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Abstra ct. We conjecture that the action of jeu de taquin demotion on plane partitions ex-
hibits the cyclic sieving phenomenon. In addition, we �nd that jeu de taquin demotion and
complementation together generate a dihedral group, which seemsto possesssome other sieving
phenomenon.

1. Intr oduction

In Reiner-Stanton-White's paper [3], the cyclic sieving phenomenon is de�ned, generalizing
Stembridge's q = � 1 phenomenon [7]. Brie
y , a triple (X ; X (q); C) consisting of a set X , a
polynomial X (q) 2 Z[q], and a cyclic group C permuting X is said to exhibit the cyclic sieving
phenomenonif for every c 2 C, jX cj = jX (q)jq= ! where ! 2 C is a root of unit y of the same
multiplicativ e order as c. It was proved [3, Theorem 1.1] that q-binomial coe�cien ts, together
with a suitable cyclic action on k-subsetsor k-multisubsets of [N ] := f 1; 2; : : : ; N g, exhibit the
cyclic sieving phenomenon.

It is well-known that q-binomial coe�cien ts are generatingfunctions of integer partitions �tting
inside a rectangular box. More precisely,

�
n + k

k

�

q
=

X

� 2 S

qj � j ;

where S is the set of all integer partitions with at most k parts and with part sizeat most n, and
j� j stands for the sizeof the partition � .(See[1])

Considering its higher dimensional counterpart, we have the following conjecture.

Conjecture 1.1. Let a; b and c be positive integers. Suppose X denotes the set of all plane
partitions �tting inside an a � b� c box, and C denotesthe cyclic group action of order N := b+ c
acting on X generated by jeu de taquin demotion (explained in Section 2. Let

X (q) :=
X

� 2 B (a;b;c )

qj � j =
cY

i =1

(qi + b)a

(qi )a
= MacMahon Box Formula;

where (x)n :=
Q n � 1

j =0 (1 � qj x) and B (a; b;c) is the set of plane partitions inside an a � b� c box.
Then, the triple (X ; X (q); C) exhibits the cyclic sieving phenomenon.

In section 2 of this paper, we will brie
y describe somebasic de�nitions and relevant facts. In
section 4, we will prove the casesof Conjecture 1.1 in which a = 1 or b = 1 or c = 1. In section 6,
we give somepossibledirections for the caseswhere b+ c is prime, or where a = 2 and b is even.

Let j be jeu de taquin demotion, and let c be the usual complementation inside an a � b � c
box. It turns out (seeProposition 2.12 below) that cj c = j � 1.

Hence,the group generatedby j and c acting on the set of plane partitions inside a given box is
a dihedral group of order 2N , with c acting asan involution and j of order N . From representation
theory, oneunderstandsthis dihedral action completely if oneknows the number of elements �xed
by a representativ e of each conjugacy class. Conjecture 1.1 givesthis for the powers of j . On the
other hand, we know the number of �xed points of c is X (� 1) from Stembridge's work on the

This work was carried out during an REU in summer 2005 at the Univ ersity of Minnesota, supervised by V. Reiner
and D. Stanton, and supported by their NSF grants, DMS-0245379 and DMS-0503660, respectively.

1



2 OMAR ABUZZAHAB, MA TTHEW K ORSON, MAR TIN LI MAN CHUN, AND SETH MEYER

q = � 1 phenomenon[7]. So, to understand this dihedral group, we are left to look at the �xed
points of j c.

It is known (seeSection 3 below) that the MacMahon box formula can be written as a special-
ization of a Schur function s� (x1; x2; : : : ; xN ) through the hook-content formula. Hence, instead
of substituting a value for q into the MacMahon box formula, we can evaluate its corresponding
Schur function at a suitable set of eigenvalues.

We now explain our motivation for the \suitable set" of eigenvalues. We can visualize the
dihedral group acting as rotations and re
ections on an N -gon. When N is odd, we have only one
conjugacy classof re
ection containing both c and j c. When N is even, c and j c represent two
conjugacy classesof re
ection.

Consideringa re
ection of the N -gon asan action on the N vertices,we can �nd its eigenvalues
by looking at its matrix in the permutation representation. When N is odd, we have one more
`+1's than `-1's. When N is even,wehaveequalnumber of `+1's and `-1's for the re
ection without
�xed vertices, and we have 2 more `+1's than `-1's for the re
ection with two �xed vertices. This
motivates the following theorem.

Theorem 1.2. Let a; b; and c be positive integers where at least one of b and c is even. Let � be
the integer partition with rectangular Ferrers diagram of b rows and a columns. Let S be the set
of all plane partitions inside an a � b� c box, and set N := b+ c. Then we have

jf � 2 S : j c(� ) = � gj = s� (+1 ; � 1; +1 ; � 1; : : : ; (� 1)N � 1)

= X (� 1)

= jf � 2 S : c(� ) = � gj :

Note that the right hand sideof the equality simply meansputting in the samenumber of `+1's
and `-1's when b+ c is even and b is even; and putting in one more `+1's than `-1's when b+ c
is odd. In either case,it is the sameas evaluating the MacMahon box formula at q = � 1, which
givesyou the number of self-complementary plane partitions by Stembridge [7]. In section 7, we
will prove Theorem 1.2 by explicitly giving a bijection between the set of �xed points of j c and
the set of �xed points of c.

For the remaining case,where b and c are both odd, it seemsthat the re
ections j c and c can
have di�eren t numbers of �xed points.

Conjecture 1.3. Let a; b, and c be positive integers with b and c both odd. Let � be the integer
partition with rectangular Ferrers diagram of b rows and a columns. Let S be the set of all plane
partitions inside an a � b� c box, and set N := b+ c. Then we have

jf � 2 S : j c(� ) = � gj = s� (+1 ; � 1; +1 ; � 1; : : : ; (� 1)N � 3; (� 1)N � 2; +1) :

It turns out that there is a helpful formula that evaluates the Schur function in this conjecture
e�ectiv ely; seeLemma 8.2 below.
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Thus, whenever we have closedformulae for the number of �xed points of j c, Conjecture 1.3
can be proved easily by comparing formulae. In section 8, we will prove the caseswhen a = 1 or
a = 2 in Conjecture 1.3.

Note that Theorem 1.2 and Conjecture 1.3 reveal that we can �nd the number of �xed points of
j c by a similar method as in the cyclic sieving phenomenon.Therefore, there seemsto be another
sieving phenomenonwhen a dihedral group acts on a set.

We provide somebackground materials of the jeu de taquin action in section 5.

