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Mo ving Frames

Classical contributions:
G. Darboux, . Cotton, #. Cartan

Modern contributions:
P. Grizths, M. Green, G. Jensen

\I did not quite understand how he [Cartan] doesthis in
general,though in the exampleshe givesthe procedure
Is clear."

\Nev ertheless,| must admit | found the book, like most of
Cartan's papers, hard reading."
| Hermann Weyl

\Cartan on groups and di®erertial geometry"
Bull. Amer. Math. Scc. 44 (1938) 598{601
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Applications of Mo ving Frames

Di®erernial geometry
Equivalence
Symmetry
Di®erertial invariants
Rigidity
Joint Invariants and Semi-Di®eremial Invariants
Invariant di®erertial forms and tensors
|ldentities and syzygies
Classicalinvariant theory
Computer vision

+ object recognition

+ symmetry detection
Invariant numerical methods
Poissongeometry & solitons
Lie pseudogroups
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The Basic Equiv alence Problem

M | smooth m-dimensional manifold.

G | transformation group acting on M

2 “nite-dimensional Lie group
2 in nite-dimensional Lie pseudo-group

Equiv alence:
Determine when two n-dimensional submanifolds

N and N ¥»%» M
are congruent:
N = g¢N for g2 G

Symmetry:
Self-equinalenceor self-congruenc:
N = g¢N
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Classical Geometry

Equiv alence Problem : Determine whether or not two given

submanifoldsN and N are congruent under a group
transformation: N = g¢N.

Symmetry Problem : Given a submanifold N, nd all its
symmetries (belonging to the group).

2 Euclidean group| G = SE(n) or E(n)
) isometriesof Euclidean space
) translations, rotations (& re°ections)

% R 2 SO(n) or O(n)

z7] R¢z+ a a2 R"
z2 R"
2 Equi-axzne group: G = SA(n)
R 2 SL(n) | area-preserving
2 Atne group: G = A(n)
R 2 GL(n)
2 Projective group: G = PSL(n)

acting on RP"i 1

=)  Applications in computer vision
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Classical Invariant Theory

Binary form: A 1

X
Q(x) =

k=0 k

k
a, X

Equivalenceof polynomials (binary forms):

~ ~

! A !
®x + . ®
°X+i' g_ o + ZGL(Z)

Q(Xx) = (°*x+ )" Q

) multiplier represernation of GL(2)
) modular forms

Transformation group:
I

A _
®X + u
°x+ £ (°x+ H)"

g: (x;u) 7]

Equivalenceof functions ( ) equivalenceof graphs
Ng = f (x;u) = (x; Q(x)) g% C?
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Mo ving Frames

De nition.
A moving frame is a G-equivariant map

M il G
Equivariance:
8
< g¢¥2z) left moving frame
49 ¢z) = |
%z) ¢gi ! right moving frame

Vet 1(2) = Y2igni (2)' '
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The Main Result

Theorem. A moving frame existsin a neighborhood of a
point z 2 M if and only if G acts freely and regularly
near z.

G,=fgjg¢z=zg =) Isotropy subgroup

2 free| the only group elemen g 2 G which xes one point
z2 M isthe identity:
=) G,=fegforallz2 M.

2 locally free| the orbits all have the samedimensionas G:
=) G, is adiscrete subgroup of G.

2 reqgular| all orbits have the samedimension and intersect
suzxciently small coordinate charts only once
6Yirrational °ow on the torus
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Theorem. A moving frame exists in a neighborhood of a
point z2 M if and only if G acts freely and regularly near z.

Necessity: Letz2 M.
Let Y2: M ! G be a left moving frame.

Freeness If g2 G,, sog¢z = z, then by left equivariance:
4z) = A9 ¢z) = g UA2):
Therefore g = e, and henceG, = fegforall z2 M.

Regularity:  Suppose

Z,=0,¢zi! z as n! 1
By cortinuity,

Yz,) = g, ¢2) = g, ¢%2) i %2)

Hence g, i! e in G.

