THE PARABOLIC LOGISTIC EQUATION WITH BLOW-UP INITIAL AND
BOUNDARY VALUES
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ABSTRACT. In this article, we investigate the parabolic logistic equation with blow-up initial
and boundary values over a smooth bounded domain 2:

ur — Au = a(z, t)u — b(z, t)u? in Q x (0,7),

u =00 on 99Q x (0,T) U x {0},
where T" > 0 and p > 1 are constants, a and b are continuous functions, with b > 0 in Q x
[0,T), b(z,T) = 0. We study the existence and uniqueness of positive solutions, and their
asymptotic behavior near the parabolic boundary. Under the extra condition that b(z,t) >
(T — t)%d(z,09)° on Q x [0,7T) for some constants ¢ > 0, § > 0 and § > —2, we show that

such a solution stays bounded in any compact subset of Q as ¢ increases to T', and hence solves
the equation up tot =1T.

1. INTRODUCTION

In this work, we study the parabolic logistic equation with blow-up initial and boundary
values:

up — Au = a(z, t)u — bz, t)u?  in Q x (0,7,
(1.1) u = 00 on 082 x (0,7,
U =00 on Q x {0},

where Q ¢ RV (N > 1) is a bounded smooth domain, 7' > 0 and p > 1 are constants,
a(x,t) and b(z,t) are continuous functions on © x [0,7], with b > 0 in © x [0,7") and
b=0on Qx {T}.

Throughout this work, by u = oo on 992 x (0,7"), we mean that

u(z,t) — oo as d(z, Q) — 0 uniformly for ¢t € (0,7),
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and by u = oo on Q x {0}, we mean that
u(z,t) — oo ast— 0 uniformly for z € Q.

We are interested in the existence and uniqueness of positive solutions to (1.1), and the
behavior of the solutions near t = T" and near the parabolic boundary

Y(T):= 00 x (0,T) U Q x {0}.

Our investigation in the present work was partly motivated by [8] concerning the long-
time asymptotic behavior of the solution of a parabolic logistic equation with a degenerate
spatial-temporal coefficient b(x,t), of the form

vy — Av = av — b(x,t)vP  in D x (0,00),
(1.2) O =0 on 0D x (0,00),
U(x,()):?}o(l') 27¢0 n D>

where a is a constant (for simplicity), p > 1, b(x,t) is Holder continuous and L-periodic
in ¢, and there exist Holder continuous functions p(z) and ¢(t) such that

(13) ep(2)a(t) < b(a,t) < eap(x)q(t) (z € D, t € RY)

for some positive constants ¢ and co, p(z) > 0 in a smooth domain © satisfying Q C D,
p(z) =0in D\ Q, and ¢(t) is L-periodic and satisfies, for some T' € (0, L),

q(t) > 0in (0,7), q(t) =01in [T, L].

In [8], the complementary case that p(z) > 0 in D\ Q and p(z) = 0 in Q was studied,
but the results there carry over to the current case p(z) =0 in D\ Q, p(z) > 0 in 2 with
only minor variations of the proofs. These results indicate that there exists a* > 0 such
that when a > a*, the unique positive solution v(z,t) of (1.2) satisfies

lim v(z,t+nl) =00
n—oo
uniformly for (z,t) in compact subsets of {(D \ Q) x [0,7]} U{D x (T, L]}, and
lim v(z,t+nl) = u(x,t)

n—oo
uniformly for (z,t) in compact subsets of € x [0,7"), where u is the minimal positive
solution of (1.1) with a(z,t) = constant.
In order to see the point clearer, we restate the above conclusions from a slightly
different angle. In any compact subset of the infinite cylinder (D \ Q) x R!, clearly
limy, oo v(,t +nL) = co uniformly. In the infinite cylinder  x R!, we define

u(z,t), (z,t) € Q x (0,7,
00, (x,t) € Q x (T, L],
and extend u* periodically into Q x (R'\ S), S := {T'+ kL :k=0,41,42,..}. Then

u*(x,t) =

lim v(x,t+nl) =u*(z,t)
n—oo
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uniformly for (x,t) in compact subsets of Qx (R'\\S). Thus the behavior of lim,, s v(x, t+
nL) is unclear only over the set Q2 x S.

To answer this remaining question, one needs to know the asymptotic behavior of the
solutions to (1.1) near t = T'. The analogous results of [8] reveal that (1.1) has a maximal
and minimal solution, but the questions of uniqueness and asymptotic behavior of the
solution near ¢ =T" and near the parabolic boundary were left open.

These questions will be addressed here under the following assumptions on a(x,t) and
b(x,t):

» a and b are continuous in  x [0, 7] and Q x [0, T, respectively,
(14) { b(x,t) >01in Q x [0,T), b(x,t) =0on Q x {T},

and there exist a constant § > —2 and positive continuous functions a;(t) and as(t) on
[0,7T) such that

(1.5) a1 (t)d(z,00)° < b(x,t) < as(t)d(z,00)° for (z,t) € Q x [0,T).

