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Sur la théorie, st importante sans doute, mazis
pour nous st obscure, des K groupes de Lie infinis>,
nous ne savons rien que ce qui trouve dans les
mémoires de Cartan, premaiere exploration a travers
une jungle presque impénétrable; mais celle-ci menace
de se refermer sur les sentiers déja tracés, si ['on

ne procede bientot a un indispensable travail de

défrichement.

— André Weil, 1947
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Pseudo-groups in Action

Lie — Medolaghi — Vessiot

Cartan ... Guillemin, Sternberg

Kuranishi, Spencer, Goldschmidt, Kumpera, ...

Relativity
Noether’s Second Theorem

Gauge theory and field theories

Maxwell, Yang—Mills, conformal, string, ...

Fluid Mechanics, Metereology
Euler, Navier—Stokes,

boundary layer, quasi-geostropic , ...
Linear and linearizable PDEs

Solitons  (in 2 4+ 1 dimensions)

K-P, Davey-Stewartson, ...
Kac—Moody

Lie groups!
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What’s New?

Direct constructive algorithms for:

e Invariant Maurer—Cartan forms

e Structure equations

e Moving frames

e Differential invariants

e Invariant differential operators

e Basis Theorem

e Syzygies and recurrence formulae

e Further applications
—> Symmetry groups of differential equations =
Vessiot group splitting

—> Gauge theories

— (Calculus of variations
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Symmetry Groups — Review

System of differential equations:
A (z,u™) =0, v=1,2,....k

Prolonged vector field:

where

Infinitesimal invariance:

v (A ) =0 whenever A=0.
Infinitesimal determining equations:
L(z,u; &M, o) =0

Lozt oo u® oo, 0%, ...)=0
—> involutive completion

W 4




The Korteweg—deVries equation

u, + Uy, +uu, =0

Symmetry generator:

0 0 0
vV = T(t,ZU,U) % + f(t,x,u) % + QO(t,QU,U) %
Prolongation:
ou, ou,, ou,.,..

where
Lo U, — T — Ui, — g — g,
P =@ T WPy — UpTy — Uy Ty — Uy — UpU Gy
xr 2
¥ = Py + UyPoy — WyTy — WU, Ty, — ua;ga: o ua;gu

x

()0 xx:(pxxx+3ux(pu+ T

Infinitesimal invariance:

rrx

+up®+u,o=0
on solutions

V(B) (ut + uscscsc + uusc) - th =+ 2
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u, +u,,, +uu, =0

Infinitesimal determining equations:
90:€t_§UTt SOu:_%Tt:_Zfa;

Tt = Tee — T, ::QOUUZO

General solution:

T=cy+3cyt, E=cy+cst+cx, p=c3—2cu.

Basis for symmetry algebra:

0, 9, to +0, 3td,+z0,—2ud,.

@’

The symmetry group G,y is four-dimensional

(z,t,u) — (Nt+a, x+ct+b, A %u+c)
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Differential Invariants
G — transformation group acting on p-dimensional submani-
folds N ={u= f(z)} C M

G(™ — prolonged action on
the submanifold jet space J” = J"(M, p)

Differential invariant I[:J"—R

I(g™ - (z,u™)) = I(z,u™)
—> curvature, torsion, ...

Invariant differential operators:

D,,...,D

p
— arc length derivative

* x Z(G) — the algebra of differential invariants * %
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The Basis Theorem

Theorem. Assume G acts locally freely on a dense open
subset of J™ for all sufficiently large n. Then its differential
invariant algebra Z(G) is generated by a finite number of dif-
ferential invariants I, ..., I,, meaning that every differential
invariant can be locally expressed as a function of the generat-
ing invariants and their invariant derivatives:

D,I,=D,D, - D, I,.

