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ABSTRACT. After Feichner and Yuzvinsky introduced the Chow ring associated to ranked
atomistic lattices in 2003, little study of them was made before Adiprisito, Huh, and Katz
used them to resolve the long-standing Heron-Rota-Walsh conjecture, proving along the
way that the Chow rings of geometric lattices satisfy versions of Poincaré duality, the hard
Lefschetz theorem, and the Hodge-Riemann relations. Here, we seek to remedy the lack
of basic knowledge about the Chow rings of atomic lattices by providing some general
techniques for computing their Hilbert series, by making detailed study a few fundamental
examples, and by providing a number of interesting conjectures based on our observations.
Using the incidence algebra, we give a compact formula for the Hilbert series of Chow rings
associated to both ranked atomic lattices and products of them. In a special case, we define
a generalization of the Hilbert series and give a formula for the Hilbert series of the product
in terms of differential operators.

In addition to general techniques, we study in detail the Chow rings associated to the
lattices of flats of uniform and linear matroids. We show that the Hilbert series of uniform
and linear matroids take forms of combinatorial interest; in particular, the Hilbert series
of the linear matroid associated to an n-dimensional vector space over a finite field F, can
be described in terms of the g-Eulerian polynomial defined by Shareshian and Wachs in
SW10|, and the Hilbert series of the Chow ring of a uniform matroid can be described in
terms of elementary statistics on &,,. We also compute the Charney-Davis quantities of the
rings, which come out to linear combinations of the secant numbers in the uniform case, and
to a linear combination of the g-secant numbers of Foata and Han in the case of the linear
matroids. Finally, we assert that Poincaré duality holds for the Chow rings a a slightly more
general class of ranked atomistic lattices than those studied by Adiprasito, Huh, and Katz,
and make a conjecture about the class of ranked atomic lattices for which Poincaré duality
holds.
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1. INTRODUCTION

Since Stanley’s 1975 proof of the upper bound conjecture for simplicial spheres via the
Stanley-Reisner ring, the study of graded rings associated to combinatorial objects has
yielded many deep insights into combinatorics (and vice versa). An important example
of this pattern is found in Stanley’s use of the Chow ring of a toric variety and the geo-
metric hard Lefschetz theorem to establish (one direction of) the famed g-theorem, which
characterizes the numbers of faces of a simplicial polytope.

More recently, Feichtner and Yuzvinsky defined another useful graded ring, the Chow ring
of an atomistic lattice, and provided a Grobner basis for the ring in [FY04]. The power of
the construction of was demonstrated by Adiprasito, Huh, and Katz, who applied
a slight variation of it to the lattice of flats of a matroid in order to resolve the following
long-standing conjectures of Heron, Rota, and Walsh

Conjecture 1.1 (Resolved by [AHK15|). Let M be a matroid of rank r+1 with characteristic
polynomial xpr(N\). Let wy be the absolute value of the coefficient of N'=**1 in xn (). Then
the sequence (wy )y is log-concave.

Conjecture 1.2 (Resolved by |[AHK15|). If M is as above, and fy is the number of inde-
pendent sets of cardinality k then the sequence (fi)x is log-concave.

In their paper, |[AHK15| also use techniques inspired by Peter McMullen’s combinatorial
proof of the g-theorem [McM93| to prove that Chow rings arising from geometric lattices
satisfy Poincaré duality and versions of the hard Lefschetz theorem and the Hodge-Riemann
relations.

In the course of proving Conjectures [I.1] and [I.2] Adiprasito, Huh, and Katz show that
Chow rings associated to geometric lattices (that is, to the lattice of flats of a matroid)
satisfy versions of Poincaré duality, the hard Lefschetz theorem, and the Minkowski-Riemann
relations. However, little more is known about basic properties of the Chow rings of geometric
lattices, let along about those of more general lattices. Accordingly, our work here is primarily
concerned with one of the most basic invariants of a Chow ring: its Hilbert series.
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1.1. Organization. This report is organized as follows. In the remainder of this section, we
summarize some of our main results; full definitions of all the objects involved are given in
Section 2] In Section [3] we discuss a mild generalization of the Poincaré duality theorem of
[AHK15|. Next, in Section[d] we provide a few methods for calculating the Hilbert series of a
Chow ring. Section [5| contains explicit determinations of the Hilbert series of some example
of special interest, and in Section [6] we present conjectures and ideas for further work.

1.2. Summary of main results. The results in this section are numbered according to
their numbers in the body of the paper proper. We define a set of lattices that we call
nice lattices, and state the following:

Theorem 1.3. The Chow ring of a nice lattice exhibits Poincaré duality.

Next, we provide three results allowing one to more easily calculate the Hilbert series of a
Chow ring of a graded, atomic lattice L. Our first result in this direction uses the incidence
algebra (Q[t])[L] of the ranked atomistic lattice L with coefficients in Q[t] to simplify a
formula of [FY04]. Define the elements (., 1., by

CL(x7 y) =1

arp(z,y) = ranky — rank =

1-t

pgetu e ranky —rankz — 1> 1
77L(:B7y) =

v =Co(l—np)™h
Proposition 1.4. For (;,np, v as above, we have

ar = (1—t)(L—n) + ¢

1
nL t——1<aL — (1)

where [x,y] ={z € L:x <z <y}.
The incidence algebra also allows us to derive a formula for the Hilbert series of the Chow

ring of a product of lattices L x K in terms of the Hilbert series of the Chow rings of L and
K. In particular, with the notation above, we show

Proposition 1.5.
Yoxkx = (L @ vk) (1 —t(1 — L) ® (t — k)~

Next, we make use of the results of [AHK15| in order to derive a recurrence relation for
the Hilbert series of the Chow ring of a sufficiently symmetric lattice L (examples include
boolean lattices, partition lattices, and lattices of subspaces) in terms of the Hilbert series of
intervals of the form [z, T]. For such a lattice of rank r + 1, there are elements 2, ..., 2. € L
such that

Proposition 1.6.

H(Lt)=[r+ 1+t > _|Li|[i — 1], H([z:, T), 1).

=2
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Finally, we use differential operators to compute the Hilbert series of the Chow rings of
some special products.

After presenting general methods for computing the Hilbert series, we make use of them
to establish properties of Chow rings associated to (the lattices of flats of) two matroids
of special importance: uniform matroids and linear matroids over finite fields. The Hilbert
series and Charney-Davis quantities of these Chow rings have interpretations in term of
elementary and Mahonian statistics on permutations.

Corollary 1.7 (Later Corollary . The Hilbert function of the Chow ring of the uniform
matroid of rank r on n elements A(U,,) is given explicitly by

n—1
dim A(U, )i = #{0 € &, : exc(o) =k} =Y #{0 € Epp_; : exc(o) =i —k}

where E, 1 is the set of permutations in &, with at least k fized points and exc(o) is the
number of excedances of o; that is, the number of i € [n| such that o(i) > i.

Theorem 1.8 (Later Theorem. For even r, the Charney-Davis quantity for the uniform
matroid, Uy, of rank r on [n] is 0. For odd r, the Charney-Davis quantity for U, , is

r—1

- ()

where Eyp is the Cth secant number.

Let M, (FF}) be the matroid of subspaces of IF; with rank at most . The Hilbert series of
the Chow ring of the lattice of flats of M, (IF}) is a g-analogue of the Hilbert series of the
corresponding uniform matroid. The full rank case is particularly pleasing; its Hilbert series

is the ¢g-Eulerian polynomial defined by Shaeshian and Wachs in [SW10] and [SW07].
Corollary 1.9 (Later Corollary D The Hilbert series of A( (F ”)) is given by

H(A( Z qmaJ (0)—exc(0) gexc(o) _ Z Z qmaJ (0)—exc(0) yr—exc(o)

ceS, ] OUGEnn T

The Charney-Davis quantities also have a nice form.

Theorem 1.10 (Later Theorem ) . The Charney-Davis quantity of the chow ring A(M,, (F Z))
18

for A, the determinant

1
. 0
g B 1 0
A, = det : :
. ! 1 | ! ! 1
[2@—14]q. [Za—lﬁ}q. [2a—18]q. 1

2a—2],!] [Ra—4],! [Ra—6], = 2
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The Charney-Davis quantities of M, (F7) can be expressed as a linear combination of
the g-secant numbers defined by Foata and Han in |[FH10|. As corollaries of the theorems
above, we give new proofs of recurrences for the Eulerian and ¢-Eulerian numbers, provide
another interpretation of the g-secant and g-tangent numbers, and give an alternate proof
of unimodality and symmetry of the Eulerian and ¢-Eulerian numbers.

After concluding our study of uniform and linear matroids, we offer a pair of conjectures.
The first is our best guess as to the family of lattices whose Chow rings exhibit Poincaré
duality, and the second relates the Hilbert series of uniform matroids to the h-vector of the
order complex of a truncated boolean poset.

2. DEFINITIONS AND BACKGROUND

In this section, we will cover most of the combinatorics and commutative algebra back-
ground used later in the paper. Readers with a background in commutative algebra and
combinatorics may wish to skim the next few sections to pick up our notation, and then skip
to Section [2.6] where we define the Chow ring associated to an atomic lattice.

2.1. Posets. In this section, we review some facts about partially ordered sets that will be
relevant in our later writing. In particular, we define atomistic lattices and the incidence
algebra. For more background, see [Stal2].

Definition 2.1. A partially ordered set or poset is a pair P = (F, <), where E is a set and
< is a partial order relation on E satisfying

(1) If a € E, then a < a.
(2) If a,b € E and both a < b and b < a then a = b.
(3) If a,b,c € E and if both a < b and b < ¢, then a < c.

We call an element p € P maximal if there does not exist any ¢ # p € P such that ¢ > p.
Likewise, we all p minimal if there is no ¢ # p such that ¢ < p. If P has a unique maximal
(resp. unique minimal) element, we denote it by T (resp. L). We call P bounded if it has
both a unique minimal and unique maximal element. An element p € P is said to cover a
different element ¢ € P if p > ¢ and there is no p’ € P such that p > p’ > ¢. When this is
the case, we will write p > q.

Two elements p,q € P are comparable if either p < ¢ or ¢ < p; otherwise, they are
incomparable. A subset S C P is totally ordered if every pair of elements of S are comparable.
A chain of P is a totally ordered subset of P. An antichain is a subset in which every pair
of elements is incomparable. For S C P, the order ideal P<g defined by S is the set of all
elements ¢ € P such that there exists s € S with s > ¢. Likewise, the order filter Psg is the
set of all elements ¢ € P such that there exists s € S with ¢ > s.

FExample 2.2. Subsets of the real numbers form a poset under their usual ordering. Since
the real numbers are totally ordered, every pair of elements in comparable, so every subset
of the reals forms a chain. An order ideal of the real numbers is simply a ray (—oo, ], while
an order filter is of the form [r, c0) for some r € R.

