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Allen Tannenbaum 
and Computer Vision 



Basic Issues in

Computer Vision

• multi-scale resolution

• denoising/smoothing

• image enhancement

• edge detection

• segmentation

• geometric attributes
lengths, areas, volumes,

relative positions, etc.

• object recognition

• invariant signatures

• occlusion
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Medical Image Processing

Applications

• ultrasound

• magnetic resonance imaging

• CT scans

• x-ray tomography

• breast tumors

• heart

• brain

• fetus

• etc., etc., etc.
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Evolutionary Smoothing

Multi-scale resolution provided by evolu-
tionary partial differential equation

Φt = F (x,Φ,∇Φ,∇2Φ, . . .)

Φ(x, 0) = I(x)

x = spatial position

t = scale parameter

= degree of smoothing

I(x) = raw gray-scale image

Φ(x, t) = smoothed image

cvtalk 4



Gaussian Smoothing

=⇒ Simplest model

Heat equation = Gaussian convolution
Φt = ∆Φ

Φ(x, 0) = I(x).
Φ(x, t) = G(x, t) ∗ I(x)

Problems:

• Smooths out both noise and relevant
features indiscriminantly

• Isotropic process

=⇒ Need an anisotropic (nonlinear)
diffusion process which eliminates
noise but retains edges and other
features.

cvtalk 5



442 11 Dynamics of Planar Media            ��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������            ��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������            ��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������            ��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������
Figure 11.1. Smoothing a gray scale image.

of the image. Although this has the effect of removing unwanted high-frequency noise,
there is also a gradual blurring of the actual features. Thus, the “time” or “multiscale”
parameter t needs to be chosen to optimally balance between the two effects — the larger
t is the more noise is removed, but the more noticeable the blurring. A representative
illustration appears in Figure 11.1. The blurring affects small-scale features first, then,
gradually, those at larger and larger scales, until eventually the entire image is blurred to
a uniform gray. To further suppress undesirable blurring effects, modern image-processing
filters are based on anisotropic (and thus nonlinear) diffusion equations; see [100] for a
survey of recent progress in this active field.

Since the forward heat equation effectively blurs the features in an image, we might be
tempted to reverse “time” in order to sharpen the image. However, the argument presented
in Section 4.1 tells us that the backwards heat equation is ill-posed, and hence cannot be
used directly for this purpose. Various “regularization” strategies have been devised to
circumvent this mathematical barrier, and thereby design effective image enhancement
algorithms, [46].

Inhomogeneous Boundary Conditions and Forcing

Let us next briefly discuss how to incorporate inhomogeneous boundary conditions and
external heat sources into the general solution framework. Consider, as a specific example,
the forced heat equation

ut = γ∆u+ F (x, y) for (x, y) ∈ Ω, (11.29)

where F (x, y) represents an unvarying external heat source or sink, subject to inhomoge-
neous Dirichlet boundary conditions

u(x, y) = h(x, y) for (x, y) ∈ ∂Ω, (11.30)

that fixes the temperature of the plate on its boundary. When the external forcing does
not vary in time, we expect the solution to eventually settle down to an equilibrium con-
figuration: u(t, x, y) → u⋆(x, y) as t → ∞. This will be justified below.

The time-independent equilibrium temperature u⋆(x, y) satisfies the equation obtained
by setting ut = 0 in the evolution equation (11.29), which reduces it to the Poisson equation

− γ∆u⋆ = F for (x, y) ∈ Ω. (11.31)

The equilibrium solution is subject to the same inhomogeneous Dirichlet boundary condi-
tions (11.30). Positive definiteness of the Dirichlet boundary value problem implies that



Level Set Evolution

Idea:

Use geometric diffusion to smooth

Evolve individual level sets

Theorem. The level sets

Ck(t) = { (x, y) | Φ(x, y, t) = k }
evolve according to the normal flow

Ct = −αN

if and only if Φ satisfies the evolution
equation

Φt = α ∥∇Φ∥
Osher–Sethian

N — outward normal to level set
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Φt = α(Φ,∇Φ,∇2Φ) ∥∇Φ∥

