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Abstract We develop a multi-scale analysis for stochastic differential equations.
Such models are particularly sensitive to noise when the system is near
a critical point, such as a Hopf bifurcation, which marks a transition to
oscillatory behavior. In particular, we are interested in the case when
the combined effects of the noise and the bifurcation amplify oscillations
which would decay in the deterministic system. The derivation of re-
duced equations for the envelope of the oscillations provides an efficient
analysis of the dynamics by separating the influence of the noise from
the intrinsic oscillations over long time scales.
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1. Introduction

In this paper we give an asymptotic analysis of the effect of noise
near a Hopf bifurcation for the stochastic Duffing-van der Pol equation.
In particular, we are interested in the case where the sensitivity to the
noise is demonstrated through a resonance. In the presence of noise,
oscillations are sustained in the subcritical region, where oscillations die
out in the absence of noise, as shown in Figure 1. In the absence of
external periodic forcing this phenomenon has been called autonomous
stochastic resonance [1], where the noise excites the oscillations intrinsic
to the deterministic dynamics. It has been observed in many systems
with delays, including models of neurons, lasers, and a variety of oscil-
lators with delayed feedback (see [2]-[6], and references therein). It has
also been observed in systems without delays, where it has been studied
in the context of stochastic bifurcations [7].
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Figure 1. Simulation for the additive noise case, for a = 1, b = 1, β = −ε2, ε = .07.
In the top figure δ = .003, and the bottom figure δ = .02. Even though ε is the same
for both, the bottom figure has larger amplitude oscillations.

In this paper we consider a canonical example of a system, the Duffing-
van der Pol equation, which has been studied both in the context of
deterministic and stochastic cases. We will consider both additive and
multiplicative noise cases. Using multi-scale analysis, we derive envelope
equations for the stochastic amplitude of the oscillations. We see that
this approach leads to results similar to those in [8]-[11]. The multi-
scale approach provides a new viewpoint of the dynamics in which the
oscillations have the deterministic frequency associated with the Hopf bi-
furcation and are modulated by a slowly varying stochastic amplitude.
It also has an attractive physical interpretation which is directly related
to resonance with Fourier-type components.

2. Multi-scale analysis

We begin with the Duffing-van der Pol equation with additive noise,
which we write as a system of stochastic differential equations.

dx = ydt (1)

dy =
[

−ω2x+ βy − ax3 − bx2y
]

dt+ δdw. (2)

For comparison, we also consider multiplicative noise, replacing (2 with

dy =
[

−ω2x+ βy − ax3 − bx2y
]

dt+ δxdw. (3)

We are interested in the case where β is near zero, since β = 0 corre-
sponds to a Hopf bifurcation in the absence of noise. That is, for β < 0
oscillations decay over time and for β > 0 there is a stable oscillatory
behavior. We will explore the noise-sensitivity of the system for small
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values of β, restricting our analysis to δ � 1 in order to understand
where small noise can play a significant role in the dynamics. We will
obtain relevant scalings related to this noise-sensitivity. In order to focus
on these parameters, we set all other parameters to unity, ω = a = b = 1.

It is well known that in the absence of noise (δ = 0), one can give
an asymptotic approximation to the solution when the parameters cor-
respond to close proximity to the Hopf bifurcation. The method of
multiple scales is useful for giving a description in which the natural
mode of oscillation associated with the bifurcation appears explicitly in
the approximation [12]. The form is

x ∼ A(T ) cosωt+B(T ) sinωt, T = ε2t, (4)

where ε2 is the parameter measuring the proximity to the bifurcation.
Here A(T ) and B(T ) are functions of a slow time T , which are treated
as constants with respect to the fast oscillations with frequency ω on the
t time scale. By deriving equations on the slow T scale for the ampli-
tude, or envelope, described by A(T ) and B(T ), one gets an asymptotic
approximation for the process near the Hopf bifurcation, that is, for
ε2 � 1. In the remainder of this paper, we derive such envelope or
amplitude equations in the stochastic case δ 6= 0.

2.1 Additive noise: β < 0

We begin by considering the subcritical case with additive noise (2).
In the absence of noise, oscillations decay exponentially in time. In the
case of additive noise, the noise causes a resonance-type effect in exciting
the natural modes of the system, even when the noise is small (See Figure
1). This is particularly evident when |β| � 1, that is, β takes values
near the Hopf bifurcation point of the deterministic system.

