FACTORIZA TIONS OF SOME WEIGHTED SPANNING TREE
ENUMERA TORS

JEREMY L. MARTIN AND VICTOR REINER

Abstra ct. We give factorizations for weighted spanning tree enumerators of
Cartesian products of complete graphs, keeping track of ne weights related
to degree sequencesand edge directions. Our methods combine Kirc hho 's
Matrix-T ree Theorem with the technique of identi cation of factors.

1. Intr oduction

Cayley's celebratedformula n" 2 for the number of spanning treesin the com-
plete graph K, has many generalizations(see[5]). Among them is the following
well-known factorization for the enumerator of the spanningtreesaccordingto their
degreesequencewhich is a model for our results.

Cayley-Pr wfer Theorem.

X% = x1x,  Xp(X1+  + xp)" 2
T2Tree(Kn)

where Treg(K ) is the set of all spanning trees and x%9(T) := Qi”:l xdear (1),

Although this is most often deducedfrom the bijectiv e proof of Cayley's formula
that usesPrufer coding (see,e.g., [5, pp.- 4-6]), we do not know of such a bijec-
tive proof for most of our later results. Section 2 givesa quick proof (modelling
thosethat will follow) using a standard weighted version of Kir chho 's Matrix-T ree
Theorem, along with the method of identi ¢ ation of factors.

We generalizethe Cayley-Prufer Theorem to Cartesian products of complete
graphs G = Ky, Kn, . The number of spanning trees for sud product
graphs can be computed using Laplacian eigervalues. Section 3 generalizesthis
calculation to keeptrack of the directions of edgesin the tree, as we now explain.
Note that verticesin G arer-tuples (j1;:::;jr) 2 [n1] [n;], and each edge
connectstwo sud r-tuples that dier in only one coordinate. Say that such an
edgelies in direction i if its two endpoints dier in their i"" coordinate. Given a
spanningtree T in G, de ne the direction monomial

qdir(T) — ¥ d‘f edgesin T in direction igj.

i=1
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Theorem 1.
Q
X _ 1 Y X P s
qd|r(T): gn;
n]_ nr .
T2Tree(Kn, Kn,) A [r] i2A
Y v o x ey
— qni lnini 2 qni .
i=1 A [r] i2A

jAj 2
One might hope to generalizethe previous result by keepingtrack of edgedi-
rections and vertex degreessimultaneously. Empirically, however, such generating

functions do not appearto factor nicely. Nevertheless,if one\decouples" the vertex
degreesin a certain way that we now explain, nice factorizations occur. Create a

(). (). ... (i)

xi7;x37; 00 xn! in the i™ set. Given a spanningtree T of G, de ne the decoupled
degreemonomial
Y degy (V)
x4d(T) .= xP X0 T (1)
v=(ja1tijr) 2 [na] [nr]

In Section3, we provethe following generalizationof the Cayley-Prufer Theorem.

Theorem 2. The spanning tree enumenator

X :
Fryn, (%) = (™) dd(T)
T2Tree(Kn, Knp)
is divisible by
qni 1.
by

(i) N1 Ni 1Nj+1 Ny
X
J

and by

X+ X

for eachi 2 [r] andj 2 [n].
Conjecture. The quotient polynomial
g, (9X)
Y @ X X0 Ne Mafia s Nr
i=1
()

in Z[g;X;'] has non-negative coe cients.