Suzciency: By construction | \normalization".
Q.E.D.
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Isotrop y

Isotropy subgroupfor z2 M:

G,=fgjg¢z=1zg

free| the only group elemen g 2 G which xes one point
V4 2 M is the identit y:
G,=fegforallz2 M.

locally free| the orbits all have the samedimension as G:
G, is a discrete subgroup of G.

reqgular | all orbits have the samedimension and intersect
suxciently small coordinate charts only once
( 6%rrational °ow on the torus)

e®ective | the only group elemen g 2 G which xes every
point z 2 M isthe identity: g¢z = zforallz2 M Ii®

g= € \
Gy = G, =feg
z2M
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Geometrical Construction

Normalization = choice of cross-sectionto the group orbits

K

K | cross-sectionto the group orbits

O, | orbit through z2 M

k2 K\ O unique point in the intersection
2 K is the canonical form of z

2 the (nonconstart) coordinates of k are the fundamenal
invariants

g2 G| unique group elemert mapping k to z

z |

=) freeness

£z) = g left moving frame %£h ¢z) = h ¢'42z)
k=1%%(2) ¢z = Y%y (2) 62
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Construction of Moving Frames

r=dmG - m=dmM

Coordinate cross-section

K=fz =¢; 11,2z, =¢4d

left right

w(g;z) =g t¢z w(g;z) = g¢z

Chooser = dim G componerts to normalize:

wi(9:2) = ¢ o w(g2) = ¢

The solution
9= A2)
is a (local) moving frame.

=) Implicit Function Theorem
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The Fundamen tal Invarian ts

Substituting the moving frame formulae

9= 4z)

into the unnormalized componerts of w(g; z) producesthe
fundamenal invariants:

|1(Z) = Wi (1/(2);2) - Imi r(Z) = Wh (1/(2);2)

=) Theseare the coordinates of the canonicalform k 2 K.

Theorem. Every invariant | (z) can be (locally) uniquely
written as a function of the
fundamenal invariants:
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In varian tization

De nition. The invariantization of a function F: M !
R with respect to a right moving frame %zis the the
invariant function | = {(F) de ned by I (z) = F(4z) ¢z).

Invariantization amounts to restricting F to the cross-section
| jK = FjK

and then requiring that | = (F) be constart alongthe
orbits.

In particular, if 1(z) is an invariant, then (1) = I.

Invariantization de nes a canonical projection

M: functions 7] invariants
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The Rotation Group
G = SO(2) acting on R?
z=(x;u) 7] g¢z=(XxCOSUj usSinp; XSiN+ UCOSW)

=) FreeonM = R?nf0g

Left moving frame:
w(g;z) = g ' ¢z = (y;V)
Yy = X COSU+ usinp = j XSing+ ucosu

Cross-section
K=fu=0; x> 0g

Normalization equation
= j Xsinpu+ ucosu= 0
Left moving frame:

U= tan 1; =)  u= ¥%x; u) 2 SO(2)

Fundamertal invariant

Invariantization
TF(x;u)]= F(r;0)
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Prolongation

Most interesting group actions (Euclidean, atne, projective,

etc.) are not free!

An e®ectie action can usually be made free by:

2 Prolonging to derivatives (jet space)
G :J"M;p)i! I"(M;p)
=) di®ererial invariants
2 Prolonging to Cartesian product actions

GEN:ME£CICEM j! M £ ¢CICE M

=) joint invariants

2 Prolonging to \m ulti-space”
el VW) il M (M)

=) joint or semi-di®eretal invariants
=) invariant numerical approximations
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Jet Space

2 Although in usesincethe time of Lie and
Darboux, jet spacewas rst formally de ned by Ehres-
mann in 1950.

2 Jet spaceis the proper setting for the geometry of partial
di®erertial equations.

M | smooth m-dimensional manifold
1-p-mj1l
J"=J"(M;p) | (extended) jet bundle

=) De ned asthe spaceof equivalenceclassesof p-
dimensional submanifolds under the equivalencere-
lation of n'" order contact at a single point.