We borrow techniques from the derivation of envelope equations via
multi-scale analysis, used in studying the bifurcations of patterns near
critical [12]-[13]. The analysis starts with the identification of a slow time
scale T = ε2t, which is related to the proximity of β to zero, β = ε2β2,
for β2 = O(1) with respect to ε. Note that β2 < 0 in the subcritical
case. Then we look for an asymptotic approximation to the solution in
the form of a slowly varying amplitude, or envelope, and for the critical
mode corresponding to the Hopf bifurcation. A standard linear analysis
of the deterministic system shows that this critical mode has frequency
ω. Therefore, we expect approximations of the form

x̂(t) = εA(T ) cosωt+ εB(T ) sinωt. (5)

Here we have assumed that A(T ) and B(T ) are slowly varying func-
tions of time, which is appropriate when ε � 1 and δ � 1. Below we
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Figure 2. The probability density function p(x) and p(x̂), obtained from 5000
numerical simulations of the full system (2) (dash-dotted lines) and the multi-scale
approximation (solid line) for a = 1, b = 1, β = −ε2, ε = .07 for large t. Here t
is chosen sufficiently large in order to approximate the invariant density for additive
noise. The two sets of curves correspond to two different noise levels, δ = .003 and
δ = .02, giving more and less concentrated densities, respectively.

also determine the relationship between δ and ε for the validity of the
asymptotic approximation.

We derive equations for A(T ) and B(T ) of the form

dA = ψAdT + σAdξ1(T ), dB = ψBdT + σBdξ2(T ), (6)

with ξ1(T ) and ξ2(T ) as independent standard Brownian motions.
In order to get the drift coefficients ψA, ψB and the diffusion coeffi-

cients σA, σB, we use two identities expressing dx̂ and dŷ in terms of
A and B. In the Appendix we use multi-scale analysis to obtain the
leading order approximation for the coefficients,

ψA =
1

2
β2A+

3

8
aB(A2 +B2) − 1

8
bA(A2 +B2), (7)

ψB =
1

2
β2B − 3

8
aA(A2 +B2) − 1

8
bB(A2 +B2),

σA = − δ

2ε2
, σB =

δ

2ε2
. (8)

Note that ψA and ψB are identical to the result of the multiscale analysis
in the deterministic case.

From (8) we can conclude that the multiscale analysis is valid when
the magnitude of the noise is δ = O(ε2) or smaller. For δ � ε2, we
see that the noise dominates the dynamics of the envelope. Then it is
inappropriate to use the multi-scale approximation in which the envelope
is a slowly varying stochastic process. This scaling relationship δ ∼ ε2
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is not unexpected, since it appears in other analyses of the non-trivial
behavior of this system near the Hopf bifurcation [8]-[11].

Using (6)-(8) we numerically simulate the solution for A(T ) and B(T )
for δ = O(ε2), and thus obtain the approximation x̂ for x(t). Since
this approximation holds in an averaged or weak sense, we compare the
results by comparing simulations which approximation the probability
density, as shown in Figure 2. Note that the simulation of the multi-scale
approximation is approximately O(1/ε2) faster than the simulation of the
original model (2), since the approximation (5) requires the simulation
of (6) on the T time scale rather than the t time scale.

2.2 Multiplicative noise: β < 0

The procedure for approximating x in (3) for this case is similar to
that described in the previous section. We again use the form (5) for x̂.

As in Baxendale [8]-[9], we assume the form of equations for A and B

(

dA
dB

)

=

(

ψA

ψB

)

dT +
3

∑

j=1

Σj

(

A
B

)

dWj(T ). (9)

Here the drift coefficients ψA and ψB are the same as in the additive noise
case, but the noise is in terms of three independent Brownian motions
Wj. In [9] it is shown that the averaged equations for the stochastic van
der Pol-Duffing equation have this form, in particular for describing the
two-point motion and the associated Lyapunov exponent. The constant
matrices Σj follow from a consistency comparison of the infinitesimal
generators for the original and averaged processes.

Σ0 =
c0
2

[

0 1
−1 0

]

Σ1 =
c1

2
√

2

[

1 0
0 −1

]

Σ2 =
c2

2
√

2

[

0 1
1 0

]

. (10)

Here cj depends on the small parameters δ and ε.
Our multi-scale analysis gives the same form for the noise terms in the

stochastic amplitude equations for the delay equation with multiplicative
noise. This can be seen by writing the noise as a type of Fourier series
representation,

δSx(t)dw = δM0xdw0 + δM1x cos 2ωtdw1 + δM2x sin 2ωtdw2. (11)

where

S =

[

0 0
1 0

]

, x = (x y)T , Mj =

[

mj1 mj2

mj3 mj4

]

, (12)

wj are independent Brownian motions, and Mj are constant matrices
that must be determined. Note that we could include other modes in
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(11), such as Mx sin kωt for k > 2. However, under the multi-scale pro-
jection onto cosωt and sinωt as shown in the Appendix (A.10), these
terms do not contribute to the stochastic amplitude equations. In addi-
tion, there are certain restrictions on the coefficients mjk, as discussed
below. This forces us to express the term Sx(t)dw in more than one
term of such a Fourier representation. Here we retain all terms which
would possibly contribute to the leading order behavior of the envelope,
due to a resonance with the dominant mode cosωt, sinωt.