2. Definitions and Facts

First, we start with somebasic terminologies on partitions.(See [5])
An integer partition � is a weakly decreasingin�nite sequenceof nonnegativeintegers(� 1; � 2; : : :)

with �nitely many non-zeroentries. Wesay that � is a partition of n, denotedby � ` n, if
P

� i = n.
A plane partition � is a rectangular array of nonnegative integers (� ij ) i;j � 1 with �nitely many

nonzeroentries, such that � ij � max(� i;j +1 ; � i +1 ;j ), in other words, � is weakly decreasingalong
rows and columns.

A restricted plane partition � is a rectangular array of nonnegative integers with a rows and
b columns such that it is weakly decreasingalong rows and columns, and with � ij � c for all
1 � i � a and 1 � j � b, where a; b, and c are positive integers.We also say that the plane
partition � �ts inside an a � b� c box. An exampleof a plane partition inside an 4 � 5 � 7 box is

Example 2.1.
7 7 7 5 2
7 6 6 3 1
6 2 2 1 0
5 1 0 0 0

:

From now on, we mean \restricted plane partition inside an a � b � c box" whenever we use
the word \plane partition".

Alternativ ely, we may identify a plane partition � with the set of lattice points

f (i; j; k) 2 P3 : 1 � k � � ij g;

where P stands for the set of positive integers. With this notation, plane partitions are just order
ideals of the poset P3. Consider the mapping

(i; j; k) 7! (i; j; k)c := (a + 1 � i; b+ 1 � j; c + 1 � k):

We de�ne the complementof a plane partition � inside an a � b� c box by setting � c := f (i; j; k) :
(i; j; k)c =2 � g. An example is shown below:

Example 2.2.
7 7 7 5 2
7 6 6 3 1
6 2 2 1 0
5 1 0 0 0

 !

7 7 7 6 2
7 6 5 5 1
6 4 1 1 0
5 2 0 0 0

:

Let � be an integer partition. A column strict tableau (CST) of shape � is an array T = (Tij ) of
positive integersof shape � that is weakly increasingin every row and strictly increasingin every
column. An exampleof a CST of shape (4; 4; 4; 4) is given by

Example 2.3.
1 1 2 3
2 3 4 5
5 5 6 7
6 6 8 8

:
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In this paper, we are mainly interested in CSTs of rectangular shape. Rectangular CSTs are
closely related to plane partitions as seenin the following proposition. From now on, we use [N ]
to denote the set f 1; 2; : : : ; N g and



ab

�
to denote the rectangular shape of a columns and b rows.

Prop osition 2.4. Let a; b and c be positive integers. Then there is a bijection between the set of
plane partitions inside an a � b� c box and the set of CSTs of shape



ab

�
and entries in [b+ c].

Proof. Given a plane partition � inside an a � b � c box, we �rst add 1 to the last column, add
2 to the secondlast column,: : :, add b in the �rst column. Then we rotate the whole tableau by
180� and then do the transpose. It is easyto check that this transformation is a bijection between
the two sets. �

Each column of a CST forms a subset of [N ]. Therefore, we can represent this subset with a
0,1-column of height N whosei th entry is 1 if the subsetcontains i and 0 otherwise.

De�nition 2.5. Let T be a CST of shape


ab

�
with entries in [N ], and let A1; : : : ; Aa be the

0,1-columnscorresponding to the columns of T . De�ne M (T) := (A1; : : : ; Aa) to be the matrix
whosecolumns are A1; : : : ; Aa . We will call M (T) the tableau matrix of T .

Example 2.6. If T is the tableau of Example 2.3, then M (T) is

1 1 0 0

1 0 1 0

0 1 0 1

0 0 1 0

1 1 0 1

1 1 1 0

0 0 0 1

0 0 1 1:

Notice that we have grouped the �rst 1 in each column, the second1 in each column, and so
on. Since our tableaux are weakly increasing acrossthe rows, these groups must move weakly
downward as they are read from left to right.

For more information about plane partitions and CSTs, see[6].
There is a natural cyclic action acting on the set of CSTs called jeu de taquin demotion, which

was �rst intro duced by Sch•utzenberger. We often abbreviate this action as j .

De�nition 2.7 (Jeu de taquin demotion on CSTs). Given a CST, T ,with b rows, a columns and
entries in [b+ c], do the following steps:

Step 1: Decrement each entry in the tableau by 1.
Step 2: Turn every 0 entry into a star.
Step 3: If there is at least one star, do the following. If not, we are done.
Step 4: Starting from the right-most star, comparethe entries immediately below and to the right

of it, pick the smaller one and swap this entry with the star; if there is a tie, pick the one
below it. Repeat this procedureuntil the star stacks in the lower right corner and cannot
move anymore. Then, apply the sameprocessto the secondstar, the third star, etc., until
you exhaust all the stars.

Step 5: Turn all the stars back to b+ c.

The resulting CST is called j (T ).

It is not hard to seethat the processabove is well-de�ned and the resulting tableau is actually
a CST. An example is shown below with a = b = c = 4.
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Example 2.8.

T =

1 1 2 3
2 3 4 5
5 5 6 7
6 6 8 8

� !

0 0 1 2
1 2 3 4
4 4 5 6
5 5 7 7

� !

� � 1 2
1 2 3 4
4 4 5 6
5 5 7 7

� !

� 1 � 2
1 2 3 4
4 4 5 6
5 5 7 7

� !

� 1 2 �
1 2 3 4
4 4 5 6
5 5 7 7

� !

� 1 2 4
1 2 3 �
4 4 5 6
5 5 7 7

� !

� 1 2 4
1 2 3 6
4 4 5 �
5 5 7 7

� !

� 1 2 4
1 2 3 6
4 4 5 7
5 5 7 �

� !

1 1 2 4
� 2 3 6
4 4 5 7
5 5 7 �

� !

1 1 2 4
2 � 3 6
4 4 5 7
5 5 7 �

� !

1 1 2 4
2 3 � 6
4 4 5 7
5 5 7 �

� !

1 1 2 4
2 3 5 6
4 4 � 7
5 5 7 �

� !

1 1 2 4
2 3 5 6
4 4 7 7
5 5 � �

� !

1 1 2 4
2 3 5 6
4 4 7 7
5 5 8 8

= j (T )

Note that the proceduresin jeu de taquin demotion are designedso that the rows are weakly
increasingand columns are strictly increasingat ANY intermediate stepsduring the action.

It turns out that j generatesa cyclic group.

Prop osition 2.9 (D. White) . For any positive integersa; b and c, the group action acting on the
set of CSTs with b rows, a columns and entries in [b+ c], generated by j is a cyclic group of order
b+ c.

The proof of Proposition 2.9involvesstandardizing a CST into a standard Youngtableau(SYT)and
then showing that every tableau will return to itself after abstepsof j on its standardizedtableau.

Moreover, the action of j is in somesensesymmetric in the parametersb and c.