We note that, due to (1.4), necessarily a1(7") = 0. Note also that if § < —2, then (1.1)
may not have a solution. Indeed, if u(x,t) satisfies

up — Au = a(z, t)u — d(z, 02)%uP in Q x (0,T),

with § < —2, then one can easily modify the arguments in [4] or Lemma 6.12 of [6] (where

the corresponding elliptic problem was considered) to show that for each fixed t € (0,7,
248
u(z,t) < C’(t)d(x,@Q)_P%l for all x near 0€2. Hence in such a case u(z,t) is always

bounded from above for z near 0.

The first two results in this paper are concerned with the behavior of positive solutions
of (1.1) near t = 0 and near t = T.

Theorem 1.1. Under conditions (1.4) and (1.5), problem (1.1) has a maximal positive
solution uw and a minimal positive solution wu, in the sense that any positive solution u
of (1.1) satisfies u < u < w. Moreover, for any given ty € (0,T), there exist positive
constants c1 and ca, depending on tg, such that

__1
(1.6) u(z,t) > (t Pt +d(az,8Q)_§:?) ((z,t) € Q x (0,0]),
and

_ 171 248
(1.7) u(x,t) < c (t P + d(x,00) P—l) ((z,t) € Q x (0,10)),
where

D —max{ 2p+ﬁ} —min{ 2p+ﬁ}
Clearly

= P— % for ﬁ € (_250)7 . P for ﬁ € (—2,0)7
Ps = p  for >0, Ps = 217:'55 for 3 > 0.
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Theorem 1.2. Under the conditions of Theorem 1.1, if we further assume that
a1(t) > co(T —t)? in [0,T) for some positive constants co and 6,
then for any tg € (0,T), there exists C'= C(tg) > 0 such that

(1.8) u(x,1) < Conin { (T )77, d(z,00) 77 } d(z,00) 70 ((z,1) € Q x [t0,T)).

As we will see below, the behavior of the positive solutions of (1.1) near t = 0 will
help to determine whether the solution is unique. Theorem 1.2 implies that under the
extra mild condition imposed there, the asymptotic limit u*(x,t) of the solution v(x,t) of
(1.2) extends to a continuous function in  x (kL, kL + T for every integer k, and hence
exhibits an infinite jump each time ¢ increases across kL + T

Moreover, let us mention, without elaborating, that Theorem 1.2 can also be used to
handle the problem (1.2), where (1.3) is satisfied with ¢(¢) > 0 except at finitely many
points in (0, L]. If ¢(t) satisfies the condition in Theorem 1.2 at each of its vanishing
points, then one can use Theorem 1.2 to show that, there exists a* > 0 so that for a > a*,
the unique positive solution v(x,t) of (1.2) satisfies limy_,o v(x,t) = oo uniformly in
D\ Q, and lim,, oo v(z,t +nL) = U(x,t) uniformly in any compact subset of Q x R,
where U is the minimal positive solution of

Ui — AU = aU — b(z,t)UP in Q x R!, u = o0 on 00 x R,

which is L-periodic in ¢.

The other results of this paper deal with the uniqueness and the local behavior of the
solution of (1.1) near the parabolic boundary 3(7"). These questions were considered in
[3] for the (spatially and temporally) autonomous problem

(1.9) ur — Ap(u) = f(u) in 2 x (0,00), u =00 on X,

under suitable conditions on the functions ¢ and f, where 3 := 9 x (0, 00) U Q2 x {0}.
If we take ¢(u) = u and f(u) = apu — bpuP with constants p > 1,a9 > 0,by > 0, then
the result of [3] implies that

(i) w(z, )/t~ Y@= — [(p — 1)bg]H/ @~V ast — 0 (z€Q),
1(p-1)
(i) Uz, t)/d(z,00)"2/@-1 {%} T sz - 00 (t>0),

Indeed, (i) and (ii) above are consequences of the fact that
u(z,t)/z(t) — 1 as t — 0 for fixed x € €,

and
u(z,t)/V(z) — 1 as x — 0N for fixed t > 0,

where z(t) is the unique solution of the ODE
2 = agz — bz for t > 0, 2z(0) = o0,

and V() is the unique solution to the elliptic boundary blow-up problem
—AV = qpV = bV? in Q, V] = 0.
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Related results for nonsmooth domains can be found in [1, 2, 11]. For the non-autonomous
problem (1.1), we have the following results.

Theorem 1.3. Under the assumptions of Theorem 1.1, let u(x,t) be any solution of

(1.1). Then
(1) % — [(p — 1)b(z, 0)]_1/(p_1) ast — 0 for fizred x € §);

1/(p—1)
w@,t) 2p+1) ] g as x — xg € I for

W) o070 G0 0p - 17
fized t € (0,T), provided that

b(x,t)
W)= ey

extends to a continuous function on Q x (0,T).

Theorem 1.4. Under the assumptions of Theorem 1.1, if 3 =0, then (1.1) has a unique
positive solution.

