SPRINGER'S THEOREM FOR MODULAR
COINV ARIANTS OF GL,(F,)
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Abstra ct. Two related results are provenin the modular invari-
ant theory of GLn (Fq). The rst isa nite eld analogueof aresult
of Springer on coinvariants of the symmetric group S, acting on

modules have the samecomposition factors:
the coinvariant algebrafor GL , (Fq) acting on Fg»[X1;:::; Xn],
in which GL (Fq) acts as a subgroup of GL,(Fq») by linear
substitutions of variables, and Fy. acts by scalar substitu-
tions of variables,
the action on the group algebra Fq»[GL (Fq)] by left and
right multiplication.

The secondresult is a related statemert about parabolic invariants

and coinvariants.

1. Intr oduction

This paper concernstwo related results in the modular invariant

theory of GL,(Fq).
The rst comparestwo represetations of G C over Fg, where
G = GL,(Fg)
C = Fu:

q

On one hand, viewing Fg as an n-dimensionalF4-vector space,scalar
multiplications by elemetts of F,, are invertible Fq-linear maps. Thus
C may be viewed as a (cyclic) subgroug of GL,(Fy), and G C
therefore acts on the group algebra Fy [G], with G acting by left-
multiplication and C by right-multiplication. On the other hand, G
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ocoinvariant algeba for this G-action, that is, the quotient S<(S¢) where
(Sg) isthe ideal generatedby G-invariants of positive degree.The quo-
tient algebraA still a ords a G-action induced by linear substitutions
of variables, and C acts on A by scalar substitutions: x; 7! cx; for
c2 C = Fy. As thesetwo actions comnute, A becomesa represeta-
tion of G C.

Theorem 1. As Fp[G  C]-modules, the coinvariant algeba A and
the group algebea F4 [G] havethe samecomposition factors.

The proof of Theorem1is givenin Section2, usingthe theory of Brauer
characters.

Section3 provesthe secondmain result, via a similar character com-
putation, concerningthe invariants of a parabolic subgroupP  G.
Sincethe G-invariants S¢ form a subalgebraof the P-invariants SP,
one can form a quotient A™! := SP=(S®). This quotient no longer
aords an action of G, howewer it doesa ord an action of C = F,, as
before.

Theorem 2. As Fq [C]-modules,the algeba A™' and the P -invariants
Fon [G]” in the group algeba are isomorphic.

The remainder of this introduction givessomecorntext for thesere-
sults. Theorem1is a g-analogueof a well-known result from the theory
of re ection groups,whereG = S,, and C is a cyclic subgroupof S,
generatedby an n-cycle, aswe now explain.

For G a nite subgroupof GL,(C), an elemen g 2 G is called a
re ection if its xed subspaces a hyperplanein C" (called its re ect-
ing hyperplang. One calls G a re ection group if it is generatedby
re ections. Sud groupswereclassi ed by Shephardand Todd [8], who
showved that their polynomial invariants form a polynomial subalgebra:

form proof of this fact, and shaved that, asrepresetations of G, the
coinvariant algeba

and the group algebraC[G] are isomorphic.

Springer proved a beautiful re nement of this isomorphismin his
theory of regular elemens. Say that ¢ 2 G is regular if it has an
eigervector in C" which lies on none of the re ecting hyperplanesfor
re ections in G. Let C = ho be the subgroup of G generatedby
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a regular elemen c. Springer shaved [10, Proposition 4.5] that the
following two G C-represemations are isomorphic:

the coinvariant algebraA, with G acting by linear substitutions,
and with C acting by c(x;) = x; for all i, where 2 C isa
root of unity of the samemultiplicativ e order asc.

the group algebra C[G], with G  C acting by left and right
multiplication.

In the special casewhereG = S, the fundamertal theoremof sym-
metric functions assertsC[x1;:::;Xn]® = Clei;:::;e,]; whereg is the
i elementarysymmetric function, having degree. A result of Dickson
[3] givesa g-analoguefor G = GL(Fg):

whereead Dicksoninvariant d,; is a homogeneoupolynomial of de-
greeq” (' see[9, x8.1]. Chewalley's result was generalizedoy Mitchell
[7, Theorem 1.4], who showved that, as Fyq[G]-modules, the coinvariant
algebra

and the group algebraF,[G] have the samecomposition factors 3. The-
orem1 re nes this last assertionin the sameway that Springer'sresult
re nes that of Che\alley.