• Smoothing of level sets only

• Level sets move independently of each
other

• Can continue after crossing/ separa-
tion/singularities

• Readily implementable in both 2D and
3D

=⇒ Concentrate on 2D images from now
on.
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Curve Evolution

C(q, t) — parametrized family of (closed)
curves in R2

T — unit tangent

N — unit (outward) normal

General curve evolution
dC

dt
= αN+ βT

By reparametrizing, can assume

β = 0

No tangential component:
dC

dt
= αN
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Why are humans so attuned to symmetry?

Basic idea:  
      Since symmetry appears to be
an essential attribute of human vision, 
let us incorporate the relevant symmetries 
in our image processing algorithms.



Group TheorySymmetry

Mathematically …



Next to the concept of a function, which

is the most important concept pervading

the whole of mathematics, the concept of

a group is of the greatest significance in the

various branches of mathematics and its

applications.

— P.S. Alexandroff



Geometric transformation groups

Translations



Rotations

Geometric transformation groups



Noncommutativity of 3D rotations  —  order matters!



Reflections

Geometric transformation groups



Scaling (similarity)

Geometric transformation groups



Projective and Equiaffine Transformations

Geometric transformation groups



Projective Transformation

?

Geometric transformation groups



Projective Transformation

Geometric transformation groups



Projective transformations in art and photography

Albrecht Durer  —  1500



Symmetry Groups

Euclidean Length–preserving

Translations

Rotations

Reflections

Similarity Preserves length ratios

Euclidean + Scaling
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Symmetry Groups

Equi-affine Area–preserving

Translations

Unimodular linear: detA = 1

Affine Preserves volume ratios

Ax+ b

Equiaffine + Scaling

Projective Preserves cross-ratios
(
ax+ by + c

gx+ hy + j
,
dx+ ey + f

gx+ hy + j

)

cvtalk 10



Invariant Curve Flows

Assume C is a graph: y = u(x, t)

Grassfire flow (Hamilton-Jacobi)

Ct = −N

ut = −
√
1 + u2

x

Φt = ∥∇Φ∥ =
√
Φ2

x + Φ2
y

• Simplest Euclidean invariant flow

• Formation of caustics
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Euclidean Curve Shortening
Ct = −κN

ut = −
uxx

1 + u2
x

Φt =
Φ2

yΦxx − 2ΦxΦyΦxy + Φ2
xΦyy

Φ2
x + Φ2

y

= ∥∇Φ∥ div
∇Φ

∥∇Φ∥
• Euclidean invariant flow

• Shortens Euclidean perimeter as rapidly
as possible

• ∇Φ — characteristic

• Nonconvex curves convexify

• Convex curves shrink to round points

Grayson–Gage–Hamilton

cvtalk 12



kappa  שילשEqui-affine Curve Shortening

Ct = − 3

√
κ N

ut =
3

√
uxx

Φt = (Φ2
yΦxx − 2ΦxΦyΦxy + Φ2

xΦyy)
1/3

• Simplest equi-affine invariant flow

• Equi-affine grassfire flow,
in direction of affine normal

• Shortens equi-affine arc length
as rapidly as possible

• Nonconvex curves shrink to points

• Convex curves shrink to elliptical points

Angenent–Sapiro–Tannenbaum
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Projective Curve Flow

ut =
u3
xx

(9u2
xxuxxxxx − 45uxxuxxxuxxxx + 40u3

xxx)
2/3

• Simplest projective invariant flow

• In direction of projective normal

• Shortens projective arc length as
rapidly as possible

• Curves can become singular

• Involves higher order derivatives;
existence/uniqueness???

cvtalk 14





Olver, P.J., 
Sapiro, G., 
Tannenbaum, A.
 