Theorems 1.1 and 1.2 are proved in section 2. The proof of Theorem 1.1 is based on
various comparison arguments, while that for Theorem 1.2 is based on a scaling argument.
We remark that the scaling argument here is different from those in [12], where a suitable
scaling process based on a key doubling lemma is combined with a Liouville type result
to deduce some universal a priori bounds; our proof here does not rely on such a lemma
or a Liouville theorem, instead it combines a suitable scaling process with a comparison
argument to obtain the required bound.

In section 3, we prove Theorems 1.3 and 1.4. Since (1.1) has variable coefficients,
and b(z,t) may vanish or blow-up on 02, we need to introduce some new localization
techniques to prove Theorem 1.3, which are considerably different from the arguments in
[3], where only constant coefficients appear in the equation. The equations in [1, 2, 11] also
only involve constant coefficients. Theorem 1.4 follows from Theorem 1.1 and a convex
function technique of Marcus and Véron [9, 10].

2. ESTIMATES NEAR t = (0 AND NEAR t =T

We prove Theorems 1.1 and 1.2 in this section. To simplify notations, we will write
d(z) = d(z,00) from now on.

Proof of Theorem 1.1: We first prove the existence of a minimal positive solution
u(x,t) and a maximal positive solution @(z,t) of (1.1) in the sense that any positive
solution u(zx,t) of (1.1) satisfies u(z,t) < u(x,t) < u(x,t) in Qx (0,7"). The proof of (1.6)
and (1.7) partly builds upon the arguments leading to the existence of the minimal and
maximal solutions.

For arbitrarily small € > 0, since a1 (¢t) > 0 in [0, 7 — €], we may assume that a;(t) > m.
on [0,7 — €] for some positive constant m.. Choose A > 0 such that |a(z,t)] < A in
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Q2 x (0, T]. Then, for any given constant n > 1, we consider the problem

2.1) up — Au=au—bu’ inQx (0,7 —e),
' u=n on 9 x (0,7 —€e) U x {0}.
It is clear that (2.1) has a unique positive solution wu, for any given n > 1,¢ > 0.
Moreover, the classical comparison theorem for parabolic equations guarantees that u,, is
strictly increasing in n, that is, u, < u,+1 on Q x [0,7 — €.

In the sequel, we will find a supersolution of (2.1), which is independent of n. For this
purpose, we consider the following two auxiliary problems:

(2.2) w' = Aw — w8 fort >0, w(0)= oo,
and
(2.3) —Az=Az—d(z)?2? inQ, z=oc0 ondN.

The unique solution w* of (2.2) can be explicitly written as

1 1
w*(t) = AP eAl [eA(Bﬁ_l)t - 1} VPS> 0.

It is well-known (see, for example, Theorem 6.15 in [5]) that problem (2.3) admits a unique
positive solution z*, and

Z*(x) 12+ 81+ B+
It follows that
(2.4) ad(@) T < (@) < edz) T (2 Q)

for some positive constants ¢y and cs.
If 3 € (—2,0), then we can find c3 > 0 such that c3d(x)® > 1 in Q. Recalling also that
Py =D in this case, it follows that

(w*) > Aw* — c3d(z)’(w*)P (z € Q, t>0).
Thus we can find M > 1 sufficiently large such that U* := M (w* 4 z*) satisfies
U — AU* > AU* — med(z)? (U (z€Q, t>0).

It follows that
(2.5) Uf — AU > a(z, t)U* = b(x, t)(U*P  (x€Q, t€ (0,7 —¢]).

If 3 > 0, then there exists ¢4 > 0 such that d(z)”? < cg2*(z)~ 855 and thus

—AZ* > Az* — cy(2)s.

Thus, we can find My > 1 large enough such that Uy = My(w* + z*) satisfies

(Uo)r — AU > AUy — Uy° (€ Q, t>0).
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Since
p—1
—p— [~ <

Py =P B2+ﬂ <p

and
_ 248

Up > 2" > cpd(z) p 1,

we have

Uy < esd(2)°Uf
for some ¢5 > 0 and thus
(Uo)e — AUy > AUy — c5d(x)°UY  (x € Q, ¥Vt > 0).

It follows that there exists M > My such that U* = M(w* + 2*) = (M /My)Uy satisfies
(2.5).

For any fixed n, we have U*(x,t) > u,(z,t) on 92 x (0, — ¢) and on Q for all small
t > 0. Hence, for all n > 1, by the comparison principle, we have u,(x,t) < U*(z,t) on
Qx (0, T—¢]. Tt should be noticed that, for fixed small € > 0 and any compact subset K of
Q, U* is bounded on K x [¢,T —¢€|. As a consequence, by standard regularity arguments,
up(z,t) — u(x,t) as n — oo uniformly on any compact subset of € x (0,7), where u
satisfies (1.1). Thus, u is a solution to (1.1). (The fact that the boundary conditions are
satisfied by u can be easily proved as in the elliptic case; see e.g. page 13 of [7]. This also
follows from the proof of (1.6) given below.) Actually, u is the minimal positive solution
of (1.1). Indeed, let u be any positive solution of (1.1). Then, for any small € > 0, we can
easily apply the parabolic comparison principle to conclude that u, < u in Q x (0,7 —€).
Letting n — oo we deduce u < u on Q x (0,7 — ¢|. By the arbitrariness of ¢, u < u in
Q x (0,T), which implies that u is the minimal positive solution.

