BERNSTEIN’S THEOREM OVER FIELDS WITH DISCRETE
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VICTOR REINER AND STEVEN SPERBER

ABSTRACT. For fields complete with respect to a discrete valuation, we prove
a refinement of Bernstein’s theorem counting the generic number of solutions
to a system of n polynomial equations in n unknowns. The refinement predicts
the number of solutions whose coordinates have given valuations, generalizing
to several variables the classical use of Newton polygons for determining the
valuations of the roots of a polynomial in one variable.

with an appendix by William Messing

1. INTRODUCTION

This paper is about a common generalization of two well-known results related to
root-counting of polynomial systems and Newton polytopes. One of these results is
Bernstein’s theorem and the other is the classical theorem on the Newton polygon
of a polynomial or aurent polynomial in one ariable o er a completely alued

eld. The generalization has the same spirit as and also generalizes  ho anskii’s

ur e Theorem Theorem . .11.

We rst recall Bernstein’s Theorem . et be nite subsets of

onsider a collection of aurent polynomials such that for each  the
exponent ectors of monomials occurringin liein . et  denote the polytope
which is the con ex hull of . Bernstein’s Theorem states that for suitably general
collections  the number of common zeros counting multiplicities of in
the complex torus is the . ecall
that the mixed olume may be de ned as follows when one dilates each
by an independent positi e scalar  and forms the Minkowski sum the
-dimensional olume of turns out to grow as a homogeneous polynomial
function of degree in the ’s and is de ned to be the coe cient
of the monomial in this polynomial.
or our purposes the most con enient ersion of Bernstein’s Theorem is the
following special case of a result of o0 as 11 see also which is alid o er arbi-
trary algebraically closed elds. et denote a ector of ariables.
We use the exponential notation with for monomials in
the aurent polynomial ring

Bernstein’s theorem, mi ed volume, Newton polygon, discrete
valuation.
First author partially supported by NSF grant D S
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in in
in
ee for a discussion of why the genericity conditions stated in the theorem
actually are generic that is why they de ne a subset  which is non-empty and
ariski-open. or con enience we will abbre iate by and in the

polynomial systems which appear in the abo e theorem.

The second result to be generalized is the classical theorem on aluations of roots
of a aurent polynomial in one ariable o er a eld complete with respect to an
ultrametric aluation. et  be the fraction eld of a discrete aluation ring
ha ing uni ue maximal ideal .t will be con enient for us to use the additi e
form of this aluation

ord

de ned on by

i f

ord min or

for

then extended to by ord - ord ord . This aluation satis es the
or ine uality

1 ord min ord  ord

The logarithm of ord de nes an absolute alue and a metric on ~ making it a
topological eld and we assume that is complete with respect to this metric.
standard result 1 asserts that ord has a uni ue extension to the algebraic closure
of  taking aluesin and hence also to the completion of this algebraic
closure.

or our purposes we state the classical theorem on Newton polygons for aurent
polynomials and in terms most amenable to multi ariate generalization.

T 1

ord



ord

1

Theorem below is a generalization of Theorem 1 when we iew a eld as
endowed with the tri ial aluation ord for all and Theorem
when 1. ts statement and proof bear a close resemblance to certain proofs
of Bernstein’s Theorem e.g. and in particular to ho anskii’s  ur e The-
orem Theorem . .11 which it also generalizes. oughly speaking these
proofs deform the system by introducing a new parameter and then
work with uiseux expansions for the solutions of considered as

algebraic functions in the new ariable . n Theorem the roles played by  and
its ord function are similar to the roles in these proofs played by the eld of formal
aurent series and the function ord which measures the order
of anishing at see also emark 1 below .
Ithough our proof has the disad antage that it relies on Theorem 1 and hence
does gi e an independent proof of Bernstein’s Theorem it has other ad antages.
t holds for discretely alued elds in all characteristics not ust for aurent series

o er and it uses a weaker genericity hypothesis than that of =~ Theorem . .11.
We are indebted to W. Messing and . oberts for many helpful discussions
regarding the proof of a crucial lemma from commutati e algebra emmal . n

particular the ppendix contains a proof of this due to Messing.