Differential 
invariant 
signatures and 
flows in computer 
vision: a symmetry 
group approach



Edge-detection and Segmentation

Earlier detectors :

Search for:

• Max. of ∥∇I∥?
=⇒ needs smoothing

• Zeros of ∆(I ∗Gaussian)?
=⇒ smoothing blurs!
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Snakes — Active Contours

Idea:

Use a geometric curve flow to “capture”
the edge

Modify curve shortening so that the
“snake” is trapped by features of
interest — instead of disappearing
to a point

=⇒ Kass, Witkin, Terzopolous
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Euclidean Snakes

Observation:

Euclidean curve shortening flow

Ct = −κN

is the gradient flow for the
Euclidean length functional

L[C] =
∫

C
ds =

∫

C

√
dx2 + dy2

In other words, the flow decreases the
length of the curve as rapidly as possible.
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Idea:

Modify the Euclidean length functional by
a conformal factor

L̂[C] =
∫

C
dŝ =

∫

C
σ(x, y)

√
dx2 + dy2

0 < σ — Stopping term
|σ| ≪ 1 near features of interest

Edge = Curve of large ∥∇I(x)∥
σ = (1 + ∥∇I∥2)−1

=⇒ Replace I by smoothed version I∗
obtained by Gaussian, Euclidean or
affine smoothing.

=⇒ Can use color, texture, or other
stopping terms

Kichenassamy–Kumar–PJO–Tannenbaum–Yezzi
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Idea:
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Conformal Snakes

Minimize

L̂[C] =
∫

C
σ(x, y)

√
dx2 + dy2

Curve evolution:

Ct = −σ κN−∇σ

Level set formulation:

Φt = σ∥∇Φ∥div
(

∇Φ

∥∇Φ∥

)

+∇σ ·∇Φ

Last term:

• Difficult to guess a priori

• Points towards contour

• Captures fine features
[confirmed by comp.]

Analysis: Viscosity solutions.
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Inflating Snakes = Balloons

Ct = −σ κN−∇σ

Add Inflation:

Ct = −σ · (κ+ ν)N−∇σ

• ν > 0 — inflation constant

• quick start up

• speeds up capture of edges

Level set formulation:

Φt = σ∥∇Φ∥
(

div
∇Φ

∥∇Φ∥
+ ν

)

+∇σ ·∇Φ
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Object Recognition



Signature Curves
Definition. Given an (ordinary) planar action of a Lie group
G, the signature curve Σ ⊂ R2 of a plane curve C ⊂ R2 is
parametrized by the two lowest order differential invariants

χ : C −→ Σ =

{ (

κ ,
dκ

ds

) }

⊂ R
2

=⇒ Calabi, PJO, Shakiban, Tannenbaum, Haker

Theorem. Two regular curves C and C are (locally) equivalent:

C = g · C

if and only if their signature curves are identical:

Σ = Σ

=⇒ regular: (κs,κss) ̸= 0.



Euclidean Curvature
        is a measure of “bendiness”.

bendy

flat



Curvature

r = 1/κ

Curvature  =   reciprocal of radius of osculating circle



What everyday device can measure curvature?

bendy

flat





time

left

right



left

right

time

Can you reconstruct the racetrack?



left

right

time
odometer

Can you reconstruct the racetrack?



Can you reconstruct the racetrack?

is (Euclidean) curvature

is (Euclidean) arclength



Racetrack comparison problem



Racetrack comparison problem



Racetrack comparison problem

= rate of change    
    (derivative) 
    of curvature



The Invariant Signature
The invariant signature of a planar curve is the set 
traced out by curvature and the rate of change of 
curvature (its arclength derivative).

original curve invariant signature



The invariant signature
Theorem 
Two regular curves are related by a group transformation 
if and only if they have the same invariant signatures.

(Calabi, Haker, Olver, Shakiban, Tannenbaum 1998)



The invariant signature
Theorem 
Two regular curves are related by a group transformation 
if and only if they have the same invariant signatures.