We next prove the existence of a maximal positive solution of (1.1). To achieve this,
for any small € > 0, we define Q. = {x € Q : d(z,00) > €}. Obviously, for small €, 0
has the same smoothness as 0€2. Then, we consider the following problem:

{ up — Au = a(z, t)u — bz, t)uP  in Q¢ x (6,7,

(2.6) _
u =00 on 0 x (e, T) U Qe x {e}.

Let us denote by u¢ the minimal positive solution of (2.6).

By using the parabolic comparison principle, we easily deduce that u®* > u? > u when
€1 > €3 > 0. Therefore, one can extract a decreasing sequence ¢, satisfying ¢, — 0,
such that u“* — u as ¢, — 0 and @ solves (1.1). Moreover, @ is the maximal positive
solution of (1.1). Indeed, for any positive solution u of (1.1), it follows from the parabolic
comparison principle again that u“ > wu in Q, X (€,,T) for each n. By taking n — oo
we obtain u > u. Hence % is the maximal positive solution of (1.1).

Finally, we prove (1.6) and (1.7). By checking the previous analysis, we have

(2.7) u<u < M(ws+z5) inQsx (6,7 —¢),
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where M > 1 is independent of §, wj(t) = w*(t — 9) and zj is the unique positive solution
of

—Az= Az — d($)ﬁzp in Q5, z = 0o on 05
for the case 3 € (=2,0), and 2 is the the unique positive solution of

—Az = Az —d(z, GQg)ﬁzp in 5, z = 00 on 0

for the case 8 > 0. (The existence and uniqueness of 2§ in both cases are well-known; see,
for example, Theorem 6.15 of [6].) Letting § — 0 in (2.7), and using the easily proved
fact that z5 — 2*, we deduce

(2.8) u<u< M +2z%) inQx (0,7 —e).
For any given tg € (0,7), we may choose € > 0 small so that t9 < T — e. From the
1

formula of w*(t), clearly we can find some ¢ > 0 such that w*(t) < ¢t 26" for t € (0, ).
On the other hand, we already have z*(z) < CQd(x)i?_ff in 2. Hence (1.7) follows from
u < M(w* + z%).

It remains to prove (1.6). Choose M, > 0 such that aa(t) < M, on [0,7 — €]. We also
note that |a] < A on Q x [0,7]. Then, for any small § > 0, we consider the following
auxiliary problems:

(2.9) w = —Aw —wPs fort>—6, w(—4) = oo,
and
(2.10) —Az=—Az—d(z)?2? inQ, z=oc0 ondN.

The unique solution w?(t) of (2.9) can be explicitly written as

_1 _ -
wi(t) = w*(t + (S), w*(t) — APp~t e_At [1 _ e—A(pg—l)t] 1 pg.

Clearly, w? — w, locally uniformly on (0,7 as § — 0, and w,(t) is the unique solution of

w = —Aw—wPs fort >0, w(0)=oo.

On the other hand, similarly to (2.3), it is well-known that problem (2.10) possesses a
unique positive solution z,(x), and
)

. ze(T 2+ 81+ B+p)15T
| = .
xi%lQ d(l‘)_iitf (p — 1)2

Hence, there is a constant ¢y > 1 such that
1 _24B _245
(2.11) co d(x) P T < zy(w) < cod(x) P~ in .
If 3 >0, then pg = p and CGd(I)ﬂ < 1 for some positive constant c¢g. Thus we have
(w))" = —Aw) — (wl)? < —Au — cd(x)” (w?)?.
It follows that for m > 0 small enough (independent of §), U, = m(w? + z.) satisfies
(U); — AU, < —AU, — Md(x)°UP (€ Q, t > —0).
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Therefore,
(2.12) (Us)e — AU, < a(z,)Uy — b(z, t)UP (€, t€[0,T —€]).
If € (—2,0), then
Pg=p— ﬁ% >p

and there exists c7 > 0 such that d(z)?® > c72.(2)P#~P. Hence
(24)t — Az < —Azy — c7(2:)P5.
Therefore, for my > 0 small, U} := my(w? + z,) satisfies
(UL — AU < —AU — (UMY (2 € Q, t > —5).
Clearly there exists some cg > 0 such that
(U > (12707 > cxd()? (a € Q).

Therefore

(UH; = AU < —AUY — egd(2)P(UN? (2 €Q, t > —6).
This implies that for all small m € (0,m1), Uy := m(w? + 2) satisfies

(U) — AU, < —AU, — M d(z)?(U)P  (z€Q, t > —6),

and hence (2.12) holds.

