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Abstract

We study the deformation of an elastic strut on a nonlinear Winkler foundation
subjected to an axial compressive load P . Using multi-scale analysis and numerical
methods we describe the localised, cellular, post-buckled state of the system when
P is removed from the critical load P = 2. The solutions, and their modulation
frequencies, di�er signi�cantly from those predicted by weakly nonlinear analysis very
close to P = 2. In particular, when P approaches the Maxwell load PM the localised
solutions approach a large amplitude heteroclinic connection between an unbuckled
solution and a periodic solution. An asymptotic description of PM in terms of the
system parameters is given. The agreement between the numerical calculations and
the asymptotic approximations is striking.

Keywords: Buckling; Post-buckling; Maxwell criterion; Strut; Destabilization;

Restabilization

1 Introduction

Modern post-buckling analysis of elastic structures is almost always built around the
concept of bifurcation from a critical unbuckled state. Following the pioneering work
of Koiter [15], linear eigenvalue analysis will de�ne the critical loads and mode shapes
of buckling, whereupon asymptotic expansion { based perhaps on perturbation theory {
can be used to build up a picture of the large-de
ection (post-buckling) response. There
is, however, a class of problems for which such information is too localized to be of much
practical value. For systems that �rst destabilize but subsequently restabilize, the buckling
pro�le of the �nal equilibrium state can appear to be completely unrelated to the transitory
unstable states given by linearized theory and subsequent expansion. Indeed, in some
circumstances, all buckling information can be lost within a linearization: examples are
found in kink-banding [11], in the buckling of railway tracks [14] and pipelines [9, 8], and
are also closely mirrored in the buckling responses of some shell structures, notably the
axially-compressed cylindrical shell [10].

In such cases the Maxwell stability criterion, where stability is taken to rest only with
global as opposed to local energy minima, has been found a useful conceptual tool [12];
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it rede�nes, for example, the pre-buckled but \super-sensitive" energy minima that can
arise in such situations as unstable. Under parametrically-controlled loading or end-
displacement, interest then naturally falls on the point where the global energy minimum
switches from the pre-buckled to the post-buckled state, shifting the focus from unnaturally
high, or in�nite, critical loads or displacements to their lower boundMaxwell counterparts,
where the switch takes place. Observe that if we de�ne the global energy of an unbuckled
state as zero, the Maxwell condition occurs when the energy of the buckled state will also
be zero. One of the main purposes of this paper is to show how the Maxwell condition
arises naturally in an asymptotic analysis, using the method of multiple scales [2] [7], of the
fourth order di�erential equation of a buckled system. The identi�cation and elaboration
of the accompanying multiplicity of response, in positions that are remote from the critical
bifurcation point, o�ers new challenges to asymptotic modelling.

This paper o�ers a new asymptotic treatment for spatial instabilities, based on a general
expansion that avoids tying itself too rigidly to the critical bifurcation point as described
above. The analysis is applied to a recognized test example [12], that of an elastic strut
supported by a nonlinear Winkler foundation that �rst desti�ens and then resti�ens under
the application of an applied load P .
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Figure 1.1: Deformation of a singler layer on a Winkler foundation

This simple model is often used as a paradigm for studying the behaviour seen in more
complex systems such as a buckled cylinder. Since this model is equivalent to the Swift-
Hohenberg equation with a general nonlinearity, it is not suprising that the approach has
much in common with earlier mathematical formulations [6]. For example, our analysis
agrees with the wave number selection for periodic solutions of a symmetric version of the
Swift-Hohenberg equation near the classical bifurcation point [3],[17],[20]. As with other
cross-fertilizations from nonlinear dynamics to solid mechanics, the analysis has a number
of distinctive features. Notably, because spatial di�erential equations typically are fourth
order, new combinations of exponential and harmonic components appear that are not
seen in second order equations. Based on scaling arguments, our analysis is capable of
moving smoothly from a �rst form of expansion geared principally for description close
to the classical critical point, to a second that focusses principally on larger amplitude
heteroclinic responses that are linked to the Maxwell critical load. Non-local asymptotic
descriptions are thus developed that avoid pitfalls of too-local analysis, as described
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above. Comparisons with numerics demonstrate clear superiority over earlier asymptotic
approaches to such problems.

The simple model illustrated above may have periodic, quasiperiodic, (spatially) chaotic
and localised (homoclinic and heteroclinic) deformations. In this paper we will consider
the periodic, homoclinic and heteroclinic solutions. The main results described are (i) an
accurate reproduction of the mean form of the bifurcation diagram (excluding exponential
perturbations) over a relatively wide range of values of P , (ii) an accurate description of
the evolution of homoclinic orbits towards heteroclinic ones as P approaches the Maxwell
load PM . This description is all in terms of a single second order complex amplitude
equation. The agreement between the asymptotic results and the numerically computed
results is striking, in particular we can estimate PM to high accuracy. The numerical
computations also clearly show the e�ect of the beyond all orders terms in the asymptotic
expansion which also arise in the Swift-Hohenberg equation near the classical bifurcation
point at P = 2 [3],[17],[20]. A signi�cant feature of these calculations is that they give
a good description of the post-buckled state as long as the di�erence between P and a
critical load P = 2 (where the unbuckled state �rst becomes linearly unstable) is smaller
than or comparable to a crucial balance parameter � which depends upon higher order
terms in the equation. As 2 � P increases the qualitative form of the solutions changes
signi�cantly from that found very close to P = 2 with a signi�cantly di�erent modulation
frequency from that obtained by a linearisation about P = 2. In Sections 2{4 we present
the asymptotic results for a general nonlinear model. In Sections 5{6 we show how the
asymptotic result for the Maxwell load corresponds to L = 0 and H = 0, for L and H
the Lagrangian and Hamiltonian integrals of the systems, respectively. In Section 7 we
compare the results to numerical calculations and contrast with previous analyses [22],
[12], [3]-[17] which are limited to P very close to 2.

2 Problem description and motivation of results

In the following sections we demonstrate the derivation of an amplitude equation for
oscillatory solutions (which will include periodic, homoclinic and heteroclinic solutions) of
the following partial di�erential equations

Lu+ f(u) � u0000 + Pu00 + u+ f(u) = 0 (2.1)

f(u) = a2u
2 + a3u

3 + a4u
4 + a5u

5 + : : : : (2.2)

This equation describes the deviation u(x) of a nondimensionalized strut with a non-
zero bending sti�ness, which is subjected to an axial compressive load P and which is
supported by a nonlinear Winkler foundation of resistance u + f(u). Such equations
have been considered for example [5] as models for the compression of a single rock layer
surrounded by a resistive medium.

This equation is the �rst variation of the Lagrangian integral L given by

L �
Z "

(u00)2

2
� P

(u0)2

2
+
u2

2
+ F (u)

#
dx = 0; and F 0(u) = f(u) (2.3)
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and has as a �rst integral the Hamiltonian H de�ned by

H = u000u0 � u002

2
+ P

u02

2
+
u2

2
+ F (u): (2.4)

In this paper we consider a nonlinear component f(u) that �rst desti�ens and subsequently
resti�ens. In this case there is a critical load P = 2 at which there is a bifurcation from the
zero solution into either a periodic or a homoclinic solution. The post-buckling response
(for P less than and close to 2) is initially subcritical and unstable, but subsequently
restabilizes with movement away from the bifurcation point.