Proof idea 

Shapes are related if and only if they have the same 
relationships among their differential invariants.

Theorem (Élie Cartan 1908)



Signatures

s

κ

Classical Signature−→

Original curve
κ

κs

Differential invariant signature



Occlusions

s

κ

Classical Signature−→

Original curve
κ

κs

Differential invariant signature



3DDifferential Invariant Signatures

Euclidean space curves: C ⊂ R3

Σ = { (κ , κs , τ ) } ⊂ R
3

• κ — curvature, τ — torsion

Euclidean surfaces: S ⊂ R3 (generic)

Σ =
{ (

H , K , H,1 , H,2 , K,1 , K,2

) }
⊂ R

6

or Σ̂ =
{ (

H , H,1 , H,2 , H,11

) }
⊂ R

4

• H — mean curvature, K — Gauss curvature

Equi–affine surfaces: S ⊂ R3 (generic)

Σ =
{ (

P , P,1 , P,2, P,11

) }
⊂ R

4

• P — Pick invariant



Symmetry–Preserving Numerical Methods

• Invariant numerical approximations to differential
invariants.

• Invariantization of numerical integration methods.

=⇒ Structure-preserving algorithms



Numerical approximation to curvature

a
b

cA

B

C

Heron’s formula

κ̃(A, B,C) = 4
∆

abc
= 4

√
s(s − a)(s − b)(s − c)

abc

s =
a + b + c

2
— semi-perimeter



Higher order invariants

κs =
dκ

ds
Invariant finite difference approximation:

κ̃s(Pi−2, Pi−1, Pi, Pi+1) =
κ̃(Pi−1, Pi, Pi+1) − κ̃(Pi−2, Pi−1, Pi)

d(Pi, Pi−1)

Unbiased centered difference:

κ̃s(Pi−2, Pi−1, Pi, Pi+1, Pi+2) =
κ̃(Pi, Pi+1, Pi+2) − κ̃(Pi−2, Pi−1, Pi)

d(Pi+1, Pi−1)

Better approximation (M. Boutin):

κ̃s(Pi−2, Pi−1, Pi, Pi+1) = 3
κ̃(Pi−1, Pi, Pi+1) − κ̃(Pi−2, Pi−1, Pi)

di−2 + 2di−1 + 2di + di+1

dj = d(Pj, Pj+1)



The Index

χ

−→

N Σ

index = 3 = # symmetries



The polar curve r = 3 + 1
10 cos 3θ
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The Curve x = cos t+ 1
5 cos

2 t, y = sin t+ 1
10 sin

2 t
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The Curve x = cos t+ 1
5 cos

2 t, y = 1
2 x+ sin t+ 1
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Canine Left Ventricle Signature

Original Canine Heart
MRI Image

Boundary of Left Ventricle



Smoothed Ventricle Signature
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Object Recognition

=⇒ Steve Haker
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Figure 8: The Maple Leaf and its Signature Curve

 

Figure 9: The Buckthorn Leaf and its Signature Curve

some of the leaves were rotated differently relative to the viewer, but as expected, the signature
curves were immune to these rotations. Figure 8 shows picture of an example of a maple leaf
and Figure 9 shows an example of a buckthorn leaf used in the tests, along with their signature
curves. In the signature curve plots, curvature is displayed on the horizontal axis and the vertical
axis is consumed by the derivative of curvature. The remainder of the signature curves for each
species of leaves are quite similar to the ones shown with slight differences.

A sample correlation matrix based on the information on the 50 maple leaves and 50 buck-
thorn leaves and using an optimal order of operations discussed in the section is given by Figure
10.

