
Extended Nestohedra and their Face Numbers
Quang Dao, Christina Meng, Julian Wellman, Zixuan Xu, Calvin Yost-Wolff, and Teresa Yu

REU at University of Minnesota, Twin Cities arXiv:1912.00273

Introduction

Nestohedra are a class of simple convex polytopes with
deep combinatorial structures related to cluster alge-
bras. We introduce a new family of convex polytopes
that extend the nestohedra, motivated by Laurent phe-
nomenon algebras introduced in [1]. These new poly-
topes, called extended nestohedra, also generalize
the graph cubeahedra introduced in [2]. We obtain
several results for the extended nestohedra, including
a polytopal realization, isomorphisms with nestohedra,
and formulas for the extended nestohedra’s face num-
bers.

Background

A building set B on a set S is a collection of
nonempty subsets of S such that {i} ∈ B for all i ∈ S,
and if I, J ∈ B, I ∩ J ̸= ∅, then I ∪ J ∈ B.
The connected components of B are the maximal
elements of B, denoted Bmax. We say B is connected
if Bmax = {S}. If G is an undirected graph on vertex
set S, then the graphical building set BG is defined
to be {I ⊆ S | G|I is connected}.
An extended nested collection on a building set
B on S is a collection N = {I1, . . . , Im, xi1, . . . , xir

}
of elements Ij ∈ B and xi for i ∈ S satisfying the
following three properties:
1 For i ̸= j, either Ii ⊆ Ij, Ij ⊆ Ii, or Ii ∩ Ij = ∅,
2 For any collection Ii1, . . . , Iik

∈ N of k ≥ 2 pairwise
disjoint elements of N , their union

k∪
ℓ=1

Iiℓ
is not an

element of B, and
3 For all xiℓ

, Ij ∈ N , the set Ij does not contain iℓ.
A nested collection is an extended nested collection
with no xi elements. The nested complex N (B) for
a building set B is the simplicial complex with vertices
{I | I ∈ B \ Bmax} and faces given by nested col-
lections {I1, . . . , Ir}. The extended nested com-
plex N□(B) is the simplicial complex with vertices
{I | I ∈ B} ∪ {xi | i ∈ S} and faces given by ex-
tended nested collections {I1, . . . , Im}∪{xi1, . . . , xir

}.
The nested complex N (B) is known to be isomor-
phic to the boundary of a simplicial polytope. The
dual of this polytope is called the nestohedron P(B).
We show that the extended nested complex N□(B) is
also isomorphic to the boundary of a simplicial poly-
tope, and call the dual of this polytope the extended
nestohedron P□(B).

Polytopality

We give an explicit realization of P□(B) in terms of
Minkowski sums.
Theorem: For a building set B on [n] := {1, . . . , n},
the extended nestohedron P□(B) is isomorphic to the
polytope

P :=
∑

i∈[n]
(0, ei) +

∑
I∈B

({eS | S ⊊ I}),

where e1, . . . , en are the standard basis vectors of Rn,
and eS = ∑

i∈S ei for all S ⊆ [n].
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Figure 1:P□(B) for B = {{1}, {2}, {3}, {1, 2}, {1, 2, 3}}.

One can also think of the realization as shaving faces
corresponding to non-singleton elements of the building
set from a n-cube whose faces correspond to singletons
and xi’s.

Isomorphisms

We find isomorphisms of simplicial complexes of the
forms

N (B) ≃ N (B′), N□(B) ≃ N□(B′),
and

N□(B) ≃ N (B′),

for connected building sets B and B′. The first such
isomorphisms are for connected building sets B on [n]
whose elements are all intervals of [n].
Interval Isomorphism I: N□(B) ≃ N (B′), where
B′ = B ∪ {{n + 1}, {n, n + 1}, . . . , {1, . . . , n + 1}}.
The map sends I ∈ B to itself, and for every i ∈ [n],

xi 7→ [i + 1, n + 1] := {i + 1, i + 2, . . . , n + 1}.

