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ABSTRACT

The rate of convergence to a stable law is determined for the probability density of the
normalized sum of n independent identically distributed random variables, as n ! 1.
Methods are given for using these results to �t data to such a law.
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1 Introduction

We consider the normalized sum of n independent identically distributed random variables
Xi; i = 1; : : : ; n with the common probability distribution function F (x) and probability
density q(y) = F 0(y). We suppose that the distribution function Fn(y) of the normalized
sum converges as n ! 1 to a stable distribution or stable law. The only stable distri-
butions are the normal distributions and the Levy distributions. We shall study the rate
at which the density qn(y)= F 0

n(y) converges to the density q(y) of a stable law, which
has been studied extensively for general F (x). The book of Christoph and Wolf [1] and
the recent paper by Juozulynas and Paulauskas [2] contain results most closely related
to those in this paper, and give relevant references. See also Petrov [3]. By assuming
that F (x) has a probability density p(x) with a very speci�c tail behavior, we study how
the rate of convergence depends on the parameters describing the tail. We compare and
contrast our results with those of [1] and [2] in sections 2 and 3.

Levy distributions have algebraically decaying densities. Therefore they often arise in
nature describing the e�ects due to randomly placed sources producing slowly decaying
�elds. For example, Chandrasekhar [4] obtained the Holtsmark distribution, with tails
decaying as the �5=2 power, for the magnitude of the gravitational force due to a random
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distribution of stars. Similarly, Vlad [5] found algebraic decay for the probability density
of the concentration of a rare mineral due to random sources. Jimenez [6] simulated two
dimensional turbulent 
ow by representing it as the 
ow due to a random collection of n
vortices. He showed that as n increased, the density of the components of velocity gradient
converged at the rate 1=n to a Cauchy density, i.e. a Levy density with exponent � = 1.
The density of the velocity components converged much more slowly to a Gaussian, at
the rate 1= lnn.

Levy distributions also describe many other types of data. For example, Peng et al.
[7] considered the interval between successive beats for diseased human hearts, and also
the increments between successive intervals. The increments of interbeat intervals had a
Levy density with � = 1:7 and the interbeat intervals had a Gaussian density. Mantegna
[8], [9] considered the di�erence in price index from one day to the next on the Milan
stock exchange and on the New York stock exchange. Both densities could be �t with
Levy laws, with � = 1:16 and � = 1:5 respectively.

Before starting our analysis, we shall recall some basic results about the convergence
of the normalized sums

Yn =
1

Bn

nX
i=1

(Xi �Mn) : (1.1)

When F has �rst and second moments m1 and m2, we set Bn = n1=2 and Mn = m1 in
(1.1). Then the Central Limit Theorem states that as n ! 1, the distribution of Yn
converges to a normal distribution with mean zero and second moment m2. (Feller [10]).
If F has a third moment m3, then qn(y)� q(y) = O(n�1=2) uniformly in y, and if m3 = 0
then the rate of convergence is o(n�1=2). However, if F does not have a third moment,
but if F (x) = O(jxj��) as x! �1 and F (x) = 1�O(x��) as x! +1 with 2 < � � 3,

then qn(y) � q(y) = O
h
n�(��2)=2

i
. In this case we see that the rate of convergence is

slower than when there is a third moment.
When F does not have both �rst and second moments, the distribution of the Yn may

still converge. A necessary and suÆcient condition for this is (Gnedenko and Kolmogorov
[11])

F (x) = [c1 + r1(x)]jxj��; x < 0

= 1� [c2 + r2(x)]x
��; x > 0; (1.2)

with 0 < � � 2, c1 and c2 positive constants, r1(x) ! 0 as x ! �1 and r2(x) ! 0 as
x! +1. When this condition holds and 0 < � < 2 we can set Bn = n1=� in (1.1). Then
the limit is a Levy distribution with density q(y;�; c; 
) characterized by �, c > 0 and

, and 
 = 0 when q is even. When � = 2 we can set Bn = h(n) where h(n) satis�es
h2 = n lnh, and the limit is a normal distribution. If F has an even density, we can set
Mn = 0, and if F is not even but � > 1 we can set Mn = m1. The choice of Mn when the
density is not even and � � 1 will be explained in section 4.

In section 2, we will determine the rate of convergence of the density qn to q when
F (x) has an even density with tail behavior (2.1). We contrast this result with that of
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[2]. In section 3, we will show how this rate is modi�ed when the tail behavior is changed
to (3.1). In section 4, we consider non-symmetric densities with tail behavior (4.1). In
section 5, we discuss methods for determining the exponent � from data, assuming that
the densities have the appropriate moments.

