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V ariational Problems

X = (x;::::xP) | independert variables
u= (ul;:::;u% | dependen variables
u¥ = Qu® | derivatives

Variational problem:
z

| [u]= L u™)dx

L(x;u(™) | Lagrangian

Variational derivative | Euler-Lagrange equations
E(L)=0
Componerts:

X Q
Eg(L) = J (i D)’ @’




Invarian t Variational Problems
G | transformation group

G{in variant variational problem

—_ —

L L

I[u]= Lxu™ydx= P(::: DI® ) !

=) Lie
|1::::;1 | fundamental di®ereriial invariants
Dy;::i;D, | Invariant di®ereriial operators
D,1® | di®erertiated invariants
I =11Aa¢eer 1P| invariant volume form

Invariant Euler-Lagrange equations
E(L)=F(::: Dgl® ::2)=0

Main Problem:

Construct F directly from P.

(P. Grixths, I. Anderson)




Example. Planar Euclideangroup G = SE(2)
u

. = XX
[+ u2)e=2 |  curvature
q
ds= 1+ uzdx | arclength
d 1 d

O
[
|
[

G— arc length derivative
ds~ "1+ w2 dx | J

Invariant variational problem
z

P(

I UREE
Euler-Lagrange equations

E(L)=F(; -

s ssr tii)




Euclidean Curv e Examples

Minimal curves(geodesics):
Z Z q
| [u]= ds= 1+ uZ dx

E(L)=i-=0

The Elastica (Euler):

I[ul= - 2ds=

E(L) = "ss T

N~
w
[
o

)

elliptic functions




General Euclidean{invariant variational problem
z
P(; -« ;1) ds

s gg1 -

Invariantized Euler{Lagrange expression

% @ d
E(P) = (iD )" D=~
n=20 @n ds
Invariantized Hamiltonian
X @
H(P) = ... (iDY=—; P
( ) > i j (l ) @i |

Invariant Euler-Lagrange formula

E(L) = (D*+ - %) E(P) + - H(P):




Mo ving Frames
=) Mark Felsand PJO
G | r-dimensional Lie group acting on M

J'=J"(M;p) | n™ order jet bundle for
p-dimensional submanifoldsN = fu = f(x)g*2M

zM = (x;uMy = (oox! o o)

|  coordinates on J"
De nition.
An n™ order moving frame is a G-equivariant map

Vo= 1AM -V 1630 i1 G

Equivariance:

8
2 gez™) left moving frame
49" ¢z(M)) = N
14z(") ¢g' 1 right moving frame

Note Voo 1(Z(M) = Vo (2(M)i 1




Theorem.

A moving frame existsin a neighborhood of a point
z(M 2 J"if and only if G acts freely and
regularly near z(").

Theorem.

If G acts locally e®ectiely on subsets,then for
n A 0, the (prolonged) action of G is locally
free on an open subsetof J".

=)  Ovsiannikov, PJO




free| the only group elemen g 2 G which xes one point
z2 M isthe identity:
gt¢z=zifandonly if g= e

locally free| the orbits have the samedimensionas G.

reqgular | all orbits have the samedimension and intersect
suzxciently small coordinate charts only once( 6Yirra-
tional °ow on the torus)

e®ective | the only group elemen g 2 G which xes every
point z 2 M is the identit y:
g¢z=zforallz2 M if andonly if g= e.




The Normalization Construction

1. Write out the explicit formulas for the
prolonged group action:

W(n)(g’ Z(n)) — g(n) ¢Z(n)

=) Implicit di®erentiation

2. From the componerts of w(™), chooser = dim G normal-
ization equations:

w,(g;z2("M) = ¢ o w, (g;zM) = ¢

3. Solwve the normalization equationsfor the group parame-

g= %z") = ¥%x;ulM)

The solution is the right moving frame.
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4. Substitute the moving frame formulas
g= %z") = %x; u)

for the group parametersinto the un-normalized componerts
of w(™) to produce a complete system of functionally indepen-
dent di®ererial invariants of order - n:

L (6 u™) = w, (A4zM); z2(M))

k=r+1, :::;dimJ"
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Euclidean Plane Curv es G = SE(2)

Assumethe curve is (locally) a graph:

C=fu=1f(X)g

Prolong to J3 via implicit di®ereriation

o . 9
y = XCOSAj usSinA+ a =
) ) w=Rz+cC
V= XCOSA+ usinA+ b
sinA+ u, cosA
Y cosAj u, sinA

— _ uXX _
YW (cosAj u, sinA)3

_ (cosA i u,sinA)u,,, i 3ud sinA

Yyyy = (cosA i u, sinA)5
Normalization: r=dmG= 3
y=20 v=20 v, =0

Right moving frame s JL i1 SE(2)

) . X + uu XU, j U
A= tanitu, az | g—2=% b= g
1+ u2 1+ u2
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Di®erertial invariants

V. 7' . = +
yy (1 + U)2()3_2
V. 7' d_ — (l+ u)2()UXXX | 3uXu)Z(X
yyy ds - (1+ u2)3
(=

Invariant one-form| arc length

] ) q
dy = (cosAj u,sinA)dx 7| ds= 1+ u? dx

Invariant di®erertial operator
d _ 1 d d 1 d
dy cosAj u,sinA dx

Theorem. All di®erertial invariants are functions of the
derivativesof curvature with respect to arc length:

d- d?-

ds el ¢cee
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Euclidean Curv es

Left moving frame #&x; uM) = ¥x; u®)i 1

&= X b=u fi=tani tu,
1 A ! A
R=ag—— = % =(t n) a= X

p>]
p>]

? — i Vs

Frenet equations= Maurer{Cartan equations:

X _ de, _

— =g de,
ds ! ds -

. e I
2 ds
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In varian tization

The processof replacing group parametersin transformation
rules by their moving frame formulae is known as invari-

antization:
Functions i ! Invariants
T Forms i ! Invariant Forms
Di®erertial Invariant Di®erenial
Operators '’ Operators
Fundamenal di®erertial invariants
HIoGu™M) = X)) 1206 u) = f(uR)

=) The constart di®ererial invariants, coming from the
moving frame normalizations, are known asthe
phantom invariants

In varian tization:

MEC::ox oud )] =F( H 1P )

Replacemen t Theorem:
If J is a di®erenial invariant, then (J) = J.

J(:oox ol ) =3 H 1P
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Euclidean Curv es

Fundamertal normalized di®erertial invariants

fix)=H =0 %
(u)y=1,=0 é phantom di®. invs.
Mu)=1,=0 ’
Mug) =1,="- Mo ) = 13= -5 Moo ) = 1= -5+ 37
In general:
MF (X U; Uy Uy s U Uy 5020)) = F(0;0;0; 5 - o5 - oo F 3.3

Invariant one-form

dy = (cosAj u, sinA)dx i (sinA)u

$ = fdx) = I +
u
= 1+udx + ¢e—=%—u
1+ u?2
=) M=duj u,dx
Invariant contact forms
1+ u? i u,u
My=#= ati_  qu)=# = ETUIBE Ll

1+ u2 (1+ ug)?

16




The Variational Bicomplex
=)  Vinogradov, Tsujishita, I. Anderson
In nite jet space
3= lim 0"
Local coordinates

zZ3) = xut )y = (oo x! ol )

Horizontal one-forms

Contact (vertical) one-forms

X .
U = duf i ug; dx
=1

Intrinsic de nition of contact form

.. X
Wiy N=0 () u= AP
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Bigrading of the di®erertial forms on J?

oM r=# of dx
ris s=# of W

Vertical and Horizontal Di®erertials

d= dy + dy
Variational Bicomplex:
dH - _ 1S i! _r+l;s
dV - _ 1S i ! _ s+l
F(x;u™) | di®ererial function
d,F=  (D;F)dx | total di®ereriial
i=1
X
d, F = Q@ T | \variation"
®;J @JJ
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The Simplest Example. M=R? xu2R