Such an e�ect can be achieved in a variety of ways and we concentrate here on two of
distinction [12]: the general asymmetric foundation,

a2 6= 0; 0 < a3 < a22h(P ); (2.5)

where h(P ) is a smoothly varying positive function of P which is de�ned later (see 2.17),
and the symmetric or reversible foundation,

a2 = a4 = 0; a3 < 0; a5 > 0; (2.6)

which has the additional symmetry

f(�u) = �f(u):

Each of the two inequalities corresponds to a subcritical buckling response. Similar
behaviour occurs for both examples in the respective limits of

a3 ! a22h(P ) and a3=
p
a5 ! 0;

which we shall examine in this paper. The case given by (2.6) is somewhat easier to
analyse as it admits symmetric solutions with zero mean and for which u(x) = �u(T �x)
for some T . For completeness we will present a general derivation for the harder and more
general case (2.5) and compare the asymptotic results with numerics for both cases.

2.1 Overview and description of the amplitude equation

We perform our analysis by deriving a reduced amplitude equation. The amplitude
equation gives the evolution of the envelope of a periodically modulated solution, which
takes the form

u(x) � ÆA1(X)ei!x + c:c: + Æ2
h
A0(X) +A2(X)e2i!x + c:c:

i
+O

�
Æ3
�
:::; (2.7)

where X is a slow spatial variable, Æ is small in a manner that is identi�ed presently
and ! is to be determined. We �nd that the amplitude equation has both localised
(homoclinic) solutions and �xed points corresponding to periodic solutions of (2.1). At a
critical load P = PM it has a heteroclinic solution connecting zero to the periodic solution
corresponding to the �xed point. The asymptotic analysis shows that PM is precisely the
Maxwell load at which the periodic solution has Lagrangian L = 0 where L is as given in
(2.3). When P < PM there is no homoclinic solution.
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The formal derivation of the amplitude equation makes use of two asymptotic limits,
the global stabilisation limit of a3 ! a22 h(P ), or equivalently a3=

p
a5 ! 0, and the

load limit P ! 2: The traditional approach of the response of a buckled layer, based on
linear analysis, has been to look at the case of P ! 2 in isolation and to deduce the
existence of homoclinic solutions only. However, now by introducing a balance parameter

� proportional to a3 � a22h(P ), or to a3=
p
a5; which is a measure of global stability,

we can greatly extend the results. In particular we study the case when
p
2� P is

both small in absolute magnitude and comparable to �, which leads to the heteroclinic-
like behaviour mentioned earlier. Through the appropriate scaling of these parameters
the amplitude equation describes both the small amplitude oscillations and the larger
amplitude heteroclinics.

Once these scalings are introduced the derivation of the amplitude equation is essentially
a standard calculation [16]. We note special features of the underlying equation which
are related to the smoothing properties of the linear operator L and the scalings which
are used in the derivation. The linear operator in (2.1) is fourth order in space, while
the amplitude equation is second order in a slow spatial variable, and is of a form that
has been seen in other contexts [6]. In general the underlying fourth-order equation is
nonintegrable, whereas the envelope solution assumes integrability.

To motivate the full derivation of the amplitude equation of Section 3 we will quickly skip
forward and have a look at the derived amplitude equation. We discuss two \generic"
cases. In the �rst, a2 is bounded away from zero, as in (2.5). If we set

u(x) = R(x)ei!x + c:c: + other modes

the resulting amplitude equation in unscaled form is then

2PRxx = "2R� 2�R3 + gR5 (2.8)

with the constant and higher mode terms in u(x) closely coupled to R(x). Later we show
that to leading order

!2 = P=2; "2 = 1� P 2

4
;

and g is a constant of O(1): If P is very close to 2 (
p
P � 2 � �), then h(P ) � 38=27

as in [22] and [12] and � � 3(38a22=27 � a3)=2. Then the cubic terms in this expression
dominate, balancing with the linear term, and the quintic terms can be neglected. This
occurs when "� �, and leads to small amplitude homoclinic solutions of the form

R(x) =
"

�1=2
sech

�
Xp
2P

�
with X = "x: (2.9)

In contrast, if � � " then the quintic and cubic terms also balance, leading to near
heteroclinic solutions with amplitude R = O("1=2). In particular, if

"2 =
3�2

4g
(2.10)

then there is a heteroclinic connection for which

R2(x) =
"


 (1 + e�X)
with 
 =

r
g

3
and � =

r
2

P
: (2.11)
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The equation (2.10) leads to an expression for the critical Maxwell load PM at which there
is a heteroclinic connection linking the unbuckled and buckled periodic states.

The second \generic" case occurs when a2 = a4 = 0 as in (2.6). Making a preliminary
rescaling of the form

u ! a
�1=4
5 u (2.12)

we may then write (2.1) as

Lu+ a3p
a5
u3 + u5 + : : : = 0 (2.13)

The corresponding amplitude equation then has exactly the same form as (2.8) with a
di�erent constant g and with � now de�ned by

2�=3 = �a3=pa5:

2.2 Scalings

In order to obtain the behaviours outlined above from one amplitude equation it is essential
that the correct scalings of u and x are introduced, so that the terms in the equation
balance. A hint of the correct form of the scaling is given by the analysis of the amplitude
equation described above (2.8), which implies that we should take

Æ = "=�1=2 and X = "x

in (2.7). This scaling is based on the relative size of the load di�erence and the balance
parameters. We outline the derivation more carefully in this section, concentrating in the
main on the general asymmetric foundation (2.5). The entirely parallel analysis for the
reversible foundation (2.6) is outlined in Section 4.

We �rstly de�ne the symbol of ! of the operator L in (2.1) by

�(!) = !4 � P!2 + 1 = (!2 � P=2)2 + 1� P 2=4: (2.14)

Now we give a general de�nition of the size parameters " and � which were introduced in
the last section. Firstly we set

"2 = �(!) (2.15)

as a measure of the distance of P from the critical load at which P = 2 and ! = 1. Observe
that if !2 = P=2 the de�nition of " given here and in the previous section are equivalent.

If a2 6= 0 then we de�ne the balance parameter � by

� = a22

�
�(2!)�1 + 2

�
� 3a3=2 > 0; (2.16)

The condition � > 0 is then equivalent to the inequality a3 < a22h(P ) so that taking
!2 = P=2 we have

h(P ) = 2(�(
p
2P )�1 + 2)=3: (2.17)

When a2 = a4 = 0, we take

� = �3a3=(2a1=25 ) > 0 (2.18)
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The de�nitions of � arise from the underlying fourth-order variation of the total potential
function. If � > 0 at P = 2, then the equilibrium state is unstable and the bifurcation
sub-critical [21]. In contrast, if � < 0 then the bifurcation is super-critical.

In all of the following analysis we take "2 � 1, while � will vary between O(1) and O(").
In the expression (2.7) for u we allow Æ to vary in size with the parameters "; � by de�ning

Æ2 =
"2

�
: (2.19)

We see from (2.8) that this is consistent with taking A1 = O(1) in (2.7). In particular,
as � decreases, the amplitude of u increases. As we have already seen in sketch form in
Section 2.1, and will con�rm below, there are two signi�cant ranges of values of " and �

� " � � corresponds to heteroclinic connections and larger amplitudes,

� "� � corresponds to smaller amplitudes, and homoclinic solutions.