Example 2.3. The subsets of [n] form a poset under inclusion. We call this poset the boolean
algebra or boolean poset of rank n, and denote it by B,. In Bs, {{1,2},{2,3}} form an an-
tichain because neither element contains the other. An example of a chain is {@, {1}, {1, 2}}.
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The order ideal generated by {{1,2},{2,3} is {&, {1}, {2}, {3}, {1,2},{2,3}}. The order fil-
ter generated by the same two elements is {{1,2},{2,3},{1,2,3}}.

Definition 2.4. A lattice is a poset L such that for all p,q € L,

(1) p and ¢ have a unique least upper bound p A ¢ € L, called the join of p and q.
(2) p and ¢ have a unique greatest lower bound p V ¢ € L called the meet of p and q.

Every finite lattice L has T and L. The atoms of a finite lattice are the element a € L
such that a > L. If every element of L can be written as join of atoms, then we call L
atomastic.

Ezxample 2.5. B,, is an atomistic lattice. The meet of two elements is their intersection, the
join of two elements is their union, and the atoms are the 1-element subsets of [n].

Example 2.6. A set partition of [n] is a collection of disjoint sets IT = {51, ..., Sk} such that
Uicpy Si = [n]. We say a partition II' = {T3,..., Ty} refines ILif for all i € [¢], there exists
J € [k] such that T; C S§;. The collection II,, of set partitions of [n] forms a lattice when
ordered by refinement.

2.1.1. The Incidence Algebra of a Poset. The incidence algebra of a poset is a commutative
algebra associated to the poset. It can be used to concisely express many quantities related to
the structure of the poset, such as the number of chains of various lengths. Many important
functions, such as the Mdébius function of number theory, can be thought of as elements of
the incidence algebra of particular posets. Throughout this section, P will be a finite poset.

Definition 2.7. Let R be a commutative ring. The incidence algebra of P over R, denoted
RI[P], is the free R-module on the set {(a,b) € Px P : a < b}. Multiplication in the incidence
algebra is defined by
(a,d) b=c
b)(c,d) =
(a.0)(c.d) {0 )

and extends R-linearly to other elements.

When defining or referring to an element of an incidence algebra, we sometimes write
f(z,y) to refer to the coefficient of (z,y) in f € R[P]. We will use the following well-known
facts about the incidence algebra of a poset:

Proposition 2.8. Let P be a poset and f € R[P]|. Then f is invertible in R[P| if and only
if f(x,z) is invertible in R for all x € P.

Proposition 2.9. Let P be a poset and f € R[P|. If f(z,x) =0 for all x € P, then f is
nilpotent of order k, where k is the mazimum length of a chain in P. In particular, 1 — f is

invertible and (1 — f)~' =S¢ f°.

2.2. Matroids. Matroids are combinatorial structures that capture many seemingly differ-
ent notions of independence, such as linear independence, acyclicness of graphs, and algebraic
independence. One can axiomatize matroids in many equivalent ways; a few of the more
common ones are described below. Throughout the following definitions, we will let E be a
finite set, called the ground set.

Definition 2.10 (Independent sets). A matroid is a pair M = (E,Z) where Z C 2% is the
collection of independent sets of M and satisfies
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(1) The empty set is in Z.
(2) If I € Z, then 2 C T.
(3) If I,J € Z and #1 > #J, then there exists i € I such that JU {i} € Z.

The rank of a subset S of a matroid, denoted rank(S), is the cardinality of the largest
independent set it contains. In particular, the rank of a matroid is the size of its largest
independent set. The set of maximal independent sets are called bases, and provide another
way to define matroids.

Definition 2.11 (Bases). A matroid is a pair M = (E, B) where B C 2F is the collection
of bases of M and satisfies
(1) B is nonempty
(2) If A,B € B are distinct and a € A — B, then there exists b € B — A such that
(A—{a})U{b} € B.

Ezample 2.12. Any vector space V over finite field can be turned into a matroid M (V)
by taking the vector space as the ground set and the independent sets to be the linearly
independent subsets of the vector space. The bases of the vector space are also the bases
of the matroid. More generally, for an n-dimensional vector space V' over the finite field [F,
and for 0 < r <n, let M,(V) denote the matroid with ground set £ = V" and independent
sets collections of at most r independent vectors in E. Then M (V) = M, (V).

Ezample 2.13. The uniform matroid of rank r on [n] is defined by independent sets as
Unr = ([n], {S € 2" : #5 <r})

Ezample 2.14. Let G = (V, E) be a graph and let T C 2F be the set of acyclic subgraphs
of G. The graphic matroid of G is defined by independent sets as M (G) = (F,T). A case
of special interest is when G = K,,, the complete graph on n vertices. We call M (K,,) the
complete graphic matroid of rank n.

One might wish to “take the span” of a subset of a matroid. To do this, we define a closure
operator
cl: 2M — oM
S {m e M : rank(S U {m}) = rank(S)}
Definition 2.15. A subset S C M such that cl(S) = S is called a flat of M. The set of flats,
ordered by inclusion, is the lattice of flats of M, denoted L(M). The lattices of flats of finite
matroids are precisely lattices that are both atomistic and semimodular, a term that will

not be defined or directly used here. See definition 3.9 in chapter 3 of [Sta+04] for further
details.

FEzample 2.16. The lattice of flats of U, ,, is B,.
Ezample 2.17. The lattice of flats of M (K,) is II,.

Ezample 2.18. The lattice of flats of M, (F7) is collection of subspaces of F} of dimension at
most r, ordered by inclusion, together with the top dimensional subspace T = 7.

Some common operations on matroids include contractions and restrictions.
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Definition 2.19. Given a matroid M on F and an element e € E, the restriction matroid
M\e is the matroid on E — {e} whose independent sets are given by

TI(M\e) ={I € I(M) : e &1}
For Z C E with E'\ Z = {ay, ..., ax}, define the restriction

M7 = (- (M\a)\az) - \ay).
Ezample 2.20. Let r < m < n. The restriction of U, with respect to Z = [m] is (U, ,)? =
Upr-

Ezample 2.21. The restriction of a graphic matroid, M (G), about an edge e is the matroid
of the graph G’ obtained from G by removing e.

Definition 2.22. Given a matroid M on E and an element e € E, the contraction matroid
M /e is the matroid on E — {e} whose independent sets are given by

I(M/e)={FECE—{e}: EU{e} eZ(M)}.
For Z ={ay,...,ax}, set
My = (- (Mar) a) - Ja).

Ezxample 2.23. The contraction of the uniform matroid U, , at a set Z = [k] is the uniform
matroid (U, )z = Unp—kr—k

Ezample 2.24. The contraction of a graphic matroid M (G) about an edge e is the matroid
of the contraction graph G' = G/e.

2.3. g-analogs. In general, a g-analog of an identity is an expression in terms of a variable
q that specializes to the original identity when one sets ¢ = 1. Many statistics relating
to binomial coefficients and statistics on &,, have natural g-analogues which allow one to
refine many combinatorial theorems and identities. In particular, g-analogues often appear
as invariants associated to vector spaces over finite fields.

Definition 2.25. For any n € N, we define the ¢-analog of n to be

1—q" —1
= :1 e n
n]q g +q+---+¢q

and the g-analog of n! to be
[n]ly = [nlg[n — 1] - - - [2]4[1,-

Definition 2.26. For any natural numbers 0 < k& < n, we define the g-binomial coefficient

to be |

n

Proposition 2.27. The g-binomial coefficient [k

]q 18 a polynomial in q.

When ¢ is a prime power, the g-binomial coefficient [Z

dimensional subspaces of . Also note that when ¢ = 1, the above definitions specialize to
the usual factorial and binomial coefficient.

}q computes the number of k-
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2.4. Simplicial Complexes. Simplicial complexes are geometric and combinatorial struc-
tures strongly related to both posets and commutative algebra. Here, we give the minimal
set of definitions needed for our own purposes.

Definition 2.28. A simplicial complex A on a vertex set V(A) is a subset of 2V(®) such
that if S € A, then 2% C A.

We call the elements of A the faces of A. The face poset of A, denoted P(A) is the poset
whose ground set is A under the inclusion order. The maximal elements of P that are proper
subsets of V(A) are the facets of A. The dimension of a face F' € A is dim F' == #F — 1,
and dim A = max{dim F'} pea. A simplicial complex is pure if all of its facets have the same
dimension.

Ezample 2.29. The d-simplex is Aq = 2191 A, can be realized geometrically as the convex
hull of a basis of R4*!; the dimension of this geometric realization is d.

Definition 2.30. The order complex of a poset P is
A(P)={S C P : Sisachain}
Ezample 2.31. See Figure[I]

SN AR
NP4

FIGURE 1. A poset P (left) and its order complex A(P) (right). Each edge
of the order complex corresponds to a chain of length two in P, and each two
dimensional face corresponds to one of the maximal chains of length three.

L

2.4.1. The Stanley-Reisner ring. The Stanley-Reisner ring of a simplicial complex provides
a bridge between simplicial complexes and commutative algebra that has proved enlightening
for both fields. For more information, see [Sta96].

Definition 2.32. Let k be a field. The Stanley-Reisner ring or face ring of a simplicial
complex A is k[A] == k[z, : v € V(A)]/In where

IA = (.[L'lev2 s Ly, - {Ulv"'7vk} gA)

Proposition 2.33. If A is a simplicial complex of dimension n, then the Stanley-Reisner
ring has Krull dimension n + 1.
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2.5. Graded Rings and Modules. Our main objects of study, Chow rings, belong to a
class of rings called graded rings.

Definition 2.34. A graded ring or N-graded ring R is a ring together with a decomposition

of abelian groups
-,
n>0

such that for any v € R,, and w € R,,, the product vw is in R,,,. The direct summand R,
in this decomposition is called the nth homogeneous component of R. An element r € R,, is
called homogeneous of degree n or said to be of degree n, written degr = n.

One of the most important invariants of a graded ring is its Hilbert series, which records
the free ranks of the abelian groups R,, n > 0, in a formal power series.

Definition 2.35. The Hilbert series of a graded ring R is the series
H(R,t):=» dimg R,t" € N[t]
n>0
The coefficients of the power series are given by the Hilbert function h(R,n) = dimg R,,.
The Hilbert series of some rings, including those that we will study, are symmetric, meaning
that there exists a d > 0 such that h(R,n) = 0 for n > d, h(R,d) # 0, and h(R,n) =
h(R,d —n) for all 0 < n < d. The information in a symmetric Hilbert series (and more

generally, in a symmetric polynomial) can be reformatted in different and sometimes more
enlightening ways, one of which is the y-vector.