T OR

We begin with some notation and preliminaries. s in the introduction is
a complete eld under the metric induced by its aluation ord. enote by the
completion of its algebraic closure. We denote the residue class eld
and the reduction map by . Because the inclusion
induces an inclusion . We recall 1 that this identi es with the
algebraic closure of
xtend the ord function to a map on ectors as follows for

de ne ord ord ord . or ectors
in de ne .

We x once and for all a uniformizing parameter for that is a generator
for the maximal ideal of . None of our assertions will depend in an essential
way on the particular choice of

ix a collection A of nite subsets of and a se uence of integers
1 . or each 1 de ne
a nite subset of points in and denote the whole collection A
We de ne an A to be a collection
of the form
where . n other words it is assumed that the Newton polytope of is
contained in and that each of its coe cients has a xed lower bound on its ord.

We will make fre uent reference to the coe cients



We also need to de ne for each in a certain reduced initial system of
et

et in denote the system in in . Note that in
depends implicitly on the choice of A although we ha e chosen to omit this depen-
dence from the notation.

A
ord
o
et be a least common denominator for  i.e. - . ixa -th root
~of in  so that one can de ne for any in - . ince ord this
allows us to write for some . One can then check
that gi es the desired solution to in as follows

et be the minimal alue of 1 for . Then di iding the

pre ious e uation by gi es an e uation in which reduces in  to

in

s before let  denote the con ex hull of  for 1 so that Theorem 1
tells us that generically the system will ha e exactly isolated
solutions counted with multiplicity in . et be the pro ection
onto the rst coordinates. or and 1 let be the face of
the con ex hull of  on which the dot product in with 1 is minimized
and let . Note that need not be a face of and in particular
should not be confused with the face of  on which the dot product with is
maximized. We also note that by de nition of in and by Theorem 1 generically
the system in will ha e exactly isolated solutions counted

with multiplicity in
We can now state our main result.
T A

ord



in
Before pro ing the theorem a few remarks are in order about the genericity
conditions assumed in the theorem.

R

n the case that the aluation on istri ial the genericity conditions abo e reduce

to those of Theorem 1 as we now explain. or each we ha e that is

the face of = on which the dot product with is minimized and conse uently

in in . Because each of the faces lies in a hyperplane perpendicular to
the mixed olume anishes by an argument similar to the one

gi en in the proof of roposition below.

R

ssume we had made a di erent choice of uniformizing parameter  say
for . This has the e ect of scaling each reduced coe cient by the
unit factor and hence alters the ariski open set by an in ertible diagonal
transformation.

Iso the genericity hypotheses of the theorem are unchanged if is the min-
imum alue of the dot product 1 for in one can check that
the in ertible transformation sends in to in where
in means in de ned with respect to the uniformizer

R
To see that non-empty and ariski-open rst note that e en though there are
in nitely many there are only nitely many di erent systems in
depending on the con ex hulls of the nite sets  which occur in the system A.

Now x one such system in . Note that its coe cients are a subset of all of
the reduced coe cients namely those for which 1 is maximized .

ence a non-empty ariski-open condition on this subset of coe cients gi es rise to

a non-empty ariski-open condition on . The conditions stated
in Theorem 1 under which in will ha e exactly solutions
are known to be non-empty and ariski-open see 11 . ence the conditions
under which there will be solutions to in if are
non-empty and ariski-open.

The set  in the theorem is then the intersection of these nitely many non-
empty ariski-open subsets indexed by the di erent systems in and hence
is non-empty and ariski-open.