Horizontal form
dx

Contact (vertical) forms
U= duj u,dx
L = du, i u, dx

H(X = duXX I uXXX dX

Di®erertial F=FXUuUg;Ug,; i)
dF = %dx+ %du+ gx du, + gix du,, + ¢¢¢
@ @ @
= (D,F)d — S ¢ee
(x)X+@JIJ+@JX“X+@JXXIJXX+
= dyF + d, F
Total derivative
D.F = %ux+ gx Uy, + é‘; Uy, + CCC
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Lagrangian form

o= L uMydx 2 -1t

Vertical derivative |  variation
d, = d,, = d, L"dx
A !
Q Q Q 11
= —pu+ + Y, + 0¢ A dx 2 -1
@' @ @, ™

Integration by parts
dy (AL = (D,A)dx ™ pi A~ dx

=i [(DyA)u+ A )™ dx
SO
Aprdx » (D,A)p”r dx mod im dy

Variational derivative | compute modulo im dy :

~

A !
Q Q , @
d » £ = —i D + D i ¢¢¢ pN dx
@ * @, M
= E(L) p™ dx

=) Euler-Lagrange sourceform.
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Variational Deriv ativ e
Variation:
dv:_p;O i | - pl
Integration by Parts:
1y - Pl il Fl=_pl1 :dH_Di 11
=) sourceforms

Variational derivative or Euler operator:

, = Ldx

Variational Problems

j | F

e

j ! Eo(L) u®~ dx
®=1

i ! SourceForms

21




Invarian t Variational Complex

2

2

2

Fundamerntal di®erenial invariants

Hiqu™) = k) 106 u®) = TuR)
Invariant horizontal forms
$' = ‘[dei)

Invariant corntact forms
#5 = ()

Di®erertial forms

rs

Di®erertial d= d, + d, + dy,
dH : br;s il br+ls
dV : br;s i ! bris+l
dw _ br;s il bri 1;s+2
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The Key Recurrence Form ula

X
df-) = f(d-) + LA v

=1

|  basisfor in nitesimal generatorsg

| invariantized dual Maurer{Cartan forms

1 _ o n _1,0 _0,1
k= kt "2 ©

?7?77? Al iden tities, comm utation form ulae, etc.,

in the variational bicomplex can be found by
applying the key form ula with - replaced by
the basic functions and di®eren tial forms!
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Euclidean Curv es

Prolonged in nitesimal generators
Vi= @ Vo= @
Vg =i U@"‘ X@+ (1+ U)Z()@X + 3uxuxx @XX + ¢0e

Horizontal recurrenceformula

dy AF) = WAy F) + vy (F)) ot + Av,(F)) ° 2+ Ava(F)) °°
d, | = DI ¢$ (d,F)=NDF)$
=) D = d=ds
Use phantom invariants
0= dyH = Nd,x)+ 5 Tv.(x)° =% +-°*
0= dyIy= [ u)+ v, (u)° = °2
0= dy I, = fdyu,)+ X v u)e =-$+°3

to solve for
ol:i$ 02:O 03:i_$

24




ol |$ 02:O 03:i'$

Horizontal recurrenceformulae
68 = dy - = dy (1) = My U ) + Mvg(uy)) °°
= Mg dX) i MBUU)) - $ =158
© 568 = dy (13) = ey Uy ) + TVa(Uger ) °°
= Moo @X) i WU U + BU ) - $ = 1,0 3158

s=|3 |3= s

— . 3 — 3
"ss = lai 315 4= s+ 3

— . 2 — 2
"sss = Isi 190515 l5 = -~ ges ¥ 19 %
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Vertical recurrence formula
dy (F) = dy F)+ vy (F)) "t + Av,(F)) "2+ Kvg(F)) "3