By a standard argument (see, for example, the proof of Theorem 6.14 in [6]), the
problem

~Az=—Az—d(2)?2 in Q, z=n on 9N

has a unique solution z,, and z, — 2z, locally uniformly in 2 as n — oco. Moreover,
after further shrinking m if needed, it is easily seen by the comparison principle that
u(z,t) > 2mzp(x) in Q x (0,7 — €] for all n > 1. It follows that u(x,t) > 2mz.(z) in
Q% (0,7 — €. Thus

liminf [u(x,t) — Us(z,t)] >0,
(z,t)—Xe

where X, = (0Q x (0,7 — €]) U (2 x {0}). In view of (2.12), we may now apply the
maximum principle to deduce that
u(x,t) > Uy(x,t) = mwd(t) + z(z)) in Q x (0,T — €.
Letting 6 — 0 we obtain
u(z,t) > m(ws(t) + z4(x)) in Q x (0,7 — €.
The inequality (1.6) now follows easily from the behavior of w,(t) and z.(z). The proof

is complete. O

To show that under the assumption (7' — t)?d(z)? < b(x,t) on Q x [0,T), the maxi-
mal solution of (1.1) satisfies (1.8), by a simple comparison argument, it is sufficient to
establish the following result.
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Theorem 2.1. Assume that a, 3, 6 are constants with a > 0,60 > 0, > —2, and u(zx,t)
15 the mazimal solution to

(2.13) { ug — Au=au— (T —t)?d(z)’u?  in Qx(0,T), -
U = 00 on 092 x (0,7) U Q x {0}.
Then (1.8) holds.
Proof. Let
(2.14) (e t) = (T — 1) 7T eu(z, 1),

A simple calculation shows that v(x,t) satisfies

7

vy — Av = _—I(T — )" — P Dtg(z) 0P in Q x (0,7T),
p —
(2.15) v = 50 on 9 x (0,7),
V=00 on Q x {0}.

Let zp(x) be the unique positive solution of
(2.16) —Az = —d(z)’2’ in Q, z = 0o on .

For any given ¢y € (0,7'), due to (1.7) (applied to v(x,t)) and the behavior of zo(z) near
08 (cp. (2.4)), there exists a constant ¢; > 1 such that

v(to, ) < c12p(x) in Q.

Let 2z, be the unique positive solution of (2.16) with €2 replaced by Q, := {z € Q: d(x) >
o}, with ¢ > 0 small. Then z, > 2 in €, and z, — 29 as ¢ — 0. A simple comparison
consideration shows that v(z,t) < ¢1245(x) in Q4 X [tg, T). Letting o — 0 we deduce

v(x,t) < c1zo(x) in Q X [to, T).

Since
_ 246
20(z) < cod(x)”P=T in Q

for some co > 0, we thus obtain, for some c3 > 0,

B
(2.17) Uz, t) < e3(T — )" 7 1d(z)” 7T in Q x [to, T).
Define
2420+
M(x,t) :=u(x,t)d(x) »=1 for (z,t) € Q x [ty,T),
and

M(t) := sup M (x,t) for t € [ty,T).
zef)
We prove that there exists C' > 0 such that
(2.18) M) <C (telty,T)).

Clearly, (1.8) is a consequence of (2.17) and (2.18).
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Thus to prove the theorem, it suffices to show (2.18). We argue indirectly. Suppose
that (2.18) does not hold. Then we can find a sequence t,, increasing to 7" as n — oo,
such that

M(tp) — oo, M(t) < M(tn) (t € [to, tn)).
From (2.17) we see that M (x,t) = 0 for x € 02. Thus there exists z;,, € {2 such that

We now define
20 + 2

p—17

1 .
A = U(xp, ty) @ with o =

and
on(y, s) = ANou(zy, + /\nd(xn)gy,tn + )\id(xn)%s) for (y,s) € Dy,
where £ = —3/(2 4 260) and

tn — to

Dn = {<y73> CSp S S S 07 Tn + /\nd(xn)éy < 9}7 & = _W

A direct calculation yields

Osvn — Ayvn, = AT 2d ()% (T — AT)

B
_ )\id(xn)%"avn _ )\72L+U—Up+29d(l,n)2§+ﬁ+29§(nn . 3)0 d(.Tn + )\nd(xn)gy) Uﬁ,
d(zn)
with
L Tty
" X%

By the choice of ¢ and &, we have

0.

240 —0op+20=0, 26 + 3+ 206 = 0.
Thus

d(zn + And(
d(zy)

Moreover, by the definitions of t,, =, and A, we have v,(0,0) =1 and

&)
(2.19) Osvp—Ayvy, = A2 d(zn) ¢ avy — (1, —s)? ( xn)ﬁy)) vP ((y,s) € Dy).

And(@)E = W(Tn, tn) 7 d ()
= n_l/ad(xn) — 0 as n — oo.

It follows that

d(x o
S, — —00, Rn::#{;}n)&:Mé/ /2 — oo as n — 0.