R

One might be tempted to alter the genericity conditions in the abo e theorem
by adding in the extra hypothesis that the initial systems in when they
ha e roots ha e only roots cf. the ur e Theorem  Theorem . .11
n particular one might ha e in mind to use things like multi ariate Newton’s
method ensel’s lemma to approximate roots of starting with the roots of
in . owe er note that in characteristic  for certain choices of A these
roots for the initial system will . san example when 1 and
has characteristic  the e uation will always encounter this di culty.
Ne ertheless our theorem as stated still applies regardless of the choice of the
minimum ord alues for



The proof of Theorem occupies the remainder of this section. We begin with
some simple facts about the commutation of the operations in and in

a
in in in
b
in in in
Both a b follow from a basic fact in polyhedral geometry see e.g. 1

uation . for any nite subset  of if in for denotes the

subset of on which the dot product with is minimized then for su ciently
small

in in in
sing this new notation we can rephrase the de nitions of in in

in

We note here a basic fact which will be used below for any aurent polynomial

the initial form in only contains monomials which lie on an a ne hyperplane
on which the dot product with is constant but the same need be true for
in

To show a note that from the abo e rephrasings one has

in in

and since
in in in in in
the rst assertion in a follows.
To see the second assertion in a note that if then for each 1

by the rst assertion in a the polytope lies in an a ne hyperplane in
on which the dot product with is constant. onse uently any Minkowski

sum is a sum of polytopes lying in a family of parallel a ne
hyperplanes and thus lies in such an a ne hyperplane implying that it will ha e
zero -dimensional olume. This implies the anishing of the the mixed olume

The proof of b is similar. rom the abo e rephrasings one has

in in

and since

in in in in



the rst assertion in b follows. The second assertion in b follows because when

each lies in an a ne hyperplane of on which the dot product
with  is constant.

The next lemma explains the reason behind the phrasing of the genericity con-
ditions in Theorem

L
a
b
in
or a one argues that for any in there can be no solution in
to the system in . T weresuch a solution and if ord then
roposition would gi e rise to a solution in for the system in in

which is the same as the system in by roposition a . This

contradicts the genericity assumption of Theorem by the second assertion of
roposition a .

or b one argues that for any in with there can be no
solution in to the system in in this is the same as the system
in by roposition b and it should ha e no solutions by the second

assertion of roposition b .

The assertion of Theorem can now be rephrased as the following lemma after
introducing some terminology. et  denote the nite number of solutions  to

in ha ing ord counted with multiplicity. et denote the
nite number of solutions  to in in counted with multiplicity.
ecall that by emma 1 part b weha e
L
We rst explain why there only nitely many for which either
or  are non-zero. ince implies by roposition we need only
consider when is non-zero.
or  this follows from the method of for calculating
the mixed olume which is used in . This method in ol es lifting
each point in to a generic height in and then computing
the olumes of certain pro ected faces of the Minkowski sum of the con ex hulls of
these lifted sets . f the heights are chosen to be generic perturbations of
our gi en integers the following e uality of mixed olumes results
where ranges o er the nite subset consisting of those for

which 1 is a normal ector of some -dimensional face of the Minkowski sum



con con . This theory also predicts that for
any outside of this nite set  and hence for such
We next claim that it su ces to show the seemingly weaker ine uality

for e ery
To see this claim note that assuming we would ha e
But then because of uation the ine uality must actually be an e uality
as desired.
We now work on pro ing this ine uality for each . We can reduce
to the case where and each  has coe cients in by making a change of
ariables as follows. s in the proof of roposition X a choice of ~ where is
the least common denominator of  so that is well-de ned for each . et
denote the minimal alue of the dot product 1 for in . Then one
can check that has the following properties
t lies in
olutions  to in ha ing ord bi ect ia thein ert-
ible map with solutions  to ha ing ord
in in
Note that in is simply the reduction map

induced from the reduction map on the coe cients
s a further reduction we can replace with any nite algebraic extension of
that contains the coordinates of each of the nitely many solutions in
of the system . a ing done this the new eld will be discretely alued so
we can also assume without loss of generality that
t only remains to show then that for a complete eld  with discrete aluation
gi en with the property that

the system has only a nite number of isolated solutions in
the system in has only a nite number of isolated solutions
in
then the number of solutions to lying in is at most the number of
solutions to in counted with multiplicities.