Theorem 2 may be viewed as the g-analogueof a consequencef
Springer'sresult. When P is a parabolic subgroupof are ection group

APl i= SPH(SP) = (SHSP)” = AT

where here AP denotesthe P-invariants of the coinvariant algebraA.
Then Springer'sresult that A and C[G] are isomorphicas C[G C]-
modulesimmediately implies that AP (= A™') and C[G]? are isomor-
phic as C[C]-modules. Unfortunately, in characteristic p > 0, the situ-
ation is not as straightforward, and we seeno way of using Theorem 1
to prove Theorem2.

2This phrasingin terms of actionsof G C is actually borrowed from Kra skiewicz
and Weyman [6]. They proved (independertly) a result equivalent to Springer'sin
the special casewhere G is a Coxeter group of type A; B(= C);D and cis a Coxeter
elemer.

3The authors thank N. Kuhn and L. Smith for pointing this out. The samealso
holds wheneer G is a subgroup of GL ,, (F) for which F[x1;:::;X,]® is a polynomial
subalgebra.
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2. Proof of Theorem 1

The proof of Theorem 1 relies on the theory of Brauer characters;
see[2, x82]. For a nite groupH, an Fp[H]-module W, andh 2 H a
p-regular elemen (where p is the characteristic of F¢n), let fhy2c
denote the Brauer character value of h on W. If W = « W is a
gradedFq [H ]-module, de ne its graded Brauer character by

H X H k
w(h;t) = w, (h) t*
k

L
WhenR = | Ry is a gradedk-algebra,de ne its Hilbert series

X
Hilb(R;t) :=  dimg Ry t&:
k

To prove the theorem,we must shaw that for every p-regularelemen
(g;c) 2 G C thereis an equality of the Brauer character values

(2.1) feiel(@O = % S(gro:

We begin by computing the left sideof (2.1).
Prop osition 3. For c2 F,, andg2 G = GL,(F,), the Brauer char-
acter I(qun([:e](g; ¢) vanishesunlessg ! is G-conjugateto c.

When g ! is G-conjugateto c, one has
Y .
F n[G](g ¢) = jGLo(Fq)j = G q):

0ina1
i 0 modr

whete the integerr is de ned by F4(c) = F¢  Fgn.

Proof. Note that Fq [G] is a permutation represetation of G C, and

therefore lifts to a represetation de ned over Z. Henceits Brauer

character is its usual character, namely I‘;qn‘l?G](g; c) is the number of

points xed as(g;c) permutes G. Therefore
IFn[G](g c) = jfh 2 G:ghc= hgj
=jfh2 G:c=h g hg
jCs(0)j if g !is G-conjugateto c;
0 else,

where Cg(c) is the certralizer of c in G. Note that an invertible Fg-
linear transformation of Fy certralizes c if and only if it is an F4(c)-
linear transformation. Henceif Fq(c) = Fq, then Cg(c) = GLo (Fy):
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We next turn to computing the right side of (2.1). For this, we
need some notation about the Brauer lifting process. Assume that
02 G = GLn(Fg) is p-regular, and let V be the spanof linear formsin

roots of unity. Under the Brauer lifting process,theseeigervalueslift
to roots of unity 4;:::; , 2 C . Givenc2 C = F, which actson
V asthe scalarc, let bethe root of unity in C which lifts it.

Lemma 4. With notation aslgtnve,

#
Q(:FO]_(]- tqn ql )
= in:]_ (1 |t)

5 (g0 =

Proof. This is essetially a calculation alongthe lines of Molien's The-
orem|[9, Proposition 4.3.1]. We start by computing the gradedBrauer

metric algebra Sym(V). Note that the ef:gen/alues of g on Sym¥(V)

k1 —kn

will be all the monomials n with ki = n. Consequetly,
Symk(V)(g) = P lil ﬁn
i ki=k
Yoo
S )=

i=1

Sincedegd,i) = " d, onehasthat

y1 1

i=0 1w

Let g2 G be a p-regular elemen. Observingthe following three facts

S m(g;t) = Hilb(D (n);t) =

6.7.13]),
A is a semisimpleFg [hgi ]-module, and
g actstrivially on D (n),

we seethat there is an isomorphismof graded F» [hgi ]-modules
SymV) = A 5, D (n):
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This implies
Smy (@) = (@) 5 m(a:t):
Therefore
G . Q 1 n i
(2.2) sgy= (@Y _ T tf 7)

8 (n)(g; t) - N in:1 (1 it)

To understand § ©((g;c); t) from (2.2), note that c acts on the k-
graded piece A, by the scalarc‘. Hence § ©(g;c) is * times the

coe cient of t“ in (2.2). Then § ©(g;c) comesfrom summing this
over all k, which is the sameassettingt = in (2.2).