Thus, if " is �xed, then as � decreases we �nd the transition between low amplitude
homoclinic solutions and the larger amplitude heteroclinic solutions of the amplitude
equation.

Note that in both cases we have assumed that "2 � 1. As we show below, the modulation
frequency is given by !2 = P=2 to leading order. Combined with the expression for �(!)
(2.14), "2 � 1 suggests that P is \near" 2. While this appears to be the same as in the
traditional derivation of an amplitude equation based on the bifurcation point P = 2, there
are signi�cant di�erences. Traditionally, when the derivation of an amplitude equation is
based on the bifurcation analysis alone, a single small parameter is de�ned in terms of the
proximity to the bifurcation point ("2 = 2�P ), which is determined from a linear analysis.
Then quantities such as the amplitude, bifurcation parameter (load), and frequency are
scaled in powers of ", which then dictates a quadratic relationship between " and the
proximity of the balance parameter � to a critical value. In Section 8 we show that this
quadratic relationship is appropriate only in a very small neighborhood of the bifurcation
point.

In contrast, in this paper we de�ne two independent small parameters "2 and �, and the
relationship between these small parameters is obtained by balancing linear and nonlinear
terms in the amplitude equation in order to describe the transition from homoclinic to
heteroclinic connections. In this sense the scalings are based on a nonlinear analysis. This
balancing leads to the appropriate scaling of the amplitude as Æ. Note that for both " � �
and " � � the parameter Æ � 1, so that the derivation of the amplitude equation in
Section 3 is based on a small amplitude expansion together with the balancing of terms
in the amplitude equation. Also, the relationship !2 = P=2 between the frequency and
load is not speci�ed in terms of the bifurcation point, but rather determined as part of the
analysis (see Section 2.3). By allowing the relationship of several important parameters
to be determined within the context of the derivation of the amplitude, the method of
this paper allows greater 
exibility in balancing parameters, which allows for results to be
valid for a larger range of the load P . We �nd that this is indeed the case in comparisons
with the numerics in Section 7, where we discuss the asymptotic validity in detail.
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2.3 The relationship of the frequency to the load

An important feature of our analysis is the identi�cation of a relationship between the load
P and the frequency ! of the slowly varying (homoclinic and heteroclinic) solutions. Once
the correct scalings are identi�ed, a solvability condition for the fourth order operator in
(2.1) gives the leading order relationship,

!2 = P=2

between the frequency of the oscillations and the load P . At the Maxwell load PM this
is the �rst term of the asymptotic expression of the condition that L = 0 for the periodic
solution. In the paper [12] an independent argument based upon the calculus of variations,
shows that the condition L = 0 is satis�ed by that periodic solution which is the limit of
an in�nite sequence of homoclinic solutions of (2.1) with increasing end-shortening.

In the de�nitions of "2 (2.15) and � (2.16), we do not specify a value of P and hence do
not identify a small parameter in terms of the distance from P = 2 and ! = 1, as the
linear theory suggests [22]. To make the contrast concrete, the linear theory suggests that
near the bifurcation point P = 2, appropriate choices of the small parameter " and ! are

"2 = 2� P and ! = 1� "2=8:

In contrast, in our expansion we assume only that "2 = �(!) is small relative to �, so that
"=
p
� is the correct scaling for the amplitude of the �rst mode. When this is assumed,

the condition !2 = P=2 follows naturally as a leading order solvability condition for the
existence of slowly varying homoclinic solutions. If one de�nes a small parameter "̂2 � 1,
via "̂2 = 2� P , then the condition !2 = P=2 implies ! � 1� "̂2=4, which di�ers from the
linear theory. We will give numerical evidence that the condition !2 = P=2 appears to
remain valid for the homoclinic solutions, for a very wide range of values of " and �.

3 The Amplitude Equation for � = O(") (the Heteroclinic
Connection)

Motivated by the previous discussions on scaling, we now derive the amplitude equation,
the form of which we have already sketched. In this section we focus on the general non-
symmetric case when a2 6= 0. Essentially the same approach is used in the symmetric case
a2 = a4 = 0, and will be discussed in less detail in Section 4.

Starting with the underlying fourth order equation,

Lu+ f(u) � u0000 + Pu00 + u+ f(u) = 0 (3.1)

f(u) = a2u
2 + a3u

3 + a4u
4 + a5u

5 + : : : ; a2 6= 0 (3.2)

we look for an equation for the slowly varying amplitude of the primary mode with
frequency !. The slowly varying spatial variable is X = "x, as motivated by the scaling
introduction (2.11). We then expand the function u(x;X) in terms of the small parameter
Æ,

u(x) � u(x;X) � Æu1(x;X) + Æ2u2(x;X) + Æ3u3(x;X) + : : : ; (3.3)
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where Æ = "=�1=2 and " and � are given in (2.15)-(2.16). Then we replace u0(x) by the
compound expression u0(x) = ux + "uX . For clarity we mainly consider the case

� = O(")) Æ = O("1=2); (3.4)

anticipating that we are looking for the heteroclinic solution at the Maxwell load. From
the derivatives we then get terms which have coeÆcients "j , which from (3.4) are O(Æ2j).
Once these scalings and expansions are chosen, the derivation of the amplitude equation
is a straightforward envelope equation calculation.

We now substitute the expansion (3.3) into (2.1), and obtain a sequence of equations for
uj(x;X), j = 1� 5, by equating the coeÆcients of like powers of Æ.

O(Æ) : Lu1 = 0 (3.5)

O(Æ2) : Lu2 = �a2u21 (3.6)

O(Æ3) : Lu3 = �4 "
Æ2
(u1)Xxxx � 2

"

Æ2
P (u1)Xx � 2a2u1u2 � a3u

3
1 (3.7)

O(Æ4) : Lu4 = �a2u22 � 2a2u1u3 � 3a3u
2
1u2 �

"

Æ2
4(u2)Xxxx

�2 "
Æ2
P (u2)Xx � a4u

4
1 (3.8)

O(Æ5) : Lu5 = �"
2

Æ4
P (u1)XX � "2

Æ4
6(u1)XXxx � 2a2u1u4 � 2a2u2u3

�3a3(u21u3 + u1u
2
2)� 4

"

Æ2
(u3)Xxxx � 2

"

Æ2
P (u3)Xx � 4a4u

3
1u2 � a5u

5
1 (3.9)

With the ansatz
u1 = A1(X)ei!x + c:c:;

the equation (3.5) becomes

(!4 � !2P + 1)A1(X) � �(!)A1(X) = 0 (3.10)

Using (2.15),
�(!)A1(X) = "2A1(X) = O(Æ4); (3.11)

which gives a contribution at higher order (O(Æ5)). Thus the O(Æ) equation is simply the
identity 0 = 0.