2 Convergence rates for symmetric densities

To determine the probability density qn(y) of the normalized sum Yn de�ned by (1.1), we
assume that F (x) has an even probability density p(x). Furthermore, we assume that for
some positive constants �;A and a, p(x) has the form

p(x) =
A

2jxj1+� ; jxj > a: (2.1)

We do not specify p(x) for jxj < a, but we require that p(x) and p0(x) exist for jxj < a.
We allow A and � to be arbitrary, and consider the speci�c sums Yn given in (2.2). We
now contrast this with the assumptions of [1] and [2]. There the tail of the density is
assumed to be exactly the leading term in the expansion of the stable density, that is,
they choose A to be a particular value. This is the obvious choice of A for assuring the

existence of the pseudo-moments
1R
�1
jxjs dH and some related integrals, as required in [1]

and [2] for certain values of s � �. The function H is the di�erence between F (x) and the
corresponding attracting stable law. Therefore, for s � �, the pseudo-moment will exist if
the expression (2.1) is exactly the leading term in the expansion of the density q(y;�; c; 0)
for y!1. The particular choice of A to assure this is given in [2], using Theorem 1.4 of
[1], with Bn chosen as below. Changing the value of A is generally equivalent to changing
the scale of x. However for certain values of A and �, cancellation of terms results in
higher order convergence. We shall note when the value of A can make a di�erence in the
rate of convergence.

Now, because p is even, we can set Mn = 0 in (1.1). Then we choose Bn = n1=� for
0 < � < 2, Bn = h(n) for � = 2 and Bn = n1=2 for � > 2 as was described in the
preceding section. As a consequence, Yn is given by

Yn = n�1=�
nX
i=1

Xi ; 0 < � < 2 (2.2a)

Yn =
1

h(n)

nX
i=1

Xi ; � = 2; h2(n) = n lnh(n) (2.2b)

Yn = n�1=2
nX
i=1

Xi ; � > 2: (2.2c)

We shall prove the following theorem:
Theorem 1. Let Xi, i = 1; : : : ; n be n i.i.d. random variables with the common even
probability density p(x) satisfying (2.1) and di�erentiable for jxj 6= a and let Yn be de�ned
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by (2.2a) -(2.2c) . Then Yn has an even density qn(y) = F 0
n(y) which converges, as n!1,

to the density q(y) of a stable law given by

q(y) = q(y;�; c; 0); c = A��1�(1� �) cos(��=2) for � 6= 1; c = A�=2 for � = 1

(2.3a)

q(y) = (2�A)�1=2 e�y
2=2A (2.3b)

q(y) = (2�m2)
�1=2 e�y

2=2m2 ; m2 = second moment of X1: (2.3c)

The rate of convergence is given uniformly in y by

qn(y)� q(y) = O
h
n��(�)

i
; (2.4a)

qn(y)� q(y) = O
�

1

lnn

�
; (2.4b)

qn(y)� q(y) = O
h
n��(�)

i
; (2.4c)

where

�(�) = 1; 0 < � � 1 (2.5a)

=
2

�
� 1; 1 � � < 2 (2.5b)

�(�) =
�

2
� 1; 2 < � � 4; (2.5c)

= 1; 4 � �: (2.5d)

Proof From the relation p(x) = F 0(x) and (2.1), it follows that F satis�es (1.2) with
r1(x) = 0 for x < �a and r2(x) = 0 for x > a. Therefore the distribution Fn of Yn
given by (2.2a) converges to a Levy distribution with characteristic exponent �. The
distribution Fn of Yn given by (2.2c) converges to a normal distribution because F has
�rst and second moments for � > 2. In case (2.2b), F satis�es the condition [11]

lim
X!1

X2
R
jxj>X dF (x)R

jxj<X x
2dF (x)

= 0; (2.6)

which is necessary and suÆcient for Fn to converge to a normal distribution.
We have assumed that F (x) has a density p(x) so each Fn(y) has a density qn(y), and

each limit distribution also has a density q(y). We have to show that qn(y) converges to
that particular q(y) given by (2.3a)-(2.3c) and that the rate of convergence is given by
(2.4a)-(2.4b). In case c, it follows from the Central Limit Theorem that qn converges to
q in (2.3c).