= Lie, Tresse, Qustannikov, Kumpera

$ & functional independence <

*x % Constructive Version % %

—> Computational algebra & Grobner bases
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Main Goals

Given a system of partial differential equations:

e Find the structure of its symmetry (pseudo-) group G

directly from the determining equations.
e Find and classify its differential invariants.

e Determine the structure of the

differential invariant algebra Z(G):

> Generating invariants: I,...,1,
¢ Invariant differential operators: D, ... ,Dp
$ Commutation relations [D;, D, ] = > K}, D;
< Syzygies: H(...DyI....)=0

—> Gauss—Codazzi relations
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Basic Themes

The structure of a (connected) pseudo-group is fixed by
its Lie algebra of infinitesimal generators: g

The infinitesimal generators satisfy an overdetermined
system of linear partial differential equations
— the determining equations: F =0

The basic structure of an overdetermined system of PDEs
is fixed by the algebraic structure of its
symbol module: T

The structure of the differential invariant algebra Z(G) is
fixed by the prolonged infinitesimal generators: g{°

These satisfy an overdetermined system of partial differ-
ential equations
— the prolonged determining equations: H =0

The basic structure of the prolonged determining equa-
tions is fixed by the algebraic structure of its
prolonged symbol module: J
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Pseudo-groups

Definition. A pseudo-group is a collection of local diffeomor-

phisms ¢ : M — M such that
e Identity: 1,, €0,
e Inverses: e teg,
e Restriction: U Cdomyp =— ¢ |U €q,
o Continuation: domp =J U_and ¢ |U_€ G = ¢p€g,

e Composition: imp C domy =— Pop e g.

Definition. A Lie pseudo-group G is a pseudo-group whose
transformations are the solutions to an involutive system

of partial differential equations:
F(z,0™) =0.

* Nonlinear determining equations

—> analytic (Cartan—Kdhler)

* % Key complication: A Abstract object G 777 * %
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A Non-Lie Pseudo-group

Acting on M = R?:

where ¢ € D(R).

& Cannot be characterized by a system of partial differential

equations
Az, y, X, Y™) =0

Theorem. (Johnson, Itskov) Any non-Lie pseudo-group
can be completed to a Lie pseudo-group with the same

differential invariants.

Completion of previous example:

X = o(z), Y =(y)

where ¢, 1 € D(R).
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Infinitesimal Generators

g — Lie algebra of infinitesimal generators of

the pseudo-group ¢

z = (x,u) — local coordinates on M

Vector field:

Vector field jet:
j, v — ¢ =(... CZ ce)
. 8#A<-b (9ka
CA — A a a
0z 0zt - - - Oz

Infinitesimal (Linearized) Determining Equations

L(z,¢™)=0 ()

Remark: If G is the symmetry group of a system of differential
equations A(z,u(™) = 0, then (*) is the (involutive
completion of) the usual Lie determining equations for

the symmetry group.
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The Diffeomorphism Pseudogroup

M — smooth m-dimensional manifold

D = D(M)
— pseudo-group of all local diffeomorphisms
z = (x,u) — source coordinates
Z = ¢(2) _ .
Z = (X,U) — target coordinates

D) = D(M) C JV(M, M) — n'" order jets
— groupoid

Local coordinates on D(™):
g™ = (2,2 = (... 2% ... Z5 ...)
=(...2" .. u* . XY . U )

The multi-indices A indicate partial derivatives with respect
to z = (x,u)

—> The Maurer—Cartan forms for the diffeomor-
phism pseudo-group are the right-invariant con-
tact forms on D(>);
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Diffeomorphism Jets and

the Variational Bicomplex

D) < J®(M, M)

Local coordinates:

source target jet

Horizontal forms:

Contact forms:

O =dg 2y =dz} - > 7§ ,dz"
a=1

Maurer—Cartan forms:

lu“,b4 p— Dé@b o ID)Zal e o e Dzan@b
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Maurer—Cartan forms for D()

Key observation: The target coordinate functions Z¢ are right-
invariant.

Decompose
dZCL — O_CL _|_ /,La

horizontal contact

Invariant horizontal forms:

C=dy 2% =Y Zpd

Invariant total differentiation (dual operators):

m

aN—1
IDZa — Z (Zb) Dzb
b=1
Invariant contact forms:
p=dg 2" =0"=dz" - Z 7% dz"

a=1
Y =050 =D,., --- D,,,0°
b=1,...,m, #A >0
—> Maurer—Cartan forms
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One-dimensional case: M =R

Contact forms:
O=do X=dX —-X_ dz
O, =D060=dX, —X_ dz
0, =D0=dX,, — X,  dr
Right-invariant horizontal form:
oc=dy,X=X_dz
Invariant differentiation:

x

x

Maurer—Cartan forms:
p=0

Q]
p— ]:D - —
Hx XM b%

2
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Two-dimensional case:

Coordinates on D(*)(R?):

M = R?