X+ x()

Empirically, this quotient polynomial seemsnot to factor further in general,
although when one examinesthe coe cien t of particular \extreme" monomials in
the g, the resulting polynomial in the xj(') factors nicely. Such nice factorizations
seemto fail for the coe cien ts of non-extreme monomialsin g when there are at
leasttwon; 3.
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een

factors beautifully. Here we considerthe Cartesian product

Qn = I<2 {Z K?:

n times

which is the 1-skeleton of the n-dimensional cube. For the sake of a cleaner state-
mert, we make the following substitution of the 2n variables fx{";x{’ g, :

i 1
xM = x, 7

1 L
) =

(2)

N

X7
The substitution (2) is harmless,becauseit is immediate from (1) that the polyno-
mial f,....2(q; X) is homogeneousf total degree2(2" 1) in ead of the setsof two

variablesfx(li);x(zi)g. Our result may now be stated as follows:

Theorem 3.
2 3
Y X
4 i Ty dd(T)5 = q o g X '+x
T2Tree(Qn) X0 = x, z. x{) = Xi% jAAj[nz] i2A

This result may shedlight on the problem of nding a bijectiv e proof for the known
number of spanningtreesin the n-cube (see[7, pp. 61-62]).

Section 6 proves a result (Theorem 4 below), generalizing the Cayley-Prufer
Theorem in two somewhat di erent directions. In one direction, it deals with
threshold graphs, a well-behaved generalization of complete graphs. Threshold
graphs have many equivalent de nitions (see,e.qg.,[4, Chapters 7-8]), but onethat
is conveniert for our purposeis the following. A graph G is thresholdif, after
labelling its vertices by [n] := f1;2;:::;ng in weakly decreasingorder of their
degreesthe degreesequence = ( 3 n) determinesthe graph completely
by the rule that the neighbors of vertex i arethe ; smallest members of [n] other
than i itself. A result of Merris [3] implies the following generalization of Cayley's
formula to all threshold graphs. It usesthe notion of the conjugate partition  ° to
the degreesequence , whoseFerrersdiagram is obtained from that of by ipping
acrossthe diagonal.

Merris' Theorem. LetG be athresholdgraph&/ith vertices[n] and degree sequen@
. Then the number of spanning treesin G is ?:21 0,

The natural vertex-ordering by degreefor a threshold graph G inducesa canon-
ical edgeorientation in any spanningtree T of G, by orienting the edgefi; j g from
j toiif j > i. Thus given a spanningtree T and a vertex i, one can speak of its
indegree indeg; (i) and outdegree outdeg; (i).

Theorem 4. Let G be a connected threshold graph with vertices [n] and degree
sguene . Then

0 o 1
X Yy : ) i Xr
d td .
X:n o (I)yiou cor () - X1Yn Xmin fi;r gYmaxfir gA .

T2Tree(G) i=1 r=2 i=1
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In particular, settingy; = Xx; gives 0 1
vY1oX?
x%9T) = xix, xp, @ xA:

T2Tree(G) r=2 i=1

The proof, sketched in Section6, proceedsby identi cation of factors. The authors
thank M. Rubey and an anonymous refereefor pointing out that it can also be
deducedbijectiv ely from a very special caseof arecert encading theorem of Remmel
and Williamson [6].

2. Proof of Cayley-Pr wefer Theorem: the model

The goal of this sectionis to review Kirchho 's Matrix-T ree Theorem, and useit
to give a proof of the Cayley-Prufer Theorem. Although this proof is surely known,
we included it both becausewe wereunableto nd it in the literature, and because
it will serve asa model for our other proofs.

Introduce a variable e; for ead edgefi; j g in the complete graph K, with the
corvertions that ¢ = g; andeg; = 0. Let L bethe n n weighted Laplacian
matrix de ned by

(p
L: = rk]=1 Cik fori=]j 3)
v e fori 6 j:

Kirc hho 's Matrix-T ree Theorem [5, x5.3] For any r;s 2 [n],
X Y

g = ( 1) *sdetl
T2Tree(Kn) fi;j 92T

wheee [ is the reduced Laplacian matrix obtained from L by removing row r and
column s.