We begin by introducing S(k), the characteristic function of Xi, which is the Fourier
transform of p(x). From (2.2a) the characteristic function of Yn is S

n(n�1=�k). Therefore

qn(y) =
1

2�

Z 1

�1
e�ikySn(n�1=�k)dk =

1

2�

Z 1

�1
e�iky+n lnS(n�1=�k)dk : (2.7)
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The corresponding representation of q(y;�; c; 
) is [9]

q(y;�; c; 
) =
1

2�

Z 1

�1
e�iky�cjkj

� ei�
=2(k=jkj) dk: (2.8)

When 0 < � < 2, to �nd S(k) which occurs in (2.7), we use the evenness of p(x) and
(2.1) to write

S(k) =
Z 1

�1
eikxp(x)dx = 2

Z a

0
p(x) cos kxdx+ A

Z 1

a

cos kx

x1+�
dx : (2.9)

We rewrite the last integral in (2.9) as follows:

Z 1

a

cos kx

x1+�
dx =

Z 1

0

cos kx� 1

x1+�
dx�

Z a

0

cos kx� 1

x1+�
dx+

Z 1

a

1

x1+�
dx : (2.10)

We evaluate the �rst integral on the right side of (2.10) in terms of the gamma function. In
the second integral, we expand cos kx in a Taylor series and integrate term by term. The
third integral we evaluate explicitly. Then we use these results in (2.10), and substitute
(2.10) into (2.9) to get

S(k) = 2
Z a

0
p(x) cos kxdx+ A

2
4a��
�
� jkj��(1� �)

�
cos

��

2
+

1X
j=1

jkj2j
(2j)!

(�1)j a
2j��

2j � �

3
5

� 1� cjkj� +
1X
j=1

B2jjkj2j : (2.11)

The constant 1 in (2.11) is the integral of p(x). The coeÆcient of �jkj� in the �rst
expression is denoted c, and it has exactly the value given in (2.3a) for � 6= 1. The value
at � = 1 is just the limit of this expression as � ! 1. It can be found by writing c as
A��1�(2� �)(1� �)�1 cos(��=2), which has the limit A�=2 at � = 1.

In evaluating (2.7) for n large we need the behavior of lnS(k) for small jkj. The lowest
power of k in (2.11) is jkj� and the next lowest is k2� for � � 1 and k2 for � � 1. Thus
for small jkj

lnS(k) = �cjkj� � c2

2
jkj2� +B2k

2 +O(jkj2+�) +O(jkj3�) : (2.12)

From (2.12) we get for n�1=�jkj small

n lnS(k=n1=�) = �cjkj� � c2

2n
jkj2� +B2

k2

n2=��1
+O

 jkj2+�
n2=�

!
+O

 jkj3�
n2

!
: (2.13)

Now we write (2.7) in the form

qn(y) =
1

2�

n1=��ÆZ
�n1=��Æ

e�iky+n logS(n�1=�k) dk +Rn(y) : (2.14)

5



for 0 < Æ < min(1=�; 2=�� 1). In the Appendix, we show that

jRn(y)j < C1

�
1� c

nÆ�
+O(n�2Æ)

�n
+ C2n

��n (2.15)

for C1, C2 constants, � > 0. Thus the remainder Rn is exponentially small for large
n. Within the range of integration in (2.14), jn�1=�kj � n�Æ. Therefore, the small
argument expansion (2.13) is valid throughout the range. Upon using it in the integral,
and expanding the exponential, we can write (2.14) as

qn(y) =
1

2�

n1=��ÆZ
�n1=��Æ

e�iky�cjkj
�

"
1� c2

2n
jkj2� +B2

k2

n2=��1
+O

 jkj2+�
n2=�

!
+O

 jkj3�
n2

!#
dk +Rn(y) :

(2.16)
As n ! 1, the limits of integration in (2.16) tend to �1. The integral of the

exponential times the �rst term, 1, in the integrand tends to exactly (2.8), with 
 = 0,
which proves (2.3a).

The fact that 
 = 0 is a consequence of the symmetry of p(x). The di�erence between
the integral with limits �n1=��Æ and that with limits �1 is bounded by a multiple of the
right side of (2.15), so it is exponentially small for large n. The next term in the integrand
of (2.16) is O(n�1) and it is the leading correction if 0 < � < 1, while if 1 < � < 2, the
O(n1�2=�) term is the leading correction. For � = 1 they are both of the same order,
O(n�1). This proves (2.4a) and (2.5a).

