
 

Math5251 Kraft McMillaninequalities

Can we arbitrarily specify the word lengths

hi lm for a code C was um

on

alphytzotsizen
called an n ary alphabet

code

e g I on binary 2 any
5 0,1 2 ternary 3 any

EXAMPLE o 1 20 21 223 on 2 191,2

has lila la la es
1 1 2 2 274

5
3

Certainly not arbitrarily e.g if I
on

then l la la la lg 12,342,2

is impossible since It has only
4 words of length 2 q



If we further insist on the codebeing
uniquely decipherable itimposes even more of

a constraint on lis lm interestingly it's

the same constraint for codesthat are prefix

THEOREM Let I be an alphabetwith n letters

and la la lm positive integers

a Kraft If EiFei he t fest them
then I a prefix code C

on Ii withthoselengths
instantaneous

b McMillan If F a uniquelydecipherable

codeC on I with thoselengths

then Eide El

SAME inequalityforboth So one concludes

n anycodes

lengthsofprefix
lengthsof u d Taft mom an

n anycodes

lessen with É In



EXAMPLES If u 3 121 say 2 10,423

then I any u d code C with

word lengths 1,1 2 2,2 3 because

I fit 32 32 313 273
3 31 21 1

Onthe other hand there
does F a

prefix code C with lengths 1,333333
because

ft ft Ft 3 433
3 3 1

East

Infact let'sproveKraftfirst via an algorithm

to find C Assuming Chisolm has ti

occurrences of length i then the inequalityassumes

Fine It Est E

and we try to pickthe shorterwords first

I



has Eat 33 3 t 33 1

isE a f Etta
so t 3 so324 342 13 33

so 34 2
32

allowingus

topickt ftp.gtyanyts3fstha
t

length2 lengths
wordshave
aprefixfrom badprefix
our length1

If 2 choices allowingus topick
t wordsoflength

til allow
topick tawords 311ÉIoflength 2

abadp.ee fIy3t have É
É

21

pick



proof of Kraft's inequality
If Clasen has ti occurrences of i and

E EstEst É te El

weshowhow topick a prefixcode withthose

lengths Assuming one hasalreadypicked the

words of length s i 1 and showtheyleave

2 ti words of length i that avoid them
asprefixes

Previously one has picked

tis oflength i i m create nt withbadprefix

tis of length i 2 me create n't withbadprefix

ta of length 2 ms create ni't withbadprefix
t of length 2 us create nit t withbadprefix

Since there are ni words of length i
in total using alphabet I



this leaves

ni n't t nihtt n'ti anti
words of length i from which to choose ti forC

We claimtheabove quantity is at least ti

since I Eat the II t É s 1

multiplyby ni

ni't this fat tn tiztnti t ti e ni

i e tie ni
n't t nihtt n't int nti

B



proofofMcMillaninequality
Assume C is a uniquelydecipherable n any

code

having ti codewords
of length i for it 1,2 l

We want toshow tf that the n

Tt A wantAsh

IDEA Instead for each p 1 2,3 wewillshow

AP It Is for some
coefficientsesens

At Iii pl I take pthrootof
bothsides

A e pl t

A sting pl
t 1 as desired

I pet's gig
late et

k 41

L'kirtle tiny
to

Calculus
interlude é 1



So for C u d we need to show

A I Eat the has AP It Is withens
Infact we can interpret as as counting

the

number of messages wawa yup otpwords
fromC

with atotal lengthof s letters from
Z

Since there are ns strings in It with
s letters

and C is uniquelydecipherable this
shows

Cs E n
s eachstring comes fromat

mostonemessageTh

ÉEIMPLE C 412 73
2 10

n 3

p 2

E E I t
t

33 233531 337
2020

00 020 200
2021021 201 2022

210 2120My 2 y941

3 a
2220

322



RECAP We showed

Fau d nary
DF a prefix n any

code with
code with

lengths ly lm
lengths Chisolm

McMillan

pp e

Kraft

so all 3 statements are

equivalent


