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Sur la th@orie, si importante sansdoute, mais
pour nous si obscue, des¢, groupesde Lie in nis A ,
NOus ne savonsrien que ce qui trouvedansles
m&moires de Cartan, premiere explomation g travers
une jungle presqueimp®n@trable; mais cell-ci menae
de refermer sur les sentiers d§ja tracls, si I'on
ne procpde bientdt g un indispensabletravail de

d&frichement.

| Andr@ Weil, 1947




Pseudo-groups in Action

Lie | Medolaghi| Vessiot

Cartan ::: Guillemin, Sternberg

Kuranishi, Spencer, Goldsdimidt, Kumpera, :::

Relativit y
Noether's SecondTheorem

Gaugetheory and eld theories

Maxwell, Yang{Mills, conformal, string, :::

Fluid Mechanics, Metereology
Euler, Navier{Stokes,
boundary layer, quasi-geostropic, :::

Linear and linearizable PDEs

Solitons (in 2+ 1 dimensions)
K{P , Davey-Stewartson, :::

Kac{Mo ody

Lie groups!




What's New?

Direct constructive algorithms for:

2

2

Invariant Maurer{Cartan forms

Structure equations

Moving frames

Di®erertial invariants

Invariant di®erertial operators

Basis Theorem

Syzygiesand recurrenceformulae

Further applications

)

Symmetry groups of di®erertial equations =)

Vessiotgroup splitting

)
)

Gaugetheories
Calculus of variations




Symmetry Groups | Review

System of di®erertial equations:
¢oOcuM =0 °=1;2::::k

Prolonged vector eld:

®
i=1 ®=1 #J=0 @j;
where A |
®= D, I u->» + Uy >
i=1 i=1

T O (x; uM; »m;r ()
In nitesimal invariance:
vil(¢,)=0  whenewer ¢ =0
In nitesimal determining equations:
L(x; u;»™; My =0

L(:ooxhoonu® ol i @iy =0
=) involutive completion




The Kortew eg{deV ries equation

Ui + Uy, T UU, =0

Symmetry generator:

@ @ @
= (tx;u) =+ »t; x;u) —+ " (t,X;u) —
(X 0) g+ XU o+ (ExU) o
Prolongation:
VO =yt @i @ ey @
@t @, @l yx
where
USROS G Ui URd i Uon i Ul
.x:-X+uXI ul Ui 1 UiUyéy i Uy u>2<»u
1 XXX :lXXX +3uxlu+ ¢¢¢

In nitesimal invariance:

3) — 1 t 1 XXX 1 X v
v (ut+uxxx +UUX)— + +u + Uy =0

on solutions




+uu, =0

u, + u

XXX

In nitesimal determining equations:

C-»X:é»u:»uzlt:'xzo

(N . 2 1 - . 2 . — .
=i gUg GE 0 sa T 2%

(.Jtt:(.*tX:(;XX:q:q:q::lUU:o

General solution:

¢ = C + 3¢,t; »=C, + Cgt + C;X;

Basis for symmetry algebra:

@; Q; t@+ @; 3@+ Xx@i 2u@:

The symmetry group G, 4, is four-dimensional

(x;t;u) 7] (St+a x +ct+b;i?%u+c

= C3i 2c4u:




Di®eren tial Invarian ts

G| transformation group acting on p-dimensional submani-
foldsN = fu=f(x)g»LM

Di®erertial invariant | :J"!1 R

(g™ ¢ u™)) = 10 ul™)
=) curvature, torsion, :::
Invariant di®erertial operators:

=) arc length derivative

?7? (G) | the algebraof di®ererial invariants ?7?

Tresse's Theorem . | (G) is generatedby a nite number of

ential invariant can be locally expressedas a function of
the generating invariants and their invariant derivatives:

D,l. = D;,D;, ¢%¢D; I :

=)  Kumpera




Main Goals

Given a system of partial di®erertial equations:

2 Find the structure of its symmetry (pseudo-) group G

directly from the determining equations.
2 Find and classify its di®erertial invariants.