For � > 2, we calculate S(k) in the same way, with (2.10) modi�ed to

Z 1

a

cos kx

x1+�
dx =

Z 1

0

cos kx� 1 + 1
2
k2x2

x1+�
dx�

Z a

0

cos kx� 1 + 1
2
k2x2

x1+�
dx

+
Z 1

a

1� 1
2
k2x2

x1+�
dx : (2.17)

Since S 00(k)jk=0 = m2=2, where m2 is the second moment of Xi, we conclude that

S(k) � 1� m2

2
k2 � cjkj� +B4k

4 +O(k5): (2.18)

Here c is the coeÆcient of jkj� in (2.11), where it is given explicitly. From (2.18) we get

n lnS(k=n1=2) = �m2k
2

2
� c

jkj�
n�=2�1

� c2

2n
jkj2� +O

 jkj4
n

!
: (2.19)

Thus

qn(y) =
1

2�

Z 1

�1
e�iky�m2k2=2

"
1� c

n�=2�1
jkj�jB3j+O

 jkj2�
n

!
+O

 jkj4
n

!#
dk

=
1p
2�m2

e�y
2=2m2 +O(n��=2+1) +O(n�1) : (2.20)
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The �rst term in (2.20) proves (2.3c) and the next two terms prove that (2.4c) holds with
�(�) given by (2.5c).

For � = 2 we calculate S(k) as before with (2.10) replaced by

Z 1

a

cos kx

x3
dx =

Z 1

0

cos kx� 1 + 1
2
k2x sin x

x3
dx

�
Z a

0

cos kx� 1 + 1
2
k2x sinx

x3
dx+

Z 1

a

1� 1
2
k2x sinx

x3
dx : (2.21)

We �nd

S(k) = 1 +
A

2
k2 ln jkj+ C2k

2 +
1X
j=3

Cjk
j : (2.22)

The coeÆcients Cj are determined by evaluating the integrals in (2.21). Then

n lnS[k=h(n)] � �A
2

n ln(h(n))

h2(n)
k2 +

A

2
k2 ln(k)

n

h2(n)
+

C2k
2 n

h2(n)
+O

 
n ln2 h(n)

h4(n)

!
: (2.23)

By using (2.23) in (2.7) we get

qn(y) =
1

2�

Z 1

�1
e�ikyen lnS[k=h(n)]dk

=
1

2�

Z 1

�1
e�iky�

A
2
k2
"
1 +

1

lnh(n)
[C2k

2 +
A

2
k2 ln k] +O

�
1

n

�#
dk : (2.24)

The leading order term in (2.24) is just that given in (2.3b) which proves (2.3b). The next
order term is O [1= lnh(n)] � O [1= lnn] since h(n) � n1=2(lnn)1=2, which proves (2.4b).
This completes the proof of Theorem 1.

The exponent �(�) of the rate of convergence of qn to q can be de�ned as �(�) =
� lim

n!1
ln[qn(y) � q(y)]= lnn. It is given by (2.5a)-(2.5d) for � 6= 2, and from (2.4b)

�(2) = 0. It is shown in Figure 1.
In [2] the density is considered in which A = 2c and a = c�1=� in (2.1), and the density

is nonzero only for x > a. This case corresponds to one in which there is some cancellation
in the terms in (2.13) so that a di�erent rate of convergence is obtained for the isolated
values of � = 1=2 and � = 1.
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Figure 1: The exponent �(�) of the rate of convergence of qn to q, given by (2.5a)-(2.5d),
as a function of � for 0 < � � 4. For � � 4, �(�) = 1. The density p(x) satis�es (2.1).

3 Convergence rates for symmetric densities with

modi�ed tails

Next we shall determine the change in the rate of convergence to a Levy distribution when
the tail behavior (2.1) is changed to

p(x) =
A

2jxj1+� +
B

2jxj1+� for jxj > a; 0 < � < 2; � < �; A > 0; B > 0: (3.1)

The corresponding F (x) satis�es (1.1) with exponent �, since we have assumed that
� < �, and with

r1(x) = r2(x) =
B

2�jxj��� ; c1 = c2 =
A

2�
: (3.2)

We still assume that p(x) is even, so qn(y) converges to a Levy density q(y;�; c; 0).
We calculate S(k) as we did before and �nd

S(k) = 1� cjkj� � c0jkj� +
1X
j=1

B2jjkj2j: (3.3)

The constant c0 is obtained by changing � to � in the de�nition of c given in (2.3a). From
(3.3) we get

n lnS(k=n1=�) � �cjkj� � c0
jkj�

n�=��1
� c2

2n
jkj2� � (c0)2

2n2�=��1
jkj2�
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� c c0

n�=�
jkj�+� +B2

k2

n2=��1
+O

 jkj2+�
n2=�

!
: (3.4)