(x,u, X, U, X, X, U, U, Xp0s Xpuss -+ )

Contact forms on D) (R?):
T=dX - X, dr— X, du
T, =dX, - X,  doe—X_,, du
T, =dX,— X, de— X, du

Maurer—Cartan forms:

o=dy X =X, dr+ X, du,

fe = St = XﬂcUu - XuU:c
Hu ukt X:cUu o XuU:c

Right-invariant differentiations:

Dy

®=dU -U,dx — U, du
o =dU,-U, . dx—U,, du
¢ =dU,-U,,dx—-U,,du

r=dy,U=U,dx+U,du,

Vs = UV =
Vrr = UV =
v v X:cUu o XuU:c
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The Universal Diffeomorphism

Structure Equations

Maurer—Cartan formal series:

1
pWlH] =3 EHZHA
— Al

— H = (H',...,H™) — parameters

Universal Structure Equations

dp|H] =VyuH]|AN(p[H] - dZ)

do=—du|0] =Vgul0] Ao

— equate powers of H:

b b,D,F c e
d:uA — Z CA,c,e I235) A K E
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One-dimensional case: M =R

Structure equations:

do=px No dulH] = pu[H] A (u[H] - dZ)

where
oc=X,drx=dX —p

plH] = p+px H+guxx H + -
H[[H]]_dZ:_U+NXH+%NXXH2+ T

MH[[H]]:MX+MXXH+%MXXXH2+

In components:

do=p, No

n—1
n
d:UJn:_IUJn—l—l/\J + Z <’l> lui—l—l/\:un—i
1=0
(24 ]

:J/\Mn—l—l_ Z

n—2j+1(n+1
j=1

nt 1 i ) Poj N b q—

—> Cartan
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Two-dimensional case: M = R?
Maurer—Cartan form series:
dX =0+ p dY =17+4+v
plH, K] =p+pgH+pg K
gt B A e HE + 5 pgepe K24 -+
vV[H K] =v+4+vyg H+ v K
tovpn vy HK + 5vpe e K2+ -
Structure equations:
d:u[[HaK]] . MH[[H7K]] MK[[H7K]] A M[[H7K]]_dX
dv[H, K] vylH, K] vg[H K] v[H,K]—dU
First order structure equations:
dp = —do = —pux No— uy AN,
dv = —dr = —vx No — vy AT,
dipx = —pixx NO = pxy AT+ pig NV,
dvy = —vxx NO —vxyg AT +vx Alpx —vy),
dpy = — pixy Ao — pyy AT+ (px = vy) A by,
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The Structure Equations
for a Lie Pseudo-group

Infinitesimal determining equations:

L(...2% ... ¢ ...)=0 (%)

The Maurer—Cartan forms for G are obtained by

restricting the diffeomorphism Maurer—Cartan forms
,ui’4 to G(°°) c Dloo).

The resulting forms u8 are no longer linearly independent:

Theorem. The Maurer-Cartan forms on G(°) satisfy the
invariant infinitesimal determining equations

(... 2% ...ph ...)=0 (% %)
obtained from the infinitesimal determining equations (x)
by replacing
e source variables z® by target variables Z¢

e derivatives of vector field coefficients ¢4 by
right-invariant Maurer—Cartan forms 1%
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The Fundamental

Structure Theorem

Theorem. The structure equations for the pseudo-
group G are obtained by restricting the universal

diffeomorphism structure equations
dp[H]) =VgpulH|AN(p[H] - dZ)

to the solution space of the linearized involutive

system

L(O...2Z% ...u4, ...)=0.