Solving the O(Æ2) equation, we have
u2 = A0(X) +A2(X)e2i!x + c:c:;

where
A2(X) = �a2A2

1(X)=�(2!) and A0(X) = �2a2jA1(X)j2:
Thus we have at this order an expansion for u of the form

u = ÆA1(X)ei!x + c:c: + Æ2
h
A0(X) +A2(X)e2i!x + c:c:

i
:

Now considering the O(Æ3) terms we have

Lu3 =

�
� "

Æ2
(�4i!3A01(X) + 2iP!A01(X)) � 2a2(A2A

�

1 +A0A1)� 3a3jA1j2A1

�
ei!x

+(�2a2A1A2 � a3A
3
1)e

3i!x + c:c: (3.12)
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To prevent resonance and consequent growth in u3 we must avoid secular terms by ensuring
that the right hand side of (3.12) is orthogonal to the homogeneous solution e�i!x of the
linear problem Lu = 0. Although Lei!x = �(!)ei!x 6= 0, it yields a right hand side which
is O(Æ4) from (3.11), and therefore at this order we may treat it as being the homogeneous
solution. The secular terms can then only be zero to this order if

� "

Æ2
(�4i!3A01(X) + 2iP!A01(X)) � 2a2(A2A

�

1 +A0A1)� 3a3jA1j2A1 = 0: (3.13)

Now, from their de�nitions and from (2.16)

�2a2(A2A
�

1 +A0A1)� 3a3jA1j2A1 = 2
h
a22

�
�(2!)�1 + 2

�
� 3a3=2

i
jA1j2A1 = 2�jA1j2A1:

This expression gives our motivation for the choice of � that we have taken in this paper.
For the scaling range considered � is O(Æ2) and hence this expression does not play a role
at O(Æ3).
Thus, balancing terms of the same order, the solvability condition reduces to

2i!A01(X)[�2!2 + P ] = 0 (3.14)

Therefore either A0(X) = 0, which corresponds to a periodic solution of (2.1), or if the
solution is slowly varying (a homoclinic or heteroclinic solution) we must have

!2 =
P

2
(3.15)

to this order of asymptotics. This leading order relationship between !2 and P is central to
our analysis, as it ties the derivation of the amplitude equation together with the condition
that the Lagrangian energy is zero (see Section 5). Note that this expression, combined
with (2.15) and the assumption that " is small, implies that P is in the vicinity of 2 in
the asymptotic analysis. Numerical computations suggest that it is accurate even when P
is not asymptotically close to 2. In other words it is true not only for an asymptotically
small neighbourhood.

If the scaling in (3.4) does not hold, that is, if

� = a22

�
�(2!)�1 + 2

�
� 3a3=2 = O(1)

with respect to ", the results then obtained correspond to the region of parameter space in
which the orbits of interest are homoclinic and not heteroclinic connections. In this case,
the expansion (3.3) is equivalent to taking u � "u1 + : : : with x = "X, so that the quintic
terms can be neglected in the amplitude equation, as discussed in the previous section
(2.8)-(2.9).

Proceeding with the expansion, if we have (3.15) then the solvability condition for u3 is
satis�ed for functions A1(X) for which A01(X) is non-zero. Solving the resulting equation
for u3 then gives

u3 = A3(X)e3i!x + c:c: with �(3!)A3 = A3
1(X)

 
2a22
�(2!)

� a3

!
:
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Then the solvability condition is automatically satis�ed for the O(Æ4) equation for u4, and
we have simply that

u4 = B0 +B2e
2i!x +A4e

4i!x + c:c:

where B0, B2 and A4 are all functions of A1. Expressions for the coeÆcients B0 and B2,
which are simply corrections to the terms A0 and A2, are given in the Appendix. We do
not give an expression for the term A4 here since it plays no further role in the derivation
of the amplitude equation (3.16) for A1.

At O(Æ5) we obtain a solvability condition for u5, avoiding secular terms, very much as in
the calculation at O(Æ3). This leads immediately to an envelope equation for A1. After a
bit of algebra, this takes the form

(6!2 � P )
"2

Æ4
A001 =

"2

Æ4
A1 � 2

�

Æ2
A1jA1j2 + i

"

Æ2
djA1j2A01(X) + cjA1j4A1

Substituting the earlier solvability condition !2 = P=2 into this equation we have,

�(6!2 � P )
"2

Æ4
A001 +

"2

Æ4
A1 � 2

�

Æ2
jA1j2A1 + cjA1j4A1 + i

"

Æ2
dA01jA1j2 = 0: (3.16)

The coeÆcients c and d are also given in the Appendix. If there is no quadratic term in
f(u) (a2 = 0), then d = 0.

The derivation of the amplitude equation, using including solvability conditions at several
orders of the perturbation expansion, in analogous to the resolution of a singular Hopf
bifurcation [1]. Here the choice of the small parameters Æ, " and � leads to both a local
description, valid very close to P = 2, and a nonlocal description, valid for larger values
of 2� P corresponding to the balance of linear and nonlinear terms in (3.16).

3.1 Analysis of the amplitude equation

We now analyse the equation (3.16). If we look for solutions of the form

A1(X) = r(X)ei'(X);

with r(X) real, then

'X(X) =
Æ2

"

 
dr4

4
+ c1

!
1

(6!2 � P )r2
(3.17)

(6!2 � P )
"2

Æ4
rXX =

"2

Æ4
r � 2

�

Æ2
r3 + gr5; (3.18)

where

g = c� 3d2

16(6!2 � P )

"2

Æ4
: (3.19)

If we express the equation (3.18) in unscaled variables by setting R = Ær and x = X="
then we obtain (2.8).

In general, (3.18) has a �xed point at r = 0 and a homoclinic solution connecting r = 0
to itself. This orbit satis�es the identity obtained by integrating rX times (3.18) which is
given by

6!2 � P

2

"2

Æ4
r2X =

"2

2Æ4
r2 � �

2Æ2
r4 +

g

6
r6: (3.20)
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Setting rX = 0 in this expression we have that the maximum amplitude rH of the
homoclinic solution is given by

r2H =
3�

2gÆ2

2
41�

s
1� 4g"2

3�2

3
5 (3.21)

provided that "2 < 3�2=4g:

The amplitude equation also has two non-zero �xed points (rXX = 0) at points r�0 > 0
satisfying the quartic equation

�
r�0

�2
=

�

gÆ2

2
41�

s
1� g"2

�2

3
5 : (3.22)

Observe that these �xed points correspond to those periodic solutions of the underlying
system with frequency !2 = P=2 to leading order. It is not diÆcult to show that

r�0 < rH � r+0

with equality on the right hand side occurring precisely when

"2 = 3�2=4g: (3.23)

At this point there is a heteroclinic connection from r = 0 to the �xed point r+0 and for
which

r20 = r2H =
3�

2gÆ2
: (3.24)

Using (2.15), (2.16) the condition (3.23) can be written in terms of P and the original
coeÆcients aj of f(u) (2.1),

�(!)g =
3

4
�2 =

3

4

�
3

2
a3 � a22

�
�(2!)�1 + 2

��2
: (3.25)

This is the condition for the existence of a heteroclinic connection of frequency !2 = P=2
and thus it gives the Maxwell load P = PM , and corresponding heteroclinic connection
uM (x). In Section 8 we give a simpli�ed formula for PM when P is very close to 2.