Now we use (3.4) in (2.7) to obtain, when � < 2,

qn(y) =
1

2�

Z 1

�1
e�iky�ck

�

"
1� c0

jkj�
n�=��1

� c2

2n
jkj2� � (c0)2

2n2�=��1
jkj2�

� c c0

n�=�
jkj�+� +B2

k2

n2=��1
+O

 jkj2+�
n2=�

!#
dk : (3.5)

The �rst term in (3.5) is just (2.8) with 
 = 0, so qn converges to q given in (2.3a).
The leading order correction is O(n�1) when � > 2� and O(n1��=�) when � < 2�. Thus
the exponent of the rate of convergence is

� = 1; 0 < � � 1; � > 2�
= 1� 2

�
; 1 � � < 2; � > 2�

= �
�
� 1; 0 < � < � < 2�:

(3.6)

In the �rst two cases, � is the same as �(�) given by (2.5a) and in the third case � is
less than �(�) in (2.5a) for 1 � � < 2. Thus when � > 2� the rate of convergence is

una�ected by the O
h
1=jxj1+�

i
term in p(x), while when � < 2� the rate of convergence

is reduced when � < 1.
When 0 < � < 1 and � = 2�, both leading order correction terms in (3.5) are O(n�1),

so � = 1 unless the two terms cancel. Then the leading order correction is O(n�2) for
O < � < 2=3 and O(n1�2=�) for 2=3 < � < 1, which is faster convergence than that given
by (2.4a) and (2.5a). Cancellation occurs if c2 + 2c0 = 0, which occurs when A;B and �
satisfy the equation

A2

2B
= � �

22�
p
�

�(�)

�(� + 1=2)
tan

��

2
=
d21
d2

: (3.7)

The ratio (3.7) is equal to d21=d2 where d1 and d2 are the �rst two coeÆcients in the
expansion of q(y;�; c; 0) in the form

q(y) =
1X
j=1

dj
1

y�j+1
: (3.8)

By proceeding in the same way, we can calculate the rate of convergence with p(x) sym-
metric and satisfying (3.1), but with � � 2. The results are shown in Table 1, along with
the results in (3.6), and those for � = 2�, with c2 6= �2c0 and c2 = �2c0.

The results can be summarized in the following theorem.
Theorem 2. Let Xi; i = 1; : : : ; n be n i.i.d. random variables with a common even

probability density satisfying (3.1). Then Yn = n�1=�
nP
i=1

Xi for 0 < � < 2, and Yn =

9



� � < � < 2� � > 2� � = 2� � � � = 2

�

0 < � < 1 n1��=� n�1 n�1 for c2 6= �2c0
max(n1�2=�; n�2) for c2 = �2c0 n�1

� = 1 n1��=� n�1 n�1 lnn n�1 lnn

1 < � < 2 max(n1��=�; n1�2=�) n1�2=� n1�2=� n1�2=� lnn

� = 2 [lnh(n)]�1 [lnh(n)]�1 [lnh(n)]�1 [lnh(n)]�1

Table 1: Convergence rates to a stable law as obtained in Section 3

1
h(n)

nP
i=1

Xi for � = 2, has an even probability density qn(y) which converges to q(y;�; c; 0)

with c given in (2.3a)-(2.3c). The di�erence qn(y) � q(y;�; c; 0) is of the order given in
Table 1.

In [2] the density is considered in which A = 2c and B = 2c0 in (3.1). Again, for some
speci�c values of � and �, this leads to di�erent rates of convergence than we have found
in Table 1. This is because there is some cancellation of terms in (3.4) for this choice of
A and B. We indicate one such case in Table 1, for � = 2� and 0 < � < 1.
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Figure 2: The exponent �(�; �) of the rate of convergence of qn to q when the density
p(x) satis�es (3.1). The rate of convergence is given in Table 1. The �gure is based on
the �rst two entries in the �rst row of the table: � = �=�� 1 for � < � < 2� and � = 1
for � > 2� with � = 1=2.
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4 Convergence rates for non-symmetric densities

The method for determining the rates of convergence can be straightforwardly extended
to non-symmetric densities. For this case we consider p(x) such that

p(x) =

( P
jxj1+�

; x > a
Q

jxj1+�
; x < �a : (4.1)

When p(x) is not symmetric, we consider the density of Yn de�ned by

a. Yn = n�1=�
nX
i=1

[Xi �Mn(�)] ; 0 < � < 2

b. Yn =
1

h(n)

nX
i=1

[Xi �Mn(2)] ; � = 2

c. Yn = n�1=2
nX
i=1

[Xi �Mn(�)] ; � > 2: (4.2)

For � > 1 we choose Mn(�) to be the mean of Xi. However, for � � 1, Xi has no mean.
Then we choose the value for Mn(�) given in (4.9) in order that the densities of the Yn
converge. This choice is also indicated by the demonstration of the domain of stability of
the Levy distribution in Gnedenko and Kolmogorov [11].