We now restate and prove the Cayley-Prufer Theorem.
Cayley-Pr wfer Theorem.

x%®9M = x1x;  Xp(xp+  +Xp)" 2
T2Tree(Kn)

Qn deg (i)

i=1 X -

where x9e9(T) .= X

Proof. Apply the substitution & = x;x; to the weighted Laplacian matrix L in
Kirchho 's Theorem. Setting f = x; + + Xp, one has from (3)

 x)x fori=j

L =
! Xi Xj fori 6 j:

By Kirchho 's Theorem, the left-hand side of the Cayley-Prufer Theorem coincides
with the determinant det(’, where[ is the reducedLaplacian (' obtained from this
substituted L by remaoving the last row and column. We wish to show that this
determinant coincideswith the right-hand-side of the Cayley-Prufer Theorem. Note
that both sidesare polynomialsin the x; of degree2n 2, and both havecoe cient 1
in the monomial X} Ix,X3  Xn. Thereforeit su ces to show that the determinant
is divisible by ead of the variablesx;, and alsoby f " 2. Divisibilit y by x; is clear
sincex; divides every ertry in the j t column of L (and hencealso('). Divisibilit y
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by f follows from Lemma 5 below, once one notices that in the quotient ring

matrix of the form L = v v, wherev is the row vector x; Xn .

The following lemma, usedin the preceding proof, is one of our main tools. It
generalizesfrom one to seweral variables the usual statemert on identi cation of
factors in determinants over polynomial rings (see[2, x2.4]).

Lemma 5. (Identi c ation of factors) Let R be a Noetherian integral domain (e.g.,
a polynomial or Laurent ring in nitely many variablesover a eld). Letf 2 R
be a prime element, so that the quotient ring R=(f ) is an integral domain, and let
K denotethe eld of fractions of R=(f). Let A 2 R" " be a squae matrix. If the
reduction A 2 (R=(f))" " hasK -nullspace of dimension at least d, then f ¢ divides
detA in R.

Proof. Let fvig, be d linearly independert vectorsin K" lying in the nullspace
of A. Extend them to a basisfvigL; of K". By clearing denominators, one may
assumethat fvigl; lie in R=(f)", and then choosepre-imagesfvigl; in R.
Letting F denotethe fraction eld of R, we claim that fv,g, is abasisfor F".
To seethis, assumenot, so that there are scalarsc; 2 F which are not all zero
satisfying
X
Gvi = 0 (4)
i=1
Clearing denominators, onemay assumethat ¢; 2 R for all i. If every ¢ is divisible
by f , one may divide the equation (4) through by f, and repeat this division until
at least one of the ¢; is not divisible by f. (This will happen after nitely many
divisions becauseR is Noetherian.) But then reducing (4) modulo (f) leadsto a
nontrivial K -linear dependenceamongthe vectorsfvigl, , a contradiction.
Let P 2 F™ " be the matrix whosecolumns are the vectorsv;. Note that detP
is not divisible by f , or elsethe reductionsfv;g'; would not form aK -basisin K.
Therefore, by Cramer's Rule, every ertry of P 1 belongsto the localization R¢) at
the prime ideal (f ). Note the following commutativ e diagram in which horizontal
maps are inclusions and vertical maps are reductions modulo (f ):

R | Ry | F
? ?
y y

R=(f) K

SinceP ! hasertries in R, sodoesP 'AP. For ead i 2 [d], the reduction of
Av; vanishesin K , soevery entry in the rst d columnsof P AP liesin the ideal
(f). HencedetP AP = detA is divisible by f 9 in R(), thus alsoin R.

The authors thank W. Messingfor pointing out a more generalresult, deducible
by a variation of the above proof that usesNakayama's Lemma:

Lemma 6. Let S be a (not necessarily Noetherian) local ring, with maximal ideal
m and residue eld K := S=m. Let A 2 S" " be a squae matrix such that the
reduction A hasK -nullspace of dimension at least d. Then detA 2 m9.

Lemma 5 follows from this by taking S to be the localization Rys.
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3. Proof of Theorem 1
We recall the statemert of Theorem 1.