As in the case of additive noise, we write wj(t) = Wj(T )/ε and use
the multi-scale projection (A.10) onto cosωt and sinωt, treating Wj(T )
as independent of t. This gives mjk in terms of the entries for Σj.

m01 +m04 = 0 m12 −m13 = c0
ε

δ
(13)

mj1 −mj4 =
cjε

δ
√

2
, mj2 +mj3 = 0, j = 1, 2 (14)

Note that there is not a unique solution to this system, so we have
some freedom in choosing the matrices Mj . For example, we can take

m03 = −1, m14 = m24 = −1/
√

2, and all other mjk = 0, so that
c0 = c1 = c2 = δ/ε agrees with Σj [9].

For the subcritical case with multiplicative noise, the deterministic
decay plays a role in both the deterministic and stochastic aspects of
the dynamics, and thus the noise does not dominate the behavior as in
the case of additive noise. In Figure 3 we compare the time dependent
probability density function for the original and multi-scale systems,
observing how the shape of the density changes over time. In [8]-[11] the
scaling δ = ε is also used to obtain averaged equations of the same form
as the envelope equations for A and B, and they show that an explicit
expression for the probability density can be obtained for the averaged
system. In [11], only two terms are used to represent the noise in the
averaged system.

3. Supercritical case: β > 0

For the supercritical case, we take β = ε2β2 with β2 > 0. In the
absence of noise, oscillations are stable, which are approximated by

x ∼ ερ cos((1 + ε2ω2)t), ρ2 = 4
β2

b
, ω2 =

3

8
aρ2. (15)

Then the multiscale approximation has the form

x̂ = ε(ρ+A(T )) cos((1 + ε2ω2)t) + εB(T ) sin((1 + ε2ω2)t). (16)

We restrict our attention to the case of additive noise, noting that the
multiplicative noise can be treated in a similar way.
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Figure 3. The probability density function p(x, t) and p(x̂, t), obtained from the
simulation of the full system (3) (dash-dotted lines) and the multi-scale approximation
x̂ (solid line) for a = 1, b = 1, β = −ε2, ε = .1, and δ = .02. In (a) the results
are graphed for two different times, t = 800 and t = 1000 and initial condition,
x(0) = .5, y(0) = 0. In (b) we graph the density for two different times t = 500 and
t = 800 and initial condition x(0) = .25, y(0) = 0.

Using the same multi-scale method to obtain the multi-scale approxi-
mation as in Section 2.1, we find that A(T ) and B(T ) in (16) follow the
stochastic system of the form (6). In this case, the coefficients are

ψA = −β2A− ω2B +
3

8
aρ2B +

3

4
aρAB − 1

8
bρ

(

3

4
A2 +B2

)

+

3

8
aB(A2 +B2) − 1

8
bA(A2 +B2),

ψB = ω2A− 9

8
aρ2A− 1

4
bρAB − 3

8
aρ

(

3

4
A2 +B2

)

−
3

8
aA(A2 +B2) − 1

8
bB(A2 +B2). (17)

and σA and σB are given by (8). Once again ψA and ψB are identical to
the result of the multiscale analysis in the deterministic case. In Figure
4 we compare the probability densities obtained from simulation of the
original variable x, and the multi-scale approximation using (16) for x̂
with (6), (8), and (17).

4. Summary

We apply a multiscale analysis to analyze the effect of noise on the
canonical model of the stochastic Duffing-van der Pol equation. This
model is particularly sensitive to noise when the delay is near a critical
value, corresponding to a Hopf bifurcation. In the subcritical case, os-
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Figure 4. The probability density function p(x) and p(x̂), obtained from the nu-
merical simulations (24,000 realizations) of the full system (dash-dotted lines) and
the multi-scale approximation (16) (solid line) for a = 1, b = 1, β = ε2, for two cases:
(i) ε = .05 and δ = .002 and (ii) ε = .1 and δ = .01. Here t is chosen sufficiently large
so that it is anticipated that p(x) is the invariant density for the case when the noise
is additive. Note that a very large number of simulations is needed to completely
resolve the density.

cillations which would decay in the absence of noise are amplified by the
interaction of the noise and the bifurcation. We derive stochastic equa-
tions for the slow evolution of the envelope of these oscillations at the
Hopf frequency. The analysis leads to a description which separates the
deterministic and stochastic elements of the dynamics. Advantages of
this approximation include efficiency of simulations over large times and
relatively simple dynamics described by the envelope equations. The
analysis also leads to a natural scaling between the magnitude of the
noise δ and the proximity to the bifurcation ε2. Note it is not necessary
to assume this scaling relationship at the beginning of the analysis; it
appears naturally as a result of the analysis, from which it is clear that
the analysis is valid for δ = O(ε2) for additive noise, and δ = O(ε) for
multiplicative noise.