It is convenient to introduce �i = Xi � Mn in (4.2). Then Yn has a characteristic
function S�(k) = e�ikMnS(k) and for � 6= 2,

qn(y) =
1

2�

Z 1

�1
e
�iky+n lnS�

�
k

n1=�

�
dk : (4.3)

For � = 2, n1=� is replaced by h(n) here and below in (4.7). To determine S(k) we split
up the range of integration and write, for � 6= 2,

S(k) =
Z 1

�1
eikxp(x)dx =

Z a

�a
eikxp(x)dx + P

Z 1

a

eikx

x1+�
dx +Q

Z 1

a

e�ikx

x1+�
dx : (4.4)

To evaluate the last two integrals we introduce two functions ��� (x) and write

Z 1

0

e�ikx

x1+�
dx =

Z 1

0

e�ikx � ��� (x)

x1+�
dx�

Z a

0

e�ikx � ��� (x)

x1+�
dx+

Z 1

a

��� (x)

x1+�
dx : (4.5)

The ��� (x) are chosen as follows so that all the integrals in (4.5) exist:

��� (x) =

8>>>>>>>>>>><
>>>>>>>>>>>:

1 0 < � < 1
1� ik sinx � = 1
1� ikx 1 < � < 2

1� ikx� k2

2
x sin x � = 2

1� ikx� k2

2
x2 2 < � < 3

1� ikx� k2

2
x2 � ik

3

6
x2 sinx � = 3

1� ikx� k2

2
x2 � ik

3

6
x3 � > 3 :

(4.6)
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With this choice, we can evaluate the integrals in (4.4). Then we take the logarithm
of the result to obtain

n lnS�

 
k

n1=�

!
=

8>>>>>>>>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>>>>>>>>:

�d�jkj� � d2�
2n
jkj2� +O(n�2=�+1) 0 < � < 1

�(P +Q)jkj�=2� i(P �Q)jkj ln jkj+O(n�1) � = 1

�d�jkj� +B2
jkj2

n2=��1 +O(n�1) 1 < � < 2

� jkj2

2
(P +Q) +

C2k2+
P+Q
2

k2 log jkj�i(P�Q)k2�=4

lnh(n)
+O(n�1) � = 2

�k2m2=2 +B3
jkj3

n1=2
� jkj�

n�=2�1d� +O(n�1) 2 < � < 3

�k2m2=2� i (P�Q)
6

jkj3 lnn

n1=2
+B3

jkj3

n1=2
+O(n�1) � = 3

�k2m2=2� im3
jkj3

6n1=2
� jkj�

n�=2�1d� +O(n�1) � > 3 :

(4.7)

Here d� is de�ned by

d� =
�(1� �)

�

�
(P +Q) cos

�
��

2

�
� i(P �Q) sin

�
��

2

��
: (4.8)

In (4.7) and (4.8) the upper and lower signs correspond to k positive and k negative,
respectively, and Mn(�) is given by

Mn =

8><
>:

(P �Q)a
1��

1��
+
R a
�a xp(x)dx 0 < � < 1 ;

(P �Q) lnn +
R a
�a xp(x)dx + (P �Q)

R1
a

sinx
x2
dx � = 1 ;

m1 � > 1 :

(4.9)

For each case in (4.7) we determine qn(y) using (4.3). For 0 < � < 1 and 1 < � < 2
we �nd that qn(y) converges to q(y;�; c; 
) with the same error as in the symmetric case ,
O(n�1) and O(n1�2=�) respectively. For � = 2 the result is the same as in the symmetric
case also: qn(y) converges to a Gaussian with error O(1= lnn). For � = 1, qn(y) is given
by

qn(y) =
1

2�

Z 1

�1
e�ikxe�jkj[�=2(P+Q)�i(P�Q) ln jkj]

�
1 +O(n�1)

�
dk : (4.10)

The �rst term in (4.10) is the limit density, and the error is O(n�1).
The coeÆcient of k3 in S(k) does not vanish in the non-symmetric case. This does

not a�ect the convergence rate for 2 < � < 3, which is n��=2+1. But for � = 3, we �nd
from (4.7) and (4.3) that the convergence rate is lnn=n1=2. However when P = Q the
coeÆcient of the term lnn=n1=2 vanishes, so that the error is then O(n�1=2), as in the
symmetric case. For � > 3 we �nd that the convergence rate is the well-known n�1=2.
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5 Illustration via simulation