Theorem 1.
Q
X 1Y ox e
dirf( T) — _ .
q = n n G ni
T2Tree(Kn, Kn,) ! "&=A [r] i2A
As a prelude to the proof, we discusssome generalities about Laplacians and

eigervaluesof Cartesian products of graphs. We should emphasizethat all results
in this sectionrefer only to unweightel Laplacians, that is, one substitutes e; = 1
for i 6 j in the usual weighted Laplacian L (G) de ned in (3).

The Cartesian product G; G, of graphs G; with vertex setsV(G;) and
edgesetsE(G;j) is de ned asthe graph with vertex set
V(G: Gr) = V(Ga) V(Gr)
and edgeset
E(Gy Gr)
G
= V(G1) V(G 1) E(Gi) V(Gi+) V(Gy):

-
F |

where  denotesa disjoint union. The following proposition follows easily from

this description; we omit the proof.

L(Gj), then
X . . . .
L(G: Gy) = id id L(Gj) id id
i=1
where id denotesthe identity, and L(G;) appears in the i™ tensor position.
As a consejuen®@, a complete set of eigenvetors for L(G1 G;) can be
chosenof the form v, Vi, wher v; is an eigenvetor for L(G;). Furthermore,
this eigenvetor will haveeigenvalue 1+ + | if v; haseigenvalue ; for L(G;).

We also will make use of the following variation of the Matrix-T ree Theorem;
see,e.g.,[7, Theorem 5.6.8].

Theorem 8. If the (unweighted) Laplacian matrix L (G) haseigenvalues 1;:::; n,
indexed sothat , = 0, then the number of spanning treesin G is

1 .

ﬁ 1 n 1-

Proof of Theorem 1. Both sidesin the theorem are polynomials in the ¢, and hence
it suces to show that they coincide whenewer the g are all positive integers. In
that case,the left-hand side of the theorem has the following interpretation. Let

K ¥ denote the multigraph on vertex set [n] having q parallel copiesof the edge
fi; j g for every pair of verticesi; j. Then the left-hand side of Theorem 1 counts
the number of spanningtreesin the Cartesian product

K (%) K,
asead spanningtree T in Ky, K, givesrisein an obvious way to exactly
o@" () spanningtreesin K (% K {%) . 1t is well-known that the (unweighted)
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Laplacian L(K ) has eigervalues n; 0 with multiplicites n  1; 1, respectively [7,
Example 5.6.9]. HenceL(Kr(]Q)) = gL(Kp) haseigervaluesqgn; O with multiplicities
1; 1, respectively. By Proposition 7, L(K,(fjl) Kr(fﬂ')) has an eigervalue
Qiza gn; for eath subsetA. [r], and_this ei_gen/alut_e occurs with multiplic!t y
i2a(ni  1). As the zero eigervalue arises (with multiplicit y 1) only by taking
A = ;, Theorem 8 implies that the number of spanning treesin K,(ﬂl) K,(ﬁ’)
is | o

1 Y X C AN

- n

L N iqu |

1)

4. Pr oof of Theorem 2

We recall here the statemert of Theorem 2.
Theorem 2. The spanning tree enumerator

X
fnl'::: Ny (g x) := qdir( T)xdd(T)
T2Tree(Kn, Kny)
is divisible by
qni 1.
by
f n nij i+ r
X.(') 1 1Ni«1 N
i
and by

. . ni 2
Xg_l) + + Xgli)

for eachi 2 [r] andj 2 [n].

Proof. To seedivisibilit y by g ! notethat every spanningtreein Kn, Kn, is
connected,and hencegivesrise to a connectedsubgraphof K ,, when one cortracts
out all edgesnot lying in direction i. This requiresat leastn; 1 edgesin direction
i in the original tree.

To seedivisibility by (xj('))nl Ni aMis N - note that every spanning tree has
an edgeincident to ead vertex, and thereforeto eadh of the ny  n; 1Nz Ny
di erent vertices which have i"" coordinate equalto some xed valuej 2 [n].