The equation (3.17) provides a phase correction to the periodic solution, which is a higher
order correction to the condition !2 = P=2 (3.15) consistent with the Maxwell load
condition L = 0. From equation (3.17) we see that on a homoclinic orbit with r ! 0
the equation for ' becomes singular unless we set c1 = 0. Doing this and integrating the
resulting equation in a neighbourhood of the �xed point on the heteroclinic orbit we have

' =
Æ2

"

dr20
4(6!2 � P )

X + '0 (3.26)

where '0 is a constant. Again observe that ' = '0 if a2 = d = 0. Substituting !2 = P=2
and (3.24) we have

Æ2

"

dr20
4(6!2 � P )

=
�9a22�
g�(2!)2

(3.27)

12



Thus, including the phase correction and X = "x in the periodic solution u(x) we get the
corrected frequency !,

u(x;X) � ÆA1(X)ei!x + c:c: = Ær0e
i'(X)+i

p
P=2x + c:c: = Ær0e

i(
p
P=2+�!1)x + c:c:

! =

s
P

2
+ �!1 =

s
P

2
� 9a22�

�(
p
2P )2g

: (3.28)

Note that the phase correction !1 is de�ned in terms of !, so that an approximation to
the phase correction is obtained by setting ! =

p
P=2 in the de�nition of !1. We will

show in Section 5 that (3.28) is equivalent to setting L = 0 to this order of asymptotics.

In Section 7 we compare these results to the numerics, applying the general formulas of
this section to the particular case a2 = �1, a4 = a5 = 0.

4 The case of the symmetric nonlinearity

As we have seen above, the condition (3.25) is a complicated function of the coeÆcients
aj and P . However, this expression simpli�es greatly in the symmetric case when

a2 = a4 = 0; a3 < 0 and we consider (after a preliminary rescaling (2.12) by a
�1=4
5 )

the solutions of
Lu+ a3p

a5
u3 + u5 = 0: (4.1)

Furthermore, the corrections to the asymptotic expansion are at higher order and thus the
asymptotic expression is more accurate, as demonstrated by the numerical calculations.

In this case, we use the scaling (2.12) to get (2.13) and follow the procedure outlined in
the previous section, with Æ = "=�1=2 and " and � given by (2.15) and (2.18). Then the
zero mode A0 and the higher mode A2e

2i!x which are proportional to a2 and a4 vanish,
and the symmetric solution has a much simpler modal expansion of the form

u(x;X) = ÆA1(X)ei!x + Æ3A3(X)e3i!x + : : :

In this calculation � is chosen to give an equation exactly of the form (3.18) with

d = 0 and g = 10 � 3a23=(a5�(3!)):

Observe that as d = 0 there is no O(") `phase correction' to be made for !: The analysis
of the amplitude equation proceeds exactly as before, with an evolution of a homoclinic
connection into a heteroclinic one. The Maxwell condition (3.25) then reduces to

�(!)a5 = a23

�
27

160
+

3�(!)

10�(3!)

�
: (4.2)

where � is given by (2.15) and !2 = P=2: An analogous result for wave number selection
in the Swift-Hohenberg equation with symmetric nonlinearity [3]- [17] is valid for P near
2, in the notation of this paper.

It is interesting to note that the critical curve (4.2) is just the limit of (3.25) as a2; a4 ! 0
for the general non-symmetric case (a2 6= 0; a5 6= 0), and it is not necessary to do a
di�erent analysis. Then the equation (3.25) for the Maxwell load P = PM has the form
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"
10a5 � 3a23

�(3!)
+O(a2; a4)

#
�(!) =

3

4

�
3

2
a3 � a22(�(2!)

�1 + 2)

�2
(4.3)

where

�(!) = 1� P 2
M

4
for !2 =

PM
2

(4.4)

which gives (4.2) as a2 ! 0.

Furthermore, from (4.3) we see that if a2 6= 0, then the critical load PM approaches 2
when a3 ! a22h(PM ), whereas if a2 = 0 then PM approaches 2 when a23=a5 ! 0.

5 The Lagrangian condition L = 0

The di�erential equation (2.1) is the �rst variation of the Lagrangian energy

L =

Z "
u002

2
� Pu02

2
+
u2

2
+ F (u)

#
dx; F 0(u) = f(u):

Whilst this integral is not de�ned in general for a periodic solution, we may consider the
energy per period T as

L =

Z T

0

"
u002

2
� Pu02

2
+
u2

2
+ F (u)

#
dx:

In [19] it is shown that periodic solutions satisfying L = 0 play a signi�cant role in
the behaviour of the underlying system. In particular, adjoining such a solution to a
localised solution does not change its energy, with obvious implications to any minimisation
argument. Furthermore, at the Maxwell load, the periodic solution is the limit of a
heteroclinic connection. This has a constant Hamiltonian of H = 0 and hence the periodic
solution must also satisfy H = 0 so that

u000u0 � u002

2
+ P

u02

2
+
u2

2
+ F (u) = 0:

Integrating this expression over one period, and applying integration by parts, we deduce
that if u is a periodic solution with zero Hamiltonian then

Z T

0

"
�3

2
u002 + P

u02

2
+
u2

2
+ F (u)

#
dx = 0:

Hence, the condition L = 0 is equivalent to

Z T

0

h
2u002 � Pu02

i
dx = 0: (5.1)
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Now suppose that u has a modal expansion of the form

u = Æ2A0 + ÆA1e
i!x + Æ2A2e

2i!x + Æ3A3e
3i!x + c:c::

Substituting into the identity (5.1) we have

2!4
h
Æ2jA1j2 + 16Æ4jA2j2 + 81Æ6jA3j2::

i
� P!2

h
Æ2jA1j2 + 4Æ4jA2j2 + 9Æ6jA3j2::

i
= 0:

Hence, ! must satisfy the condition

!2 =
P

2

 
jA1j2 + 4Æ2jA2j2 + 9Æ4jA3j2::
jA1j2 + 16Æ2jA2j2 + 81Æ4jA3j2::

!
=

P

2

 
1� 12Æ2

����A2

A1

����2
!
+O

�
Æ4
�
:

Substituting for A1 and A2 the values taken at the Maxwell load gives

!2 =
P

2

 
1� 18�

a22
g�(2!)2

!
+O

�
Æ4)
�
;

which is the same to order O(Æ4) as the phase correction to ! (3.28) derived from the
amplitude equation. Observe that in the symmetric case we have simply

!2 =
P

2
+O

�
Æ4
�
:

The conditions L = 0 and H = 0 were used in [17] to describe wave number selection in a
Swift-Hohenberg model corresponding to the symmetric case of this paper (2.6).

6 The condition H = 0.

The equation
u0000 + Pu00 + u+ f(u) = 0

has a �rst integral

H = u0u000 � 1

2
u002 +

P

2
u02 + F (u); F 0(u) = f(u): (6.1)

As observed above, localised solutions of the system (homoclinic connections) must satisfy
the condition H = 0: There may also be periodic solutions which do not satisfy this
condition. We now show that for the problems considered in this paper the condition that
a periodic solution satisi�es H = 0 is equivalent (to the level of asymptotics considered)
to the condition that there should be a heteroclinic connection between zero and the �xed
point r0 in the amplitude equation. If we consider the underlying di�erential equation and
substitute a purely periodic solution of the form

u = Æ2A0 + ÆA1e
i!x + Æ2e2i!x + c:c:

then, comparing terms in eik!x and substituting where appropriate, then the condition
satis�ed when k = 1 leads to the non di�erentiated terms in the amplitude equation. In
particular the (linear) coeÆcient of A1 is given by �(!)A1 with

�(!) = !4 � P!2 + 1:
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In contrast we may substitute the pure periodic solution into the integrated equation (6.1).
After some manipulation we �nd that the resulting expression has a contribution of the
form 2�(!)jA1j2=2 + h:o:t: where

�(!) = �3!4 + P!2 + 1:

If we compare � and � we see that they are equal i� !2 = P=2, precisely as given by the
asymptotic calculation.