Definition 2.36. Let A(t) be a symmetric polynomial in ¢ of degree d. The y-vector of h is
the unique vector v = (Yo, . ..,7a/21-1) such that

[d/2]—1

h(t)= Y yt'(t+1)"

Example 2.37. If h(t) = 3 + 5t + 5t + 1, then v = (1,2). Indeed,
452 45t + 1= (t+1)° +2t(t+ 1)

A weaker invariant than the Hilbert series is the Charney-Davis quantity of R, defined to
be the value H(R, —1). The Charney-Davis quantity was introduced in [CD95| and is related
to a conjecture of Charney and Davis for posets associated to flag simplicial complexes. See
[RWO05| for a more recent framework towards approaching questions stemming from Charney
and Davis’ original conjecture.

2.6. Chow Rings. We now define the main object of study. Following the conventions of
Fiechner-Yuzvinsky, we define the Chow ring for a general atomistic lattice.

Definition 2.38 (From [FY04]). Let L be an atomistic lattice with atoms ay,...,ag. The
Chow ring of L is defined to be

A(L) =Z{zp - pe Lip# L, TH/(I +J)
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where I and J are the ideals
I = (z,x, : p and ¢ are incomparable)
J = (Za;q : 1§¢§k>.
q>a;

Chow rings of atomistic lattices are graded by degree in the usual way.

If L is the lattice of flats of a matroid M, then we denote the Chow ring A(L(M)) by
A(M). If we speak of the Hilbert series, y-vector, or Charney-Davis quantity of a matroid
M, then we are refering to that of its Chow ring A(M).

Theorem 2.39 ([F'Y04] Corollary 2). Let L be a finite, ranked, atomistic lattice. Then the
Hilbert series of A(L) is

H(A(L),t) =1+ > ﬁt(l

1l=xo<x1< <y t=1

_ Zframk z;—rankxz;_1—1 )

1-t¢

where the sum is taken over all chains L = xog < x1 < --- < x,, of L.

2.6.1. Chow Rings of Matroids. Chow rings that arise from geometric lattices (that is, from
the lattices of flats of finite matroids) are known to satisfy many nice properties. The main
one that we will use is the fact that Chow rings of matroids satisfy a version of Poincaré
duality; for more information, see |[AHK15|. For mild generalizations of these results, see
Section [3l

Let M be a matroid of rank r 4+ 1. By Proposition 6.2 of [AHK15|, A%(M) = 0 for g > r,
and by Corollary 6.11 of [AHK15|, A"(M) = Z. Combining these facts with the following
theorem yields that the Hilbert series of A(M) is symmetric of degree r.

Theorem 2.40 (JAHK15] Theorem 6.19). For any nonnegative integer ¢ < r, the multipli-
cation map
AYM) x AU M) — A" (M)
defines an isomorphism between groups
A"I(M) = Homgy (A (M), A"(M))
Observe that Theorem [2.40] above implies that the Charney-Davisquantity of a matroid
M is 0 if M is of even rank, and is dimy AT M=D/2([) if rank M is odd.

2.7. Eulerian Polynomials, Tangent/Secant Numbers and Statistics on &,,. Let
S,, denote the symmetric group on n letters. At various times in this report, we will refer
to the following statistics on permutations.

Definition 2.41. Let w € G,, be a permutation. Then, define the statistics
inv(o) = #{(i,j) : o) > o(j)}
des(o) =#{ien—-1] :0(i+1) <o(i)}
exc(w) = #{i € [n] : w(i)>i}

maj(w) = Z i

1, w(i)<w(i+1)
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The Eulerian polynomial A, (t) is the polynomial

t) _ Z Zfexc(w)

weG,,

These polynomials are classical and have many interesting applications; see |[Pet15] for further
exposition. We note here that the polynomials A, (t) satisfy the following identities

n—1

Proposition 2.42. ([Pet15], thm 1.4) An(t) = Z (Z) Ap(t)(t + 1)
k=0

Proposition 2.43. ([Pet15], Quadratic polynomial recurrence, thm 1.5)

n—2
n—1
An(t) = A1 (2) +t; ( Z, )Ai(t)An_l_i(t).
Proposition 2.44. ([Pet15], thm 1.6) The exponential generating function of the A,(t) is
" t—1
ZA"(t)m T ety
n>0

We also note that the h-polynomial of the n-dimensional permutohedron is given by A, (%).
The coefficient of t* in A, (t) can be expressed as,

A(n, k) = m —#{0 €6, : exc(o) = k}.
These quantities are referred to as the Fulerian numbers.

Definition 2.45. The n-th tangent/secant number E, is the n-th coefficient in the expo-
nential generating function

tanh(x) + sech(x Z E

n>0

Remark 2.46. In the literature, the numbers E5,, are often referred to as the Euler numbers.
To avoid confusion with the Eulerian numbers, we will refrain from using this language.

Since tanh(x), resp. sech(z), is odd, resp. even, it follows that

2n+1
tanh(x ; Egnﬂ(;Tl) and sech(x ;0 Egn
Moreover, for all n, (—=1)"FEs, > 0 and (—1)"Fy,.1 > 0. Also,
x2n+1 x2n
tan(z) = ;(—1) E2n+1m and sec(x) = ;( 1) E2n<2n)

(Hence, we refer to E,, as a tangent/secant number.) The following is a well-known combi-
natorial description of F,,.

Proposition 2.47. ([Pet15], exercise 4.2) The number |E,| = (—1)"E, counts the number
of down-up permutations in S,,. That is, |E,| is the number of permutations w € &,, such
that

w(l) >w2) <w(3)>---
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In the sequel, we will also make use of the following standard recurrence for the secant
numbers.

n—1
2
Proposition 2.48 (|[Sun05|). For all n, Es, = — Z (22) Eoy.
k=0

3. GENERALIZATIONS OF POINCARE DUALITY TO NICE ATOMIC LATTICES

Here, we give some extensions of the results of [AHK15|, including Poincaré duality, to an
expanded class of lattices. We will define the class of lattices shortly. With such lattices, it is
possible to make definitions so that the original proofs of [AHK15| essentially just go through,
so we defer most definitions, proofs, and intermediate results to Appendix [A] because they
will not be used directly.

Definition 3.1. Let L be a ranked atomistic lattice with atoms E' = {ay, ..., ax}. For any
z,y € L with x < y, let d(z,y) be the minimum number d of atoms «,, ..., a;, such that

d
y:$/\/\aij.
j=1

Say that L is nice if d(x,y) = rank(y) — rank(z) for all z,y € L.

Having defined the lattices under consideration, we give the definitions and results regard-
ing these lattices that we will make direct use of.
Let L be a nice lattice with atoms £, and for I C E, let cl;(I) :== A,.; Z. Next, let

I(L) := {I € 2% : #I = rank(cl (1))} .
We can now define the Chow ring of a lattice with respect to a filter.

Definition 3.2. Let L be a lattice with set of atoms E and let &2 be an order filter on L.
As in [AHK15|, let Spuw = Z[z;,xzp | i € E,F € &2], and define A(L, &) = Spuz/(Th +
T2+ T3+ Ji) where

J = (xpleQ: F, F5 incomparable in L)

G = (vwp: F € 2,i € E\F)

Js = (Hx I €Z(L), cy(l) e U {E})

el

Ji = ((x—l—;x}v) — (zﬁng;m) :i#jeE)

With the above definitions, the machinery of [AHK15| in the proof of Poincaré duality
largely runs without change. In particular, we have the following results. Let &2_ be a filter
in L, and let &, = Z_U{Z} where Z is a maximal element of L\ &_.

Proposition 3.3 (c.f. [AHK15| Proposition 6.6). The pullback homomorphism
Oy AL, P2 ) — A(L, P,)
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defined by taking xp — xp and
N ri+xp ifi1€Z

is a well-defined graded ring homomorphism. We will use the notation ®% to denote the
group homomorphism induced by ®; on the degree-q component of A(L, &_).

Proposition 3.4 (c.f. |[AHKI15| Proposition 6.8). For p,q > 0 integers, there are group
homomorphisms

WP ATP([Z,T)) = AYL, Z4)  and T4 ATP([L, Z]) — AY(L)
sending xx — rxF.
Theorem 3.5 (c.f. [AHK15| Theorem 6.18). For any g > 0,

rank(Z)—1 rk(Z)—1
e @ vt | AYL, 2 e @ ATP(Z,T)) | = AL, 2y)
p=1 p=1

s an isomorphism of groups.

Theorem 3.6 (c.f. [AHK15| Theorem 6.19). For q > r, the multiplication map
AL, P) x AL, P) — A" (L, P)

defines an isomorphism

A"9(L, P) ~ Homy(AY(L, ), A"(M, P))

Remark 3.7. Theorem[3.6implies that the Hilbert series of A(L) for L a nice ranked atomistic
lattice is a symmetric polynomial. In particular, this allows one to consider its associated
v-vector and can be suggestive of further structure. (i.e. Whether natural isomorphisms
can be written between symmetric graded components via multiplication by combinatorial
analogues of ample elements.)

4. METHODS FOR CALCULATING HILBERT SERIES OF CHOW RINGS

4.1. Incidence algebra. Let L be a ranked lattice and consider the incidence algebra
(Q(t))[L] of L with coefficients in the ring Q(¢) of rational functions. Define distinguished
elements in (Q(¢))[L] as

CL(xv y) =1
oy (.ZC, y> — trankyfrankz

titrank y—rank z

77L($ay> = { =

0 ranky —rankxr —1 < 1

ranky —rankx —1 > 1

o= (1 —nr)"¢L.

To describe the relations of these elements, we have the following proposition.



CHOW RINGS OF MATROIDS AND ATOMISTIC LATTICES 15

Proposition 4.1. Let L be a ranked atomistic lattice. We have

L—np = - 1(04L — (1)
= (=81 =) +1¢
VL(%?J) H(A([z,y]).1)
where [x,y] ={z € L:x <z <y}.
Proof. The first identity follows straightforwardly from the second. To verify the second, let
x <y. If z =y then

(1= t)(Lz, z) —nr(@, ) + tu(z,2) = (1 = )(1 = 0) +¢
= ar(z,x).
Similarly, if rank y = rank z + 1 we have
(1 =t)(A(z,y) —ne(z,y)) + ¢z, y) = (1 —1)(0 - 0) + ¢
=t
= ar(z,y)

and if rank y — rank z > 2 then

t — trank y—rank x

(1 =t)((z,y) —n(z,y) +t¢u(z,y) = —(1 = 1) - +t

— trank y—rank x

= ar(z,y).
For the last identity, we have by Theorem that

H(A([z,y]),t) =1+ > (HﬁL(%fEiH)) CL(Tm, )

l=xp<z1< " <Tm, \1=1

=y ()¢ ) + Y 0 (@, y)Cu(x,y)

m=0
= (1—n) (2, y)¢e(@,y)
with the last line using the fact that n; is nilpotent, since L is finite. 0

In particular, the above proposition shows that v, (L, T) = H(L,t). It can be shown that

(L T) =) (1 —m) (L)
zeL
and it can further be shown that (1 —nz)~!(L,x) can be computed using O(N) operations
in the ring Q[t], where N is the number of elements in L. Thus H(A(L),t) can be com-
puted using O(N?) operations in Q[t]. Since all polynomials involved will have degree at
most rank L, this gives an algorithm for computing H(A(L),¢) which uses O((rank L)N?)
arithmetic operations. (Note that N may not be polynomial in rank L.)
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4.1.1. Application to products. Let L and K be two ranked lattices. Recall that for any ring
R we have the R-algebra isomorphism
R[L| ® R[K] —— R[L x K]
(a1,b1) ® (az,by) —— ((a1,az), (b1, b2))

and the existence of this isomorphism does not depend on L or K being ranked or being
lattices.