In analyzingthe right sideof Lemma4, oneneedsto know about the
zerosatt = of factorsliket? 9 1. This is equivalert to knowledge
of whenc? 9 = 1, which is easily characterized.

Lemma 5. For ¢ 2 Fy, dene r by Fq(c) = Fy. Then for any two

integersi; j, onehasc? 9 = 1if andonlyj i mod r. Consejuently,
the sameholdsreplacingc by .

Proof. Without lossof generalit, assumei .

Assumingj i modr,thend ¢ isanintegermultiple ofg 1.
Sincec 2 Fy, onehasc? = c, and hencec™ *= 1. Thusc? ¢ = 1
also. o

Conversely assumel = ¢ 9. Raising both sidesof this equation
to the (d" )" power gives

1= (qu q‘)q“ !
e C
= (¢ YT
= 'L

This implies that c liesin the splitting eld for x¥ ' x over Fq, that is,
the extensionFy . But then Fy = Fq(c) Fy 1, forcing r to divide
i

Theorem 1 will now follow by comparing Proposition 3 with the
following proposition.

Prop osition 6. For c2 Fy and g 2 GL,(F), the Brauer character

® ©(g;0) vanishesunlessg ! is G-conjugateto c. Wheng ! is G-

conjugateto c, one has v

5 C(go= ©
0ina1
i 0 modr

q)
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whee r is de ned by F4(c) = Fq .

Proof. By Lemma5 one hasthat is a (simple) root of ead of the
D factors of the form 1t 9 with i 0 mod r that appearin the
numerator of the rational function in Lemma4. Suppose $ ©(g;c) 6
0. Sincethe Brauer character value comesfrom substituting t =

in this rational function, must appear as a root of at least & of the

factorsin the denominator. Thusat least? of ,*:::; ! mustequal
. n ; - 1.... -1 1
, or equivalertly, at least T of the eigervalues ; ;:::; of g

n

must equal c. Denoting by mc;r, the minimal polynomial of ¢, which
hasc asa simpleroot by separability, this impIies(mC;Fq)?‘ must divide
the characteristic polynomial of g 1. But this minimal polynomial has
degreer, so(mc;Fq)?* equalsthe characteristic polynomial of g *. The
minimal polynomial of g ! equalsm¢g, sinceg ! is diagonalizable,and
this now completely determinesthe rational canonicalform of g 1. It
follows that g ! is uniquely determined up to conjugacywithin G =
GL,(Fq), and sincec is an elemen with the samerational canonical
form, g ! is G-conjugateto c. This provesthe rst assertionof the
proposition.

Now assumeg !is G-conjugateto c. Sincethe characteristic polyno-
mial of g hasc * asaroot, and the Galoisgroup of Fqn over Fq is cyclic
of order n, generatedby the Frobeniusautomorphism, the eigervalues
of gwill befc 9gL,'. Astheseeigervalueslift tof ;gu, =f 9gL.t,
Lemma4 tells usin this casethat

lel qnqi#
1 79

G C(g:c) = - v )
A (g ) - (1 qlt) i
2 "3
Y g d Y 9 d
AL jm &7 )
0in1 (1 t) 0in 1 v (1 t)
i60 modr t= i 0 modr
Yo oo@ o9 Y (o d) "9
0in1 (1 Qi+1) 0Oin 1 ¢
i60_modr i 0 modr
= (@ d):
0ina1
i 0 modr

wherethe third equality above usesL'HDpital's Rule.
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3. Proof of Theorem 2

The proof of Theorem?2 is a character computation, very much anal-
ogousto that of the previoussection.

Let P be the parabolic subgroup which xes a particular ag of
Fq-subspaces

(3.1) 0o vm V™ = Fg

in which dimg, V™ = mg for eat s. Giventhe sequencémy;:::;m-),
de ne the sequencef integersn := (ny;:::;n") that sumsto n(= m:)
by

Ms=nNy+ Ny + +nsforl s
and call any ag asin (3.1) an n- ag. Recallthat the total number of
n- ags is courted by a g-multinomial coe cient
n o n (@ 9"

..... . S AT —.
TR q s=1 i=5;|_(qmS qms I)

SinceC = Fy hasorderd" 1, which is coprimeto the characteristic
of Fy, it actssemisimply and a calculationin C with Brauer characters
su ces to prove the isomorphismassertedin Theorem2. Fix onceand
for all an isomorphismof C with the (q" 1) roots of unity in C.
Givenc?2 C, let 2 C denotesits lift under this isomorphism.

One must shaw that for every c 2 C, there is an equality of Fq [C]
Brauer character values

(3.2) Fqn [G]P (c) = awi(0):
We begin by computing the left side of (3.2).