Prop osition 2.10. We de�ne B (a; b;c) to be the set of all plane partitions inside an a � b � c
box. Let � : B (a; b;c) ! B (a; c;b) be the mapping that takes a plane partition � in B (a; b;c) to a
plane partition � (� ) in B (a; c;b) by switching the b and c axes.

Let j abc : B (a; b;c) ! B (a; b;c) be the jeu de taquin demotion de�ned in De�nition 2.7. (Note
that j dt is an action depending on the underlying dimensions of the plane partition.) Then, we
have

� j acb � = j � 1
abc:

Proof. Using the notion of tableau matrices, the action of � on these tableau matrices is simply
turning the whole matrix upside down and then interchanging ` 1's and `0's. Together with the
equivalent action of j on tableau matrices (seeProposition 5.3 below), the result follows easily. �

It turns out that it is quite useful to keeptrack of the path traced by the stars involved in jeu
de taquin demotion. This motivates our de�nition of a path diagram.

De�nition 2.11. The path diagram of a CST, T , is the directed paths traced out by the stars
when we apply jeu de taquin demotion on T.

Consider the tableau in Example 2.8, the path diagram of the CST

T =

1 1 2 3
2 3 4 5
5 5 6 7
6 6 8 8
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is given by

:

We now prove the following important group relation on c and j .

Prop osition 2.12.

cj c = j � 1

Proof of Proposition2.12. Let T be a CST. It is not hard to seethat the path diagram we obtain
when we apply j to c(T) di�ers only by a 180� -rotation from the path diagram we get by applying
j � 1 on T. Once this fact is noted, the result follows easily.

�

3. Ma cMahon Bo x Formula

Recall that the generating function for the number of plane partitions �tting inside an a � b� c
box is

X

� 2 B (a;b;c )

qj � j ;

where B (a; b;c) is the set of plane partitions �tting inside an a � b� c box and j� j stands for the
sizeof the plane partition � . This generating function can be expressedas the MacMahon's Box
Formula

mb(a; b;c; q) :=
cY

i =1

(qb+ i )a

(qi )a
;

where (x)n :=
Q n � 1

i =0 (1 � xqi ).
Note that the MacMahon Box Formula reducesto the ordinary q-binomial coe�cien ts when

either a, b or c equalsone.
We are going to usesomenotations for Schur functions. So we give a very brief description of

Schur functions here. (See[4, 6])

De�nition 3.1. For any CST, T , of shape � with entries in [N ], let � (T ) = (� 1; � 2; : : : ; � N )
where � k is the number of `k' in T . Then the Schur function of shape � is

s� (x1; : : : ; xN ) =
X

T

x � 1
1 � � � x � N

N ;

where the sum runs through all CSTs, T , of shape � with entries in [N ].

It is well-known that Schur functions are symmetric, and they have several nice determinantal
formula, for example,the bialternant and Jacobi-Trudi formulae. More important here is the
following famous principal specialization formula [6, Theorem 7.21.2].

Theorem 3.2 (Hook-content formula).

s� (1; q; q2; : : : ; qN � 1) = qn ( � )
Y

cel ls x 2 �

[N + c(x)]q

[h(x)]q
;
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where

[n]q := 1 + q + q2 + � � � + qn � 1;

n(� ) := minf sum of entries in T jall CSTs Tof shape � ( allowing 0 as a part) g;

h(x) := hook length of � at x; and

c(x) := content of � at x:

From the hook-content formula, we can easily derive the MacMahon Box Formula. We have

mb(a; b;c; q) = q� n ( � ) s� (1; q; q2; : : : ; qb+ c� 1);

where � is of shape


ab

�
.

Thus, we can evaluate the MacMahon Box Formula at various roots of unit y using Schur
functions, which is shown in the following theorem [3, Theorem 4.3].

Theorem 3.3. Let d j N , and let q be a primitive dth root of unity. Then s� (1; q; : : : ; qN � 1) is
zero unlessthe d-core of � is empty, in which case

s� (1; q; : : : ; qN � 1) = sgn(� � (dk ))
d� 1Y

i =0

s� ( i ) (1; 1; : : : ; 1
| {z }

N
d

);

where k = j � j
d , the d-quotient of � is (� (0) ; � (1) ; : : : ; � (d� 1) ), and � � is the irr educible character of

the symmetric group S kd indexed by � .

Using Theorem 3.3, we can evaluate the MacMahon box formula at roots of unit y easily.

Prop osition 3.4. Let a; b;c be positive integers, and d j b+ c. Let q be a primitive dth root of
unity.

(i) If d j a, then

mb(a; b;c; q) = q� n ( � ) s� (1; q; : : : ; qb+ c� 1) =
d� 1Y

k=0

B
�

a
d

;
�

b� k
d

�
;

b+ c
d

�
�

b� k
d

� �
:

(ii) If d j b, then

mb(a; b;c; q) = q� n ( � ) s� (1; q; : : : ; qb+ c� 1) =
d� 1Y

k=0

B
��

a � k
d

�
;

b
d

;
c
d

�
:

(iii) Otherwise,
mb(a; b;c; q) = 0:

Proof. Note that � is rectangular with b rows and a columns. For any d j b+ c, the d-core is empty
if and only if either d j a or d j b.

In the cased j a, the d-quotient of � is (� (0) ; � (1) ; : : : ; � (d� 1) ), where � (k ) is rectangular with a
d

columns and
�

b� k
d

�
rows. We treat each � (k ) as a tableau with entries in [ b+ c

d ] when evaluating
the Schur function on the right hand sideof the equality in Theorem 3.3. This provesthe equation
in (i).

For case(ii), when d j b, the d-quotient of � is (� (0) ; � (1) ; : : : ; � (d� 1) ), where � (k ) is rectangular
with

�
a� k

d

�
columnsand b

d rows. Similarly, we treat each � (k ) asa tableau with entries in [ b+ c
d ]. �

When a = b = c, the formula is particularly nice.

Prop osition 3.5. Let ! be a primitive d-th root of unity.

