-ariational symmetry of a normal variational problem
there corresponds a consenation law and, moreover, there is always a true
variational symmetry giving rise to the samelaw ([15], Exercise5.38).

The corresponding consenation law asseiated to the pseudo-\ariational
symmetry of the previous theorem can be Icon%ructed asfollows. Let @ be
the characteristic of vector eld 2v and v @ the corresponding evolu-

tionary form. The next relation always holds ([15], pag. 273):

my T
SV (L)= @CEL]+ D(A); (5.71)
@
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i. ¢
for some function A. By other hand, in terms of l%v o formula (5.67)

reads u ) Ty u T

EV o (L)[u] = D gi L» [u]: (5.72)

From equation (5.71) ewvaluated when E[L] = 0 and equation (5.72) we
“nally get

H B 1
D Aj Ei L» =0 when E[L]= O: (5.73)

In consequenceA j % i L» is a consenation law assaiated to the pseudo-
variational symmetry Zv.

6 Some examples

6.1 First order Lagrangian

1. Strict variational C! -symmetries:

The vector eld v = @ is a strict variational C! j symmetry, for
, = u, of the variational problem assaiated to the Lagrangian

ll u2ﬂ2
L U Uyx) = X3+ Uy > (6.74)
Indeed,
vEOlL) = @+ u@, + (U + u) @, )(L) = O (6.75)

The corresponding Euler-Lagrange equation is
E[L]” u®i 2uy = O (6.76)

The order reduction assaiated to the variational C! j symmetry v
can be constructed by using Theorem 1 or Theorem 3. Next we use
both theoremsto comparethe two di®eren methods.

2 Theorem 1: in coordinates fx; ug the vector eld v adopts the
canonicalform @ and the original Lagrangian (6.74) is an invari-

ant for vl @1 py jtself. We considera st order invariant for
[; ()] -
vl @1

W= Uy (6.77)



In coordinates f x; u; wg the Lagrangian L becomesx®+ w?. The
assaiated Euler-Lagrange equation for the reduced Lagrangian
B(x; w) = x3+ w2 is givenby 2w = 0. The generalsolution of this
(O-th order) ordinary di®ererial equationisw = 0. By (6.77) we
obtain the rst order di®ererial equation

Ui —=0: (6.78)

By solving this equation we recover a one-parameter family of

solutions of (6.76) given by u(x) = j for C 2 R.

X+ C

2 Theorem3: it canbechedkedthat P = u?j 2uy satis esQE[L] =
(D + ,)(P). As promised by theorem 3, the vector eld v = @
is alsoa C! j symmetry, for | = u, of the equationP = 0:

vh@l(Py = (@ + u@, + (U2 + ux) @, )(U?i 2uy) = 0: (6.79)

To reduce the order of the equation P = 0 by means of the
C! i symmetry v, we considerthe set fx; wg, for w asin (6.77),
that constitutes a complete system of invariants of vl (M. |n
terms of fx;wg the equation P = 0 becomes2w = 0, that is
equivalent to the reduction obtained by the previous method.

2. Div ergence variational C?! -symmetries:

The vector "eld v = @ is a divergencevariational C* j symmetry, for
. = u, of the variational problem assiated to the Lagrangian

3 4+
L(X; U;Uy) = X Uy? + u (@ + 3xu) SXU); (6.80)
12
because
: [ ¢
vE @Iy = u'u+ xu2+ 2xuy = (D + u)(xud): (6.81)

Therefore, (2.10) is satis ed for B = x u2. The corresponding Euler-
Lagrange equation is

EIL]" u?+ xu®j 2 (ux+ XUx) = O (6.82)

In coordinates f x; ug the vector eld v adopts the canonical form @
but in this case, in view of (6.81), the original Lagrangian (6.80)
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is not an invariant of vl @1 According to Theorem 1, we choose
some function A such that B = | @(A), for example, A = 13—1u3x.
In coordinates fx; u; w;wyg, for w given by (6.77), the correspond-
ing vl @1 invariant Lagrangian (2.24) becomesx w2. The assaiated
Euler-Lagrangeequation for the reducedLagrangian B(x; w) = x w? is
given by 2xw = 0. From the generalsolution of this 0-th order ordi-
nary di®erertial equation (w = 0) and through the rst order di®eren-
tial equation (6.78), we obtain the one-parameterfamily of solutions
of (6.82) givenby u(x) = j 32 for C 2 R.

To apply Theorem 3, P = xu?j 2xuy satis es QE[L]= (D + , )(P),
and the reduced equation of P = 0, by meansof the , j symmetry
v, is 2xw = 0, which is equivalent to the reduction obtained by the

previous method.