Proposition 4.2. We have

Voxkx = (v @ yr) (1= t(1 = 71) © (1 = 7))~
Proof. We have
I —nixr = %_t(aLxK — tCrxkK)

(I=1 =n)® (1 —ng) +H @ (1 —nx) + (1 = 1) @ (x) — (L @ (ke
=1 =m) @1 —nxg) =t —nr—C)® (1 —nx — (k)
=((T=m)® [ —nx))(1—t1—-7)®(1—7k))

(1= npxr) = (1=t =y) @ (1 =) (L =nr) '@ (1 —ne)™)

Yoxx =1 —=t(1—72) ® (1 — k)" (7L ® k)

which can be rewritten as
min(rank L,rank K)

Yo = Y, (=) ) @ (1= 7))
k=0
because (1 — 7z) is nilpotent of order rank L for any finite ranked lattice L. 0

Example 4.3. When K = {0 < 1}, we have that (1—vx)? = 0 and v (1—vx) = (1—vx)Vx =
1 — k. Thus

Yoxkx =YL @Yk + (1 —v)v) @ (1 — v&)VK)
=L ® VK + i ® 1k — 17 ® 1k — tyr ® Yx + 177 ® Yk

which gives
H(A(Ly x Ly),t) = (1 — t)H(A(Ly), t) + ty3(L, T).

In the case that L, = B,, is the Boolean algebra on n elements, we have
" /n
HUAB,0),6) = (L= OH(AE) 0+ 03 () HAB). OB, 0.0
k=0

which gives the well-known quadratic recurrence for the Eulerian polynomials. By taking
K = By, it is possible to get k-th order recurrences. However, these are not obviously equiv-
alent to the k-th order recurrences given by repeatedly applying the quadratic recurrence.
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4.2. Applications of results of Adiprasito-Huh-Katz to lattices.

Let M be a matroid of rank 41 on a ground set E. For z € E, let M, be the contraction
of M at z, and recall that £(M.) = [{z}, T] € £L(M). This fact, combined with the results
of [AHK15| can be applied to find formulas for the Hilbert series of Chow rings of certain
matroids in terms of their contractions. More generally we can find a formula for the Hilbert
series of any graded lattice L of rank r 4+ 1 with the property that [z, T| = [/, T]| for all
z,72" € L with rank(z) = rank(z’). In the following, we assume that L has this property.

Let &_ be an order filter of L, and let &2, = &_ U {z} for some maximal z € L \ Z_.
Next, recall from Propositions and the pullback homomorphism in degree ¢ > 0,

O AYL, ) — AL, P)
and the Gysin homomorphism
Wha ATP([2, T]) — AYL, Z,).

By Theorem 3.5, ®?& @raﬂk ~1 WP is an isomorphism. Hence, if 2; is the order filter of L
obtained by removmg from L all elements of rank less than or equal to i and (2,...,2,) is a
sequence of elements of L with rank(z;) = ¢ for all 7, then for all ¢ > 0, we have isomorphisms

®|Lo|

AYL) = AYL, ) = AYL, P,) = AY(L, P,) & (Aq‘l([?:z, T])) =

- BILi|
AL, 2,) @(@A”Zu )

1=2 p=1

Since AY(L, Z,) = Z, it follows that

dimgz AY(L —1+Z|L\ZdlmquP ([2:, TT).

This recurrence for the dimension of a homogeneous component can be lifted to a recurrence
for the Hilbert series of A(L) in the following manner. For a fixed 0 < k < r — 1, let
(z1,...,2 ) be a sequence of elements of L with rank(z;) = for all i. Then

—~ idimz AY(L) ¢4
- Z (1 + Z |Li| z_:dimz AT ([, T])) %
t—i—Z]L ]ZZdlmqu P([z, T]) t4

p=1 ¢=0

Since dimgz A?7P([z;, T]) = 0 when ¢ — p < 0 by convention, the innermost sum above really
only runs from ¢ = p to ¢ = r. Making this change and setting k = ¢ — p, we can rewrite

the above as
r—|—1t+Z|L|thZd1mZ ([2, T]) t*.
p=1 k=0
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Now, observe that rank([z;, T]) = r+ 1 — i and that p < ¢ — 1 impliesr —p > r —i + 1.
Hence, >, b dimg, A*([z;, T])t* = H([2;, T],t) for every p and i, so we obtain the following
expression for H(L,t).

Proposition 4.4. If L is a ranked atomistic lattice such that [z, T| = [2/, T] for all z,2 € L
with rank(z) = rank(2’), and if (z1,...,2,) be a sequence of elements of L with rank(z;) = i
for all v, then

H(L,t)=[r+1]+t > |Li|[i — 1], H([z, T], ).

=2

We will now state the Hilbert series that one gets by applying to several matroids of
special interest.

Uniform matroids. Each upper interval of £(U,, ,+1) is the lattice of flats of a uniform matroid
on a smaller ground set and of lower rank. Hence

r n '
H(Un’rJrl, t) = [7’ + 1]t + t Z (Z) [Z — 1]t H<Un7i,7“+1fi7 t)
=2

Subspaces of vector spaces over finite fields. The formula for vector spaces over finite fields
is a g-analog of the one for the uniform matroid.

H (A(M, 1 (F),6) = [r+ 1], +¢ Z[i — 1], m H (A(My41-4(F})), t)

Complete graphic matroids. If S(n,m) is the Stirling number of the second kind, then

n—1
H(A(M(Kpy)),t) = [+ > Sn+1,0) i = 1y h (A(M(Kop1-9)),t) -
=2
4.3. Computing Hilbert series of A(Lx B;) using differential operators. While

the incidence algebra provides a general and concise way to write the Hilbert series of a prod-
uct, it is slightly unsatisfying in that, given the Hilbert series of both lattice in the product,
one must still make reference to posets to write the Hilbert series of the product. Here, we
present a very simple case, in which one can write the Hilbert series of a product without
reference to any information except for the Hilbert series’ of the two lattices being multiplied
together. Let L be a ranked atomistic lattice. For a chain C' = {xg < 21 < -+ < x,,} in L
and 0 <7 < m, let

t— trank z;—rankz;_1
1—t
Let s be a new variable, and in analogy to Theorem [2.39] write

me; =

m

H(‘A(L)?tv S) =1+ Z H<(1+m0,i) e’ — 1)'

C:{L:aco<x1 <"‘<$m} i=1

Observe that H(A(L),t,0) = H(A(L),t). Finally, let 0 : Q[s,t] — Q[s,t] be the formal

derivative operator with respect to s.
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Proposition 4.5.
H(A(L x By),t) = (1+t9,)H(A(L),t,s)|

s=0

Proof. Strict chains in L x By that begin at L take three different forms. If C' = {1 =z <
x1 < -+- < Ty} is achain in L, then a chain in L x By must look like one of the following:
(L,0) < (21,0) < -+ < (2, 0)

(L,0) < (21,0) < -+ < (24,0) < (zi41,1) < -+ - < (xp, 1)

(1) (J—u()) < (1'1,0) <0 < (1’170) < (xia 1) < (‘ri—i-lv ]-) <0< (‘T’m) 1)

Since rank(z;, 0) = rank(z;, 1) — 1, chains like the one in (/1)) contribute 0 to the sum in the
statement of Theorem [2.39, Hence, by Theorem [2.39]

(2)  H(A(L x By),t) =1+ > [Tmei+ >t +me) [[mea
C={l=zp<ai<--<mm} \ i=1 k=1 i=1

i1#£k

By the product rule for the derivative, if f(¢) € Q[t] C Q[s, t], then
Os((1+ f() —1) = (1 + f(t))e.

Hence, equation is equal to

H(A(L),t,0) +t O, H(A(L),t,s)| _, = (1 +t0:)H(A(L),t,5)| O

=0 s=0"
Similarly, suppose we instead define

m o )
tes — trank x;—rank xzflets

H(A(L),t,s) =1+ > 11 —

C={l=xo<z1<-<zm} =1

Then we have

Proposition 4.6.
H(A(L x By),t,s) =(1+0s)H(A(L),t,s).

Proof. Similarly to the proof of Proposition [.5] define

tes — trankxi—rankxi_lets

e = 1—t
for a chain C' = {zp < 1y < -+ < z,,}. A similar casework argument on the structure of
chains in L X B gives
H(A(L x By),t,s) =1+ Z qui + Zt(es + mey) HmC,i
C={l=xo<z1<--<zPM} \ =1 k=1

iZk
= (1+ 05 H(A(L),t,5)
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using the fact that
tes — trankzifrankziflets tes — t(rankzifrank zi,1)+1€ts

s =
1-1 1-1¢

tes — trank x;—rank :cz;lets
=tle’+ )
( )

O

5. EXPLICIT DETERMINATION OF HILBERT SERIES AND CHARNEY-DAVIS QUANTITIES

5.1. The Uniform Matroid. Recall the uniform matroid of rank r and dimension n is the
matroid U, , on ground set E = [n| with independent sets all subsets of [n] of size at most
r. U, has lattice of flats

LU,,)=Bn)pn={S€B, : #S<ror S=T}.

That is, U, has lattice of flats £L(U,,,) equal to the collection of all subsets of [n] of size at
most r, ordered under inclusion, together with a unique top element T = [n].
For 0 € G, let
fix(c) ={i€n] : o(i) =1i}.
Also let
D, ={0 €6, : fix(o) = o}
be the set of derangements of n and put

E,r={0 €&, : o has at least k fixed points}.

5.1.1. Hilbert Series of A(U,m). Recall the Stanley-Reisner ring over Z of L(U, ) is S :=
Zlxr|recn /1, where

I:=(zpag : FGELM), F£G, GZF).

Moreover, since £(U,, ) has dimension n, S has Krull dimension n + 1. For each i € [n], let
Yi = Y ps; Tr and @; :=y; — x1 be in S,

Lemma 5.1. {o; — «, : i € [n— 1]} is algebraically independent
Proof. First, observe that
{ai—ay cien—1}={yi—vm :i€n—-1]}.