=) Canbeidentied asthe spaceof n" order Taylor poly-
nomials for submanifolds given as graphsu = f (x)
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Lo cal Coordinates on Jet Space

J"=J"(M;p) | n™ extendedjet bundle for
p-dimensional submanifoldsN 2 M

Local coordinates:
Assume N = fu= f(x)g is agraph (section).
x = (x1;:::xP) | independert variables
u= (ut;:::;u9) | dependert variables
p+ q=m=dmM
zM = (x;uMy = (oo x! ou® )
u$=@u® 0- #J- n

| induced jet coordinates

2. No bundle structure assumedon M .
2 Projective completion of J"E when E ! X is a bundle.
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Prolongation of Group Actions
G | transformation group acting on M

=) G maps submanifoldsto submanifolds
and presenesthe order of contact

G(™ | prolonged action of G on the jet spaceJ"

The prolonged group formulae
W(n) — (y’v(n)) — g(n) ¢Z(n)
are obtained by implicit di®ereriation:
. XP : :
dy' = P/(g;z!P)dx
j=1 T
=) Q=P
o 1)
Dyj - Qj (g;Z ) Dxi
1

VP = Dy, ¢ D, (V)

yjl

Di®erertial invariant 1:J"! R
| (g(”) ¢Z(“)) = | (Z(n))

=) curvatures
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Freeness

Theorem. If G acts (locally) e®ectively on M, then G acts
(locally) freely on a denseopen subsetV" ¥ J" for n A O.

De nition. N ¥2M is regular at order n if j N % V".

Corollary . Any regular submanifold admits a (local) moving
frame.

Theorem. A submanifold is totally singular, j,N %2 J" nV"
for all n, if and only if its symmetry group

Gy =fgjgeN 2N g

doesnot act freely on N .
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Mo ving Frames on Jet Space

8
2 g(n) ¢Z(n)

W = (y: vy = > . right
“ (gtM)yi gzt left
Choose r = dim G jet coordinates
250002, x' or u
Coordinate cross-section K %2 J"
zZ,=C I Z =¢C
Corresponding lifted di®ererial invariants:
Wil W, y' or v§
Normalization Equations
wi(gx;uM)y=¢ iow(gxuM)=¢

Solution:

g= %n)(z(n)) — 1/§n)(x; u(n)) =)

moving frame
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The Fundamen tal Di®eren tial Invarian ts

| (M (M) = WM (1AM (z(M): z(M)

H i(X; u(n)) — yi (1/£“)(x; u(”));X; u)

12 (6 ut) = vg (A" (x; uMy; x; u)y

Phantom di®erertial invariants

W;=0C 11 W =¢C =) normalizations

Theorem. Every n'" order di®ereriial invariant can be
locally uniquely written as a function of the non-phantom
fundamertal di®ererial invariants in | ("),
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In varian t Di®eren tiation

Contact-invariant coframe
: : X . :
dy' 71 1= P/ (M);zM) dx!
i=1
=) arc length elemen
Invariant di®erertial operators:

oo
Dy 71 Dy =" QA" (zM);zM)D,,
1

y) j

1=
=) arc length derivative
Duality:
XP .
dF = D;F ¢!

Theorem. The higher order di®erertial invariants are
obtained by invariant di®ereniation with respect to
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Euclidean Curv es G = SE(2)

Assumethe curve is (locally) a graph:

C=fu=1(x)g

Prolong to J® via implicit di®erertiation

y = cosp(xij a)+ sinp(ui b =

w=Ri Yz b
V=i sinu(xj a) + cospu(ui b
_ i sinp+ u, cosp
y COSH + U, Sinp
= Uyx
¥ (cosp + u, sinp)3
_ (cosp + u, sinp)u,,, i 3uZ, sinp
yyy = (cosp + u, sinp)5
Normalization r=dmG= 3
y=0; v=0 v, =0
Left moving frame s Jt i1 SE(2)
— — _ i1
a= Xx; b= u; n = tan' - u,
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Di®erertial invariants
u

— XX
Vyy 7 (1 + u2)3=2
Vv 71 d_ — (1+ u>2<)uxxx i 3uxu>2<x
yyy ds (1+ u2)?
> s
Vyyyy 7 gz | 37 = ¢¢¢