Define
DY) :={(y,s): 5, <s<0, |yl <Ry}.
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Then from the definition of R, we find that Dg C D, for all n > 1. Furthermore, for
(y,s) € Dy,

d(zy 4+ And(2)5y) < d() + And(20) |y < d(zn) + Md(xn)S Ry, _ 3
d(zy) - d(zy) - d(zy) 2’
and
(2.20) d(zy + )\nd(xn)fy) > d(zn) — /\nd(xn>§|y| > d(zn) — /\nd(xn)an _ 1
d(xy) d(xy) d(xy) 2
Consequently,
B
d And(70)¢
d(zn)
From the definition of \,, and (2.20), we also obtain
242048
0 < wn(y,s) = ApM(zy, + )\nd(xn)gya tn + )‘%d(xn)%s)d(l’n + )\nd(xn)gﬁw Pt
242048
_ d(zp + And(zn)*y) P
<\ t
=~ nu(l"n; n) |: d(l’n)
242043
< (Ch:=2 r1
Denoting ¢, := )\%d(mn)zga, we have ¢, — 0 as n — oo, and
(2.21) Osvp, — Ayvy, < vy — cl(—s)gvﬁ, 0<wv,<Cpin Dg, v, (0,0) =1

for all n > 1.
We now fix 6 € (0, 1) and consider, for € > 0 to be determined later, the ODE problem

(2.22) w' = ew — ey (—s)wP for s <0, w(0) = 6.

The unique solution of (2.22) satisfies, for s < 0, w(s) = e“wp(s), and
0
wo(s)! P = 1P — / e1(p — 1)(—t) e Vigy
S

_ ci(p—1 0
—ore [e(zi(ij 1)]1)+9 /e(p—l)s(_t)getdt'

Set 0
= / (—t)feldt,
—00

and fix € > 0 small enough such that

(51—p €1 (p - 1) 0

[e(p = DI
Then there exists a unique sg < 0 such that wg(s) — +oo as s decreases to sg, and
wo(s) > 0 in (sg,0]. Hence w(s) — 400 as s decreases to sg, and w(s) > 0 in (s, 0].
For the above chosen € > 0 we define Z(y) = 5 |y|*> + 1. Clearly

—ANZ=—->—-Z (yeRM).

DN
DN
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It follows that, for V(y, s) = w(s)Z(y) and (y,s) € RY x (s0,0],
Vs = AV = w/(s)Z(y) — w(s)AZ(y)

> [ew — e1(—s)wP)Z — %wZ

= %wZ —c1(—s)wPZ

> %V —c1(—s)vP.
Clearly V (y, s) — +oo uniformly in y as s decreases to sg, and

V(y,s) > min w(s)(&m2 +1) > Cy for |y| = Ry, and all large n.

5€(s0,0]

Moreover, €/2 > €, for all large n. Thus in view of (2.21), we can apply the comparison
principle to conclude that

un(y,s) < V(y,s) for ly| < Ry, s € (so,0] and all large n.

In particular,
1 =v,(0,0) < V(0,0) =0.

This contradiction completes the proof. U

3. LOCAL BEHAVIOR AT THE PARABOLIC BOUNDARY AND UNIQUENESS

Throughout this section, we assume that (1.4) and (1.5) hold, and u(z, t) is an arbitrary
positive solution of (1.1).
We first consider the behavior of u(x,t) near 92 x (0,T).

Theorem 3.1. Let u be a positive solution of (1.1). Suppose that y(x,t) := b(z,t)/d(x)?
extends to a continuos function on Q x (0,T). Then, for xog € O and to € (0,T),

i Uzito) _[Z+B+E+]) =
T—x0, TES dc@-% 7(-r07t0)<p_1)2

Proof. Fix zp € 092 and tg € (0,T) and let

ag = a(xg, o), Y0 = (o, to)-

For any given small € € (0,7/2), we can find 6 € (0,%9) small enough such that, for
(x,t) € Q x (0,T) satisfying |z — zo| < 26 and |t — tg| < 9, the following holds:

b(x,t)
ap—e<a(x,t)<apt+e —€e< ——4 <+e
d(z)?

Let BY ¢ Qn Bss(zp) be a smooth domain such that 0BY and 09 coincide inside
Bs(zp), and let v(x) be a positive solution of

—Av = (ag+€)v = (y0 — 20)d(x)"? in B’, v=o00 on 9B,
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Then we have by [6] and [4],

v(x)

. o [EEALB )]
_2+B ’ ’

L (70 — 2¢)(p — 1)?

In the case § > 0, the above limit follows from Theorem 2.5 of [6], and the case 5 € (—2,0)
can be proved by the same argument as in section 4 of [4].
Thus we can find 01 € (0,0) such that

()P < 203 7Pd(x) P < ed(p — 1)d(x)®  (x € BY N Byg, (x0)).

We now consider , := {z € Q : d(z) > o} for sufficiently small o € [0,0). For each
such Q, we can construct a smooth domain B C Q, N Bag, (79) C BY such that 9BY and
99, coincide inside By, (79), and BY varies continuously with o for all small nonnegative
o. We may also require that Bg - Bg, when ¢ > ¢/. Let v, be the maximal positive
solution of

—Av = (ag + €)v — (v0 — 2€)d(z)’v? in B, v=00 on dBY.