Furthermore, if {v; : i € [n]} is algebraically independent, then so is {7; — v, : @i € [n — 1]},
since any polynomial in {7; — 7, : i € [n — 1]} can be expanded out into a polynomial in

{vi i€ nl}
Hence, we have reduced to showing that {7; : ¢ € [n]} is algebraically independent. Let
Py, ym) = D> ay-yr € Rlyr, .yl
i=(i1,...,in) €22,
> i<m
be a polynomial of total degree m and let NZ(i) := {j € [n] : i; # 0} be the set of indices
of nonzero entries of i. Suppose that p(vq,...,7,) = 0. If this is the case, we will show that

a; = 0 for all i by induction on # NZ(i).
First, if # NZ(i) = 0 then a; = 0 because none of the 7;’s have constant terms. Now,
assume that a; = 0 for all i with i < k, and let a; be the coefficient of a term of p with
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NZ(i) = {j1 < ... < jr}. When multiplied out, the term Ayt of p(y1, ..., Y,) has a
monomial [],cp, xiéf where {F; < F;, < ... < Fy} C L(U,,) is an increasing chain, with
F; > j, for each £. No other term of p(71, ..., 7,) has such a monomial, so a; = 0. Therefore,
p(Y1,s - Yn) =0 and {7; : @ € [n]} is algebraically independent. O

Theorem 5.2. The dimension of the ith graded component of A(Uy,.,) = @?:_01 Al isdimy A" =
A(n, 1), the (n,i)th Eulerian number.

Proof. By inspection of the defining relations, it is evident that the Chow ring A(U, ) is
equal to S/.J, where

J:=(r1,21)+ (i —a, :i€n—1]) CS.

Since neither z+ nor x; appear in any element of {o; — av, : @ € [n — 1]}, J is generated by
a maximal set of algebraically independent elements. Therefore, (|BGS82|, Corollary 4.5)
gives a monomial basis for S whose m-th graded component is indexed by permutations in
S,, with m excedences. Hence, we conclude that dimz A(U,, ,)m = A(n, m). O

5.1.2. Hilbert Series of A(Um) for r < n. For any r < n, there is a surjective graded map
of rings m,,: A(Up,4+1) = A(U,,,) acting on variables zp by

xp if rank(F) <r
Tp = .
0 if rank(F) =7

Let K, be the kernel of this ring map.
Theorem 5.3. The Hilbert function of K, , is given by the formula
dimg (K, )r =#{0 € Eypny : exc(o) =1 —k}

To prove theorem [5.3] we will use the monomial basis of [FY04]. Let the variable z1
denote the element ), xp € A(U,,41) for any fixed ¢ € E. From the linear relations
defining the chow ring, z+ is uniquely defined in A(U,,,+1). From [FY04], set of monomials
of the form

% 2%,
where Fy C Fy C --- C Fj is a flag of nonempty flats in £(U,,,) and for r; = rank(F;), we
have the inequalities 1 < a; < 1; — r;—; — 1, forms a Z-basis for the ring A(U,,). Moreover,
under 7,, each such basis element, b, of A(U, ;1) is either carried to the corresponding
basis element of A(U,,,) or is sent to 0, the latter case holding if and only if b = x%2%) - - - 2%
for a > 0, F; and «; as above, and rank(Fy) =r — a.
To prove theorem 3, we consider the following refinement.

Lemma 5.4. Consider the numbers

n o # a,on 0  FT2F12--2F is a flag of nonempty flats in LUn,r+1)
'Ynkﬂ = QZTZEFI ng © o at+) o=k, 1<0;<rj—ri41—1, and rank(F1)=r—a
and
rea =#{0€ 6, #fix(c) =n—1r+a and exc(o) =r — k}

Then, vk o =10

r.k,a*
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Proof. We immediately make the following reductions. Partitioning by the choice of a flag
Fl € E(Un,r+1>r—a7

n _ n # al a9 ap . Fr2F»2--DF, is a flag of nonempty flats in L(Ur—q,r—a)
fyr,k,a - r—a T sz ng : > aj=k—a and 1<a;<r;—r;j;1—1 )

while, partitioning on the choice of fixed points,

riva = (r ﬁ a) -H#{o€6,_, : #fix(c) =0 and exc(oc) =r — k}

Hence, it suffices to show equality of the latter two sets. In particular, set

&) o i, o oo, FT2F22--2F, is a flag of nonempty flats in £(Un,n)
nk = LT xFQ ng : > aj=k and 1<a;<r;—r;_1—1

Dyx={0 €D, : exc(c)=n—k}
We will show that #0,,, = #D,, . for all n, k.

We proceed by induction on k. The base case k£ = 0 is trivial as both sets are empty.
Assume k£ > 1. Set

S o a2 o0 F12F22--2F, is a flag of nonempty flats in £L(Un,n)
n,k — xFl'IFQ ng . Zaj:k and 1<a;<r;—rijp1—1

and

S _ a, o1 . o  Fr2F12--2F is a flag of nonempty flats in £L(Un,n)
n,k,a — xTxFl ng ©oaty o=k, 1<a;<rj—r;;1—1, and rank(Fj)=n—a

; . ; ai .02 Qg ar—1_.az Qg
Consider the map of sets k1 Opn — Sp -1 taking 23 2% - -2 — 7' 2% - - 2%, Then,

¢n,i 1s injective and S, ;—; decomposes into a disjoint union
(3) Sn,k—l - Image<§0n,k) U H Sn,k—l,a-
a>1

Considering the choice of second highest element,

#Sn,k—l,a - < )#@n—a,k—a—l-

Also note that #59,, computes the Eulerian numbers from . Then, using the decomposi-
tion [3| and applying the induction hypothesis,

HOnk = #Smie1 — Y #Snk-1a

a>1
=#{o €&, : exc(o) =n—k} —Z (nia)#{a €Dy : exc(o) =n—k}
a>1
Then, using that (" )# {0 € Dy, : exc(o) =n—k} = # {0 € &, : #fix(0) = a and exc(c) =n — k}

for all a < n, we can reduce the above to

#O,p =#{0 €6, : exc(o) =n—k} — Z#{o €6, : #fix(o) = a and exc(o) =n — k}

a>1
=#{0c€6G, exc(o)=n—k} —#{o€ E,1 : exc(o) =n—k}
=#{o €D, : exc(o) =n—k} =#Dpy
Hence, #0,, 1, = #D,, ;, by induction and the lemma is proven. U

n

n—a
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Remark 5.5. Theorem follows from the lemma above since the difference in dimensions

dimgz A(Uy41)k — A(Uy )k can be summed to

Z%Tfk,a = ZFZk,a =#{o0 €6, : #fix(c) >n —r and exc(o) =r — k}

a>0 a>0

Corollary 5.6. The Hilbert function of A(U,,) is given explicitly by

n—1

dimy A(Up, )y = #{0 €&, : exc(o) =k} — Z #{o € Enpi : exc(o) =1i—k}
In particular, when r = n — 1, the Hilbert function of A(U, —1) is
(4) dimy(A(Upn, )k = # {0 € D, : exc(o) =k + 1}
Proof. Theorem 3 implies the series of equalities

dimgz (AU, )k = dimgz(A(Upp41)) — # {0 € Epp—yr : exc(o) =r —k}

n—1
=+ =dimg(A(Unn) = Y _#{0 € By : exc(o) =i — k}

=#{0 €6, : exc(o) :k}—z_:#{ae Eyn-i @ exclo) =i —k}

i=r

where the latter equality follows from the characterization of the Hilbert series of A(U, )

given by theorem 1.
In the case r = n — 1, this becomes

#{oc €6, i exclo) =k} —#{o€ E,1 : exc(oc)=n—1—Fk}
By Poincaré duality for A(U, ),
#{o€ G, i exc(o)=k}=#{0€6, : exclo)=n—1—k}
So 4] follows from the equality of sets
{0 €6,,: exc(o) =n—1—k}
={o€E,; exc(o)=n—1—-k}uU{oc €D, : exc(oc)=n—1—k}.

Corollary 5.7. The total dimension of the chow ring A(U, ,,—) is given by

r—1
dimg A(Upn—y) = #Dn — > # B,

k=1
for all r > 1. Equivalently,
dimz A(Un,nfr)
n!

= E[1 — min(#fix(0), r)]

for all r > 0, where o is chosen uniformly from &,,.

O
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Proof. The total dimension of K, , can be computed as

Z #{o € Eppy  exclo) =r —k} =#E, n.

k>0

Hence, the corollary follows by descending induction on r. [l

5.1.3. Charney-Davis Quantities for A(Um). We now compute the Charney-Davis quanti-
ties of A(Um) in terms of the secant numbers Fy,. We show that in the full rank case, the
formula for the Charney-Davis quantity as a linear combination of the secant numbers can
be interpreted as a recurrence for the tangent numbers.

Theorem 5.8. For even r, the Charney-Davis quantity for the uniform matroid, U, , of
rank r on [n] is 0. For odd r, the Charney-Davis quantity for U, , is

r—1

/n
(2 k) Esy,
0

ol

where Eyp is the th secant number.

Proof. When 7 is even, the Charney-Davis quantity being zero is an immediate consequence
of Poincaré duality. From here on, assume that r is odd. We proceed by induction on ¢ for
r=20+1. If £ =0, then A(M) = Z and the theorem follows trivially.

Let ¢ > 0. By [FY04], Hilbert series of A(U,,,) is given by

HAWU,). 0 =1+>_]] - T3 T—+

r =1

k(r) r—r -1 ri—ri—1—1 /—1
tH(1 — " Tkm t(1 — it t(1—t
{[i+ ) )0

where the sum is over all subsets r = (0 = 79 < 71 < -+ < rppy < r). Then, evaluating at
t = —1 gives
k(r) n—r
1+ — 1)) ( " >
r,;@ ( ) H Ty —Ti—1

Vi,r;—r;—1 is even

Then, this quantity can be expressed as a sum

k(r) k(r)
1 -1 k(r) n—"Ti 1 k(r) n—ri_
- Z =) H(U-Til " Z = H Ty —Ti—1
r,rp<r—2 i=1 r,rp=r—1 i=1
Vi,r;—ri_1 is even Vi,r;—r;—1 is even

This former term is exactly the Charney-Davis quantity for U, _s ,,, so by induction, it suffices
to show that the latter summand is equal to Er_l(rfl). Let this term by denoted by Tj.
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Reindexing and then summing over r such that r;,_; = 2a, we get the recursion

k(r)
vz e Re)
rr;—Z ( ) T—T’k—l :zl:_‘! Ti = Ti-1

Vi riin_l is even
— Z ”_Qa Z ( 1)k(r)ﬁ) n—=Ti
B r—2a— Ti — Ti—1

r,ry=2a i=1
Vi,ri—ri—1 is even

-1

-2
B (n a )Ta
gt r—2a—1

Then, by induction, we conclude

a=0 =0
n — [r—1 n
= - Ey, E,._
(r—l)( ;<2a) 2) (r—1> !
where the last equality follows from the recursion Fop = — S+t = ( )E% (see |Pet15], pg 88,
ex 4.2). The theorem is therefore proved. O

Remark 5.9. When r = n is odd, the Charney-Davis quantity given above is equal to the
tangent number FE, via the following proposition.