2 Determine the structure of the

di®erertial invariant algebral (G):

} generatinginvariants: P B

} invariant di®ererial operators: D,;:::;D
commutation relations

}  syzygies: H(::: Dyl ::2)" O

=) Gauss{Codazzirelations




Pseudo-groups

De nition. A pseudo-goup is a collection of local di®eomor-
phisms' : M ! M sud that

2 |dentity : 1y 2 G,

2 |nverses. 'il2 G

2 Restriction: U ¥%dom' =) ' jU2G,
2 Composition: im' Y2domA =) A:' 2 G

De nition. A Lie pseudo-goup G is a pseudo-groupwhose
transformations are the solutions to an involutiv e system
of partial di®ererial equations:

F(z;' (M) = 0

? Nonlinear determining equations
=) analytic (Cartan{KAhler)

?7? Key complication: ® Abstract object G ??? ?7?




In nitesimal Generators

g| spaceofin nitesimal generatorsof
the pseudo-groupG

Locally de ned vector elds:

szn 361(2)Q:>43 i @ >@' @
a=1 @ i @& ey T@°

subject to:

In nitesimal Determining Equations

L(z;3(M)=0

=) obtained by linearization

Remark: If Gis the symmetry group of a system of di®erenial

equations ¢( x; u(™) = 0, then (x) is the (involutive

completion of) the usual Lie determining equations for

the symmetry group.

A 10




The Di®eomorphism Pseudogroup

M | smooth m-dimensional manifold

D=D(M)
| pseudo-groupof all local di®eomorphisms

( z= (x;u) | sourcecoordinates

Z="(z _
(2) Z = (X;U) | target coordinates

DM = DMM)LI"(M;M) | n" order jets

=) groupoid
Local coordinates on D("):
oM = (z;ZzMy= (::: 2% 120 28 )
= (ox i u® o X ue )

The multi-indices A indicate partial derivativeswith respect
to z = (X; u)

=) The Maurer{Cartan forms for the di®emor-
phism pseudo-goup are the right-invariant con-
tact forms on D ).

A 11




Di®eomorphism Jets and
the Variational Bicomplex

D) 131 (M:M)

Local coordinates:

zb, oo™y oz ™ o zR
| {z P {z }oo {z }
source target jet
Horizontal forms:
dzt: ::: dzZ"
Contact forms:
xn
£8 = dgZp = dz} i Z2_ dz®
a=1
Maurer{Cartan forms:
12 = DOEP = D,., €G¢D,., £°
b=1;:::;m; #A, O

A 12




Maurer{Cartan  forms for D(})

Key observation The target coordinate functions Z? are right-
invariant.

Decompose

horizontal contact

Invariant horizontal forms:

32 = ¢ za—xn Z2adz°
4 = Oy = b 02
b=1

Invariant total di®ereriation (dual operators):

—_ X ayi 1
D;. = (Z5)' "Dy
b=1

Invariant contact forms:

X
19= dyZ°= £°= dz°; Z2dz®

a=1

12 = DSEP = D,., €G¢D,,, £

=) Maurer{Cartan forms

A 13




One-dimensional case: M =R

Contact forms:

th
[

dg X = dX j X, dx
£,=D,E£ =dX, i X, dx

£, =D2E =dX, | X,, dx
Right-invariant horizontal form:
Ya= dy X = X, dx
Invariant di®erertiation:
DX = — DX
X
Maurer{Cartan forms:
1 o £
£
1 - D 1 = —X
X X Xx
1 :D21=Xx£xxi Xxx£x
X X X X3

A 14




Tw o-dimensional case: M = R?
Coordinates on D(* )(R?):
G U XU X G X U U X s Xy s 2i0)

Contact forms on D@ (R?):

o =dX§ X,dxj X, du ©=dUj U.dxj U,du
= dX i X, dxi X, du ©, =dU, i U, dxj U, du
= adX, i Xy, dxi X, du ©,=dy,i U, dxi U, du

Maurer{Cartan forms:
Ya= dy X = X, dx+ X, du; ¢=dy U=U dx+ U,du;
=" = dgX °©°=0=dgU
x “u | u “x x “u | u >'x
x “u | u ~x x “u | u ~x

Right-invariant di®ereniations:

_UUDXiUXDU. =iXUDX+XXDU.