(i) When d j a, we have

mb(a; a; a; q)jq= ! =
kY

j =1

�
k + j

j

� j d 2k � 1Y

j = k+1

�
k + j

j

� (2k � j )d

;

where a = kd and k > 1.
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(ii) When d = a, we have
mb(a; a; a; q)jq= ! = 2a:

(iii) When d = 2a, we have
mb(a; a; a; q)jq= ! = 0:

(iv) When d = 2a
t where t is a positive odd divisor of a, then

mb(a; a; a; q)jq= ! = 0:

4. Pr oof of some cases in Conjecture 1.1

In this section, we prove somecasesin Conjecture 1.1.
Up to now, we can only prove thesecases:

(i) a = 1.
(ii) b = 1, and

(iii) c = 1.
For case(i), we have a = 1. That means we are working on CSTs with 1 column only. By

column strictness, we can establish a 1-1 correspondencebetween the set of 1-column CSTs and
the set of b-subsetsof [b + c], simply collecting all the entries. The action of j is just cyclically
permuting elements in the b-subset. For example, when b = 4; c = 6, j (f 1; 3; 5; 6g) = f 2; 4; 5; 10g.
Also, notice that the MacMahon Box Formula is just

X (q) =
�
b+ c

b

�

q
:

So, this is exactly the casein [3, Theorem 1.1(b)].
For case(ii), we have b = 1. Now we are working on 1-row CSTs. Note that the set of 1-row

CSTs can be put into a bijection with the set of a-multisubsets of [c + 1]. Again,j cyclically
permutes elements in the multisubset. The MacMahon Box Formula in this caseis:

X (q) =
�
a + c

a

�

q
;

which corresponds to [3, Theorem 1.1(a)].
For case(iii), using Proposition 2.10, it is easyto seethat this caseis exactly the sameas case

(ii) with j replacedby j � 1.

5. Pr oper ties of jeu de t aquin

In this section, we will discusssomeimportant properties of jeu de taquin.
There is an equivalent formulation of jeu de taquin demotion in terms of tableau matrices.

De�nition 5.1 (Jeu de taquin demotion on tableau matrices). Let T be a CST of rectangular
shape and let M = M (T) be the corresponding tableau matrix. Perform the following steps on
M :
Step 1: Move the top row of M to the bottom.
Step 2: Group the 1s by the order they appear in their columns as in Example 2.6. If none of

these groupings move upward reading from left to right then this corresponds to a valid
CST and we are done. Otherwise,

Step 3: Find the rightmost pair of adjacent columns which contains an upward move in some
grouping of the 1s. Find the highest row and the lowest row which are involved in an
upward move. The highest will contain 0 1 and the lowest will contain 1 0. Switch these
to 1 0 and 0 1 respectively without changing the rest of the matrix.
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Step 4: Repeat from Step 2 until �nished.

The resulting matrix is called j (M ).

Example 5.2. Using the sametableau T as in Example 2.6:

1 1 0 0

1 0 1 0

0 1 0 1

0 0 1 0

1 1 0 1

1 1 1 0

0 0 0 1

0 0 1 1

1 0 1 0

0 1 0 1

0 0 1 0

1 1 0 1

1 1 1 0

0 0 0 1

0 0 1 1

1 1 0 0

01 1 0

1 00 1

0 1 0 1

0 0 1 0

1 1 0 1

1 1 1 0

0 0 0 1

0 0 1 1

01 1 0

1 0

0 1

0 0 1 0

1 1 0 1

1 1 1 0

0 0 0 1

0 0 1 1

1 0

0 1

01 1 0

0 0 1 0

1 1 0 1

1 1 1 0

0 0 0 1

0 0 1 1

1 0

0 1

1 0

0 1

01 1 0

0 0

1 1 0 1

1 1 1 0

0 0 0 1

0 0 1 1

1 0

1

1 0

0

1 0

0 1

The last matrix corresponds to j (T ).

Note that in step 3 of the de�nition, the lower row chosenfor swapping is always the bottom
row of the matrix. It is easyto seethat this will always be the case,since the matrix camefrom
a valid tableau matrix by moving one row to the bottom.

Now we want to seethat this is equivalent to our previous jeu de taquin demotion.

Prop osition 5.3. Let T be a CST of rectangular shape and let M (T) be its corresponding tableau
matrix. Then M (j (T )) = j (M (T)) .

Proof. We want to seethat swapping of 1s in step 3 of jeu de taquin demotion on tableau matrices
is equivalent to moving a star down a column somenumber of stepsand then swapping it to the
right oncein the corresponding tableau.

Supposewe have a pair of columns whosebottommost row is 1 0. If we let the 1 in the bottom
row stand for a star somewherein the column rather than a N at the bottom of the column, then
the swapping in step 3 doesbecomemoving a star to the right. If we start the star at the top of
the column and have it move down by jeu de taquin, it will always move to the right at the highest
possiblepoint to give a valid tableau above the place where it movesright. This will correspond
to swapping at the row chosenin step 3. �

Although the paths in a path digram of a CST may intersect each other, they satisfy a certain
non-crossingcriterion.

Prop osition 5.4. During a jeu de taquin demotion on a CST, T , once an entry hasbeen swapped
up by a star, it stays there until the end of the whole jeu de taquin process.
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In other words, we are not allowed to havepart of a path diagram like this:

;

where the vertical arrow belongsto a path preceding the path containing the right arrow.

Proof. We call those entries that satisfy our assumption \go od" entries, otherwise, we call them
\bad" entries. Assumethat there exists a \bad" entry . First choosethe highest row that contains
such an entry , then pick the left-most \bad" entry in that row. Note that every entry that is
weakly above and to the left of it is \go od".

Suppose this \bad" entry is swapped up by the i th star. For any j > i , the j th star cannot
arrive right above our \bad" entry , becausethe star is blocked by those \go od" entries that are
swapped up by the i th path. Also, when the j th star arriveson the left of our \bad" entry , then it
must go down (since our \bad" entry is originally on the right of the entry below). So, our \bad"
entry is indeed a \go od" entry . We are done. �

As a direct consequenceof the Proposition 5.4, the paths in a path diagram can only touch, but
not cross,each other. Two paths can share the samehorizontal arrows but not a vertical arrow.
In other words, we may have situation like this:

;

wherethe doublearrow represents wherethe two paths overlap. However, wecannot havesituation
like this:

:

Moreover, it follows that all the stars will end up in the last row. Otherwise, somepaths are
going to crosseach other.

6. Possible Directions on Conjecture 1.1

In this section,we will give somepossibledirections to prove Conjecture 1.1 in the case(i) b+ c
is prime, and (ii) a = 2 and b is even.

When b+ c = p is prime, there are only two possiblestabilizer orders: 1 and p. We can use
Proposition 3.4 to evaluate the polynomial at a pth root of unit y, giving:

X (q) =

(
1 if p j a,
0 otherwise.

(There is no casep j b becausep = b+ c > b.)
Now we needto count the number of �xed points of j . What we would like is the following:

Conjecture 6.1. Let a, b, and c be positive integers, and consider CST of shape


ab

�
with entries

in [b+ c].
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(i) If b+ c j a, then there is exactly one �xed point of j .
(ii) If b+ c - a, then there are no �xed points of j .

This conjecture would prove cyclic sieving whenever b+ c is prime. Unfortunately , we do not
have a complete proof of this. However, we can make the following observations to prove some
cases.

Note that a CST may be recordedasan ab-multisubset of [b+ c] by simply collecting the entries
of the tableau. Note that j has an induced action on these multisubsets by cyclically permuting
the set [b+ c]. So a necessarycondition for a �xed point of j is that the multisubset is invariant
under cyclic permutation. This implies immediately that a �xed point must have the samenumber
of 1s, 2s, . . . , (b + c)s in the tableau, so there must be exactly ab

b+ c of each in the tableau. So
b+ c j ab.