& The structure equations are on the principal bundle G if G is a
finite-dimensional Lie group, then G(>®) ~ M x G, and the usual Lie
group structure equations are found by neestriction to the target

fibers {Z =c} ~ G.
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Korteweg—deVries Equation

u, +u,,, +uu, =0

Diffeomorphism Maurer—Cartan forms:

t x U t t t x U t T
M) :u 9 ,LL 9 :uTa MX: :uUa :uTa MR MU) MTTa MTX:

Maurer—Cartan determining equations:

pt=pp —3Upp,  pp = —5pp = —24%,
t ' '
Hrr = Bbrx = Bxx = = Py = =

Basis (dim Gy 4, = 4):

pt=pt, pP=pt pP=pt pt=ph

Structure equations:
dp' = —p* A,
dp? = —p' At = 2U pt Apt — 5 p? At
dp® = 2 p° At
du* = 0.

dp' = Chy p? A "
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Lie—Kumpera Example

U
X = f(z U=
) (@)
Linearized determining system
¥ ¥
U U

Maurer—Cartan forms:

—uf,.dx+ f, du
f2

azgd:z:fxdx, T:dex+gdu:
U u

u:dX—gd:E:df—fxdx, V:dU—dex—gdu:—ﬂ(dfx—fmd:ﬂ)
u u 7
_du dU-U,dx _ df, — fydo _0
vy = %(dUw — U, dz) - %(dU—Uw dz)

u

f4
oo du dU-Udz _ df,~ f,de
vT Ty T 7,

Right-invariant linearized system:

14

v
Px =77 py =0 U= T
First order structure equations:
VAo VAT
du = —do = , dv = — vy No —
i U X U
vy N(T+2v
dvy = —vyx NO — —= (r+2v)
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Action of Pseudo-groups on Submanifolds

G — Lie pseudo-group acting on p-dimensional
submanifolds — solutions to differential equations:

N={u=f(z)}cM

Jv=J"M,p) — n* order jet bundle
Local coordinates
V= (™) = (.2 wg )
Prolongation

Prolonged action of G™ on submanifolds:
(z,ul™)  —  (X,0™)
Coordinate formulae:

75 = F5 (,u™, ™)

— Implicit differentiation.
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Moving Frames for Pseudo—Groups

In the finite-dimensional Lie group case, a moving frame is

defined as an equivariant map
pm g — G

However, we no longer have an abstract object to represent
our pseudo-group ¢, and so the moving frame will be an
equivariant section of the pulled-back pseudo-group principal

jet bundle:
G . _H(n)

M ——- J"

Definition. A (right) moving frame of order n is a right-
equivariant section p(™ : V" — H(") defined on an open
subset V™ C J".
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Freeness

Proposition. A moving frame of order n exists if and only if

G™ acts freely and regularly.

& In finite-dimensions, freeness means no isotropy. For
infinite-dimensional pseudo-groups, one must restrict to

the transformation jets of order n.

Isotropy subgroup

giﬁ?) — {g(n) c gén) ‘ g™ . (M) = () }

Definition. The pseudo-group G acts
o freely at z(™ € J" if QS(% = {1("}

e locally freely if
o giﬁ?) is a discrete subgroup of G{™)

e the orbits have dim = r,, = dim gg”)
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Freeness Theorem

Theorem. Ifn > 1 and G™ acts locally freely

at z(") € J" then it acts locally freely at any

(k) ¢ Jk with 7% (2(F)) = 2() for all k > n.
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Normalization

& To construct a moving frame :

I. Choose a cross-section to the pseudo-group orbits:

O

Uy, = Cg K = 1,...,7“n:ﬁber dim g<n>
II. Solve the normalization equations

Ff]l:(xvu(n)vg(n)) = Ck
for the pseudo-group parameters

g™ = o (g, )

III. Invariantization maps differential functions to

differential invariants:
v Bz, ul™) — I(z,u™) = F(p"™ (z,u!™) - (z,u™))

—> an algebra morphism and a projection:

Lol =1L

Iz, u'™) = o I(z,u™))
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Invariantization

A moving frame induces an invariantization process, denoted
¢, that projects functions to invariants, differential operators
to invariant differential operators; differential forms to invari-

ant differential forms, etc.

Geometrically, the invariantization of an object is the unique

invariant version that has the same cross-section values.

Algebraically, invariantization amounts to replacing the group
parameters in the transformed object by their moving frame

formulas.
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Invariantization

In particular, invariantization of the jet coordinates leads to
a complete system of functionally independent differential
invariants:

W(z') = H' v(uG) =15

e Phantom differential invariants: I5" = ¢,

e The non-constant invariants form a functionally inde-

pendent generating set for the differential invariant
algebra Z(G)

e Replacement Theorem

> Differential forms — invariant differential forms
(dx') = W' i=1,...,p

¢ Differential operators —

invariant differential operators
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Recurrence Formulae

I lantizati d diff tiat
% % nvariantization and differentiation

do not commute

The recurrence formulae connect the differentiated invariants

with their invariantized counterparts:

Dil? — [?,z' + M?z

— M§, — correction terms

O  Once established, they completely prescribe the structure
of the differential invariant algebra Z(G) — thanks
to the functional independence of the non-phantom

normalized differential invariants.