We now illustrate the convergence and rate of convergence described in Theorem 1. To
do so we consider an even probability density p(x) satisfying (2.1) with 1 < � < 2 and set

Yn = n�1=�
nP
i=1

Xi as in (2.2a). We will use simulation to evaluate EnjYN j, the expectation
of the absolute value of YN with respect to qn. We will compare it to EjY j, the expectation
of jY j with respect to q. The simulation indicates that EnjYnj converges to EjY j at the
same rate O

h
n��(�)

i
given in Theorem 1 for the convergence of qn to q, that is,

n�1=�En

����
nX
i=1

Xi

���� = EnjYnj = EjY j+O[n��(�)]: (5.1)

If (5.1) holds, then by taking logarithms of the �rst and last expressions in it and letting
n!1, we get

lnEn

����
nX
i=1

Xi

���� � 1

�
lnn + lnEjY j as n!1: (5.2)

From the second and third expressions in (5.1) we can also write, when (5.1) holds,

����En jYN j � E jY j
���� = O

h
n��(�)

i
: (5.3)

We now set � = 3=2 and choose a particular p(x). Then for each i = 1; : : : ; n
we generate m random values Xij from this distribution, and form the sample mean

m�1
mP
j=1

���� nP
i=1

Xij

����, which is an approximation to the expectation in (5.2). We also calculate

n�2=3 times the sample mean, which approximates EnjYnj in (5.3). In the upper part of

Figure 3a, we plot ln

 
m�1

mP
j=1

���� nP
i=1

Xij

����
!
versus lnn for values of n from 500 to 10,000

with m = 100. The solid line shows the right side of (5.2) as a function of n with � = 3=2.
EjY j was calculated using q(y; 3=2; c; 0) with c given by (2.3a) with � = 3=2. The sample
points tend to the theoretical line as n increases. The lower part of Figure 3a shows the
left side of (5.3) as a function of lnn with EnjYnj approximated by the sample mean.
Since �(3=2) = 1=3, the dashed line shows Cn�1=3 versus lnn, which represents the lead-
ing term on the right side of (5.3). The constant C is calculated from the term in (2.16)
proportional to n�1=3. Again the sample points tend to the theoretical line as n increases.
Plots such as those in Figure 3a can be used to determine �.

The result of averaging 300 replications of the preceding simulation is shown in Figure
3b. In this case, the solid line is the right side of (5.2) divided by lnn as a function of
lnn, and the open circles show the logarithm of the sample mean divided by lnn. The
+ signs show the logarithm of the sample mean plus or minus one standard deviation
as a function of lnn. At the bottom of the �gure, the standard deviation is shown as a
function of lnn.
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Figure 3: a) The solid curve is 1
�
lnn+ lnEjY j versus lnn with � = 3=2 using q(y; 3

2
; c; 0)

to calculate EjY j. The + signs are the sample values ln

 
m�1

mP
j=1

���� nP
i=1

Xij

����
!
with m = 100

where Xij are drawn from a distribution with even density p(x) satisfying (2.1) with
� = 3=2. The dashed curve is Cn�1=3 versus lnn and the asterisks are the values of����En jYN j � E jY j

���� where EnjYnj is approximated by the sample mean. b) The solid

curve is 1=�+(lnEjY j) = lnn versus lnn with � = 3=2. The open circles are the averages
of 300 replications of the preceding simulation divided by lnn. The asterisks at the bottom
of the �gure are the standard deviations of these 300 replications. The plus signs are the
means plus or minus one standard deviation. The standard deviation is O(10�2) and
decreases as n increases.
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A Appendix

We shall now show that the remainder Rn(y) in (2.14) satis�es (2.15). From (2.14), Rn(y)
is de�ned by

Rn(y) =
1

2�

2
64
�n1=��ÆZ
�1

+

1Z
n1=��Æ

3
75 e�ikySn(k=n1=�) dk

=
1

�
Re

1Z
n1=��Æ

e�ikySn(k=n1=�) dk ; (A.1)

for 0 < Æ < min(1=�; 2=�� 1).

First we give the behavior of Sn(k=n1=�) for k < n1=� and k > n1=�.