D - ’
X XXUUi XUUX




The Univ ersal Di®eomorphism

Structure Equations

Maurer{Cartan formal series:

LCIEN

=) H=(HY:::;H™) | parameters

Universal Structure Equations

difH]=ry*[H]* (*[H]i dZ)

d%= | d'[0]=r ,1[0]" %

=) equate powersof H

A 16




One-dimensional case;: M =R

Structure equations:

d%=1, A%  d[H]=!,[H]" C[H]i d2)

where
Ya= X dx=dX j !

I[H]=*+2 H+ 1t H?+ ¢oe
I[H]i dZ = %+ 1y H+ 31, H®+ ¢o¢

Ly[HI= 2 + 1y H+ 21, 0 HZ+ ¢oe

In componerts:
d%= 1" %

n
1 =1 A3, 4 1 Al
dt, I Va _ ; i+1 ni i

Cartan




Tw o-dimensional case: M = R?

Maurer{Cartan form series:
dX = %+ 1 dY = ¢+ °©
'f[H;K]=*+1,H+* K+
Falun HAH L HK + 3t K2+ aee

O[H;K]=°+°, H+° K+

+ 2oy HA+ o  HK + 30, K%+ @0 ;

Structure equations:
CaHiK DY Y [HIKT t IH:KTT Cr[H:K ] dX
@ A=-@ AN @
d°[H;K ] °GI[H; K1 °«[H:;K] °[H;K ]i dU

First order structure equations:

dt = d¥%=j Yy MY TN ¢

d°=j d¢=i °% " i Oy i

dlx:i 1xx/\3/4i 1XU/\C-’+1U/\0X;
dOX:iOXXA%i OXUA(-’+OX/\(1Xi OU);
dlu:i 1XU/\3/4i 1UUA("+(1Xi oU)/\lu;
dOU:iOXUA%i OUU/\<;+OXA1U

1
A




The Structure Equations
for a Lie Pseudo-group

Lie pseudo-groupjets: G ) 1. D),
In nitesimal determining equations:

L(:::z% 238 :0)=0 (?)

The Maurer{Cartan forms for G are obtained by
restricting the di®emorphism Maurer{Cartan forms
12 to G1) DM ),

The resulting forms 1 % are no longer linearly independert:

Theorem. The Maurer{Cartan forms on G\! ) satisfy the
invariant in nitesimal determining equations
L(::: 2% :::18 2)y=0 (??)
obtained from the in nitesimal determining equations (?)
by replacing
2 sourcevariables z? by target variables Z?2

2 derivativesof vector "eld coezcients 3% by
right-invariant Maurer{Cartan forms %

A 19




The Fundamen tal
Structure Theorem

Theorem. The structure equationsfor the pseudo-
group G are obtained by restricting the universal
di®eomorphismstructure equations

difH]=ry*[H]*(*[H]i dZ)

to the solution spaceof the linearized involutive
system

L(::: 2z o1y =o0:

A The structure equations are on the principal bundle G ): if G is a
Tnite-dimensional Lie group, then G*)' M £ G, and the usual Lie
group structure equations are found by neestriction to the target
‘bersfZz=cg' G.

A 20




Kortew eg{deV ries Equation

Di®eomorphismMaurer{Cartan forms:

1t. 1 X. 72U, gt .9t gt X oo quUL. gt L1 T
X U T -

1U — 71X 21112t - LU — 21t _— 1 X
= i sUTSS u=i st =i 2%
1t — 1t — 1t — — 11U — - N
TT = TX = XX ™ ¢Ce = uu — = O
Basis (dim G, 4, = 4):
11— 1t. 12 — 1 X. 13 — 1U. 14— 1t.
- 1 - ’ - 1 - T"
Structure equations:
dll: | 11n 14;
2 - .11 3. 2 1 4. 112 4.
dl _Il N1 | §LJl N1 | §1 N1 :

3213 4.
di _§1 A 14

di4 = 0:

1l — ¢l 1] A1k

A 21




Lie{Kump era Example

X = f(x) U=

Linearized determining system

Maurer{Cartan forms:

i uf, dx+f du
F2

u U
%=de=fxdx; ¢=dex+Udu=

H
I

dXi%dX:difde; °=dUiUXdXi%du:if%(dxifxxdx)
X
du_ dUj U.dx d,j f, dx_

1 - 1 =
ST U f, ’ v=0
U U
0X = U(del Uxx dX)I Tx(dul Ux dX)
u uf
= ﬁ(dxx i Tl dX)+ fix(dxi f dx)
X X
0o _ . du+dUi Uodx o, f, dx
u— | — |
u u fy
Right-invariant linearized system:
(0] (0]
1 - 1 - O 0 -
x ~ 1 Q U u- U
First order structure equations:
O N 374 ON Ca
dt = d¥%= : d°=j O M3
| U I X | U
(0] N : (o]
_ . %% M (et 29
dox -1 0xx N Yai




Action of Pseudo-groups on Submanifolds

G| Lie pseudo-groupacting on p-dimensional
submanifolds| solutions to di®erertial equations:
N=fu=f(Xx)g¥%M
"=J"(M:p) | n™ order jet bundle
Local coordinates

zM = (x;uMy= (o0 x o o)

Prolongation

Prolonged action of GI") on submanifolds:
cu™y 71 (X;8M)
Coordinate formulae:
0% = FP(x u™;gM)

=) Implicit di®ereriation.

A 23




Mo ving Frames for Pseudo{Groups

In the nite-dimensional Lie group case,a moving frame is
de ned as an equivariant map

B Jh i1 G

Howewer, we no longer have an abstract object to represen
our pseudo-groupG, and sothe moving frame will be an
equivariant section of the pulled-badk pseudo-groupprincipal

jet bundle:
G" % H ()

? ?

M % Jn:

De nition. A (right) moving frame of order n is a right-
equivariant section%" : v I H{ dened on an open

subsetV" 1, J",

A 24




Freeness

Prop osition. A moving frame of order n exists if and only if
G acts freely and regularly.

| In nite-dimensions, freenessmeansno isotropy. For
in nite-dimensional pseudo-groups,one must restrict to
the transformation jets of order n.

Isotropy subgroup

GM = g 2 Gm = g gzt = 2 °

De nition. The pseudo-groupG acts
2 freely at zM 2 " if Gy, = f 1M g
2 locally freely if
2 GV is a discrete subgroup of G{")

z(n
2 the orbits have dim = r, = dim G")

A 25




Freeness Theorem

Theorem. If G") acts locally freely at z(") 2 J,

then it acts locally freely at any z(¢) 2 J¥ with

g (2(0) = 2(M

for k > n.

A 26




Normalization

A To construct a moving frame :

Choosea cross-sectionto the pseudo-grouporbits:
u =c; . =1 r, = berdim GV
Solve the normalization equations
F (G uM;gM) = ¢
for the pseudo-groupparameters

g(n) — %n)(x’ u(n))

[1l. Invariantization maps di®erertial functions to

di®erertial invariants:
TEOcU™Y 71 10cu™y = F(AY (x; u™) ¢(x; uM))
=) an algebramorphism and a projection:
T=9=1

L (x; ut™) = (1 (x;ut™))

A 27




In varian tization

} Functions =) di®ererial invariants

fix) = H'

Mu) =17

2 Phantom di®erertial invariants: Iﬁ@_' =

C.

2 The non-constart invariants form a functionally inde-
pendert generating set for the di®erertial invariant

algebral (G)

2 Replacememn Theorem

J(:ox o o

} Di®ererial forms =) invariant di®erertial forms

Max)=1"

} Di®erertial operators =)

invariant di®ererial operators

T(Dxi ) = D

I u™) = I (x u™))

J(:::

H' o019 )

A 28




Recurrence Form ulae

The recurrence formulae connectthe di®erertiated

invariants with their normalized counterparts.
?7? They can be found using only the in nitesimal

generatorsand linear di®ererial algebra

Key ltems:

2

invariants: Dy |

Commutation formulae for the invariant di®erertial opera-
tors:
oo
[D;:D¢]= Kjx Di
i=1

Syzygies(functional relations) among di®erertiated invari-
ants:
©(::: D1® i) 0

Equivalenceand signatures of submanifolds and characteri-
zation of moduli spaces

Computation of invgriant variational problems:
L(::: D l® i)t

Group splitting of PDEs

A 29




Fundamen tal Recurrence Form ula

Normalized di®ererial invariants:
® _ | ® ®
Dily =15+ Mg

=) M | correction terms

Key formula:
dis =" ouon = e R
=1 i=1
where
A=) =03 H oo 1P iy i of i)

are the invariantized prolonged vector eld coezxcients,
o]
by — ob _ b
TeR) =R = (%)) %

are the (horizontal) pulled-back Maurer{Cartan forms.