Also note that the path diagram for a �xed point must have a path passing through every
square,sinceif a squaredoesnot have a path passingthrough it, j decrements it in place and so
it is not �xed by j . Becauseof the limitations on how paths can cross (Proposition 5.4), there
must be at least minf a; bg paths. So for a �xed point, ab

b+ c � minf a; bg.
Once the path diagram is chosen,there will be at most one way to construct a CST with that

path diagram which is �xed by j . By consideringpath diagrams we have the following:

Prop osition 6.2. When b+ c = a, j has exactly one �xed point.

(This provescyclic sieving when a = b+ c and a is prime.)

Proof. When b + c = a, j will generate ab
b+ c = b paths. These paths must pass through every

square of the tableau. Since a later path cannot be higher than an earlier path, the �rst path
must move all the way to the right before moving down. Similarly, the last path must move all
the way down before moving to the right. The secondpath must move down once, then as far
to the right as possible,then down. The secondto last path must move down to the secondrow
from the bottom, then right, then down oncemore. By continuing this process,we seethat there
is only one possiblepath diagram that will passthrough every squareof the tableau, so there is
only one �xed point of j . �

The �xed point of Proposition 6.2 all have a similar form. When written as tableau matrices,
this form is

1 1 : : : 1 1 0 0 : : : 0
1 1 : : : 1 0 1 0 : : : 0
1 1 : : : 0 1 0 1 : : : 0
...

...
...

0 0 : : : 1 0 1 0 : : : 1
0 0 : : : 0 1 0 1 : : : 1
0 0 : : : 0 0 1 1 : : : 1

where there are b 1s in each row.

Example 6.3. When a = 5, b = 3, and c = 2, the only �xed point of j is

1 1 1 2 3
2 2 3 4 4
3 4 5 5 5

The tableau matrix of this is
1 1 1 0 0
1 1 0 1 0
1 0 1 0 1
0 1 0 1 1
0 0 1 1 1

It seemsthat the general �xed points of j have a similar form to this, but with each column of
the tableau matrix replacedby a

b+ c identical columns.
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Conjecture 6.4. The �xed points of j have tableau matrices of the form
a

b+ c
z}|{

1

a
b+ c

z}|{
1 : : :

a
b+ c

z}|{
1

a
b+ c

z}|{
1

a
b+ c

z}|{
0

a
b+ c

z}|{
0 : : :

a
b+ c

z}|{
0

1 1 : : : 1 0 1 0 : : : 0
1 1 : : : 0 1 0 1 : : : 0
...

...
...

0 0 : : : 1 0 1 0 : : : 1
0 0 : : : 0 1 0 1 : : : 1
0 0 : : : 0 0 1 1 : : : 1

Note that this conjecture immediately implies Conjecture 6.1.
It is more di�cult to handle other non-trivial casesin Conjecture 1.1 since the orbits become

much harder to count. In this section, we suggesta possibleargument that may work for the case
a = 2 and b is even.

First, note that jeu de taquin behaves nicely when the tableau can be reduced to smaller
tableaux.

Lemma 6.5. Let T be a CST of shape h2bi with parts lessthan or equal to n with corresponding
matrix M (T). Let M be a m � 2 matrix, where m > n, corresponding to some CST such that
M (T) appears as a block of M that is not at the top:

M =
A

M (T)
B

Then

j (M ) =
A0

M (T)
B 0

;

where

j
�

A
B

�
=

A0

B 0 ;

and if A has NA rows then A0 has NA � 1 rows.

Proof. If the top row of M is 0 0 or 1 1, then this is obviously true. When the top row of M is
1 0, we need to �nd the row that will be swapped by jeu de taquin. If it is not found in the A
block, then A has more 1s in the �rst column than the second.SinceM (T) givesa valid CST, at
every row of M (T) there will be more 1s above that row in the �rst column than in the second.
So the row to be swapped will be found in B . Since there are as many 1s in the secondrow of

M (T) as in the �rst, the row of B that will be swapped will be the sameas that in
A
B

. �

When a > 2, jeu de taquin consistsof successive swaps on adjacent columns of the matrix to
correct the bottom row. Theseswaps are independent of the other columns of the matrix. Thus
we have the following proposition.

Prop osition 6.6. Let T be a CST of shape habi with parts less than or equal to n and with
corresponding matrix M (T). Let M be an m � a matrix corresponding to someCST,

M =
A

M (T)
B

:

Then

j (M ) =
A0

M (T)
B 0

;

where A0 and B 0 are de�ned similarly as in Lemma6.5.
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Now, for the casea = 2 in Conjecture 1.1, the polynomial becomes

X (q) = q� b(b+1) sh2b i (1; q; : : : ; qb+ c� 1) =
1

[b+ c + 1]q

�
b+ c + 1

b

�

q

�
b+ c + 1

b+ 1

�

q
:

Note that the expressionon the right is the q-Narayana number

Nq(n; k) :=
1

[n]q

�
n
k

�

q

�
n

k + 1

�

q
qk(k+1) :

When q = 1, Nq(n; k) reducesto the Narayana number, which has many combinatorial inter-
pretations [2]. Moreover, we know that

nX

k=0

Nq(n; k) =
1

[n + 1]q

�
2n
n

�

q
;

where the right hand side is the well-known q-Catalan number. In [3], it was shown that Nq(n; k)
with the action of rotation on non-crossingpartitions of n-gon exhibits the cyclic sieving phenom-
enon. Now, the casea = 1 in Conjecture 1.1 corresponds to a di�eren t cyclic action with order
n � 1, rather than n, with the samepolynomial. This may give another natural cyclic action on
thesenon-crossingpartitions.

Returning to the point, when q is a dth root of unit y, where d j b+ c, we have

X (q) =

8
>>><

>>>:

� b+ c
d
b
d

� 2
if b j d,

� b+ c
2

b� 1
2

�� b+ c
2

b+1
2

�
if d = 2 and b odd,

0 otherwise.

We can account for the �rst caseby �nding a bijection � between pairs of b
d -subsetsof

�
b+ c

d

�

and CST �xed by j
b+ c

d .
First, b

d -subsetsof
�

b+ c
d

�
correspond to b-subsetsof [b+ c] which are �xed by d cyclic demotions

of the elements. Now we will map thesepairs of sets into tableaux.
It is convenient to write this map in terms of the tableau matrices. Each subset in the pair

corresponds to a single 0,1-column. We place these columns side-by-side to get a matrix. This
matrix may correspond to a valid CST. If so, that tableau is the result of the map. If not, we
apply the following lemma:

Lemma 6.7. If A, B are 0,1-columns corresponding to a pair of b subsetsof [b+ c] and [A; B ]

is the matrix formed by placing A and B side-by-side, then there is some n such that if [̂A; B ]

is the matrix formed by taking the last n rows of [A; B ] and moving them to the top, then [̂A; B ]
corresponds to a valid CST.