Invariant one-form| arc length

q
dy = (cosp+ u, sinp)dx 7| ds= 1+ uZ dx

Invariant di®erertial operator

d_ 1 a d
dy  cosp+ u, sinp dx

Theorem. All di®erertial invariants are functions of the
derivativesof curvature with respect to arc length:
d- d?-

S 4’ a0
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Euclidean Curv es

/
Moving frame Yoo (x;uyu,) 71 (R;a) 2 SE(2)
1 A ! A
1 ju
R= ¢— X = (e, e a=
1+ U)z( ux 1 ( 1 2) u
Frenet frame N N
q A A !
_ OX _ X _ a2 Y
e= —= ° e,=e; = S
tods Y X
Frenet equations = Maurer{Cartan equations:
dx _ o de;, _ o de, o
ds 1 ds 2 ds ~ ' 1
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The Replacemen t Theorem

Any di®erernial invariant hasthe form

| = F(x;u™) = F(y;w™) = F@1 M)

=) T.Y. Thomas

- Vyy — Uyx

@+ V)2 1+ ud)?

x) = u) = (u,) =0
TKuxx) =
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Equi-axtne Curv es G = SA(2)

z7] Az+b A 2 SL(2); b2 R?

Prolong to J3 via implicit di®erertiation

dy = (i u, ) dx D, = T D,
_ 9
y==%xi ai (uib = .
w=Ail(z; b
V=i °(Xi @+ ®&uij b
—_ oi ®"IX -_— uXX
RO Uy Wy T (g u,)3

(il _uX)uXXX + 3_u)2(X

o (£i u)s
\V/ = j Usxxx (ii _ux)2 + 1mxx Uyxx _(ii _ux) + 15u>3:x ?
yyyy @+ uy)?
Nondegeneracy u, =0

=)  Straight lines are totally singular
(three-dimensional equi-atne symmetry group)

Normalization r=dmG=5

y=0 v=0 v,=0 v, =1 v, =0
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Left Moving frame ¥5 J3 i1 SA(2)

0 9 1,,i 5=3
3 . =
A= @ quxx | §u>l<x Uyx
3 i 1=3. 1,,i 5=3
Uy = Uyy u>|<x | §u;<x Uyxx
A !
dz d?z
ds ds?
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Frenet frame
_dz _d?’z

€17 §s €27 g

Frenet equations= Maurer{Cartan equations:

dz_ 0 de_ o de,_
ds 1 ds 72 ds 1
Equi-axne arc length
q — g -—-
dy 7] ds= 3u, dx= *z”" zdt

Invariant di®erenial operator

d 1 1
g ds sy 3202
XX
Equi-axne curvature
5u.. U i 3u?
V4y 7, A XX Xg):jl(S:S XXX — Zs N Zss
XX
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Equiv alence & Signature

Cartan's main idea: The equivalenceand symmetry
properties of submanifoldswill be found by restricting the
di®erertial invariants to the submanifold J(x) = 1 (j,Nj, ).

Equivalent submanifolds should have the sameinvariants.

Howewer, unlessan invariant J(x) is constan, it carries
little information by itself, sincethe equivalencemap will
typically drastically changethe dependenceof the invariant
on the parameter X.

=) Constant curvature submanifolds

Howewer, a functional dependencyor syzygyamongthe
invariants is intrinsic:

mx 32




The Signature Map

Equivalenceand symmetry properties of submanifolds are
governed by the functional
dependencies| \syzygies" | amongthe
di®erertial invariants.

The syzygiesare encaded by the signature map
8: N j! S

of the submanifold N, which is parametrized by the funda-
mental di®ererial invariants:

§(x) = (J1(x); 11133 (X))
= (I{JN; 2051 JN)
The image S = Im § is the signhature subset(or submanifold)
of N.
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Geometrically, the signature

S¥%K

is the image of j N in the cross-sectionK % J", wheren A 0

IS suzxciently large.