t turns out that a stronger statement holds for each solution in its mul-
tiplicity as a solution to gi es an upper bound for the sum of the multiplicities
as solutions to of all points in which reduce to it. This follows from

emma 1 in the ppendix applied with

This completes the proof of Theorem

R R U TION

E
We gi e an easy example in ol ing a system of linear e uations to illuminate the



nature of the genericity conditions and the conclusion in Theorem . onsider the
system of e uations

e ui alent to the matrix system

n our terminology this implies that the Newton polygons coincide with
both being e ual to the triangle in ha ing ertices 1 1 . ince
the mixed olume 1 Bernstein’s Theorem predicts that this system
has exactly 1 solution in for generic choices of the coe cients

Now assume that the coe cients lie in a complete discretely alued eld

and to further specify A assume that

where lie in the aluation ring
The lifted Newton polygons con con again coincide both being e ual
to the triangle in with ertices 1 1 . Their Minkowski
sum con con is the dilation by of the same triangle ha ing only one
-dimensional face. This -dimensional face has normal ector in of the form
1 with in and

1

onse uently Theorem predicts that generically the uni ue solution to
the system will ha e ord .
Of course we know how to sol e this system explicitly ia ramer’srule gi ing
— — where

det det det

ere we can be ery explicit about the genericity conditions assumed in the
theorem and check if they su ce to force the coordinates of this uni ue solution
to ha e the predicted aluations.

f one chooses a generic ector in then the dot product of 1 with
points in the lifted triangle in ~ will be minimized on one of its ertices. owe er
somewhat less generic choices of in  gi eriseto ectors 1 in  whose dot

product minimizes on arious of the lifted triangle producing initial systems
in of the form
e uiring that  of these initial systems ha e no solutions in in is

then seen to be e ui alent to non- anishing for the following three determinants in



det det det

ui alently these conditions assert that
ord
ord
ord

One can then see that indeed these genericity conditions su ce to imply the weaker
genericity assumptions needed to apply Bernstein cf. emma 1  and also to
conclude that

ord ord — ord —

R
onsider the special case of Theorem where is the ring of formal aurent
series with -adic aluation and has characteristic zero. This relates to
classic results in Walker 1  Maurer 1 as well as ho anskii’s ur e Theo-
rem on the uiseux expansions about for the branches of an algebraic
cur e de ned by for 1 with prescribed 1-
dimensional Newton polytopes . The uiseux expansions are ectorsin  where
is the algebraic closure of . Theorem orthe ur e Theorem predicts
generically that the ariety isacur eha ingexactly
branches with uiseux expansions about of the form

R
or some applications where are rather than aurent poly-
nomials it is more appropriate to count solutions in a ne space rather than
the torus . or example building on pre ious work in this direction uber
and turmfels calculate the generic number of solutions in complex a ne space
for where . n fact the paper of o as 11 pro es a much
more general result than Theorem 1 which as a special case extends the results of
from to an arbitrary algebraically closed eld . ora eld with discrete
alution one can although we omit the details here adapt the proof of Theorem
to pro e the following generalization.

ien choose a large positi e number and de ne
ersions of as follows
if
if

et con denote the con ex hull of a set of points. ollowing it can be shown
that for  su ciently large the combinatorial structure of the lower con ex hull



of the Minkowski sum con is constant in the following sense there is a
nite collection of ectors ha ing entries which are a ne functions
of such that 1 is exactly the set of inward-pointing
normal ectors for -dimensional faces of the lower con ex hull note that if the
point is not a ertex of the face corresponding to  then . ay that
in s if all of the slopes are non-negati e and for a stable in say
that a ector has ord if
if and only if
ord if
oughly speaking this con ention means we are treating  asif ord
i en astable in let be the mixed olume of the poly-
topes where is the image under the pro ection of

the face of the lower hull of on which the dot product with 1 is minimized.
We remark that for su ciently large the polytopes gie

a subdi ision of in the sense of which re nes the subdi ision
introduced in  for the sake of stating their a ne root-count.