6.2 Second order Lagrangian

The vector "eld v = @ is a variational C! symmetry, for | = u, of the
variational problem assaiated to the Lagrangian
L(X; u;ux;u )-xuu i u—2ﬂ+# (6.83)
y Uy Ux, Uxx ) — X | 2 U | U Uy .
because
vl @Iy = (@+ u@,)(L) =0 (6.84)

The correspnding Euler-Lagrange equation is a fourth order di®erertial
equation:

P2 . ¢ P2 : kc
2U Ux“+ Ulxx | Uxxx 6 Uyx“+ Ulyx i Uxxx

|
(Uuy j Uxx)3 (i (uuy)+ Uxx)4 (6.85)
N 2 (BUy Uxx + UlUxxx i Uxxxx )
(Uuy i Uxx)3

E[L]” i1+

i xu=0:

2 Theorem 1: A complete system of invariants of vl-®)! is given by
X, W Wy Wy s Wyxx G, fOr w asin (6.77). In coordinates f x; u; w; wyg,
(6.83) becomes@(x; W;Wy) = XW+ ﬁ The Euler-Lagrange equa-
tion that corresponds to the reduced Lagrangian P, in coordinates

fX; W; Wy ; Wk 0, becomes

i x=0: (6.86)



The generalsolution of this secondorder equation is given by

H 1

p_ X
w = § 2arctan + Co; C1iC2R: 6.87
pﬁ 2 1, C2 ( )

By setting w = uy j % through the rst order equation
u? p_ H X 1

Uxj — = 8 2arctan + Cy; 6.88
xi 5 pﬁ 2 ( )

we get a three-parameter family of solutions of E[L] = 0.

2 WecanalsouseTheorem 3 to e®ectthe reduction, but the complexity
of (6.85) to determine an expressionP that satises QE[L] = (D +
. )(P) suggeststo usethe previous method. Anyway, the reader can

chedk that P is given

i, ¢
2 Ux“+ Ulyx | Uxxx

(Uux i Ux)®
We usethe , j symmetry v to reducethe equation P = 0. In terms of
the invariants fXx; w; wy; Wxx g as above, the equation P = 0 becomes

(6.86). By Theorem 3, this is alsothe reducedequation for the Euler-
Lagrange equation (6.85).

P (X; U; Ux; Uxx ; Uxxx ) = i X (6.89)

7 Conclusions

The new technique of | j prolongations and some conditions of invariance
allowed us to introduce the concept of C! | symmetry and to derive new
methods of reduction for ordinary di®ererial equations [11]. In this pa-
per we prove that a corveniert generalization of the concept of variational
symmetriesfor Euler-Lagrange equations, basedon a similar technique, also
provides new algorithms of reduction for this type of equations (Theorem
1).

This generalization correspondsto the conceptof variational C! j sym-
metry, and someimportant properties have been preseried. We have also
provided the generalalgorithm to reduceby two the order of a given Euler-
Lagrangeequation admitting a C* j symmetry. In general,a one-parameter
family of solutions cannot be derived from the solutions of the corresponding
reducedequation. For this kind of solutions we have proved the existenceof
a conditional consenation law, assaiated to a pseudo-ariational symmetry
of the problem (Theorem 4).
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The method of reduction can also be interpreted in terms of the for-
mulation of the Noether's theorem when , j prolongations are considered
(Theorem 2). This result clari es the relation betweenthe original Euler-
Lagrange equations and the reduced equation (Theorem 3). Finally, some
exampleshave beenincluded to illustrate the main results and the methods
preseried in this work.

References

[1] B. Abraham{Shrauner. Hidden symmetries and nonlocal group genera-
tors for ordinary di®erenial equations. IMA J. Appl. Math. 56 (1996)
235{252.

[2] P. Basarab{Horwath. Integrability by quadratures for systemsof invo-
lutiv e vector “elds. Ukrainian Math. J. 43 (1991) 1330{1337.

[3] G. Cicogna,G. Gaetaand P. Morando. On the relation betweenstandard
and ! -symmetriesfor PDEs. J. Phys. A 37 (2004) 9467-9486.

[4] G. Gaetaand P. Morando. On the geometry of lambda-symmetriesand
PDEs reduction. J. Phys. A 37 (2004) 6955-6975.

[5] G. Gaeta. Lambda and mu-symmetries. Preprint, 2004.

[6] F. G@inzalez-Gasofi and A. Gonz&lez-Ldpez. Newtonian systemsof dif-
ferertial equations,integrablevia quadratures, with trivial group of point
symmetries. Phys. Lett. A 129(1988) 153{156.

[7]1 A. Gonz§lez-L§pez. Symmetry and integrability by quadratures of ordi-
nary di®erential equations. Phys. Lett. A 133(1988) 190{194.

[8] T. Hartl, and C., Athorne. Solvable structures and hidden symmetries.
J. Phys. A 27 (1994) 3463{3474.

[9] Y. Kosmann-Stiwarzbach. Les Th@orfmes de Noether. Bditions de
fcole Polytechnique, Palaiseau, France, 2004

[10] J.E. Marsdenand A. Weinstein Reduction of symplectic manifolds with
symmetry. Rep. Math. Phys. 5 (1974) 121{130.

[11] C. Muriel and J.L. Romero. New methods of reduction for ordinary
di®ererial equations. IMA J. Appl. Math. 66 (2001) 111{125.

22



[12] C. Muriel and J.L. Romero. Prolongations of vector elds and the
invariants by derivation property. Theor. Math. Phys., 133 (2002) 289{
300.

[13] C. Muriel and J.L. Romero. C! -symmetriesand reduction of equations
without Lie point symmetries. J. Lie Theory, 13 (2003) 167{188.

[14] E. Noether. Invariante variationsprobleme. Nachr. KAnig. Gessel. Wis-
sen. Gattingen, Mathphys. KI. (1918)235{257.SeeTransport Theory and
Stat. Phys. 1 (1971) 186-207for an English traslation.

[15] P.J. Olver. Applications of Lie Groups to Di®erential Equations.
Springer-Verlag, New-York, 1993.

23