" /2n+1
Proposition 5.10. For anyn > 0, Eo,, 1 = Z ( n )Egk.

Proof. Consider the series expansion of tanh(z). We have

s 22k
o) = s ) - (3 52575 ) ()

k>0

> " /on+1 p2ntl
- 2 ok )5 Ga
n=0 \ k=0 )
2n+1

Since also tanh(z) =), ., EgnH(;ﬁn—J:l)!, equating coefficients gives the relation

"L (2n 41
> ( o )E% = Bt
as desired. O
5.1.4. y-Vectors of A(U,,) and A(Upp,-1). By inspection, H(A(U,»),t) is the h-vector of

the permutohedron of dimension n. Hence, [PRWO06| gives the following characterization of
v-polynomial of A(U, )
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Proposition 5.11. ([PRW06[, Thm 11.1) The y-polynomial of A(U,..) is of the form

Z Zfdes(w)

'wEén

where &, denotes the set of permutations in &,, which do not contain any final descents or
double descents.

Since H (A(Un,n—1), t) =D weD, tdesw) is the local h-vector of the barycentric subdivision
of the permutohedron, Athanasiadis’ survey [Ath16| gives the analogous interpretation of
the v-vector of H(A(Unp-1),t).

Proposition 5.12. The y-vector of A(Uyn—1) is given by v = (Vn:) where v,; denotes the
number of permutations in &,, with v descending runs and no descending run of size one.

5.2. Matroid of subspaces of vector spaces over finite fields. Let V be an n-dimensional
vector space over the finite field F,. Recall, for 0 < r <n, M, (V) denotes the matroid with
ground set £ = V and independent sets collections of at most r independent vectors in E.
We also put M(V) :== M,(V). For the purposes of computing the Chow ring A(M,(V)),
it suffices to consider the simplification-the matroid with ground set PV whose independent
sets consist of all subspaces in PV of size at most 7.

The lattice of flats of M, (IF}) is given by the collection of subspaces of F of dimension at
most 7 ordered by inclusion together with the top dimensional subspace Fy.

The Grobner basis in [F'Y04] gives a formula for the Hilbert series of A(M (F2)),

H(A(M, (7). t) =1+ Zli(‘[) t ‘f_tl) [n - m_l}

Ty —Ti—1

where the sum is over all tuples r = (0 = rg < 71 < -+ < 75y < 7). In particular, this
specializes to the formula for h(A(Um), t) when ¢ = 1. Consequently, M, (FF}) is best seen
as a g-analogue of A(U,,).

5.2.1. Hilbert Series of A(M(F7)). We show that the the Hilbert series of A(M(F7)) agrees
with the definition of Shareshian and Wachs in [SW10| and whose generating function is
studied in [SWO07]. To characterize the Hilbert series of A(M (IF;‘)), we first compute its ¢-
exponential generating function, and we use this result to give a combinatorial interpretation.

Proposition 5.13. Define hy = 1. The g-exponential generating function of h,(t) =
H(A(M(]Fg)),t) is given by

F(t, l’) _ Z hn<t> z" _ (t — 1)611(t)

>0 [n]g! teg(t) — eq(te)

where e, denotes the q-exponential function e () =3, -, ﬁ;,

Proof. From the recurrence [4.2| we have the relation

n—1
ha=1+1Y |i— 1],5[2‘] B
=1 q
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Then, the generating function F'(¢,x) satisfies

F(t,z) —1+Z

2 2 ([i — 1, mqhn> [z_;

+tZZ(H ) (=)

|
n>1 i=1 Z]q

= eq(x) +tF(t,z)G(t, x)

for G(t,x) = > .o [0 — 1z [] i We can evaluate G by

6t = 2 S0 =0 = () = o (et - o)

, t
i>1

Substituting into the equation above and solving for F', we get

€q() (t = Deg(x)
F(t,x) = = O
(tz) 1 L <€q<m) teq(l’)> teqg(z) — eq4(tz)

t—1

From [SWO07|, this generating function uniquely classifies the polynomials h,(t) as the
g-Eulerian polynomial A, (q,t) defined as follows.

Definition 5.14. The g-Eulerian polynomial A,(q,t) is the polynomial

An(g,t) = Apec(q tqt) = Y gruimexclo)exclo)

G’GGn

Also set the ¢g-Eulerian number m to be
q

|: :| Z qmaJ —exc( Z qmaj (0)—3

oceB, oeG,
exc(o)=j exc(o)=j

Clearly,
n—1
&szmﬂ
=1 L

Theorem 5.15. For all n and all prime powers q,

h(A(M(F:;)),t) — An(g,1).
Next, we prove a recurrence for A, (q,t). We need the following lemmas.

Lemma 5.16. For any positive q and k > 0,

Z(—Uiq(é) mq _ {é z’,;l;z: 0
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Proof. When k = 0, the lemma is clear. By the g-binomial theorem (see, for example,
[Sta97|, ch 3, exercise 119), for k > 0,

i=0
Setting x = 1 gives the desired identity. U
Lemma 5.17. For alln > 0,

reyrf] oo

q i=1

Proof. We can expand the expression
i i k| G-y
[I¢- )= H 0
=1 =0 q
and collect powers of ¢ to see the righthand side of the desired identity is
n k

k|1 i n— ) n k n—i
S kM M= 3 (g M H t
k=0 7i=1  0<i<k<n gLty
. e 0+
— —1) ( ) n n—Zté
> (vl L[]
n—=~ n| g
R n t
=3 (o0 ) [
Then, applying lemma [5.16| to the latter expression gives the result. O

Remark 5.18. Observe that equation is a g-analogue of the binomial expansion

n u n
t"=(t-1)+1)" = t—1)F
(=1 =3(F)e-1
Proposition 5.19. Let H,(t) = H(A(M(F})),t) denote the Hilbert series of A(M(FFy)), and
let (a;q)n = (1 —a)(1 —aq)--- (1 —aq™ 1) be the Pochhammer symbol. Then, h, satisfies
the recurrence
n—1-k n—1

=) =X 1] e i

=1 k=0 q

Proof. Let g,(t) denote the sequence satisfying go = 1 and the recurrence . Then, the
g-exponential generating function G(t,x) of g,(t) satisfies

- =1+ [ a0 T

n>0 n>1 k=0

n n—1

=1+G(t2) Y = [J(t— )

n>1 [n]q. i=1
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By proposition [5.13] the g-exponential generating function of h,, is
t—1)e,(t
P — = Delt)
teq(t) — eq(tx)
Hence, proposition above is equivalent to showing

n n—1
3 z Tl¢-a)= eq(tr) — eq()
n>1 [n]q i=1 (t - 1)e¢I(x>
Clearly both sides of the above have zero constant term. Therefore, taking the Jackson ¢
derivative, we are reduced to showing

x_n - iy — eq(tz) — e4(x) _ eq(tz)
2 g He=o Dq{ <t—1>eq<x>}

n>0 ;-1 eq(qx)

Rearranging the above gives

eq(tz) = eq(qr Z

n>0

lf[t—q HZZO <ki0qmili(t—qi) [ZL) [Tfi!

Therefore, the conjecture again reduces to proving the identity

(6) Zq”’“” ]ﬁ[t—qi)

q =1
But this is precisely the statement of lemma(5.17. We conclude that h,,(t) satisfies the desired
recurrence. U

Remark 5.20. When ¢ = 1, proposition [5.19] becomes the well-known recurrence for the

Eulerian polynomials,
n—1

n
Au(t) = Ap@)(t — 1)tk
0= (})ae-1
To the authors’ knowledge, the recurrence in proposition does not yet appear in the
literature.

Corollary 5.21.
n o # ay op . ViC--CVy are subspaces of Fy
Ll Tyy -+ Ty, * 1<q;<dimy, V;—dimy, Vie1—1, > ai=k
q

Proof. Both quantities count dimgz A(M (F7)) O
5.2.2. Hilbert Series of A(M,(F2)) for r < n. We study the Hilbert series of A(M,(F)) by

descending induction on rank. As in the case of the uniform matroids, there are graded,
surjective ring homomorphisms

Tn,rq - A<MT+1 (FZ)) — A(MT(FZ»
defined by taking variables zy € A(M,41(F2)) to zero if dimgz(V) = r+ 1 and to the

corresponding variable zy € A(MT(IF;‘)) otherwise. The Hilbert functions of the kernels
K, ;. = ker(m,,,) are g-analogues of the numbers

#{o € Eppy : exc(o) =r—k}
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In particular, we can express

- n - n
di K, = | Digp—ig = | Dr—ig—i
lmZ( , ,q)k - |:2:| , r—k,q Z |:7ﬂ . Z:| , k—i,q

i= =0
where D,, 1, , is a g-analogue of the number

#{o €D, : exc(o) =r—k}
More explicitly, define

T _ oo on o Fy=Vo2V12---2V, are subspaces of Fy of rank <r
n.k,q T 4N Ve - 2o o=k, 1<a;<dimg(V;)—dimz(Vi41)-1

and set Dy, i, = #1 e Then, from the Grobner basis of [F'Y04], note that

. ; Fr=Vp2DV12---DV}p are subspaces of F?' of rank <r
_ a1 00 q 02V122Ve P q S
dimg (Kyrq)k = # {mevl Ty, i+ o=k, 1<o;<dimz(V;)—dimgz(Vii1)—1, dimZ(Vl):r—z}

So summing over possible values of i gives
. d n
(7) dlmZ(Kn,r,q)k == ZO |:T’ o ’l:| qDT—i,k—i,q

We will now give a combinatorial description of D,, ;. ,. To do so, we establish some notation.
For o0 € G4 for A = {a; < ---ax} an ordered set, let the reduction of o be the permutation
o in &y, such that o(a;) = ag). For 0 € &, its derangment part dp(o) is the reduction of
o along its nonfixed points.

The following lemma of Wachs will be essential.