A standard comparison argument (see, for example, Proposition 2.1 in [6]) shows that
vy > v in BY, and by further using the elliptic regularity and the maximality of vg, we

g

see that v, decreases to vy as o decreases to 0. Therefore
(3.1) Ve ()P < v(z)' P < eo(p—1)d(z)’ (x e BY).
Define
n(t) = [14 071t — 1))V 7P for t € (tg — 6, to).
It is easily checked that

/ 1 D .
U s "z 1in (to — &, %0, n(to — 0) = 400, n(ty) =1

Set
ug (2, ) = 1(t)ve ().
Then, due to (3.1), for (z,t) € BY x (tg — 6, to], we have
(o)t — Dug = 1/ (t)vo(2) — n(t) Avg (2)

1
= (a0 + €Jus — 50— 1)1);—%1; — (30 — 2e)d() (1) Puby

> (ag + €)ug — (0 — e)d(x) ub.

It follows from the comparison principle that
u(x,t) < up(z,t) = n(t)vs(z) ((z,t) € B x (tg — 0, to)).
Letting 0 — 0, we deduce

u(x,t) < n(t)vo(z) ((z,t) € BY x (to — 6, to]).
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Hence

. u(zx, tg) . volz)  [@+B8)1+8+p) =T
(3.2) limsup ———77 < lim 55 = { (o= 20(p — 112 } :

T—x0, TES) d(%)_?—f? I—>$07$€Bg d(x)_ﬁ
where we have applied Theorem 2.5 of [6] and the arguments in section 4 of [4] to vy (z).
We show next that

u(z,to) {(2+ﬁ)(p+ﬁ—l— 1)];1.

3.3 lim inf
( ) T—x0, TEN d(l’)ifff? o ('YO + E)(p - 1)2

Let w? be the unique positive solution of

(3.4) —Aw = (ag — )w — (v + €)d(z)Pw?  in Qy, wlpo, = .

0 as o decreases

Then from the comparison principle we find that w? decreases to some w
to 0, and by elliptic regularity we see that w" is a positive solution of (3.4) with ¢ = 0.
By the asymptotic behavior of w® and u(x,ty — §) near 9Q (cp. (1.6)), we can find

e € (0, 1) sufficiently small so that
eow’ () < u(x,tg — 0) in Q.
With g > 0 fixed as above, we let a(t) be a smooth increasing function on [tg — 9, tg]
with a(tp — 0) = €9, a(tp) = 1, and define

/
L = max a t).
[t0—5,t0] Oé(t)

We then choose Bays(xg) as before, set By := QN Bs(xp), and consider the auxiliary
problem

(3.5) —Aw=(ap—€e—L)w— (70 + e)d(x)ﬁwp in By, w|gp,nan = 00, w|ap,na = 0.

If 3 > 0 then we can apply Theorem 1.1 of [7] to conclude that (3.5) has a positive
solution wg. In what follows we use a variant of the argument in [7] to show that this is
true for the entire range > —2.

Let ¢, be smooth functions over € such that dnloBy,na = 0 and ¢, increases to oo as
n — oo on any compact subset of 9By N dS). Then for each m > 1 the problem

~Av = (ap — € — L)w — (70 + ¢) min{d(x)”,m}v” in By, v|ap, = én

has a unique positive solution v™. By the comparison principle we have v™ > v™*1,

Thus v = lim,, o v""* exists, and one easily sees by standard elliptic regularity that v is
a solution to

_AU = (CLO — €= L)UJ - (’)/0 + E)d(ﬂ?)ﬁ’(}p in BO, U‘aBo = QSn

Using Proposition 2.1 of [6], we conclude that such a solution v is unique, and we may
denote it by v,. Moreover, this comparison principle also infers that v, < vp41 < w?
in By N ,. Hence v, := lim,_,~ vy exists, and by elliptic regularity we find that v, is
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a positive solution of (3.5). Moreover v, < w? in By N Q,. Letting 0 — 0 we deduce
vy < w? in By.
Set u™(z,t) = a(t)vy(z) for (z,t) € By x [to — I, tg]. Clearly
u"(z,tg — 0) = equn () < equi(z) < qu’(x) < u(x,ty — d) for x € By.

It is also evident that u"™ < wu on 0By X [t — 0, tp]. Moreover, in By X [tg — 0, to],

s (3

< (ag — Ju" — (70 + e)d(2)” (u")".

Hence we can apply the comparison principle to deduce that

+ap—€— L) u™ — (0 + €)d(z)? (W)Pa(t) P

u"(z,t) < wu(x,t) in By X [tg — 0, to).