Lastly, we ched divisibilit y by (x{” +  +x4))™ 2. Starting with the weighted
Laplacian matrix (3) for Ky, K, (regardedasa subgraphof K, n,), let
L bethe matrix obtained by the following substitution: if f k; |g represens an edge
of Kn, K, in direction i betweenthe two verticesk = (kg;:::;k:) and

aa=a X x X K ®
otherwise we set g = 0. Then Kirchho 's Theorem says that fn,...n, (O X) =

det( for any reducedmatrix ' obtained from L by removing a row and column.
Thus by Lemma 5, it su ces for us to show that [ has nullspace of dimension at
leastn; 2 modulo f () := x(li) +  +xU. In fact, we will show that L itself has
nullspace of dimensionat leastn; 1 in this quotient. To seethis, one can ched
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that, asin Proposition 7, the matrix L has the following simpler description, due
to our \decoupling" substitution of variables:

X
L = N x (@ 1 qL(i) X (i+1) x(f);
i=1
where X () is the diagonal matrix with ertries (xM2:(x80)2, and L is ob-
tained by making the substitution ey = x(k')x,(') in the weighted Laplacian matrix
for Ky, In the proof of the Cayley-Prufer Theorem, we sav that L) hasrank 1
modulo (f ), and thus a nullspace of dimensionn; 1. If v is any nullvector for
L® modulo (f V), then the following vector is a nullvector for L modulo (f ()):
1n, Ini v vV oy 1n

where 1, represernts a vector of length m with all ertries equalto 1. Sincevarying
v leadsto n; 1 linearly independert such nullvectors, the proof is complete.

r

5. Proof of Theorem 3

We recall here the statemert of Theorem 3, using slightly dierent notation.
Regard the vertex set of Q, asthe power set 2["l, sgthat vertices correspond to
subsetsof S [n]. For any subsetS [n], let x5 := ", ¢ X%;. Write x"t(T) for the
decoupleddegreemonomial corresponding to a tree T under the substitution (2),
that is,

L degy (S)
th(_r) _ Y XS 2 T
X[n]nS
S [n] v (6)
- XsXRr
edgesfS;Rgin T X[n]
Theorem 3.
) Y X
@rMymt (™ = g g, G X 1+ x
T2Tree(Qn) A [n] i2A
jAj 2

Proof. As before, regard the vertex set of Q, as the power set 2I"l. Denote the
symmetric di erence of two setsS and R by S4 R, and abbreviate S4f igby S4 i.
Thus two vertices S;R form an edgein Q, exactly when S4 R is a singleton set
fig; in this casethe direction of this edgeis dir(e) := i. It is usefulto note that the
neighbors of S are
N(S)=fS4i ji2][n]o:

Our goal is to show that the two sides of the theorem coincide as elemens of
Z[g;Xi; X; 1. Note that the two sides coincide as polynomials in g after setting
x; = 1 for all i, using the special caseof Theorem 1 in which all n; = 2.

We next show that both sides have the same maximum and minimum total
degreesas Laurent polynomials in the x;. Each sideis easily seento be invariant
under the substitution x; 7! x; ! (this follows from the antip odal symmetry of the
n-cube for the left-hand side), soit su ces to show that both sideshave the same
maximum total degree. For the right-hand side, the maximum total degreein the
Xi is simply the number of subsetsS  [n] with jSj 2,that is,2" n 1.