Proof. If a 2-column matrix correspondsto a valid CST, we can connectthe �rst 1 in each column,
the second1 in each column, and so on. All of the connectionsmove down, and none of them
cross. When somerows are moved from the top to the bottom, this will still be true, except that
someof the connectionswill move down cyclically; that is, they will move down o� the bottom of
the matrix and wrap around to the top. There will also be a place between two rows where the
matrix may be cut to restore the original. No connectionswill crossthis cutting line. Observe the
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diagram:

1 0

0 1

1 1

1 0

0 0

0 1

0 0

0 1

1 0

0 1

1 1

1 0

cut

The matrix on the left correspondsto a CST and the pairings are shown. The matrix on the right
is the samematrix with the top four rows moved to the bottom. The connectionsand the cutting
line are show. Note that the bottommost 1 in the �rst column connectsto the topmost 1 in the
secondcolumn, but that connection still movescyclically downward.

It is now su�cien t to show that for any pair of columns with the samenumber of 1s, there is
such a cyclically downward pairing with a cutting line. It is easyto �nd somecyclically downward
pairing, since there are the same number of 1s in each column. Suppose that we have such a
pairing that doesnot admit a cutting line. Then for any potential cutting line, the situation will
look like this:

1

1

1
cut?

1

The second1 in the �rst column here could be validly connected to the �rst 1 in the second
column, if partners could be found for the other 1s in the diagram. However, if no potential
cutting line works, then every 1 in the �rst column can be paired with a 1 in the secondcolumn
higher than the one it is currently paired with. This reconnection cannot be repeated forever,
becauseeventually a 1 would needto connect cyclically upward. The repetition will only stop at
a pairing that admits a cutting line. �

Thuswede�ne f (A; B ) = j n ([̂A; B ]), wheren is a number satisfying the condition in Lemma6.7.

Prop osition 6.8. This map f is well-de�ned.

Proof. It su�ces to show that if A, B , A0, B 0 are such that [A; B ] is a valid tableau matrix and

[̂A; B ] = [A0; B 0], then j n ([A0; B 0]) = [A; B ], where [̂A; B ] and n are as in Lemma 6.7.
When this occurs, a pairing of 1s in [A; B ] will admit two cutting lines: one at the very top

or bottom of the matrix and the other giving [̂A; B ] = [A0; B 0]. Thesewill divide [A; B ] into two
valid tableau matrices stacked on top of each other:

[A; B ] =
M 1

M 2
;

such that

[A0; B 0] =
M 2

M 1
;

where M 2 has height n. Then by Proposition 6.6

j n ([A0; B 0]) = [A; B ]:

�

Prop osition 6.9. j
b+ c

d (f (A; B )) = f (A; B )
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Proof. Someelement of the jeu-de-taquin orbit of f (A; B ) will have the form [A0; B 0]. This matrix
will consist of a stack of d copiesof a block K of height b+ c

d which corresponds to a valid tableau

of shape
D

2
b
d

E
. Then the proposition follows from Proposition 6.6. �

Now it would be nice to seethat all �xed point of j
b+ c

d have this form, proving that f is a
bijection between pairs of subsetsand �xed points and showing that (X ; X (q); C) exhibits the
cyclic sieving phenomenonwhen a = 2 and b is even.

7. Pr oof of Theorem 1.2

In this section, we will prove Theorem 1.2 with an explicit bijection. Sometimes,we say that a
CST is j -self-complementary if it is a �xed point of j c. Before we can prove the bijection we need
somenotation. Formally, a tableau T of shape b� a with entries in [b+ c] is a map

T : [b] � [a] ! [b+ c]:

We will use T[l ; k] to represent the image of (l ; k) under this map. When working with the
actions of j and c on tableaux it is useful to think in terms of two separateactions, one`permuting
the numbers' and one `permuting the boxes'. Theseactions are realized as actions on the domain
and range of T such that applying both at oncegivesyou the action on the tableau itself.

De�nition 7.1. In cycle notation, de�ne

j := (b+ c; b+ c � 1; : : : 2; 1); and

c := (1; b+ c)(2; b+ c � 1) � � � :

j and c are the actions we think of as `permuting the numbers'. It is easyto seethat

jc = (1; b+ c � 1)(2; b+ c � 2) � � � (bb+ c
2 c; db+ c

2 e)(b+ c);

and hence

c2 = 1;

j b+ c = 1; and

(jc )2 = 1:

j and c also induce an actions on [b] � [a] which we think of as `permuting the boxes'.

De�nition 7.2. De�ne a map C

C : [b] � [a] ! [b] � [a];

which sends
(l ; k) 7�! (a + 1 � l ; b+ 1 � k):

It is clear that C2 = 1. More importantly the operations c and C satisfy

(cT)[C(l ; k)] = c T [l ; k]:

While c always acts the sameway on the boxes of every tableaux, j doesnot. This makesthe
corresponding action for j on [b] � [a] more cumbersometo specify since we must indicate the
tableau T which the action was derived from. Exactly how will de�ne this action is more clear
with an example.

Example 7.1.

Consider the following tableau with a = 4; b = 3 and c = 5:
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T =
1 2 4 4
3 3 5 7
6 6 7 8

� 1
� !

� 1 3 3
2 2 4 6
5 5 6 7

slide
� !

1 2 3 3
2 4 6 7
5 5 6 8

= j T

The corresponding box permutation, JT , is:

JT : 11 ! 34 ! 33 ! 23 ! 22 ! 12 ! 11;

leaving other boxes �xed.
With this de�nition we have

(j T )[JT (l ; k)] = j T [l ; k](1)

Similarly we can de�ne (J � 1)T as the permutation given by applying j � 1 to this tableau:

T =
1 2 4 4
3 3 5 7
6 6 7 8

+1� !
2 3 5 5
4 4 6 8
7 7 8 �

slide� !
1 2 3 5
4 4 5 6
7 7 8 8

= j � 1T

The corresponding box permutation, (J � 1)T , is:

(J � 1)T : 11 ! 12 ! 13 ! 23 ! 24 ! 34 ! 11;

leaving other boxes �xed.
Note that

(JT )� 1 6= (J � 1)T !

However, we do have the following relationship,

(JT )� 1 = (J � 1) j T :(2)

This should be no suprise since (JT )� 1 permutes the boxes of j T back to T and j � 1 brings the
tableau j T back to T .