Interval Isomorphism II: If [1, k] ∈ B for all
k ∈ [n], then N (B) ≃ N (B′), where B′ is the
building set corresponding to the map[1, k] 7→ [1, n − k] for 1 ≤ k < n,

[a, b] 7→ [n + 2 − a, n + 2 − b] for 1 < a ≤ b ≤ n.

Interval Isomorphism III: If [1, k], [k, n] ∈ B for
all k ∈ [n], then N□(B) ≃ N□(B′), where B′ is the
building set corresponding to the map

xk 7→ [1, n + 1 − k] for 1 ≤ k ≤ n,

[1, k] 7→ xn+1−k for 1 ≤ k ≤ n,

[a, b] 7→ [n + 2 − a, n + 2 − b] for 1 < a ≤ b ≤ n.

.

Next, we describe spider and octopus building
sets, which are ways of gluing together different
interval building sets. Given m interval building sets
B1, . . . , Bm on [n1], . . . , [nm] respectively, define the
spider building set Bspi to be the building set on

{vi,j | i ∈ [m], j ∈ [ni]},

whose elements are either an element of some Bi

under indentifying vi,j ↔ j (called a leg set), or an
union of several such leg sets (called a body set).
Similarly, we define the octopus building set Boct
to be the building set on

{∗} ∪ {vi,j | i ∈ [m], j ∈ [ni]},

whose leg sets are the same as those of Bspi, and
body sets are unions of leg sets with the center {∗}.
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Figure 2:A spider with three legs and its corresponding octopus

The Interval Isomorphisms above now glue together
to form the following isomorphisms:
Spider-Spider: N (Bspi) ≃ N (B′

spi)
Spider-Octopus: N□(Bspi) ≃ N (B′

oct)
Octopus-Octopus: N□(Boct) ≃ N□(B′

oct)
We show that the above isomorphisms between
extended nested complexes are the only possible ones.
Theorem: If N□(B) ≃ N□(B′), then the
isomorphism is an Octopus-Octopus isomorphism.
In the other two cases (N (B) ≃ N (B′) and
N□(B) ≃ N (B′)), there exist isomorphisms that are
not Spider-Spider and Spider-Octopus isomorphisms.

Face Numbers

We find recursive formulas for the f -vector of an ex-
tended nestohedron in terms of the f -vectors of smaller
nestohedra.
Theorem: If B is a building set on [n], then

fP□(B)(t) =
∑

S⊆[n]
(t + 1)n−|S|fP(B|S)

where B|S = {I ∈ B | I ⊂ S} is the restriction
of B to S. Using this formula, we show that certain
nestohedra and extended nestohedra have the same f -
vectors.
Theorem: Let G be a forest graph and let L(G) be
the line graph of G. Then

fP(BG)(t) = fP□(BL(G))(t).

G L(G)

Figure 3:A forest G and its line graph L(G).

Finally, we show Gal’s conjecture [3] for extended
nestohedra that are flag (its minimal non-faces are of
dimension 1).
Theorem: If P□(B) is flag, then its γ-vector is non-
negative.

References

[1] Thomas Lam and Pavlo Pylyavskyy.
Laurent phenomenon algebras.
Camb. J. Math., 4(1):121–162, 2016.

[2] Satyan L. Devadoss, Timothy Heath, and Wasin
Vipismakul.
Deformations of bordered surfaces and convex polytopes.
Notices Amer. Math. Soc., 58(4):530–541, 2011.

[3] Światosł R. Gal.
Real root conjecture fails for five- and higher-dimensional
spheres.
Discrete Comput. Geom., 34(2):269–284, 2005.

Acknowledgements

This research was carried out as part of the 2019 REU pro-
gram at the School of Mathematics at University of Minnesota,
Twin Cities. The authors are grateful for the support of NSF
RTG grant DMS-1148634 for making the REU possible. The
authors would like to thank Vic Reiner and Sarah Brauner for
their mentorship and guidance.