For the left-hand side, we argue as follows. Denote by V° the set of vertices of
Qn other than [n]. For any spanningtree T and vertex S 2 V° dene (S) to be
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the parent vertex of the vertex S when the tree T is rooted at the vertex [n] (that
is, (S) isthe rst vertex on the unique path in T from S to [n]); then the edges
of T are precisely

E(T)=fS; (S)gj S2V%:

One hasj (S)j = jSj 1 (because (S) = S4 i for somei). Therefore the total
degreeof the monomial x"(T) will be maximized whenj (S)j = jSj + 1 for all
S 2 V& for instance, when (S) = S[ fmax([n]nS)g. In this case,that total
degreeis

X X
(iSj+j (S)i n) = @jsj+1 n) = 2" n L
£S; (S)g2T S2V0

Having shown that both sideshave the sametotal degreein the g, the same
maximum and minimum total degreesin the x;, and that they coincide when all
X; = 1, it su ces by unique factorization to show that the left-hand sideis divisible
by ead factor on the right-hand side, that is, by

X
fao = G X 1+ x
i2A

Henceforth, x A [n] of cardinality 2. It is not hard to ched that fa is
irreducible in Z[g; x;; X; 11, using the fact that it is a linear form in the .

Starting with the weighted Laplacian matrix (3) for Qn, whoserows and columns
are indexed by subsetsS [n], let L be the matrix obtained by making the sub-
stitutions

8
< GXsXs4i

esr = . X[
"0 for jS4 Rj > 1:

for S4 R = fig;

By Kirchho 's Theorem, the left-hand side in Theorem 3 is the determinant of
the reduced Laplacian matrix ' obtained from L by removing the row and column

indexedby S = ;. It therefore su ces to show that the reduction of ' modulo (f »)
has nontrivial nullspace. We will show that
X 2 iA\ Sj 2
V= Xa (D (Xans)® s (7
&S [n]

is a nullvector!, where s is the standard basis vector corresponding to S. Note
that the ertries of v are not all zero modulo (f »); it remainsto ched that every
entry (v)g of v is a multiple of f5. Sincelrs = OunlessS= R or S= R4 i

1The form of the nullv ector (7) was suggested by experimentation using the computational
commutativ e algebra package Macaulay [1] to compute the nullspace of ' in the quotient ring
modulo (fa).
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for somei, one has
X
(tv)r = Crr vk + CrRrai VR4 |
i=1
X )
G XRXR4 i i
= —— X,ZA ( D Ri(xanr)?
izx Xl
X )
G XR XR4 i i
TI X3 (AN RADI(x Ry 1))
i=1 n

xg X iA\ (R4 i) 2 iA\ Rj 2
= Xin] Gxrai (1) 'Xanray)® (D ¥ (xanr)® 1 (8)
=1
If i 62A, then A\ R= A\ (R4i)and AnR = An(R4 i), sothe summandin (8)
is zero. If i 2 A, then jJA\ Rj = jA\ (R41)] 1, soonemay rewrite (8) asfollows:

X

R X

(Cv)r = ( 1A'RI ﬁ GXrai (Xanrai))®+ (Xanr)? : %)
ni2a

Note alsothat wheni 2 A,

(

xgX; ' fori2 R

XR4i =
R4l XR Xi for i 62R

and (
« _  XamRXi fori 2 R
An(R4 1) Xang X; 1 for i 62R:

Therefore one may rewrite (9) as follows:

X
X
(CV)R = X—R G XRr Xj ! (Xanr Xi)%+ (Xanr)?
M 2avR
1
X 1,2 2 A
+ GXRXi (Xanr X; )+ (Xanr)
i2AnR
0 1

(XRXAnR)? @ X

X
gx ‘(x?+ 1) + Gxi(x; 2+ DA
X[n]

i2A\ R i2AnR
2 X
XR X
— ( RXAnR) Q(Xi + X, 1)
(] i2A
(XRXAnR)zf .

X[n]

which shows that (Cv)g is zeromodulo (f ) as desired.