Now consider the nonlinear terms. For simplicity we consider the case of a symmetric
nonlinearity only so that u(x) has a single mode expansion of the form u(x) = A1e

i!x+c:c:.
A simple calculation shows that if n is odd then the coeÆcient of ei!x in u(x)n is given
by Cn

(n�1)=2A
n
1 . Similarly, the constant term in the expression u(x)n+1=(n+1) is given by

2Cn
(n�1)=2jA1jn+1=(n+ 1):

We conclude that if the underlying di�erential equation leads to an equation for A1 of the
form X

�kA
k
1 = 0;

then, provided !2 = P=2 the equation for H is simply

H = 2
X

�kjA1jk+1=(k + 1):

Thus, if (as before) A1 = rei' then the equation for H is twice the �rst integral of
the resulting amplitude equation for r. Hence the condition that this integral is zero is
equivalent to the condition that H = 0 in this case.

7 Numerical calculations

The main conclusions of the previous analysis is that the amplitude equation predicts the
existence of homoclinic solutions of frequency close to !2 = P=2 which converge towards
a heteroclinic connection to a periodic solution at the Maxwell load PM . In this section
we present some numerical results for the two cases of the non-symmetric nonlinearity
(a2 6= 0) and the symmetric nonlinearity (a2 = a4 = 0). Our results look at two features
of the solution described above. Firstly we look at the calculation of the periodic solution
associated with the Maxwell load, where we make a comparison between the asymptotic
formula (3.25) for the critical Maxwell load PM in terms of the parameters aj of the
nonlinear equation and the computations both of the periodic solution and the associated
loads. An interesting conclusion from our numerical computations is that the asymptotic
formulae appear to remain accurate even when the values of Æ, " and � are not particularly
small. Secondly, we will calculate the true homoclinic solutions of (2.1) as functions of the
load P and then compare these with the solutions as predicted by the asymptotic analysis.

7.1 Periodic solutions

7.1.1 Calculation of the solution branches

We look for symmetric solutions in x of the equation (2.1) which satisfy the periodic
boundary conditions

u(0) = u(T ); u0(0) = u0(T )
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where T = 2�=!. There are many such periodic solutions and to �nd the ones of interest
we specify certain additional conditions. Firstly we �x the phase of the solution so that

u0(0) = u0(T ) = 0:

Secondly we look only at solutions symmetric about x = 0 so that u(x) = u(�x) and
hence

u000(0) = u000(T ) = 0:

It is certainly true that as the equation itself admits the symmetry u ! u; x ! �x
there is a class of symmetric periodic solutions which bifurcate from zero at the critical
value of P = 2 and which retain this symmetry. Thus it is not being overly restrictive to
con�ne our attention to this class. To �x things we need one additional condition. Two
are of interest, the condition for a zero Lagrangian L = 0 solution (2.3) which we call
condition L, and secondly the condition for a zero Hamiltonian H = 0 de�ned by (2.4)
which we call condition H. These are chosen because a solution satisfying condition L will
correspond to our earlier analysis and condition H is necessary for a periodic solution to
have a heteroclinic connection to the origin.

In principle, given a suitably chosen P , then either of the two conditions L or H lead to a
well de�ned periodic solution u(x) together with an associated period T and frequency !.
A path of such solutions may then be computed numerically. A simple procedure which
works well for solutions satisfying condition L is �rstly to guess values of u(0), T and
H. Using (2.4) we may then determine u00(0) and we have u0(0) = u000(0) = 0. We then
integrate the system (2.1) together with the equation

dL

dx
=

u002

2
� P

u02

2
+
u2

2
+ F (u)

as an initial value problem over the interval [0; T ] using a variable step Runge-Kutta
Mersen method with error tolerance of 10�12. Using the Powell-hybrid nonlinear solver
SNSQE (see http://gams.nist.gov/serve.cgi/Module/NMS/SNSQE/2828), the values of
u(0), T and L are then adjusted until the three conditions

u(0)� u(T ) = 0; u0(T ) = 0 and L(T ) = 0 (7.1)

are satis�ed. The procedure for �nding solutions satisfying condition H is very similar but
slightly simpler as in this case only u(0) and T are to be determined. These procedures
worked well given reasonable initial guesses. Having determined the solution at one value
of P a branch of such solutions is then computed by using Keller's pseudo arc-length
method [13].

When the solution satis�es the condition H elementary bifurcation theory shows that there
is a path of periodic solutions which bifurcates for P < 2 from the zero solution at the
critical load value of P = 2. This curve has a fold bifurcation at a point P1 < 2 and exists
for P > P1. In contrast the curve satisfying condition L does not bifurcate from the zero
solution; however it does have a fold bifurcation precisely at the Maxwell load P = PM
where it also satis�es the condition H [19]. We present below two numerically computed
curves of such periodic solutions for the case of the non-symmetric nonlinearity

f(u) = �u2 + u3=2:
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In Figures 7.1 and 7.2 we take solutions satisfying condition L and plot the frequency !
and Hamiltonian H of the solution in the �rst �gure and the amplitude u(0) in the second.
Observe that the limit points in Figure 7.1 occur precisely when H = 0 and that at the
left most limit point we also have !2 � P=2.
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P 

H 

(P/2)1/2 

Figure 7.2: H and ! on the branch of the periodic solution satisfying L = 0
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Figure 7.3: u(0) on the branch of the periodic solution satisfying L = 0

In Figures 7.3,7.4 and 7.5 we plot those periodic solutions satisfying condition H giving !
and L and u(0) in this case. We use these results below to identify the Maxwell load PM .

7.1.2 Calculation of the Maxwell load

In the above �gures it is clear that there are well de�ned values of P where both condition
L and condition H are satis�ed simultaneously. This is precisely the Maxwell condition
for the load P � PM identi�ed earlier, at which the amplitude equation has a heteroclinic
orbit with zero Hamiltonian connecting the zero solution to the periodic solution given by
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Figure 7.4: ! on the branch of periodic solutions satisfying H = 0
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Figure 7.5: L on the branch of periodic solutions satisfying H = 0
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Figure 7.6: u(0) on the branch of periodic solutions satisfying H = 0

the �xed point. Such points are locally unique, so that PM and the associated functions
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uM and !M are locally unique functions of the coeÆcients of the function f(u). We may
thus identify curves of such points at the Maxwell load parametrised by these coeÆcients.

To compute such curves, we modify the method described earlier so that H = 0 is given
and P; u(0) and T are unknowns. The initial value problem is then integrated as before
and P; u(0) and T are determined so that the condition (7.1) is satis�ed. Branches of
solutions are then found as before.