§:N ! j.N j! S®K

Theorem. Two submanifolds are equivalent
N = g¢N

if and only if their signaturesare identical

S=S
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Signature Curv es

De nition. The signature curve S % R? of a curve C¥% R? is
parametrized by the rst two di®erenial invariants - and

s

Theorem. Two curvesC and C are equivalent
C=g¢C
if and only if their signature curvesare identical

S=S

=)  object recognition
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Symmetry

Signature map

Theorem. Let S denotethe signature of the submanifold
N . Then the dimension of its symmetry group G, =
fgJjg¢N 2N g equals

dmGy = dimN j dimS

Corollary . For aregular submanifold N 2M ,

0. dmGy - dimN

=) Only totally singular submanifolds can have larger symmetry groups!
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Maximally Symmetric Submanifolds

Theorem. The following are equivalert:

2 The submanifold N has a p-dimensional
symmetry group

2 The signature S degenerateso a point
dmS=20

2 The submanifold has all constart di®ererial invariants

2 N = H ¢f z,qgis the orbit of a p-dimensional subgroup
H G

=) In Euclidean geometry, theseare the circles, straight
lines, spheres& planes.

=) In equi-axtne plane geometry, theseare the conic sec-
tions.
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Discrete Symmetries

De nition. The index of a submanifold N equalsthe
number of points in N which map to a genericpoint of

its signature S:
(0]

n _
T\ =min #8 Yfwg-w2S

=)  Self{intersections

Theorem. The cardinality of the symmetry group of N
equalsits index 1 .

=) Approximate symmetries
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Transformation Groups and Jets

(x1;::::xP) |  independert variables
(ul;::::u9) |  dependert variables

zM = (x;uM)2J" | n" order jet space
u |  derivative coordinates on J"

G | transformation group

G |  prolongedaction on J"

v2g | Liealgebra

v 2 g |  Prolongedinf. gens.

The Prolongation Formula

n Xp i . @ X 1 . j @
v = L (x; u) a N 2 ul)) a®

@ ® e
3 =D, Q7+ »uy;

Characteristic
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Rotation group | SO(2)

(X;u) 7] (xcospj usiny; XSinp+ UCOSH)

Transformed function v = f (y):

y = xcospj f(x)sing;

v = xsinp+ f (x) cosy;

Secondprolongation

(X;u;ugs Uy, ) 71 (Xcospj usinp; X sinpi+ ucosy,

Sinp+ u, COSp Uy

COSMj U, Sinp’ (cospj u, sinp)3

In nitesimal generator

Secondprolongation

=ju_+ x@@
v@ = u@@+ x@@+ 1+ u;’;)@@i+ 3u, U, @‘@i
Q= X+ uu,

DXQ+ My = DX(X+ UUX)i Uly, = 1+ u>2<

2 - 2 . —
DXQ+ »uxxx - DX(X + UUX) | uuxxx - 3uxuxx
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Di®eren tial invariant:

1 (g™ ¢(x; u™)) = 1 (x; uM)
In nitesimal criterion:

vilad)y=0 forall v 2gM

=) Solvwethe rst order linear partial di®erertial equation by
the method of characteristics.

=) Moving frames avoids integration!
Note: If 1,;:::;1, are di®erertial invariants, sois ©(l ;;:::;1,).

=) Classify di®erertial invariants up to functional indepen-
dence.

=) Local results on open subsetsof jet space.
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Theorem. Any transformation group admits a nite
system of fundamenal di®erenial invariants

sudh that every di®erertial invariant is a function of the
di®erertiated invariants:

| = ©(::: DgJdo 1:1)
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Classi cation Problem.

required?

=) For curves(p= 1), we have = q.

Syzygy Problem.

Determine the algebraic relations
©(:::DgkJdo 1:2)=0

among the di®erertiated invariants.

Comm utation Form ulae.