The method has also been applied to stochastic systems with delay:
a linear system and the logistic model, both with delay and additive
small noise [14], and a canonical model with delayed negative feedback
[15]. For the linear system the approximation is compared with a result
obtained from the Fourier analysis. For the logistic model both the sub-
and super-critical cases are considered; that is, the analysis is applied
for delays above and below the critical delay. The method is particularly
useful for systems with delays since it avoids complications due to the
memory in the system, which can make other analyses impractical.

The phenomenon demonstrated here occurs in many applications with
similar features, including neuronal models, optics, and information sys-
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tems [2]-[6]. The analysis exploits the interaction of the noise with the
Hopf bifurcation, features which are common to these other models.
Thus the analysis can be applied to a wide variety of stochastic models,
in order to understand the effects of noise near a bifurcation.
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Appendix: Details of the multi-scale analysis

We start with (2) and the ansatz for the multi-scale approximation (5)-(6). We
also need the expression for ŷ(t) which is

ŷ(t) = −εω [A(T ) sinωt−B(T ) cosωt] . (A.1)

First, from Ito’s formula, we have

dx̂ =
∂x̂

∂t
dt+

dx̂

dA
dA+

dx̂

dB
dB (A.2)

= ŷdt+ ε cosωt(ψAdT + σAdξ1) + ε sinωt(ψBdT + σBdξ2)

dŷ =
∂ŷ

∂t
dt+

dŷ

dA
dA+

dŷ

dB
dB (A.3)

=
[

−ω2x̂
]

dt− εω sinωt(ψAdT + σAdξ1) + εω cosωt(ψBdT + σBdξ2).

Here we have left out terms such as d2x̂
dA2

and d2 ŷ
dB2

, since these quantities vanish,
according to (5) and (A.1). The second set of expressions for dx̂, dŷ comes from
substituting (5) and (A.1) into (2),

dx̂ = [−ε(A(T ) sinωt+B(T ) cosωt)]dt (A.4)

dŷ = ε
[

−ω2(A(T ) cosωt+B(T ) sinωt) − ε2ωβ2(A(T ) sinωt−B(T ) cosωt)

−aε2(A(T ) cosωt+B(T ) sinωt)3 (A.5)

−bωε2(A(T ) cosωt+B(T ) sinωt)2(−A(T ) sinωt+B(T ) cosωt)
]

dt+ δdw.

Now we set (A.4) and (A.5) equal to (A.2) and (A.3), and collect coefficients of
like powers of ε, noting the dT = ε2dt. We find that the O(ε) terms cancel. Then the
next terms are O(ε3), and for convenience we write them in terms of the slow time T .

(cosωtψA + sinωtψB)dT + cosωtσA dξ1 + sinωtσB dξ2 = 0 (A.6)

ε(− sinωtψA + cosωtψB)dT + ε(− sinωtσA dξ1 + cosωtσB dξ2) =

ε[−β2(A(T ) sinωt−B(T ) cosωt) − a(A(T ) cosωt+B(T ) sinωt)3

−b(A(T ) cosωt+B(T ) sinωt)2(−A(T ) sinωt+B(T ) cosωt)]dT + δdw. (A.7)

Here we have used ω = 1 in the coefficients. Then we equate the drift and diffusion
terms. For the diffusion terms we have

cosωtσA dξ1 + sinωtσB dξ2 = 0 (A.8)

ε(− sinωtσA dξ1 + cosωtσB dξ2) = δdw (A.9)

=
δ

ε
[cosωt dw1(T ) + sinωt dw2(T )]
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Here we have used well-known identities, first to express dw in terms of sinωt, cosωt
and two independent Brownian motions w2 and w1, and second to write w2(t) and
w1(t) as functions of the slow time T .

At this stage we employ the multi-scale assumption, that is, that the fast time
scale t and the slow time scale T are independent. This is a useful approximation
when ε � 1. In order to obtain σA and σB, we eliminate the fast oscillations in t,
integrating over one period 2π/ω, using the orthogonality of sinωt and cosωt, and
treating t and T as independent. For example,

∫

2π/ω

0

[ε cosωt · (A.8) − ε sinωt · (A.9)] dt ⇒ σA = −
δ

2ε2
. (A.10)

Similarly, σB = δ
2ε2

.
We use the same method to solve for the drift coefficients, substituting the drift

terms from (A.6) and (A.7) for (A.8) and (A.9), respectively, into (A.10). Again
treating functions of T as independent from t yields (7).
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