De�nition 7.3. De�ne JT to be the permutation of the boxes indicated by the path diagram of
j on the tableau T, and similarly for (J � 1)T It is easyto seethat Equations 1 and 2 hold for all
T .

Prop osition 7.4. For all tableaux T and for all x 2 [b] � [a],
1) (cT)[C(x)] = c T[x];
2) (j T )[JT (x)] = j T [x];
3) (J � 1) j T (x) = (JT )� 1(x); and
4) JcT C(x) = C(J � 1)T (x):

Proof. The �rst 3 identities have already been discussed. Identit y 4 essentially follows from the
identit y cj � 1 = j c. It should be fairly clear why 4 is true without proof; JcT is exactly what we
need for performing jeu de taquin on cT. We cannot however prove this identit y by just taking
cj � 1T = j cT and applying identities 1 and 2. The problem is that

T [JcT C(x)] = T [C(J � 1)T (x)] 8 x

doesnot imply
JcT C(x) = C(J � 1)T (x) 8 x;

as tableaux can have repeated entries. For a rigorous proof we must convolute things slightly
by converting to standard tableau. De�ne ST to be the standard tableaux corresponding to T .
Starting with an identit y,

cj T = j � 1cT; )

cj n ST = j � n cST ;
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where n is the number of 1's in T = the number of b+ c's in cT.

) j n (cST )[(JT )� 1(x)] = c (j � n ST )[C(x)] 8 x; )(3)

j n c (ST )[C(JT )� 1(x)] = cj � n (ST )[JcT C(x)] 8 x; )(4)

ST [C(JT )� 1(x)] = ST [JcT C(x)] 8 x )

JcT C = C(J � 1)T :

Equations (3) and (4) use identities 1, 2 and (J n )ST = JT . �

Prop osition 7.5. j c T = T ) (J � 1)T = (JcT )� 1 , (JcT C)2 = 1.

Proof. Assumej c T = T and start with Identit y 3 of Proposition 7.4:

(J � 1) j T = (JT )� 1; )

(J � 1) j cT = (JcT )� 1; )

(J � 1)T = (JcT )� 1:(5)

Using identit y 4 from Proposition 7.4 and Equation 5,

(JcT C)2 = C(J � 1)T JcT C; )

(JcT C)2 = C(JcT )� 1 JcT C; )

(JcT C)2 = 1:

This provesj c T = T ) (J � 1)T = (JcT )� 1 ) (JcT C)2 = 1. Assuming (JcT C)2 = 1 we have,

1 = (JcT C)2 = JcT C C(J � 1)T

1 = = JcT (J � 1)T

Which proves(JcT C)2 = 1 ) (J � 1)T = (JcT )� 1. �

Note (JcT C)2 = 1 is equivalent to saying the path diagram of JcT is symmetric.

De�nition 7.6. Let b be even. By \( b=2; k) is a crossing point of T
j

! j T " we mean in the
path diagram of jeu de taquin applied to T there is a path which crossesfrom the top half to the

bottom half in column k. Similiarly , By \( b=2+ 1; k) is a crossingpoint of T
j � 1

! j � 1T" we mean
in the path diagram of jeu de taquin inverseapplied to T there is a path which crossesfrom the
bottom half to the top half in column k.

Prop osition 7.7. If j c T = T, the following is an algorithm for �nding the path diagram of

T
j � 1

! j � 1T:

(i) Add 1 to each entry in the top half of T and put a star one spaceabove each crossingpoint of

T
j � 1

! j � 1T.
(ii) Starting from the left, slide each star (using the rules of jeu de taquin inverse) to the upper
left then turn it into a 1. This createsa path diagram on the top half of the tableau.
(iii) Create the bottom half of the path diagram by taking the complement of the top half.

For step (iii) we are using the fact that the path diagram of T
j � 1

! j � 1T is symmetric when
j c T = T. It is clear why this algorithm works.

We are ready to prove the bijection. Take note that when we say `tableau' it is not necessarily
column strict.



18 OMAR ABUZZAHAB, MA TTHEW K ORSON, MAR TIN LI MAN CHUN, AND SETH MEYER

De�nition 7.8. De�ne a map  on tableaux

 :
�

b� a tableaux with b even
and entr ies in [b+ c]

�
� !

�
b� a tableaux with b even

and entr ies in [b+ c]

�
;

where the top half of  (T ) is T and the bottom half is j � 1T. Using (j T )[JT (x)] = j T [x] (Identit y
2 from Proposition 7.4),  (T ) is explicitly given by

 (T )[x] =
�

T [x] if x is in the top half
j � 1 T[JcT (x)] if x is in the bottom half.

Lemma 7.9. If T is a column strict tableau of shape b� a then

1) (b=2+ 1; k) is a crossingpoint of T
j � 1

! j � 1T if and only if  (T )[b=2+ 1; k] =  (T )[b=2; k]+ 1;
and
2)  (T ) is a column strict.

Proof. Fix k. To prove the forward direction of 1 let (b=2 + 1; k) be a crossing point and let
P be the intermediate tableau between T and j � 1T in which the last star that travels through
(b=2+ 1; k) hasbeenevaluated. The properties of jeu de taquin paths (seeProposition 5.4) imply
no earlier star has traveled through (b=2; k), so

P[b=2 + 1; k] = T [b=2; k] + 1; )

 (T )[b=2 + 1; k] =  (T )[b=2; k] + 1:(6)

To prove the reversedirection of 1, assume(b=2 + 1; k) is not a crossingpoint and let P be as
before.1 SinceP is column strict,

P [b=2; k] < P[b=2 + 1; k] =  (T )[b=2 + 1; k]:

Sinceno star has traveled through (b=2; k),

P[b=2; k] = T [b=2; k] + 1; )

P[b=2 + 1; k] > T [b=2; k] + 1; )

 (T )[b=2 + 1; k] >  (T )[b=2; k] + 1:(7)

This proves 1. T being column strict implies j � 1T is column strict. Therefore to prove 2 it is
su�cien t to prove

 (T )[b=2 + 1; k] >  (T )[b=2; k] 8 k:

Which is true by Equations 6 and 7. This completesthe proof of the Lemma.
�

Lemma 7.10. (JcT C)2 = 1 and c  (T ) =  (T ) if and only if j c T = T. In other words,

(JcT C)2 = 1 and  (T)[C(x)] = c  (T )[x] 8 x , T [JcT C(x)] = jc T [x] 8 x:

1If no star tra vels through (b=2 + 1; k) then P is the intermediate tableau between T and j � 1T before any star
has been moved, but after each entry has been incremented by 1.
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Proof. By Proposition 7.5, j c T = T implies (JcT C)2 = 1. To prove the ( direction it is enough
to show  (T)[C(x)] = c  (T )[x] for all x in the top half.2 If x is the top half then

 (T )[C(x)] = j � 1 T[JcT C(x)] = j � 1(jc ) T [x] = c  (T )[x]:(8)

This proves the ( direction. Since JcT represents the action of a set of NW to SE paths, x
being in the bottom half implies that (JcT C(x)) is either in the top half or in the last row. To
prove the ) direction, it is enoughto show

T[JcT C(x)] = jc T [x](9)

for all x in the top half and for all x in the bottom half such that JcT C(x) is in the last row.3

In the latter case,T [x] = b+ c by the rules of jeu de taquin. But JcT C(x) is in the bottom half
and (JcT C)2(x) = x is in the bottom half, hencethe bottom row. Therefore JcT C(x) = b+ c too.
Since jc (b+ c) = b+ c, Equation 9 holds.