* % The recurrence formulae can be explicitly determined
using only the infinitesimal generators and linear

differential algebral!
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The Key Formula

dy 1§ = Y (D)’ = > IF,w' +¢5
1=1 1=1
where
VI =(pG)=®%( ... H ... IF ... 5 .95 ...)

are the invariantized prolonged vector field coefficients, which

are particular linear combinations of

v% = «(¢%) — invariantized Maurer—Cartan forms

prescribed by the invariantized prolongation map.

Proposition.

The invariantized Maurer—Cartan forms are subject to the

invariantized determining equations:

CHY,...,HP, I', ... )I% ... A% ...)=0
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p . A~
dgly = Y IS, +95(... 7% ...)
1=1

Step 1: Solve the phantom recurrence formulas
p . ~
O0=dylf = > If,w +v5(... 7% ...)
i=1
for the invariantized Maurer—Cartan forms:

p .
'71111 = Z Jg,iwz (*)
i=1

Step 2: Substitute (x) into the non-phantom recurrence
formulae to obtain the explicit correction terms.

¢ Only uses linear differential algebra based on the specifica-
tion of cross-section.

¢ Does not require explicit formulas for the moving frame,
the differential invariants, the invariant differential opera-
tors, or even the Maurer—Cartan forms!




Korteweg—deVries equation

Symmetry Group Action:
T=e(t+X)=0
X=eMAgt+z+ M3+ Ay) =0
U=eMu+A;) =0
Prolonged Action:
UT - 6_5/\4 (ut o >\3um):

u

x?

Urr = e M (g — 2Azuy, + A%“mm)?

Cross Section:
T=eM(t+ ) =0

X=eMOgt+z+ M3+ Ay) =0
U=eMu+X)=0
Up = e " (u, — Agu,) =1

Moving Frame:

AN =—t, dA=-x, Ay=-u, N =+log(u,+uu,)

— 5
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Phantom Invariants:

Normalized differential invariants:

uﬂ]‘
Iy = t(u,) = (u, + uu, )3/
Uy + 2uu,, + u2um
Loy = t(uyy) (u, + uu, )3/

Replacement Theorem:
U’t + uum + ummw
Uy + U,

0= L(ut+uux+uxxx) =1 +IO3 -

Invariant horizontal one-forms:

wh = u(dt) = (u, +uu,)3/5 dt,

w? = 1(dz) = —u(u, +uu)Y® dt + (u, + uu,)® dz.
Invariant differential operators:

D, = «(D,) = (u, + uu,) " 3°D, + u(u, + vu,)~3/°D_,

D2 = L(Dm) = (ut + U’um)_l/SDm'




Recurrence formula:
Ly, = Ly ' + 1 g 4+ (@)
Invariantized Maurer—Cartan forms:
W) =X U =n dp)=v=r, ur)=v"=2),

Invariantized determining equations:

Invariantizations of prolonged vector field coefficients:
L(T) = )‘7 L(S) = W, L((,O) =, L((pt) = _101V 3
Up®) = =LAy, ™) = —2I,v — gfzo)‘ta
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Phantom recurrence formulae:
0=dy H =w" + A
0= dHH2:w2+,u,
0=dyly= Ilowl + 101w2 + 1 = w! + 101w2 + v,

0=dyl,=Lyw' + 1w+ =Lyw' + 0 — v — g)‘w

—> Solve for )\ = —wl, n= —wz, v=—w'— 01‘*’27

A =3 (Ig + IoyJw! + 5 Iy + I3 )w?.
Non-phantom recurrence formulae:
dyr Loy = 130" 4 Tppw? — Ty Xy,
dy Ing = Lygw" + Iyw® — 2,0 — 31,07,
dy I}y = Lyw' + Iow® — Iov — 21, A,

dy Lo = 112“’1 + 103"‘32 - %102)‘157

D1y =1y, — %Igl - %101120a Dylyy = Iyy — %Igl - %101111,
DI, = IL.,+2I,, — &1 1, —&I2 DI, =1, +2I, 1, —812 1, —&I.1I
1420 30 11 — 5401t20 — 51200 2420 21 o111 — 5401420 — 54114200