6. Pr oof of Theorem 4

We recall the statemert of Theorem 4.
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Theorem 4. Let G be a connected thresholdgraph with vertices [n], edgeskE, and
degree sgquen® . Then 0
X ¥ indeg (i), outdeg (i) A @X? A
X; Yi = XiYn Xmin fi;r g¥maxfir g™ -
T2Tree(G) i=1 r=2 i=1

1

As noted in the Introduction, this result is a special caseof Theorem 2.4 of [6].
For this reason, and becausethe ideas of the proof are quite similar to those of
Theorem 3, we omit most of the technical details. We write N (v) for the neighbors

Sketchof proof. The partitions  which arise as degreesequencef threshold
graphs have beencompletely characterized (see, e.qg., [4, Theorem 8.5]). In partic-
ular, supposethat Durfee squareof (the largest squarewhich is a subshape of )
has sidelength s. Then for all r 2 [n],

i < 0 =1+
either r s [ = 1 T (10)
or r>s P = el
Using theseidentities, one may rewrite the desired equality as
X Yy o . , A& v 1 A
e T LT S VE R ¢
T2Tree(G) i=1 r=2 r=s+l r=s+l
where
X X X+
fe =y X+ Xx Yi and g = Xi:
i=1 i=r+1 i=1

Both the left-hand and right-hand sidesof (11) are polynomials in the x;;y; of
total degree2n 2, and both have coe cien t of x} lyoys  yn equalto 1 (because
N (1) = [2;n]). Thusit su ces to prove that the left-hand sideis divisible by eath
of the factors on the right-hand side. By Kirchho 's Theorem, this left-hand side
is the determinant of the matrix [ obtained from the usual weighted Laplacian
matrix by removing the r%t row and column and making the substitution

Xminfij g¥maxfij g for fi;jg2 E
0 for fi; jg62E:

First, one must Qgcw that the left-hand side of the theorem is divisible by the
monomial factor x; ?: <+1 Yr. Every spanningtree T of G cortains an edgeof the
form f 1;j g, which cortributes a factor of x1y; to the monomial corresponding to
T. In particular, x; divides the left-hand side of (11). Furthermore, if r > s, then
g< r whenewer g2 N(r). In particular, y, divides every entry in the r™" row of L.

Second one must show that f, divides detl® for r 2 [2;s]. Clearly f, is irre-
ducible, sinceneither sumin the de nition of f, is empty. De ne a column vector?

X X7
V= Xir+ Xr s
i=1 i=r+l

€ =

where ; denotesthe i standard basis vector. Note that the entries of v are not
all divisible by f, sothat v is a non-zerovector modulo (f;). By Lemmay, it is

2Found using Macaulay; seethe earlier footnote.
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now su cien t to show that for ead j, the entry (Cv)j of Cv is divisible by f,. One
must consider four casesdepending on the value of j: (i) j < r, (i) j = r, (iii)
j>randfj;rg2 E, (iv) j > r andfj; rg 2 E. We omit the routine calculations,
which are similar to the proof of Theorem 3.

Third , one must show that g, divides det(" for all r 2 [s+ 1;n 1]. In fact, some
higher power of g, may divide det[*, aswe now explain. If hasexactly b columns
of height 9, i.e.,

gl> g: = 9: = g+bl> g+b
for somea > s, then N (i) = [ ] for all verticesi 2 [a+ 1;a+ b], so
Oa = Ga+1 = =0 = = Oa+b 1:

Accordingly, onemust shaw that gP divides det(. Restricting the Laplacian matrix
L to the columns[a+ 1;a+ D] yields a rank-1 matrix of the form

T
X1 X2 x, O 0 Ya+1  Ya+2 Ya+b :

Consequetly, both L and ' have b 1 linearly independert nullvectors modulo
(or) supported in coordinates [a+ 1;a+ b]. It remains only to exhibit one further
nullvector for [ which is supported in at least one coordinate outside that range.
We claim that sud a vector® is
x
v= (Yatb i Yi a+b):

i=1+

One must verify that for ead k, the k™ coordinate (('v)x vanishesmodulo (g;).
This calculation splits into four cases: (i) k 2 [2; (], (i) k 2 [L+ (;a], (iii)
k2Ja+ 1;n 1]nfa+ bg, (iv)] k = a+ b. Once again, we omit the routine
veri cation.
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SFound using Macaulay; seethe earlier footnote.