Prop osition 7. For c2 F, the Brauer character Fon [GF (c) vanishes

unlessthe integer r de ned by Fq(c) = Fy divideseveryn; (or equiva-
lently, everym;). When this divisibility occurs, one has

FaloP (O = ..l n
[ o

Proof. Note that G acts transitively on n- ags and P is the stabilizer
of a particular n- ag. Hencethe G-action by right-multiplication on
Fon [G]P = Fy [PnG] is isomorphicto the permutation represetation
in which G permutes n- ags. Restricting this to the subgroupC, one
concludesthat the Brauer character value g (C) is the number
of n- ags stabilized by c. Sincec generatesthe sub eld Fy over Fy,
an n- ag of Fy-subspacess stabilized by c if and only if it consistsof
Fq -subspacesand the result follows.
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We next turn to computing the right side of (3.2). For this, we
employ a result of Kuhn and Mitchell [5] (rediscovered by Hewett [4])
generalizingDickson'sTheorem,that descritesthe parabolic invariants
SP.

Theorem 8. ([5, Theorem2.2] [4, Theorem1.4) Let P G be the
paralolic sulgroup stabilizing a chosenn- ag. Then the P-invariants

erators of degree
g g" 'forl s “andl i ng

This allows oneto calculate the Hilbert seriesfor A", and hence
alsoits Fq [C] Brauer character.

AP1 = SP=(S®) hasHilbert series

Qn n n i
. - (1 ta
Hilb(A™';t) = o~ Q}]( . 1 i
=1 i (1t )
B n
TTongiion

gt
which we will call a \(q,t)-multinomial coe cient".
Conseuently, the Fq [C] Brauer character value rei(C) is obtained

from n nn by settingt = , where 2 C is thelift of c.
1! ) ) q,t
Proof. By Theorem 8, we know that
SP = Fg[Xs;::5%Xal” = Fgn my FolX1; 00 Xal”

isapolynomial algebra,and henceis a Cohen-Macaulg ring. Therefore
since SP is an integral extensionof the polynomial subalgebraS® =
D (n) [9, x2.3],it is freeasa D (n)-module. Thus

Hilb(SP:t) = Hilb(D (n):t) Hilb(SP=(SS):1): sothat
Hilb(SP;t)
Hilb(D (n);1)’

Usingthe degreeof the generatorsof SP givenin Theorem8, onethen
has

Hilb(A™":t) =

1
Hilb(S";t) = ©—=0 —
s=1 |n:Sl (1 tq > )
and the result follows.

Theorem 2 will now follow by comparing Proposition 7 with the
following proposition.
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Prop osition 10. For ¢ 2 F4, the Brauer character ,wi(C) vanishes
unlessthe integerr de ned by Fq(c) = Fy divideseveryn;. When this
divisibility occurs,

Proof. We proceedsimilarly to the proof of Proposition 6: since ,wi(C)
is obtained from the (g; t)-multinomial coe cient by settingt = , we
analyzethe zerosat t = amongthe factorsin numerator and denom-
inator of this rational function.
As before,Lemma’5 impliesthat appearsasaroot  timesin the
numerator, in the factors1 t @ " fori O modr.
In the denominator, the factor 1  t9"° 9"° ' has asa (simple)
otif andonlyi 0 mod r, againby Lemma5. Thus ead product
s (1 t9™ 9" Yin the denominatorcancortribuE at most 2= zeros

att = , with equality if and only if rjns. Since , %= = %, this
meansthat the rational function will vanishat t = unlessrjng for
ead s.
Now assumerjng for ead s. Then
" ' #
Qn_l (1 tql"l ql’] I)
Ahpi(c) = Q Qns ms ms i
s=1 i=1 (1 tq q ) t=
ghlots @ 7T
moda r
3.3 = 0—0 ms gns |
( ) s=1 1 i Ns (1 q d )
i60 moér
Crin (1t T
lim —&—"mCt _
! 1 i (L tde ™)
i 0 modr
Note that sincer dividesn and eathh mg, onehas = 9 = 9"° and
hence
qn qni: qu qmsj’ qni: qmsj’ J | modr

by Lemmab5. This implies that the rst quotient of products on the
right side of the last equationin (3.3) is 1. Using L'Hdpital's Rule on
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the secondquotient of products yields
Lin ()T EY

AhPi(C) - N A 0 modr

e v ((qre e i) @l
S_Q i 0 modr

tin (@ d)
- Q 'QO mod r
s=1 1 i ns (qmS qms I)
i 0 modr
n
= r
Ng..o... n-
[ e
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