Dllll = 121 + 102 - 2101111 - 2111120’ D2111 = 112 + IOIIOQ - 2131[11 - 21121’

leoz - 112 - %101102 - %1.02[207 D2102 - 103 - %131102 - %102[117




Generating differential invariants:

2
u Uy + 2uu,, + u“u,

x

Iy = v(u,) = ( Loy = t(uy) =

Uy + Uum)3/57 (u; + ngc)g/S

Invariant differential operators:
Dy =uDy) = (u, + uum)_3/5Dt + u(u, + uum)_3/5Dm7

Dy = uD,) = (u, +uu,)"/°D,.

Commutation formula:
[D17D2] — 101 Dl

Fundamental syzygy:
Dilgy + 2 Igy Dy 1oy — Dolyg + (% Lo+ % [01> DIy,

_D2]01 - 2% 1011220 - 2_75 131120 + §—§ Igl = 0.
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Lie—Tresse-Kumpera Example

u
X = f(z), Y =y, U=
@) (@)
Horizontal coframe
dy X = f,dx, dy Y = dy,
Implicit differentiations
1
DX:_D$7 DY:Dy'
fa
Prolonged pseudo-group transformations on surfaces S C R3
X=7f Y =y U="2
fa
U u U
U, = 2 _ “Jzz U, — Y
R Yoot
Uxx = f3 N f4 N f4 f5
U u, f
U __ry  yJaz U )
g L,

—> action is free at every order.

Coordinate cross-section
X =0, U=1, Uy =0, Uxx =0.
Moving frame
F=0, fa=mu  for = Uy frpe = Uge

Differential invariants

Uy
UY > J = —
u
uu —Uu,Uu
— ry Ty _ yy
Uxy — J1 = e Uyy — Jy= u
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Horizontal invariant coframe

dy X — wudz, dyY — dy,

Invariant differentiations

Higher order differential invariants: D7* D% J

J1=DyJ = myug — =Jy,
“uyy—“?j 2

—> All higher order differential invariants are obtained from J by

invariant differentiation
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vl(poo) =70, —uv, 0, — (uv,+2u,v, )0, — Uy Y, 0y, —

Phantom invariants:
0=dH =w' +7, O:dIm:lez—l—ﬁl—fyz,
0=dlyy=J@ +9 -, 0=dlyy = Jy@* + 395 — 73,
Solve for pulled-back Maurer—Cartan forms:
y=—w, 72:J1w2+191,
71:Jw2+?9, '73:J3w2+193,
Recurrence formulae: dy = w?
dJ = J, w4+ (Jy — JH) @* + 9, — J 9,
dJ, = Jyww' +(J,—3JJ)w* +9,—JI, — J, 0,
dJ, = Jywt + (J5 — J Jy) @* + 95 — Jy 0,
D.J=J, DyJ=J,—J% dy, J =19y — J 9,
DJ,=J;, DyJy=J,—-3JJ, dyJ =0,—JVy—J 7,
DiJy=Jy, Dydy=Jg—JJ,, dy, Jy = V5 — Jy U,

—> All higher order differential invariants are obtained from J by
invariant differentiation

Invariant horizontal forms
do!l = —Jwl Aw? + 9 A wl, dww? = 0.

Commmutation formula

[DpDz] — ‘]Dl'
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Grobner Basis Approach

Identify the cross-section variables with the complementary
monomials to a certain algebraic module 7, which is the pull-
back of the symbol module of the pseudo-group under a certain
explicit linear map.

—> Compatible term ordering.

—> Algebraic specification of compatible moving frames of

all orders n > n*.