A 30




X S
d, I = 190+ AJ(iriep i)
=1

Invariantized in nitesimal determining equations
L(HY o HP 19 o508y iy =0
A Solve the phantom recurrenceformulas
0=d, Iy = * 1D+ Ao R i)
i=1
for the basispulled-badk Maurer{Cartan forms:

X° .
ob _ b

i=1

Substitute the results into the non-phantom recurrenceformu-
lae to obtain the correction terms.

~ Only useslinear di®erertial algebrabasedon the choice of
cross-section.

~ Doesnot require any explicit formulas for the moving
frame, the di®ererial invariants, the invariant di®erertial
operators, or even the Maurer{Cartan forms!
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Syzygies

Theorem. Complete system of basic syzygies:
Dy 17 = ¢ + MTx
DItk i Deld = Mk | MIER?];K;
where
2 |9 is a generating di®erertial invariant
2 1P = ¥ is aphantom di®erenial invariant

2 |18 and|® are generatingdi®ererial invariants with
K\ J=7.




Kortew eg{deV ries equation

Cross section:
Hl=9t)=0; lgo = U) = 0;
H2=1x) =0 l10= fu) = 1L
=)
Normalized di®ererial invariants:
u
= TKU ): X —
> (U + uu, )3
_ _ Uy + 2uu, + uzuxx
= Y(u =
TK tt) (ut + UUX)8:5
— tX + UU
u,
u —_ XX
" )= s =
1-KUXXX ) =

+UU

Replacememn Theorem:

Uy + uu, + u
_ — — t X XXX
0= (U, + UUy + Uy ) = 1+ I 5 =

u, + uu,
Invariant horizontal one-forms:
1= q(dt) = (u, + uu,)*>>dt;
1 2= 9(dx) = j u(u, + uu, )= dt+ (u, + uu, )= dx:

Invariant di®erertial operators:

phantoms

= (D,) = (u, + uu,)! 3*°D, + u(u, + uu,) 3°D,;

_ —_ i 1=5 .
= fD,) = (u + uu,)' 7D,
Recurrenceformulae:

_ 1 2, ik
dljp = ! "+ a7+ 070




Invariantizations of prolonged vector eld coexcients (°; = 151 i)

MW)=°"1 =°y A)=°3 T t) =i lo1°zi 204;
T)=ilos N =125°50 31204
Phantom recurrence formulae:
0= dy H'=1%+°;
0= dyH>=12%+°,;
0= dylgg=lgo! P+l 2+ A= 1+ 10 24+ 2,
0= dylyg=lpo! P+ 1! 2+ AT = Ipgt P41yt 2 10s°50 3°
=) Solefor °, =it °,=i12% c°,=j111,%

o —_

4=
Recurrenceformulae:

3 .
g (I0+ lgp)! L+ (I + 18! 2

—_ 1 2. o .
Ay Tog = Tog! "+ Toa! “i 1%
—_ 1 2. o . 8 o .
Ay Tog = Tao! "+ 1! %0 2045°30 3120°45
— 1 2. o . o .
Ay T = It T+ T 20 150 2045,
_ 1 2. 4 o .
Ay Top = 1! "+ Tog! 70 3102°4

Recurrenceformulae:

| 2

— . . 3 .
Dl'Ol_ I11| 5011 §|01|20’

_ B . 8,2 .
Dilyg=lg0* 21130 glolaoi 5l5:;
Dyl =1+

— . 4 . 4 .
D1|02_ I12I 3'01'02I §|ozlzm

Generating di®erertial invariants:

. 6 . 6 .
Iozl §|01|11I §|11|20’

_ . 313 . 3 .
Dolop = lozi §|01l 5'01'11’
_ . 812 . 8 .
Dz'zo‘ I21"'2|01|11l 5'01'20l §|11|201
2