1. For k < n1=�,

S(k=n1=�) = 1� c
jkj�
n

+O(n�2=�): (A.2)

Reconsidering (2.9)-(2.10) (for 0 < � < 2), we have

S(k) = 1� cjkj� �
Z a

0

cos kx� 1

x1+�
dx (A.3)

In Section 2 we expanded the integral (A.3) for k small, anticipating that we need the
expansion of S(k=n1=�) for k < n1=�. Here we show that it is O(n�2=�). With the
appropriate substitutions,

S(k=n1=�) = 1� cjk=n1=�j� + 1

n

Z a=n1=�

0

cos kz � 1

z1+�
dz (A.4)

Since

lim
n!1

n�1
R a=n1=�
0

cos kz�1
z1+�

dz

n�2=�
=

a2��k2

�2(2=�+ 1)=�
; (A.5)

and 2=� > 1 for 0 < � < 2, we get (A.2) for k < n1=�.

2. For k > n1=�,

M2n
1=�

k
<
���S(k=n1=�)

��� < M1n
1=�

k
(A.6)

for some constants M1 and M2.

17



Reconsider (2.9). Integrating by parts for large k

S(k) =
1

k

"
2 sin kap(a)�

Z a

0
sin kxp0(x)dx + A

sin ka

a1+�
+ (1 + �)

Z 1

a

sin kx

x2+�
dx

#
(A.7)

Assuming p0(x) exists for jxj < a, we see that (A.6) holds for k > n1=�

Second, we show that that Rn decays exponentially with n as n ! 1, using (A.2)
and (A.6).

De�ning In,

Rn(y) =
1

�
Re
Z 1

n1=��Æ
e�ikySn(k=n1=�)dk � 1

�
Re(In) (A.8)

we integrate In by parts once

In =
Z 1

n1=��Æ
e�ikySn(k=n1=�)dk =

e�iky

�iy S
n(k=n1=�)

�����
1

n1=��Æ

(A.9)

+
n

n1=�

Z 1

n1=��Æ

e�iky

iy
Sn(k=n1=�)

S 0(k=n1=�)

S(k=n1=�)
dk:

Using (2.10),

S 0(k) = �2
Z a

0
xp(x) sin kxdx� A

Z 1

a

sin kx

x�
dx (A.10)

=
1

k

"
2ap(a) cos ka+ A

cos ka

a�
� 2

Z a

0
(xp(x))0 cos kxdx + A�

Z 1

a

cos kx

x1+�
dx

#

(A.11)

Note that the integrals in S 0(k) are of the same form as for S(k). Then, for k < n1=�

S 0(k=n1=�)

S(k=n1=�)
=
n1=�

k

2
4N1 cos ka�N2

jkj�

n
+O(n�2=�)

1� c jkj
�

n
+O(n�2=�)

3
5 (A.12)

and for k > n1=�,

L2n
1=�

k
<

�����S
0(k=n1=�)

S(k=n1=�)

����� < L1n
1=�

k
(A.13)

for L1; L2; N1; and N2 constants.

Now we rewrite In,

In = Ian + eI =
Z n1=�+Æ

n1=��Æ
e�ikySn(k=n1=�)dk + eI : (A.14)
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and similarly,

Z 1

n1=��Æ

e�iky

iy
Sn(k=n1=�)

S 0(k=n1=�)

S(k=n1=�)
dk = Jan + eJ (A.15)

�
Z n1=�+Æ

n1=��Æ

e�iky

iy
Sn(k=n1=�)

S 0(k=n1=�)

S(k=n1=�)
dk + eJ :

Then, using (A.15) in (A.9), we have

Ian � n1�1=�Jan =
e�iky

�iy S
n(k=n1=�)

�����
1

n1=��Æ

+ eI + eJ : (A.16)

It follows from the behavior of S(k) and the bounds (A.6) and (A.13) for S 0(k)=S(k)
for k � 1 that eI and eJ are exponentially small for large n; that is, eI � CIn

��In and
eJ � CJn

��Jn for CI and CJ constants and �I > 0 and �J > 0. Using the behavior of
S 0(k)=S(k) we can bound Jan as

K1jIanj
nÆ

� jJanj �
K2jIanj
n�Æ

; (A.17)

for K1 and K2 constants. Using the behavior of Sn(k) for k � 1 and k � 1,

�����e
�iky

�iy S
n(k=n1=�)

�����
1

n1=��Æ

����� � D1

�
1� c

nÆ�
+O(n�2Æ)

�n
(A.18)

for D1 a constant. Combining (A.16), (A.17), and (A.18) implies that Ian decays exponen-
tially with n as n!1, as given in (2.15). Therefore we can neglect Rn as exponentially
small in Section 2.
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