Theorem. Suppose G acts freely at order n*. Then
a system of generating differential invariants is
contained in the non-phantom normalized differ-
ential invariants of order n* and those differen-

tial invariants corresponding to a Grobner basis

for the module J>" .

b 44




The Symbol Module

Linearized determining equations

L(z,¢M™)=0
t=(ty,....t. ), T=(T,....T,)
T = {P(t,T) = > Pt Ta} ~ R[t]eR™ C R[¢t,T]
a=1
ZCc7 — symbol module
$=(81,.-+,5,), S=(5,.--,5,),

S = {T(S,S) = il T (s)S° } ~ R[s] e R? C R][s, 5]

Define the linear map

q
s;=0;(t) =t; + > uit, . i=1,...,p,
a=1
p
SO‘:BQ(T):TPJFO‘—ZU?TQ, a=1,...,q

Prolonged symbol module:

N — leading monomials s;5
—> normalized differential invariants I
K — complementary monomials s S

—> phantom differential invariants I fi

Y 45




The Symbol Module

Vector field:

Vector field jet:

iV = (D =(... ¢ ...

8#Acb 8kz<-b

b _
A= 0zA 0z ... 0z

Determining Equations for v € g

Lz ... ¢% ...)=0
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Duality

t=(ty,....t,) T=(Ty,...,T.)

Polynomial module:

T = {P(t,T) 0 Ta} ~ R[t]sR™ C R[¢,T]

a=1

T ~ (J®°TM|)*

Dual pairing:
(Vi taT" ) =

Each polynomial
Nz, T) =Y Y hi(2)t,7° €T
b=1 #A<n

induces a linear partial differential equation

L(z,¢™) = ( jovin(zt,T) )

=Y Y hie) =0

b=1 #A<n
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The Linear Determining Equations

Annihilator:
L= (J%g)"

Determining Equations

<joov;77>:0 forall nel <+ veg

Symbol = highest degree terms:

m

SIL D] =B D] = X % )T
b=1 #A=n

Symbol submodule:

7 = H(L)

—> Formal integrability (involutivity)
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Prolonged Duality

Prolonged vector field:

P ) 0
(00) _ i > (k)
\% ;:1 &' (z,u) e - O;J ?5(x,u )6u

o’
J

§=(81,--,8,);, $=(81,---,8,), S=(5,...,5,)

“Prolonged” polynomial module:

W 49




Algebraic Prolongation

Prolongation of vector fields:
p: J®g — gl>

IR v (%)

Dual prolongation map:

p: S — T

(iViP*(0) ) = (PluV)io )= (v™;0)

* % On the symbol level, p* is algebraic * %
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Prolongation Symbols

Define the linear map 3 : R?™ — R™

q
Szzﬁz(t):tz—i_z u’(iltp—ka? i:17"'ap7
a=1
p
Sa:Ba(T):Tp+a—Z u Ty, a=1,...,q
1=1

Pull-back map
B*[o(sy,.. 385515+, 5) ]
=0(B(t),...,B,(), By(T)...,B,(T))

Lemma. The symbols of the prolonged vector field coeffi-
cients are

SE) =T (Y =T
Q%) = B*(5%) = B,(T)

2(pG) =B"(s,5%)

I
R
*
—~~
V)
S.
—
V)
<
3
)
R
~
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Prolonged annihilator:
Z= (") 'L=(g")"

(v®) o) =0 forall veg <— oce€2Z

Prolonged symbol subbundle:

U = H(Z) C J*(M,p) xS

Prolonged symbol module:

Warning:

But
Uur = J" when n>n*

n* — order of freeness.
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Algebraic Recurrence

Polynomial:

g(I™:s5,8) =3 nIAW)s,8%c S
o, J

Differential invariant:

I5 = Z hi(I(’“))Ij}‘
o,J

Recurrence:

FeJ", n>n" — orderIp . = n+1

order R, ; <n
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Algebra — Invariants
Z — symbol module
e determining equations for g
M~T /T — complementary monomials ¢ 7"
e pseudo-group parameters

e Maurer—Cartan forms

N — leading monomials s ;5
e normalized differential invariants I g

K=8/N — complementary monomials s S”

e cross-section coordinates u% = C%

e phantom differential invariants IB(

Freeness: g K — M
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Generating
Differential Invariants

Theorem. The differential invariant algebra is generated by
differential invariants that are in one-to-one correspon-
dence with the Grobner basis elements of the prolonged
symbol module plus, possibly, a finite number of differen-

tial invariants of order < n*.
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Syzygies

Theorem. Every differential syzygy among the generating

differential invariants is either a syzygy among those of

order < n*, or arises from an algebraic syzygy among the

Grobner basis polynomials in J.

W 56