Use phantom invariants

0= d,H="" 0= dylog=#+"? 0= dyl,=#+"
to solve for
"t=0 "= #= Y RENEIENE (1)

dy - = dylp= M) + Mva(uy)) "* = #, = (D*+ - ) #

Key recurrenceformulae:

dy - = (D%2+ -2 #

d,$ =i -#"$
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Plane Curv es

Invariant Lagrangian:
e=L(x;uMydx=P(; -9

Euler{Lagrange form:
d, & » E(L)#" $

Invariant Integration by Parts Formula

Fd,(DH)*$ » | (DF)d,H"*$ i (F¢DH)d,$

d,€=d,P"$ +Pd,$

X
:n g dv.nA$+PdV$

» E(P)d,-""$ +H(P)d,$

Vertical di®erertiation formulae

d, - = A(#) A | \Eulerian operator"

d,$ =B#) " $ B | \Hamiltonian operator"

dy ¢ » E(P)A(#)"$ +H(P)B#)" $
» APE(P)j BH(P) #"$

Invariant Euler-Lagrange equation

A"E(P)i B"H(P)= 0

27




Euclidean Plane Curv es

dV' = (D2+ 2)#

Eulerian operator

A=D?%+ .2 A%= D2+ .2

Hamiltonian operator

B:i. BO:i.

Euclidean{invariant Euler-Lagrangeformula

E(L) = APE(P); B°H(P)

= (D*+ - %) E(P) + - H(P):

28




Invarian t Plane Curv e Flows

G| Lie group acting on R?

$ | invariant horizontal form (arc length)

#| invariant contact form

C(t) | parametrizedfamily of plane curves

G-invariant curve °ow:

dC

dt

In nitesimal generator:

2 1:J
2t
2 n

t; n |

FIC]

v=1lt+Jn

| di®erertial invariants

|  \unit tangent”
|  \unit normal"

basis of the invariant vector elds dual to the invari-

ant one-forms:
ht :$i = 1;
ht :#i = 0O;

hn:$ i = 0;
hn:#i = 1:
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D | invariant arc length derivative
B | invariant Hamiltonian operator

d,$ =BHEH"$

Theorem. The curve °ow generatedby
v=I1t+Jn
presenesarc length if and only if

B(J)+ DI = 0

Proof: Cartan's formula for Lie derivatives:
vi$)=d(v _J$)+v _Id$
=dl+v_I(B#" 3$)
" [DI +BJ)]$ mod#
Corollary .
[v;D]=0

2 Every curve °ow is equivalent, modulo reparametrization
to an arc length-preserving °ow.

30




Evolution of Di®eren tial Invarian ts

| curvature (generating di®erertial invariant)

A

d, - = A(#)

invariant Eulerian operator

Theorem.
Under such an arc-length preserving °ow,

where

-+ = RQJ) (o)

R=Aj  -,D''B

In surprisingly many situations, (2) is a well-known integrable
ewolution equation, and

R

IS its

recursion operator!

=) Hasimoto

=) Langer, Singer, Perline

=) Marf{{Be®a, Sanders,Wang
=) Qu, Chou

=) and many more ...

Why???7?
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Examples

Euclidean plane curves:
G = SE(2) = SO(2)n R?
dy - = (D?+ -9 # d,$ =i  #"$
=) A=D?+ -2 B=j -

R=A; - -.D'B

= D2+ L2 4 .SDilq;.

=) modi ed Korteweg-de\fies equation
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Equi-axzne plane curves
G = SA(2) = SL(2) n R?
dy - = A(#), d,$ = B#) " $

_ 4 5 2 5
A=D*+3 D%+ 5.

D?j

[(e]]\¥}

1
3

.t: R(S)

gs T 20

42 5 2
+ 55+

SS 9 S

=) Sawvada{Kotera equation
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Euclidean spacecurvesin R3:

G = SE(3)= SO@3)n R3

DS+ (-2 ¢f)

0
A=
&D§+ 3esi 2

©sé ‘Cesi "sést 203
— S Ds+ SS -82
i 2¢Dgi ¢és
1 3 S 2 2 | C.;2 ' 562 |
__Ds I _2Ds + D + ]
B=(- 0)
Recursion operator: K
R=A; s DB
A 1 %K
‘'t = R S
G s
=) vortex Tament °ow

)

nonlinear SchrAdinger equation (Hasimoto)
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