The order of invariant di®erenriation matters

;D] = 277

=) Only anissuewhenp> 1.
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The Fundamen tal Di®eren tial Invarian ts

| (M (z(My = 1AM (z(Myi 1 ¢z(n)

H i(X; u(n)) — yi (1/£“)(x; u(”));X; u)

Recurrence Form ulae:

DiH' = # + M/

® _ |® ®
Dl = Ty + My

MM, | correction terms

Comm utation Form ulae:

L
[Di;Dj]:. A Dy

2 The correction terms can be computed directly from the
In nitesimal generators!
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Generating Invarian ts

Theorem. A generating system of di®erenial invariants
consistsof

2 all non-phartom di®erertial invariants H' and | ® coming
from the un-normalized zerd" order lifted invariants y',
v®, and

2 all non-phartom di®ereriial invariants of the form I 3,
where | $ is a phantom di®erenial invariant.

order - order¥s+ 1

In other words, every other di®erertial invariant can, locally,
be written asa function of the generating invariants and
their invariant derivatives,D, H', D, 15.

=)  Not necessarilya minimal set!
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Syzygies

A syzygyis a functional relation among
di®erertiated invariants:

H(::: Dylo :22) © O

Derivativesof syzygiesare syzygies
=) nd aminimal basis

Remark: There are no syzygiesamong the normalized di®er-
ertial invariants | (") exceptfor the \phantom syzygies"

lo = G

corresponding to the normalizations.
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Classi cation of Syzygies

Theorem. All syzygiesamongthe di®ereniated invariants
are di®erenial consequencesf the following three fundamen-

tal types:

D;H' = # + M|

| H' non-phantom

® — ®
Dyl = &+ My

| 1 generating
| 1P = We = G phantom

® . ® — ® . ®
DJILK | DKILJ - MLK J | MLJ;K

| 18 1@
LK » "LJ

generating, K \ J = ?

=) Not necessarilya minimal system!
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Invarian t Variational Problems

z z
I[ul= Lx;u™ydx= P(:::D1® 1)1

PP | fundamenal di®ererial invariants
D, 1® | di®erertiated invariants
| =11A¢een 1P | contact-invariant volume form

Invariant Euler-Lagrange equations
E(L)=F(::: Dg1®:::)=0

Problem.
Construct F directly from P.

=) P. Gritths, |. Anderson
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Example. Planar Euclideangroup G = SE(2)

Invariant variational problem

Z
P('; 51 ss! Z::)dS

Euler-Lagrange equations

E(L)=F(; -y 122)=0

The Elastica (Euler):

Z Z 2
ul= 1.2ds= S X
2 L+ 13)52
Euler-Lagrange equation
E(L)= -+ %.3: 0

=) elliptic functions
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Z

P(; o ees 120)ds
Invariantized Euler operator
E:iO(iD )”@@2 D:d%
Invariantized Hamiltonian operator
H(P) = :_ . GD Y g’i P

Invariant Euler-Lagrange formula

E(L)= (D*+ - %) E(P) + - H(P):

Elastica

P=1.2 EP)=- HP)=iP=;}?2

E(L) = 'ss+%'3:0
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Euler-Lagrange Equations

Integration by Parts:
Vg -Plyr Fl=_pl=g, -Pill

=) Sourceforms
Variational derivative or Euler operator:

t=Yed, :-P0 1 F!?
Variational Problems ! SourceForms
X ®
., =Ldx j! Eeo(L) o/ dx
®=1
Hamiltonian
XX G
H(L) = ui®ij(i D) =5 i L
®=1i> , 0 @i
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The Simplest Example. M=R? xu2R

Lagrangian form
o= L(x; uM)dx

Vertical derivative
d =d,,
A I

= %u+§xpx+§‘]i(pxx+¢¢¢-/\dx2-

Integration by parts

dy (AW = (D,A)dx ™ pj Ay ™ dx
=i [(DLA)p+ Ap 17 dx

1:1

Variational derivative

A !
%i DX8X+D§(§:(1 ¢eC p” dx

= E(L)p~ dx2 F?

J
|
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Plane Curv es

Invariant Lagrangian
z

P(; g $
- | fundamenal di®erenial invariant (curvature)
$ =1+ fully invariant horizontal form
I = ds| contact-invariant arc length

Invariant integration by parts

d,(P3$)=EP)d,-"$j H(P)d,$

Vertical di®ereriation formulae
d, - = A(#) A | Eulerian operator
d,$ = B#)"$ B | Hamiltonian operator

=)  The explicit formulae follow from our fundamental recurrence
formula, basedon the in nitesimal generators of the action.