Lemma 5.22. ([Wac89] Corollary 3) For all v € D, and n > b,

Z gmi0) — qmai() n
k q

dp(o)="
UEGn

Corollary 5.23. For any integers n,q,k > 0,

maj(o)—exc(o) maj(o)—exc(o)
I R D O

0€Dn_; ceGy,
exc(o)=k exc(o)=k

#lix(o)=t

Proof. From Lemma [5.22] we have the identity

Z qmaj —exc(y )|:n - Z:| Z q—exc('y Z qmaj(a _ Z qmaj(a)—exc(o)‘ 0

YEDp—; YEDy—; oeG, oeG,
exc(vy)=k exc(y)=k dp(o)="~ ;);C(E‘)):k
X(O)=1

Theorem 5.24. For D, 1, as above,

Dn,k,q _ Z qmaj(a)—exc(cr)

G’GDTL
exc(o)=n—k
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Proof. We proceed by induction on k. For k = 0, the result is vacuous. For k > 0, set

an o a Fr=VpDV1D---DV, are subspaces of F”, a;=k—1
S =L oML 0. q = V1 q J
@ T Vi w : 1§ai§dimz(%)—dimz(‘/,‘+1)—17 dimz(V1):’l’L—O!0—1

S - a1 ap . V12---2V, are subspaces of IF;L
UV Yay=k—1, 1<ai<dimg(V;)—dimg(Vig1)—1
. . -1 . .. .
Then, the map on monomials taking 7z - - - 23 — 25 a(* - - - 2" gives an injective map
@: Typqg — 9.

Moreover, S is the disjoint union S = Im(¢) U], Sa. Considering the choice of the second
largest flag,

n—a—1

)

where the latter equality follows from Poincaré¢ duality for A(M(F7)). Therefore, by induc-
tion,

n
#Sa = |: :| Dn—a—l,k—a—l,q
q

While from Corollary [5.21],

n n
Dn,k,q = #Tn,k,q = #S - Z #Sa = [n . ]i]:| , - Z |i77/ . b:| anfb,kfb,q

a>0 b>1
I e I VLI
oG, b>1  ~EDn_p n="0l,
exc(o)=n—k exc(y)=n—k

Then applying Corollary [5.23] the righthand side of equation |8 can be expanded as

Z qmaj(U)—exc(a) _ Z Z qmaj(a)—exc(a) _ Z qmaj(a)—exc(a)

ceG, b>1 ceS, c€Dy,
exc(o)=n—k exc(o)=n—k exc(o)=n—k
#fix(o)=b
This completes the induction, and the theorem is proven. 0]

Recall E, ;. denotes the set {0 € &,, : #fix(c) > k}.

Corollary 5.25. The Hilbert series of the kernel K, , , = ker(m, .,) is given by
Bl = 3 oo
UEEn,n—r

In particular, its Hilbert function is

(9) dimz(Kn7r7q)k — Z qmaj(a)fexc(o-)

O'EEn,n—r,q
exc(o)=r—k



32 THOMAS HAMEISTER, SUJIT RAO, CONNOR SIMPSON

Proof. Applying theorem [5.24] and corollary [5.23] to equation [7] gives

dimz(Kn’nq)k = Z |:r T_L Z:| i k—ing Z Z qmaj(a)fexc(o)

1=0 =0 o€D,_;
exc(o)=r—k

— Z Z qmaj(a)—exc(a)

O'GGTL
#ﬁx(a) n—r+i
exc(o)=r—k

_ Z qmaj (o)fexc(g). ]

O'eEn,n—r
exc(o)=r—k

Corollary 5.26. The Hilbert series of A( (F”)) is given by

(10) H(A(MT (]FZ))’ t) — Z qmaj —exc(o) texc o) Z Z qmaJ exc(a)trfexc(a)

ceS, =0 c€Enn—r

In particular, if r =n — 1, the Hilbert series of A(Mn_l(IFZ)) 18

h(A( > Z qmaJ —exc(o texc(o)fl

O'GDn

Proof. Equation [I0] follows from a direct substitution of [J] into the formula
H(AM,(F2),t) = H(A(My1(F2)), )+ H (Kp g t) = - = H(A( +ZH niart

Recall that E,, = {0 € &,, : #fix(0) > r}. For the case r = n — 1, Corollary [5.23] E implies
that the coefficient of ¢* in [10| can be simplified as follows.

Z qmaj(cr)fexc o Z Z |:n _ZL B 11 qqmaj(o)exc(a)

ceG, = c€D,_i1

exc(o)=k exc(o')—n k—1
n—1
_ Z qmaJ(U)fexc(o) . Z qmaj(o)fexc(a')
geGy, 1=0 ce6G,
exc(o)=n—k—1 exc(o)=n—k—1
#lix(o)=i+1
_ Z qmaj(o)fexc(cr) _ Z qrnaj(o)fexc(cr)
oceB, O'GE'n,l
exc(o)=n—k—1 exc(o)=n—k—1

_ Z qmaj (a)—exc(a).

oc€Dy,
exc(o)=n—k—1

H(A( > Z qmaj —exc(o) = 1—exc( Z qmaJ —exc(o) texc( o)—1

O'GDTL UGDn

Then,

where the last equality follows from Poincaré duality of A(M,_(Fy)). O
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Remark 5.27. Note that the characterization of the Hilbert series of A(M,(F7)) for r =
n — 1,n together with the results of [AHK15| give an alternate proof of the unimodality and
symmetry of the polynomials

§ qmaJ —exc(o texc o) and § qmaJ exc(a)texc(o)fl.
0eG, 0€Dn

It should be noted that in [SW10|, Shareshian and Wachs prove more general statements;
namely, the coefficients of the above polynomials are g-unimodal and, in fact, ¢g-y-nonnegative.
That is, the differences of consecutive coefficients is not only positive when evaluated at a
particular value of ¢, but it also lies in N[g] as a polynomial in ¢, and moreover, its y-vector
has coordinates in N[g| (see subsection below).

5.2.3. Charney-Davis Quantities of A(M(F7)). The Charney-Davis quantities can be com-
puted much the same as in the uniform case.

Theorem 5.28. The Charney-Davis quantity of the chow ring A(MT(IFZ)) is

for A, the determinant

1
ah 1 0 - 0
. L 1 0
[4]¢! (2]4!
A, = det : : : .
1 1 1 1
[2a—14]q! [2a—16}q! [2a—18]q! e

2a—2[,] [Ra—4],!] [Ra—6], = [

Proof. As in the uniform case, we proceed by induction on the rank. Let CD(n,r) =
h(A(MT(IFg)), —1). The formula for the Hilbert series from |[FY04] is

CD(n,r)=1+ Y (=1 {” - T"‘l} .

r,r<r =1
Vi,r;—r;—1 is even

As in the uniform case, we get a decomposition of the above as

k(r) k(r)
14 Z (_Dk(r) {n—ﬁ'—l} + Z k(r)H { }
r,rp<r—2 =1 T = Ti-1 q r,rp=r—1 =1 T = Ti-1 q
Vi,r;—r;—1 is even Vi,r;—r;—1 is even

where the former term is C'D(n,r — 2) and the latter we denote by 7, ,(r — 1). Then,
partitioning on the rank of the second largest element in the flag, one obtains the recurrence

a—1

— S . n
Z {Qa B Qb] ¢(2b) with initial condition T, ,(2) = {2}(1

b=1
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Solving this system with Cramer’s rule gives

", 1 0 - 0
. "1, R, ot o
(11) Tn,q(za)_(—l)“[Q] det [ } [ : ] [ } - :
’ soal, Doosl, a1
[ é} [ 44] [ %} e [T

Rewriting the determinant in by pulling out common factors in the numerator, resp.
denominators, of each column, resp. row, gives

1
e 0
il mr Bl 0
Tnq(2a) = (=1)* I det :
! [n — 2a]q' 1 1 1 1
[2a—4]4! [2a—16}q' [2a—8]q )
[2‘1*2111' [2a*4}q' [2a 6]q Wq{'
[”]q!
— (—1)® .
(=1) [n — 2al,!

CD(n,r) = CD(n,r —2) + Tp,4(2k) = --- = CD(n,1) + > _ T, 4(2a)

k a
qun—Qa =

a=1

Remark 5.29. Note that when ¢ = 1, (—1)*A,|,=1 = ﬁEga, where Fy, denotes the (2a)th
secant number. Hence, when ¢ = 1,
A = ( " > E2a7
_ 2a
q=1

(=1)[nq!
[n — 2al,! —*

and the formula agrees with the Charney-Davis quantity of A(U,,).

In analogy with the uniform case, the g-exponential generating functions of the Charney-
Davis quantities, and the corresponding ¢-Euler numbers can be computed. Let

t2n+1 t2n

sinhg(t) = Z nrna M coshi(t) = Z [2n],!

= 2n +1],! =

Set sech,(t) = 1/ cosh,(t) and tanh,(t) = sinh,(t)/ cosh,(t).
Put Es,(q) = (—1)"[2n],!A,, and

a-

n _1 @
Eonii(q) = CD(2n+1,2n+ 1) = 1+ [2n + 1! Z 2n —( 2a)+ 1!
q*
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Proposition 5.30. The following identities of q—exponential generating functions hold:

sech,( Z By, q

n>0

Z 752n—|—1
tanh E2n+1 q

n>0 n+ 1]

Proof. First, consider the generating function

ZEQTLQ

n>0

Observe that by expanding by minors in the first column, A, satisfies the recurrence

NI I

~ [2n]!
Then,
F _ 1n2nA =1 1n2nn(1)k+1A
() =) ()" Ay =1+ (1)t i A
n>0 n>1 k=1

+1 t2 7’+k))

=14+> ) (-1 2]

r>0 k>1 g

tQk
=1+ (Y ' D (1) TIA# ) =1 — (coshy(t) — 1)F(t)
E>1 [Qk]q >0

Therefore, solving for F'(t) gives
F(t) =1/ coshy(t) = sech,(t)

Now consider the latter generating function. It follows that

Z = 2on-i-l B Z t2n+1 Z(_l)kA t2k
S et ) \ & Re+ 1) \ & g
= sinh,(t)/ cosh,(t) = tanh,(t) O

In analogy with the classical tangent /secant numbers, we have the following recurrences:

Proposition 5.31. For any integer n > 0,

n—1
2n
(12) Fopg=— Eopq
2k
k=0 q
" 2n+1
(13) Eong1,q9= [ o) } Eoq
k=0 q
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Proof. Consider equation [12] Expanding the product 1 = sech,(t) coshy(t) gives

t2n t2n
sech,(t) coshy(t) = (Z E2n,q[QT]q!> <Z W)

n>0 n>0
- 2n 2
-3 (Sl )
= (k:o 2k . [2n],!

Hence, equating coefficients gives [12} Now, consider equation [13] We expand the product
tanh,(t) = sech,(t) sinh,(t)

t2n t2n
- (%% Eznq [Zn]q!) (% [2n]q!>
" on+1 2l
:Z<ZEW{ o D EIEN

n>0 k=0
Hence, equating coefficients gives equation [I3] 0

Remark 5.32. The generating functions in proposition imply that the numbers £, ,
agree with the g-secant and g-tangent numbers introduced in [FH10|. In particular, we also

have
E’rL,q _ Z qexc(o)

o€Jy

where J,, denotes the number of alternating permutations of size n. The determinantal
formula given above and the recurrences of proposition[5.31do not yet appear in the literature
to the authors’ knowledge.