In particular,

vn(z) < u(x,tg) in By.
Letting n — oo we deduce vy (z) < u(z,tp) in By. It follows that
1
t ¥ 2 1) |r-1
lim inf —u(x, 2035 > lim ° (x2)+[3 = ( +ﬁ)(p+ﬁ+2) ’ )
T—x0, TEN d(.r)il’j r—x0,2EBy d(I)in (’}/0 + 6)(]) — 1)

where, as before, we have used Theorem 2.5 of [6] and section 4 of [4] to obtain the
asymptotic behavior of v,. Hence (3.3) holds. The desired result clearly follows from
(3.2) and (3.3), since € > 0 can be arbitrarily small. d

Next, we study the blow-up rate of the solution at the initial time ¢t = 0.

Theorem 3.2. Let u be a positive solution of (1.1). Then,

lim 7T u(zo, 1) = [(p — 1)b(x0,0)]77, (z0 € Q).

Proof. We take a fixed xg € ). Then, for any given small € > 0, we can find a small
ball Br(rg) and small tg > 0 such that Bg(zg) C Q and
ag — € < a(z,t) <agp+e 0<by—e<b(xt)<by+e
for all x € Bg(xg), t € [0, tp], where ag := a(xp,0) and by := b(xg, 0).
We show that
1

(3.6) lirtnj(l)lp[(p — 1)((bo — €))t]P~Tu(xo, t) < 1.

This follows from a localization argument based on the results of [3]. But for com-
pleteness we give a simple alternative proof. Let w and Z be the solution of the following
problems, respectively:

w' = (ag + €)w — (bg — e)uwP, t>0; w(0)= o0,
and

—Az=(ap+€)z— (bg —€)zP in Br(xg), z=o00 on dBg(zp).
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By a simple comparison argument, we have
(3.7) u<w+Z on Br(xg) x (0,t].
From the explicit expression of w(t) we easily find
[((p— 1)(bo — 7 TH(t) — 1 ast — 0.

Furthermore, Z is bounded on ER/Q(QJO). These facts, together with (3.7), enable us to
obtain (3.6).
Next we prove that

(3.8) @%ﬂ@—UQMfMﬁM@mQEL
For this purpose, we let A\; be the first eigenvalue of the problem
—A¢ = Xp in Bgr(zg), ¢ =0 on dBg(xo),

and ¢ with sup Br(z0) ¢ = 1 be the positive eigenfunction corresponding to A;. Obviously,
0 < ¢(z) <1in Br(zo) \ {zo} and ¢(xp) = 1.
Let w denote the solution of
w' = [(ag —€) — MJw — (b + )wP, t>0; w(0) = oo.

Then, one easily checks that, for any small 6 > 0, w(t 4+ §)¢(z) is a subsolution to the

following problem:
(3.9) { vy — Av = a(x, t)v — bz, t)vP  in Br(xg) x (0,1p), B
v=1u on 0Br(xo) x (0,t9) U Br(xo) x {0}.
Clearly u solves (3.9). The comparison argument then implies w(t + 0)¢(z) < u(x,t) in
Bpr(zo) % (0,tp). Letting § — 0 we deduce w(t)p(z) < wu(z,t) in Br(zo) % (0,t]. In

particular,

(3.10) w(t) < wu(zg,t) (t€(0,)).

~

By the explicit expression of w, we have

[(p = 1)((bo + )] Tw(t) — 1 as t — 0.

Thus it follows from (3.10) that (3.8) holds.
Combining (3.6) and (3.8), and taking into account that ¢ > 0 can be arbitrarily small,
we deduce

[(p — 1)b(x0, 0] Tu(zo,t) — 1 ast — 0,

which is the desired result. U
Finally, we use the convex function technique introduced by Marcus and Véron [9, 10]
to show the uniqueness of positive solutions of (1.1) for the case § = 0.
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Proof of Theorem 1.4: Clearly, it suffices to prove that u =@ in Q x (0,7 — €) for
any fixed 0 < e <T'. Since pz = Py when = 0, from (1.6) and (1.7) we find that when
B =0, there exists a constant & > 1 such that

(3.11) u<u<ku inQx (0,7 —e¢).

To prove u = u, we argue by contradiction. Assume that v <, Z @ in Q x (0,7 — ¢).
Then, by the strong maximum principle for parabolic equations, it is easily seen that
u<win Q x (0,7 —¢€). We then define

U=u~—(2k)""(T—uw).

Simple computations show that

E+1
(3.12) uwsU>" 0 QX (0,70,
and
2k 1
3.13 U = u.
(3.13) o1 k1l
It is clear that f(x,t,v) = —av+b(x,t)vP is convex with respect to v in (0, 00). Hence,
by virtue of (3.13), we obtain
< u).
As a result, we have
2k +1

Uy — AU = —

)+ 5 ) 2 —f V),

from which and (3.12), we deduce

Ug— AU > aU — b(z,t)UP  in Qx (0,T —e¢),

U=oc0 on 90 x (0,7 —€)UQ x {0}.
Therefore, U is a supersolution of (2.1) and the comparison principle shows that w,, < U
in Q x (0,7 —¢) for all n > 1. Letting n — oo we have u < U, which is a contradiction

with (3.12). Thus we must have u = @ and so the uniqueness conclusion holds. The proof
is complete. O
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