_ . 62 . 612 .
Dolyp = Tt loilozi 2loalani glins

_ . 4p2 . 4 .
D2|02— I031 §|01|021 §|02|11v




Uy

o1 = uy) = ;
01 TK X) (ut+ uux)3:5’

2
Uy + 20U, + U“U,,
(ut + UUX)8‘5

l o0 = Wuy) =

Invariant di®ererial operators:

D, = f(D,) = (u + uu,)! *°Dy + u(u, + uu,)" *Dy;

D, = 1D,) = (u, + uu,) ***D,:

Fundamerntal syzygy:

2 3 . 1 19
Dilor+ £101D1lagi Dol + 5l + Tlos Dilog

+ 5215 =0

. . 6 2 . 72
|D 2|01| ﬁ|01|20| ﬁ|01|20 25 '01




Lie{T resse{Kump era Example

u
X = f(x); Y =, U=
Horizontal coframe
dy X =f, dx; dy Y = dy;
Implicit di®erertiations
— 1 —
Prolonged pseudo-grouptransformations on surfacesS % R3
X =f Y=y = i
fX
u uf u
U - X . XX U - -y
XA A3 ot
u 3u, f uf 3uf?
U — XX | X XX | XXX + XX
A f f f2
u, f u
— xy . Y XX — Ty
UXY - fxz I f;’ UYY - ﬁ

=) action is free at every order.

Coordinate cross-section
X = 0; Uu=1, Uy = 0; Uy x =

Moving frame

Ugy 71 J1= 03 Uy vy




Horizontal invariant coframe

dy, X 71 udx; d,Y 7] dy,

Invariant di®erertiations

Higher order di®erertial invariants: D' D5 J

J,=DJ= X% 3 Y=,
_ _uugyioug o

=)  All higher order di®ererial invariants are obtained from J by

invariant di®ereniation




Vi = @i uti @i (Ut 2u,°) @, 0 Uyt @, 0 00

Phantom invariants:

0=dH=8$"'+"; 0=dlyy= 3,87+ # i °y
0=dlgy=J$%+#i °y; 0=dly =38+ #i °;
Solve for pulled-back Maurer{Cartan forms:
°=i$h °,= 318+ #y;
=382+ # 3= 8%+ #y

Recurrenceformulae: dy = $2
dl = 3,8+ (J,i JH)$2+#,i J#
dl; = I3+ (J,0 333)$2+#, J# i I #
dd, = 3,81+ (i JJ,)$%+ #i J#
D,J=1J;; D,J=13,i 3% dyJ =#,i J#
D;J;=Jd3 DyJy=3,i0 333y dydy=#,40 J#Hpi I #
D;J, =3, Dyl =J5i JIy; dyJ, = #5i J, #,

=) All higher order di®ererial invariants are obtained from J by
invariant di®ereriation

Invariant horizontal forms
d$t=j J$'ns2+ung d$ %= 0:

Commmutation formula
[Dy;D,]1= 3 Dy:




Gr/abner Basis Approac h

Identify the cross-sectionvariableswith the complemenary
monomialsto a certain algebraicmodule J , which is the pull-
badk of the symbol module of the pseudo-groupunder a certain
explicit linear map.

=) Compatible term ordering.

=) Algebraic speci cation of compatible moving frames of

all ordersn > n”.

Theorem. SupposeG acts freely at order n”. Then
a system of generating di®ererial invariants is
contained in the non-phantom normalized di®er-
ential invariants of order n? and those di®eren-
tial invariants corresponding to a GraAbner basis
for the module J >" .
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The Symbol Mo dule

Linearized determining equations

L(z;3(™M)=0
F=(ryiisiry), R= (R Ry)
( 50 )
R= P(r;R) = P,(r)R, ' R[r]- R™ %R[r;R]
a=1
S¥%R | symbol module

( )
X
Q= T(s;S)= Te(s)Seg ' RIs]- RY%R[s;S]
®=1
De ne the linear map
_ o
s = ((rN=r+ Ui Mot @ I=1::p;
®=1
® e
Se = Be(R) = Ry, @i T ®=1;:::,q

Prolonged symbol module:

J=(HYs)

N | leading monomials s’ Sy
=) normalized di®erenial invariants |{

K | complemeriary monomials s® S-
=) phantom di®erernial invariants I;
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