T

ord

E
We gi e an example to illustrate Theorems and 1 . onsider the system

with for some complete discretely alued eld and assume

that are generically chosen with ord- alues respecti ely.

n this case it happens that one can enumerate solutions in the a ne plane by

factoring out powers of ariables from . etting denote the two roots

of the wuadratic e uation if we assume for de niteness that
- then the uadratic formula shows

ord

ord
and has the following solutions

solution ord multiplicity

- 1
- 1
The con ex geometry of this example is illustrated in igure 1 for the particular
alues



I UR n example of Theorems and 1 .

igure 1 a shows the point sets in with the points labelled by the
coe cient of their corresponding monomial in  or . igure 1 b depicts their
Minkowski sum along with its subdi ision induced by the lower con ex hull
of the lifted points as shown in igure 1 ¢ . Note that the does not
participate in the subdi ision as it lifts to a point abo e the lower con ex hull. The
set contains six ectors corresponding to the labelled -
dimensional faces in igure 1 b . The corresponding normal ectors 1 to the

-dimensional faces in igure 1 ¢ and the mixed olumes may
then be computed to be

normal ector 1 stable

- 1 yes
1 yes
1 yes
1 yes 1
1 yes 1
_ - 1 yes
n this example e ery in is stable but contributes no solutions because

the associated mixed olume is . Note that the multiplicities and aluations of
non-zero coordinates of the roots of agree with the mixed olumes and



the rst and second coordinates of the entries in the abo e table as predicted
by Theorem 1 . Theorem deals only with the two solutions lying in the torus

whose coordinates’ aluations are predicted by the data in the abo e table
corresponding to the faces labelled that gi e a subdi ision of

NDI I I IN

Our goal is to state and pro e emma 1 below on multiplicities which was
used at the end of the proof of Theorem . We begin by recalling the de nition of

multiplicity . .1 which we employ.

ssume is an rtin local ring with residue eld and that is a nite
dimensional -algebra for some eld . Then clearly

dim
where denotes the length of  asa -module . n the case for a
point on the -scheme  we de ne mult dim
L
pec
mult mult

The following is an easy application of Nakayama’s emma.

L
dim dim
is a nite dimensional - ector space. et be a
basis for oer . et be an arbitrary set of liftings in
By Nakayama’s emma in fact generate o er . But then
1 1 generate o er

We now apply this lemma and some results of rothendieck to pro e emmal .

et pec and a separated morphism of nite type. ssume is
a henselian local ring. et the closed point of . ssume the closed
point is isolated in the special ber i.e. is open and closed in . Then
the dis oint union of open subschemes with and nite

and 1 .1 .1. n the case where is a complete Noetherian local

ring as in emma 1 when is a complete discrete aluation ring the result is
considerably more elementary and a simpler proof is gi en in -
By hypothesis is zero-dimensional so the coordinate ring is an rtinian
-algebra. s such

where the are the local rings of  with respect to its maximal ideals. These
ideals correspond to the closed points of and we x notation so that

f we set pec then is niteo er and is henselian. ence
there is a one-to-one correspondence between the idempotents of  and those of



emme . onse uently the system of pairwise orthogonal idempotents
corresponding to can be lifted to  so that

with where is the maximal ideal of . ny maximal ideal of
must contain since otherwise which contradicts Nakayama’s
emma.
But then clearly is the pre-image under reduction mod of the uni ue
maximal ideal of . ence is the uni ue maximal ideal of and
is local. ince is a factor of clearly . The prime ideals of
which contain  tri ialize in . Thus the points of which specialize to
correspond to the height zero prime ideals of which do not contain . et
be those prime ideals of not containing  and let be the
corresponding prime ideals in . et denote point of specializing to
which corresponds to . The direct product factorization of the rtinian ring
yields
Then
dim dim
mult

But by emma 1l abo e
dim dim
dim
mult

This completes the proof of emma 1 .
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