5.2.4. vy-polynomials for M(Fy) and M, (Fy). For o € &, say i is a double descent of o
if 0(i) > o(i +1) > o(i +2). We say that ¢ has a final descent if o(n — 1) > o(n) and an
initial descent if o (1) > o(2).

The 7-vectors of M, (Fy) were considered in [SW17| for 7 = n — 1,n. In particular, the
following results were presented.

Theorem 5.33 ([SW17|, thm 4.4). Let
Doi = {0 € &, G totle et el
The ~y-vector of H(A(M(IFZL)), t) = gce, grai(o)—exclo)gexe(o) s ~n = (v, 1 (q)) for
Yor(g) = Y ¢™

O’GFTL’k

Theorem 5.34 ([SW17|, thm 6.1). Let

FO _ €S, - o has no double descents, no initial
nk — 19 n  descent, no final descent, and des(c)=k [ *



CHOW RINGS OF MATROIDS AND ATOMISTIC LATTICES 37

The ~-vector of H(A(M,—1(F2)),t) = > cp. gmai(o)—exc(o)gexc(0) 4o A — (72 (q)), where

Torla) =Y g™

0
O'EFn’k

6. CONJECTURES AND FUTURE WORK

6.1. Relationship between order complexes and Chow rings. Let A(P) be the order
complex of a poset P and let h(A(P),t) be its h polynomial.

Proposition 6.1. For alln > 1,
h(A(E(Unyn)),t) = H(A(U,w),t)

(See |Pet15] thm 9.1 or https://oeis.org/A008292.) For the corresponding statement
for the uniform matroids U,,, with » < n has small counterexamples, but can be modified
as follows.

Conjecture 6.2. Forr < n, we have

h(AL(Uy,y)),t) =t Z (” ;: 1) H(A(U,,),t).

Since it is relatively simple to compute the f-vector of A(L(U,,)), this also gives a formula
for H(A(Un7i+1), t)

Remark 6.3. The shift by #? is explained by the fact that the poset we are dealing with has a
unique maximum and unique minimum element. For a simplicial complex S, let C'S denote
the simplicial complex obtained by taking a cone over S. Now, let P be a finite poset with
unique maximal element T and unique minimal element L. Then A(P) = CCA(P—{T, L}),
since every element of P is comparable to both T and L. When we cone a simplicial complex,
we multiply its f-polynomial by t + 1, so its h-polynomial is multiplied by ¢; here, we cone
twice, so we multiply the h-polynomial by #2.

Remark 6.4. Conjecture is equivalent to the equality F,(t,u) = H,(t,u + 1) for the
polynomials

Faltiw) = 2 WALUn g \ {T, L}), >
Hy(t,u) = i H(A(Uppg1), tyu" ="

Remark 6.5. Conjecture [6.2] above can be interpreted combinatorially as follows. Let

h(A(L(U,,)),t) = ho + hit + -+ h,qt" 1.
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Expanding the right hand side and using Corollary [5.6] gives

"~ n—i—-1\ .
hy = Z( . >dlmzA(Un,l)k

> (Y-S [Z (" 1)] o € By | exclo) =~ 1}

i=k-+1 j=k+1 Li=k+1

To compute the f vector of A(L(U,,)), we need the following notions from |[BGS82).

= An,k

Definition 6.6. Let P be a graded poset. A Z-valued labeling A of the covering relations
x < y in P is called an FEL-labeling if for every interval [z,y], there is a unique chain
Uay]: T = To < &1 < -+ < o = y such that AN(xg < x1) < -+ A(wp—1 < 23) and for every
other chain b: x =y <1 < - <y =,

A(b) = </\(y0 <)y A < yk)> >0 ()\(xo <x1)s e M@t < xk))xa[x,y])

under the lexicographic ordering.
A graded poset P is called EL-shellable is it admits an EL-labeling.

Definition 6.7. Let P be a rank d + 1 EL-shellable bounded ranked poset with EL labeling
A. For any maximal chain m: L =29 < --- <2441 = T, the Descent set of M is the set

D(m) = {Z S [d] : )\(.’L'Z',l < ilfl) > )\(iL‘Z < xiJr]_)} .
Let P be a graded poset of rank d 4+ 1 with unique minimal and maximal elements 1, T.

For S C [d], set

Ps={x€eP:x=1,2=T,or rank(z) € S}
Then, for any such S C [d], let «(S) be the number of maximal chains in Pg and set

B(S) = > (=) a(T)
TCS

By inclusion-exclusion, this is equivalent to

a(S) = B(T)

TCS

Theorem 6.8. ([BGS82[, thm 2.2) For S C [d], 5(S) equals the number of mazimal chains
m in P with D(m) = S.

In our case, L(U,,) is EL-shellable with shelling given by letting A\(S < SU {z}) = «
for rank(S) < rand A(S < T) =min{z € [d] : = € S}. Let des(S) denote the number of
maximal chains m with D(m) = S. Since £(U,,,) is EL-shellable, the f vector of its order
complex can be reduced to counting maximal chains:

r—1
C e . m_is maximal B n . n if
; # {m = ‘C(UT 1, 1) des(m)=S—{r},m,_1=k |:(T o 1> (7’ e 1):| ifresS

des(S) - r—1 n
ST {m C LU 1) ¢ gefima_ (r e 1) ifr ¢S
k=1
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Therefore,
fi= 2 alS)= 2> > 8(9)
SCld] SCld] TCS
#5=i #5=i

r—1
"2 2 2 <rﬁ1>#{m C LU 1r-1) * aestmd BT 1=

#5=i reTCS k=1
res

r—1
i Z Z Z (T - : — 1)# {m < E(Ur_lﬂ"_l) : des&i)szr%?ﬁin,all:k

#5—i TCS k=1
ré&S

_ O(T‘J—l);xr 1)#{a€6r_1:exc(a):j, o(r —1) =k}

= v

1—1
r—g—1
(D)D)

This gives a combinatorial formula equivalent to the stated conjecture, and suggests a pos-
sible avenue for verification.

6.2. Other posets. One can define Chow rings entirely in terms of atomic lattices, so it is
natural to ask whether the Chow rings of atomic lattices not arising from matroids might
have nice structure. We offer some suggestions on atomic lattices to consider.

Face lattices of polytopes: Experimentally, all of the Hilbert series of face lattices
of polytopes have been symmetric. The experiments have included cubes, cyclic
polytopes, cross polytopes, and some flow polytopes. Note that while some of the
application of results from |[AHKI15| apply to face lattices of pure simplicial com-
plexes adjoined with a top element, these do not necessarily apply to face lattices of
polytopes.

Convex closure: Given a set of points X C R", one can define a lattice whose ele-
ments are C'N X where C' C R" is convex, and the subsets are ordered by inclusion.
Experimentally, all Hilbert series of these lattices have been symmetric.

Operations on matroids and lattices: One could consider how the Chow rings and
corresponding Hilbert series of products of lattices, star products of ranked lattices,
and direct sums of matroids can be expressed in terms of the Hilbert series of the
smaller Chow rings. We have already considered the case of products to some extent,
but further work should be done.

APPENDIX A. POINCARE DUALITY FOR RANKED ATOMISTIC LATTICES

Here, we provide some details to support the assertions made in Section [} We provide
minimal discussion, only including places where proofs or statements must be modified from
the original ones presented in Adiprisito, Huh, and Katz’s work. To compare these to the
originals, see Section 6 of [AHK15].
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Lemma A.1. For a nice lattice L with Z € L and o an atom of L,
rank(Z A ) <rank(L) + 1.

Proof. Suppose for some element Z € L and atom « € L, rank(Z A «) > rank(L) + 1. Then,
d(Z,Z N a) = 1 while rank(Z A o) — rank(Z) > 1,
contradicting the assumption that L is nice. 0

Lemma A.2. Suppose that F' € L has r = rank(F), and say I C F has cl(I) = F. Then,
there exists J C I such that clp(J) = F and J € Z(L), i.e. #J =r.

Proof. Since cl(I) = F, we can write F = AX, a; for I = {ay,...,a,}. Then, by Lemma
[A.1] taking joins with an atom «; either increases the rank by one or leads to equality. Hence,

. —1 .
for every n, we can remove o; if rank(A]_, ;) = rank(/\;_, ;). Doing so must leave exactly

r distinct indices i; such that F' = /\;.:1 ;. Setting J = {a,,...,q; } gives the desired

set. [l

Let L be a finite, ranked, atomistic lattice with E the set of L’s atoms. Consider the rings
A(L, ) for & an order filter in L as in Section [3} Observe that when & = &, the relations
in J, imply x; = x; for 4,5 € E. Hence A(M,2) = Z[x]/(z"™). Also observe that, when
P = P(L)=L—{L, T}, the relations in J3 together with the observation that {i} € Z(L)
imply z; =0 € A(M, Z(M)) for all i. Hence, A(L, Z(M)) = A(L).

Proposition A.3 (compare with [AHK15|, prop. 6.2). If I C E and F € &, then
(1) If I has cardinality at least the rank of F', then

(HL) rp=0¢€ AL, 2)

i€l
(2) If I has cardinality at least r + 1, then
icl

Proof. Same as in [AHK15| except for the base case of induction. Namely, in the case
rank(/) = rank(F'), we can assume (by relations in J5) that I C F. In this case, lemma
implies the existence of a subset J of I of cardinality and rank exactly rank(F'), i.e.
clp(J) = F and J € Z(L). Hence, both products are zero in the base case. O

Proposition A.4 (compare with [AHK15|, prop. 6.6). The pullback homomorphism
b, AL, P_) — A(L, Z)
taking rp — xp and

T ifi & Z
1s well-defined.
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Proof. It suffices to show that for ¢z: Spu»_ — Spuz, the corresponding map of polynomial
rings, we have ¢(J3) C Jo + Js.
If I € Z(L) has cl () € &Z_ U{E}, then

¢z (Hm) =[] = [] @i+22)

iel i€z i€lnZ
Then, in the polynomial ring Sguz, , we have [[,., #; € J3. Moreover, because Z is minimal,

I\Z #+ @ so (HieI\Z xz) xz € Jo. The rest of the proof is identical to [AHK15|, prop.
6.6. U

Adiprisito, Huh, and Katz go on to prove a string of lemmas, each holding verbatim with
references to M replaced by a nice atomistic lattice L, and references to bases of M replaced
by maximal sets (under inclusion) in Z(L). These lemmas are used to prove first that ® is
an isomorphism in rank 1 and ¢, @ @;a:nf (2)-1 ®7 is a surjective group homomorphism (see
Propositions and for definitions of these maps). Finally, an inductive proof is given
of the main theorems, stated here in Section [3] Theorems [3.5] and [3.6] As these latter steps
and their proofs for matroids do not make reference to the relations in J3, they go through
unchanged for more the more general class of finite nice atomistic lattices.
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