Invariant Euler-Lagrange equation

A®E(P) i B°H(P)= 0

mx 53




General Framew ork

Fundamenal di®erertial invariants

Invariant volume form
$ =11 oeen $°P
Di®erertiated invariants
l'x = DXJ®= D, ¢eeD, J®

=) order is important!
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Eulerian operator

dy 1€ = s AS(# ) A = (A®)
=1

=) mE£ gmatrix of invariant di®erertial operators

Hamiltonian operator complex

a5l =" B-(# )" ¢ Bl = (Bl-)
Vv _ i | I

=1

=)  p? row vectors of invariant di®erertial operators

$ = (DT A eeer $1IA ST A goen $ P
Twist invariants
dH $ (i) = Zi $

Twisted adjoint
DY =i (D; + Z;)
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Invariant variational problem
Z

P(I(M™M)$
Invariant Eulerian

= X y @P

Invariant Hamiltonian tensor

| X X @
Hi(P)=i P4+ 15, DY §

Ji
®=1 J:K @; K

Invariant Euler-Lagrange equations

X . .
AYEP)i  (B)YH{(P)=0:
i =1
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Euclidean Surfaces

S¥%M = R3 coordinates z = (X;y;u)

Group: G = E(3)
z7] Rz+ a; R 2 0O(3)

Normalization | coordinate cross-section

X=y=u=u,=uU,=u, = 0:

X y Xy
Left moving frame
a=z R=(t;t,n)

t;;t,2TS | Frenetframe
2 n | unit normal
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Fundamenal di®erertial invariants

= TKuxx) 2= TKuyy)

=) principal curvatures

Frenet coframe
$1_1-del)_|1 -1 $2_1de2)_|2 2

Invariant di®erertial operators

=) Frenet di®erertiation

Fundamertal Syzygy:
Usethe recurrenceformula to compare

— 2
ith - DZTKUXX)
u WI
Mty ) e
;11— F 1R Hyy
L2+ 01020 2(:2)2 2(-1)?
i gt R 21 _2'1 2 LA 9 =0

=) Codazzi equations
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Twisted adjoints

Dy =i (Dy+ Zy) 1= T3

D2 =i (D2 25) Z2= 31

Gausscurvature | Codazzi equations:

K =. 1.2 _ D]Y(Zl) + DZy(ZZ)
=i (Dy+2)Z,i (D,+ Z,)Z,

K is an invariant divergence
=) Gauss{Bonnet Theorem!
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Invariant contact form
#= W = Mduj u,dxi u,dy)
Invariant vertical derivatives
dy - = W) = (Df+ Z,D,+ (- H*) #
dy - 2= W,) = (D5+ Z;Dy + (-?)*) #
Eulerian operator X

A !
s DI+Z,D,4 (12
© D3+ Z,0,+ (-7

dy$t=j - t#rsl+ (DD, Z,D,)#" $2;

'1i .2

1
dy$2= ———(D,Dyj Z,D,)#"$1j - 2#1$ 3
25

Hamiltonian operator complex

By =i-% _ 1 | _ 2
BZ= .2 B; = _1i7_2(D1D2| Z,D;) =i Bj
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Euclidean-invariant variational problem
z z
P(-Myrtarz=" p(M)da

Euler-Lagrange equations
E(L)= AYE(P)j BYH(P) = 0;

Special case:  P(-1;-?)
E(L) = [0+ D) 02, + (-] gy +

+ [(D})?+ D} 62, + ('2)2]%i (142

Minimal surfaces: P=1

i (t+H)=i2H=0

Minimizing mean curvature: P=H= %(- 1+.2)
h i
G N O I G S B I R ) G 0
Willmore surfaces: = % D2+ %(. 2)2

¢t A+ (AT A= 20H + 4(H? K)H =0

Laplace{Beltrami operator

¢ = (D1+ Zl)D1+ (D2+ ZZ)DZ = Dly ¢Dl| D2y ¢D2
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