To present our results we consider �rst the asymmetric case of

f(u) = �u2 + a3u
3 (7.2)

In Figures 7.6,7.7 and 7.8 we plot PM , !M and uM (0) as functions of a3. The computed
solutions presented as solid lines are compared with the asymptotic values obtained in
Section 3 which are presented as dashed lines. The periodic solution uM (x) is given by

uM (x) = Æ2A0 + Æ4B0 + ÆA1e
i!x + (Æ2A2 + Æ4B2)e

2i!x + Æ3A3e
3i!x + ::+ c:c:

with ÆA1 =
q

3�
2g (3.24) and Aj and Bj given in Section 3 and the Appendix.
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Figure 7.7: Numerical (solid) and asymptotic (dashed) calculations of PM .

The agreement here is reasonable for all values of a3 (the value of !M is particularly well
approximated), and the agreement is especially good for a3 close to 38/27 where we may
use the simpli�ed expansions demonstrated in Section 8.

The small discrepencies arise from the sensitivity of u(0) to higher order asymptotic
contributions from the zero mode and the second harmonic. We anticipate some
improvement could be realised through an additional rescaling based on �.

We now consider the symmetric problem,

f(u) = a3u
3 + u5; a3 < 0;
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Figure 7.8: Numerical (solid) and asymptotic (dashed) calculations of !M
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Figure 7.9: Numerical (solid) and asymptotic (dashed) calculations of uM (0)

discussed in Section 4. In Figures 7.9, 7.10 and 7.11 we again plot PM , !M and uM (0)
over a range of values of a3 and include the asymptotics as determined by the formulae
given in Section 4. Here the amplitude of the periodic solution is given by

a
1=4
5 ÆA1 = a

1=4
5

s
3�

2g
=

1

2

s
�9a3
g

; (7.3)

g = 10� 3a23
a5�(3!)

= 10�O(�2) (7.4)

At the Maxwell load P = PM , the heteroclinic solution of (4.1) takes the form

u(x) =

s
�9a3
g

1

1 + e�"(x�x0)
cos

0
@
s
PM
2
x+ '0

1
A (7.5)

where � =
p
2=PM , x0 is arbitrary and '0 is an undetermined phase, the calculation of

which requires asymptotics beyond all orders.
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Figure 7.10: Numerical (solid) and asymptotic (dashed) calculations of PM in the symmetric case.
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Figure 7.11: Numerical (solid) and asymptotic (dashed) calculations of !M in the symmetric case.
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Figure 7.12: Numerical (solid) and asymptotic (dashed) calculations of uM (0) in the symmetric
case.
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The agreement between the computed values and the predictions of the asymptotic
formulae (7.3)-(7.5) is truly remarkable given the wide range of values of a3 considered,
which include values which are not particularly small. Indeed the two curves of numerical
and asymptotic results cannot be distinguished from each other. Note that this agreement
is better than for the non-symmetric problem, because in this case u(x) is approximated
well by a single mode.

Above we have shown good agreement between the asymptotic approximation and
numerical calculation of PM . In Section 2 we outlined the scaling which is the basis
for the derivation of the amplitude equation. For the asymmetric case shown in Figures
7.6{7.8, the range of parameters corresponds to 0 < "2 < 0:2 and 0 < Æ < 0:4. For the
symmetric case shown in Figure 7.9{7.11, the parameters correspond to 0 < "2 < 0:7
and 0 < Æ < 0:55. While this appears to be a fairly large range for these parameters,
the success of the asymptotic approximation is due to several key points. The choice
of the small parameters is motivated by the appropriate balance of linear and nonlinear
terms, not only a linear analysis around the critical bifurcation point. The amplitude
equation, whose derivation relies on a small amplitude scaling Æ, is appropriate for a range
of parameters for which this balance holds, thus providing a reasonable approximation to
the Maxwell load for a larger range of parameters. The frequency !, which is a crucial
element in describing the behavior of localized solution, is determined through a solvability
condition, rather than by scaling about the frequency ! = 1 at the critical load P = 2. In
addition, since the coeÆcient of Æj is (A1)

j = O(1) in the approximation to the solution
u, we expect that we can �nd asymptotically valid approximations in which u is actually
close to unity. This is shown in Figures 7.8 and 7.11. As P decreases so that 2� P is no
longer small in the asymptotic sense de�ned above, the qualitative behavior of the solution
moves towards kinks [12], and an analysis based on the amplitude equation is no longer
valid.

7.2 Calculations of the homoclinic solution

The homoclinic solutions of the amplitude equation correspond to homoclinic solutions of
the underlying fourth order equation. It is possible to �nd numerical solutions of these
and then follow them as coeÆcients are varied using the techniques described in [12]. The
equation (2.1) is solved by collocation on a large interval, and is matched to boundary
conditions derived from the form of the homoclinic solution. For uH(x) such a homoclinic
solution, we can characterise this by the value of uH(0) and by the end shortening

E =
1

2

Z
1

�1

u02dx:

In the following �gures, and for all of the subsequent calculations in this Section, we plot
E and uH(0) for the case of a3 = �

p
2,

f(u) = �
p
2u3 + u5 (7.6)

looking for solutions parametrised by P . Note that a23=a5 is not small in this case.

For the symmetric problem (7.6) we can compare the numerically computed value of uH(0)
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Figure 7.13: P as a function of end-shortening, showing the Maxwell load PM

with the value of rH(0) determined in (3.21) given by

Æ2r2H(0) =
�9a3
10

 
1�

s
1� 160"2

27a23

!
;

where "2 = 1 � P 2=4: The resulting graphs are given in Figure 7.14. Observe that the
curve derived from the amplitude equation closely approximates the numerically computed
curve, but that the latter curve has a small oscillatory variation about it close to the
Maxwell load, so that in the computations P can take values slightly lower than PM , and
P oscillates between values P1 and P2 as u(0)! uM (0).
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Figure 7.14: The asymptotic amplitude (dashed) of the homoclinic solution compared with the
numerical solution (solid), showing the oscillatory behaviour close to the Maxwell load.

The oscillations of P about PM visible in Figure 7.14 arise from terms beyond all orders in
the asymptotic expansion not considered in this paper and the nature and origin of these
oscillations is described in [3],,[17][12]. The limiting value of P = PM at which the curve
rH ceases to exist is approximately located at the mid-point (P1+P2)=2 of the oscillations
indicated in Figure 7.14. In Figure 7.15 we plot this mid-point as a function of a3, together
with the values P1 and P2 corresponding to the maximum and minimum values of P in
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the oscillatory part of the graph close to the Maxwell load. We can then compare these
values with the computed value of PM . The agreement between the computed value of
the midpoint and the Maxwell load PM is excellent for a wide range of values of a3 none
of which is especially small. For the symmetric case, asymptotic calculations reported in
[3],[17] imply that as � ! 0 the width P1�P2 of the oscillations about PM is of O(e�C=�

2

)
for a constant C > 0. A more re�ned calculation, which we detail in a future paper [4],
indicates that as a3 ! 0

P1 � P2 � 1

2�
a43e

�2�=a2
3 : (7.7)

In Figure 7.15 we plot both the numerical values (solid) of P1, P2 and the mid-point
(P1 + P2)=2 and compare these with the theoretical values of PM given earlier and of P1

and P2 derived from (7.7). Again the agreement between theory and numerics is excellent.
This indicates that although P can be less than PM , the minimum value of P is always
exponentially close (in the sense of (7.7) to PM .
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Figure 7.15: A comparison of the theoretical Maxwell load PM and P1 and P2 (dashed) with the
mid-point and P1 and P2 (solid) of the numerically computed oscillations.