 

Figure 10: Correlation Matrix for Maple versus Buckthorn

8

 

Figure 8: The Maple Leaf and its Signature Curve

 

Figure 9: The Buckthorn Leaf and its Signature Curve

some of the leaves were rotated differently relative to the viewer, but as expected, the signature
curves were immune to these rotations. Figure 8 shows picture of an example of a maple leaf
and Figure 9 shows an example of a buckthorn leaf used in the tests, along with their signature
curves. In the signature curve plots, curvature is displayed on the horizontal axis and the vertical
axis is consumed by the derivative of curvature. The remainder of the signature curves for each
species of leaves are quite similar to the ones shown with slight differences.

A sample correlation matrix based on the information on the 50 maple leaves and 50 buck-
thorn leaves and using an optimal order of operations discussed in the section is given by Figure
10.

 

Figure 10: Correlation Matrix for Maple versus Buckthorn

8

 

Figure 8: The Maple Leaf and its Signature Curve

 

Figure 9: The Buckthorn Leaf and its Signature Curve

some of the leaves were rotated differently relative to the viewer, but as expected, the signature
curves were immune to these rotations. Figure 8 shows picture of an example of a maple leaf
and Figure 9 shows an example of a buckthorn leaf used in the tests, along with their signature
curves. In the signature curve plots, curvature is displayed on the horizontal axis and the vertical
axis is consumed by the derivative of curvature. The remainder of the signature curves for each
species of leaves are quite similar to the ones shown with slight differences.

A sample correlation matrix based on the information on the 50 maple leaves and 50 buck-
thorn leaves and using an optimal order of operations discussed in the section is given by Figure
10.

 

Figure 10: Correlation Matrix for Maple versus Buckthorn

8

Ryan Lloyd, Cheri Shakiban  (2004)



Diagnosing breast tumors

Benign   —   cyst Malignant   —  cancerous

Anna Grim, Cheri Shakiban (2017)



A BENIGN TUMOR

Contour Signature Curve



A MALIGNANT TUMOR

Contour Signature Curve



Reassembly of 
     Broken Objects



Step 1. Numerically compute invariant signatures of (parts of) pieces.
Step 2. Compare signatures to find potential fits.

Apictorial jigsaw puzzle reassembly

Step 3. Put them together, if they fit, as closely as possible.

Repeat steps 1–3 until puzzle is assembled….

Step 0. Digitally photograph and smooth the puzzle pieces.





The Baffler Nonagon



The Baffler Nonagon  — Solved
The Rain Forest Puzzle Solved

=⇒ D. Hoff & PJO, Automatic solution of jigsaw puzzles,
J. Math. Imaging Vision 49 (2014) 234–250.





Putting Humpty Dumpty Together Again

Anna Grim, Ryan Slechta, Tim O’Connor, Rob Thompson, Cheri Shakiban, PJO



A broken ostrich egg

(Scanned by M. Bern, Xerox PARC)



A synthetic 3d jigsaw puzzle



Assembly of Synthetic Ellipsoidal Puzzle

• Uses curvature and torsion invariants



All the king’s horses and men



Katrina Yezzi-Woodley, Martha Tappen, Reed Coil, Gilbert Tostevin, Annie Melton,

Jeff Calder, Peter Olver, Cheri Shakiban, Riley O’Neill

and many undergrad researchers…..

Broken Bones



112

Breaking Bones
Carnivore Hominin

Rock fall

Batting

Hammerstone and 
anvil

Crocuta crocuta = 
hyena

Hammerstone only

Geological
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Working Hypothesis

The geometry of the bone fragments,
their identity (taxon and element),

 and how they are reassembled 
will tell us the actor of breakage



● Meat eater vs. vegetarian
● Brain development
● Scavenging vs. hunting
● Food sharing
● Social structures
● Cooperative behavior
● Home bases/central places
● Carcass transport
● Butchering behavior

OR
?

Anthropological 
Implications
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Segmentation
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Refitting bone fragments
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Refitting bone fragments



Refitting bone fragments:
Gradient descent on SE(3) 

using an objective function based on 
segmented break edges and surface normals

Riley O'Neill
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Thank you for your attention!