At the point P = PM the amplitude equation has a heteroclinic rather than a homoclinic
solution. This is a very good approximation of each half of the limiting homoclinic solution
in the limit of E ! 1: Now at the same value of PM the underlying equation has an
in�nite number of homoclinic solutions of increasing end-shorterning which tend towards
a heteroclinic solution [18]. For comparison in Figure 7.16 we take a homoclinic solution
which has 11 signi�cant oscillations of the periodic solution in the centre portion. The
numerical calculation gives one half of this solution, so that the origin is placed at a mid-
point for which u0(0) = 0. This we compare with the modulated heteroclinic solution

uH(x) calculated using (7.5) with " =
q
1� P 2

M=4 and � =
p
2=PM : In this solution the

phase '0 of the oscillatory term is �xed to be 0 by the condition that u0(0) = 0. However,
we have freedom over the choice of the point x0. A very good �t is obtained by taking
x0 = 35:3: Observe that the amplitude, frequency and phase of the asymptotic solution
closely match that of the numerically computed solution. The asymptotic estimation of
x0 requires the use of exponential asymptotics and is left for a future paper.

Comparisons with numerics reveal the extent of the in
uence of \beyond-all-order" terms
which make up the di�erence between the true result and the asymptotic portrayal.
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In particular, the beyond all orders terms help to determine the phase of the solution
and predict the existence of solutions in an exponentially close neighbourhood of PM as
a3 ! a22h(P ) or as a3=

p
a5 ! 0: A true comparison with the homoclinic requires looking

beyond the integrable case to asymptotics beyond all orders and we leave this to a future
calculation.

0 5 10 15 20 25 30 35 40 45 50
−1.5

−1

−0.5

0

0.5

1

1.5

numerical 

asymptotic 

x 

u(x) 

Figure 7.16: The heteroclinic solution computed (solid) compared with the asymptotic (dashed)
calculation.

8 Comparison with previous analyses

We focus on several previous analyses which were primarily based on taking P very close
indeed to 2. In [22] an amplitude equation was derived and in [12] a normal form analysis
was used for the case of a2 = �1, a3 > 0 and a4 = a5 = 0. In both cases the signi�cant
value of a3 = 38=27 was identi�ed as the global stabilisation limit as P ! 2 leading to the
heteroclinic connection.

Our analysis also gives this special value, under the assumption that 2�P is a quadratic
function of �,

P � 2� p�2 for � � 1: (8.1)

Such a quadratic relationship between 2� P and � follows from an asymptotic approach
for the amplitude equation based solely on the proximity of P to the bifurcation point, as
discussed in Section 2.2.

Then, by the de�nition of " and � (2.14)-(2.15) and ! from (3.15) and (3.28) we have

�(2!) � 9 +O(�)

!2 =
P

2
+ �!1 � 1� �

2

9g
+O(�2) (8.2)

"2 = �2!2
1 + p�2 +O(�3):: (8.3)

Then from the de�nition of � (2.16) it is clear that for P � 2,

� � 3
2

�
38
27 � a3

�
: (8.4)
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so that � ! 0 as a3 ! 38=27. We calculate the value of p for comparison purposes. Using
(8.1)-(8.3) we get the coeÆcients in the amplitude equation using (A.16)-(A.17)

d = d0 + d1� = �32=27 +O(�) (8.5)

c = c0 + c1� = 48:4 : : : +O(�) (8.6)

which are used to determine the Maxwell load from (3.25). Using (3.25) and the de�nition
of g (3.19)

"2

�2
c0 � 3

4
+

3d20
64

(8.7)

We also use (3.25) to replace g in (8.2), and thus determine "2=�2 and p,

"2

�2
=

"4

�4
k + p; k =

�
8

27

�2

) p � "2

�2
� 0:017 (8.8)

Then 2� PM is a quadratic function of (38=27 � a3),

PM � 2� 9

4
p(38=27 � a3)

2: (8.9)

This quadratic function is compared with the asymptotic result for PM (3.25) in Figure
8.1.
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Figure 8.1: Comparison of 2�PM as a quadratic function of � (dash-dotted line) with the

asymptotic results from Sections 3 and 4 (solid line). a) Non-symmetric case a2 = �1,
a4 = a5 = 0, b) Symmetric case a3 < 0, a5 > 0, a2 = a4 = 0.

We see that the result for PM obtained from the quadratic approximation fails away from
P = 2. The success of the asymptotic result of this paper is a direct result of an analysis
which is based on balancing the linear and nonlinear terms in the amplitude equation.
This approach gives a more general formula for the Maxwell load (3.25) in which 2� PM
is not a quadratic function of �. This result is valid for a range of values of PM , such that
"2=� � 1, as used in the derivation of the amplitude equation of Section 3.
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We also compare to the symmetric case a3 < 0, a5 > 0, and a2 = a4 = 0, which is
equivalent to the analysis of wave number selection in the Swift-Hohenberg equation [3]-
[17] for P near 2. In this case �2 = 9a23=(4a5), and !1 = 0, so that for P very close to 2
we �nd

P � 2� p�2 for � � 1: (8.10)

!2 � P

2
+O(�2) (8.11)

"2 � p�2: (8.12)

Then the Maxwell condition is

a5p�
2 = a23

"
27

160
+

3�2p

640

#
) p � 3

40
(8.13)

(8.14)

so that

PM � 2� 27a23
160a5

= 2� 3

40
�2:

In Figure 8.1 we compare this quadratic approximation with PM obtained from (4.2).

9 Conclusions

The analysis presented in this paper allows us to consider the cellular solutions of the
equation (2.1) for values of P in a signi�cant range away from the critical bifurcation
point. In particular we are able to analyse the transition between a homoclinic and
a heteroclinic solution occuring at the Maxwell load PM . The agreement between the
numerical computations and the asymptotic calculations is excellent. The next stage in
this analysis is to look at the asymptotic contribution of the beyond all orders terms close
to PM .

A Appendix: CoeÆcients in the amplitude equation

In Section 3 we showed that

u4 = B0(X) +B2(X)e2i!x +A4(X)e4i!x + c:c:

The coeÆcients B0(X) and B2(X) are given by

�(2!)B2 = �a2(2A2A0 + 2A�1A3)� 4i!A02(X)(�8!2 + P )� 3a3(2jA1j2A2 +A2
1A0)� 4a4A

2
1jA1j2

B0 = �a2(2jA2j2 +A2
0)� 3a3(2jA1j2A0 +A2

1A
�

2 + (A�1)
2A2)� 6a4jA1j4 (A.15)

The further coeÆcients c and d are given by
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c = � 12a42
�(2!)2�(3!)

+
12a22a3

�(2!)�(3!)
� 6

�(2!)2
(2a42 � 3a3a

2
2)

�4a4
�

4a2
�(2!)

� 6a2

�
+ 10a5 +

36a3a
2
2

�(2!)
� 3a23
�(3!)

� 4(2a42 � 9a3a
2
2) (A.16)

d = �16a22!(8!
2 � P )

�(2!)2
(A.17)

We note that in the de�nition of c the terms of the form 1=�(3!) and 1=�(2!)2 will be
very small in comparison with the others when !2 = P=2:
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