In the former case,x is in the top half. If JcT C(x) is in the bottom half go back to Equation
8. This time we know  (T)[C(x)] = c  (T )[x], so we may deducethe middle equality giving us
Equation 9. If JcT C(x) is in the top half then C(x) must be a crossingpoint of T becauseJcT

can only move C(x) up by at most 1 space.Using part 1 of Lemma 7.9 we have,

 (T )[JcT C(x)] =  (T )[C(x)] � 1

= j  (T )[C(x)]; )

T [JcT C(x)] = jc  (T )[x]; )

T [JcT C(x)] = jc T [x]:

This provesthe Lemma. �

Lemma 7.11. Let S be a tableau of shape b � a. There is at most one tableau T such that
 (T ) = S and j c T = T.

Proof. We will prove this Lemma 2 steps:

A. If  (T ) = S and j c T = T then JcT is determined by S.
B. If  (T ) = S and j c T = T then T is determined by S.

The path diagram of T
j � 1

! j � 1T can be found using Proposition 7.7. Recall j c T = T imples
JcT = ((J � 1)T )� 1 (Proposition 7.5). ((J � 1)T )� 1 is obtained by reversing the arrows of this path
diagram. In step (i) of Proposition 7.7, the location of each crossing point is determined by S
(part 1 of Lemma 7.9). Therefore JcT is determined by S, proving A. De�ne H S := JcT . By A,
j c(T) = T is equivalent to

jc T [HSC(x)] = T [x] 8 x:(10)

The top half of T is determined by S. Let x be in the bottom half. Since H S represents the
action of a NW to SE path diagram, H SC(x) is either in the top half or in the last row. In the
latter case,T [HSC(x)] is b+ c by the rules of jeu de taquin. By Equation 10,

T [x] = jc T [HSC(x)] = jc (b+ c) = b+ c:

In the former caseT[HSC(x)] is in the top half. By Equation 10,

T [x] = jc T [HSC(x)] = jc S[HSC(x)]:

2To recover the other half of the statment, let y be in the bottom half and substitute x := C(y) into  (T )[C(x)] =
c  (T )[x].
3To recover the rest of the statement let y be in the bottom half such that J cT C(x) is in the top half and substitute
x := JcT C(y) into T [JcT C(x)] = jc T [x].
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All the entries of T arethen determinedby S. This provesthe Lemma. Wecancontinuesimplifying
the previous equation. Since(H SC)2 = 1, 4

T[x] = jc S[(HSC) � 1(x)] = jc S[C(HS )� 1(x)]:

cS = S by the ( direction of Lemma 7.10. Therefore,

T [x] = j S[(HS )� 1(x)]:

�

De�nition 7.12. De�ne a map � on tableaux

� :
�

b � a tableaux with b even
and entr ies in [b+ c]

�
� !

�
b� a tableaux with b even

and entr ies in [b+ c]

�
;

where � (S) is the tableau T determined by S in part B of the previous Lemma. � (S) is explicitly
given by:

� (S)[x] =

8
<

:

S[x] if x is in the top half
j S[(HS )� 1(x)] if x is in the bottom half and HSC(x) is in the top half

b+ c if x is in the bottom half and H SC(x) is in the last row

Lemma 7.13. If S is column strict and cS = S then

1) � (S) is column strict,
and
2) Jc� (S) = HS :

Proof. De�ne a tableaux R

R[x] =
�

j � 1S[HS (x)] if x is in the top half
S[x] if x is in the bottom half.

In other words, R is given by adding 1 to each entry in the top half of S, replacing entries in
row b=2 with stars where column strictness fails, then sliding each star (using the rules of jeu de
taquin inverse) to the upper left. Since the top and bottom halves of R are column strict, it is
enoughto show

R[b=2; k] < R[b=2 + 1; k] 8 k(11)

to prove R itself is column strict. Let P be the intermediate tableau betweenS and R just after
the star starting at (b=2; k) has beenevaluated. SinceS is column strict,

P [b=2; k] � S[b=2; k] + 1 � S[b=2 + 1; k]; )

P[b=2; k] � S[b=2 + 1; k]:

Choosethis star so that

P[b=2; k] = S[b=2 + 1; k] and P[b=2; m] < S[b=2 + 1; m] 8 m < k:(12)

SinceP[b=2; k] was directly above S[b=2+ 1; k � 1] before this star was evaluated it follows that

P[b=2; k] � S[b=2 + 1; k � 1] � S[b=2 + 1; k]:

4H S is the action of a symmetric path diagram, therefore H S C is an involution on [b] � [a] (see Prop osition 7.5)
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Applying the �rst part of Equation 12 to the above relation we get

P[b=2; k] = S[b=2 + 1; k � 1];

which contradicts the secondpart of Equation 12. Therefore,

P[b=2; k] < S[b=2 + 1; k] = R[b=2 + 1; k] 8 k; )

R[b=2; k] < R[b=2 + 1; k] 8 k:

This proves Equation 11 holds when (b=2; k) starts as star, and Equation 11 is trivial when
(b=2; k) does not start as a star. This proves R is column strict. Using cS = S, it is straight
forward to check � (S) = cR, therefore � (S) is column strict. This proves1.

It follows from the de�nitions of R and H S that the path diagram of R
j

! j R strictly above

row b=2 is the path diagram corresponding to H S . Let (b=2; k) be a crossingpoint of R
j

! j R
and let P be the intermediate tableau betweenR and j R in which the last star to travel through
(b=2; k) has beenevaluated. Sinceno earlier star has traveled through (b=2 + 1; k),

P[b=2; k] = R[b=2 + 1; k] � 1; )

(j R)[b=2; k] = S[b=2 + 1; k] � 1; )

S[b=2; k] = S[b=2 + 1; k] � 1:(13)

Assume(b=2; k) is not a crossingpoint of R
j

! j R and let P be as before.5 Since P is column
strict,

P [b=2; k] < P[b=2 + 1; k]:

Sinceno star has traveled through (b=2 + 1; k),

P[b=2 + 1; k] = R[b=2 + 1; k] � 1; )

P[b=2; k] < R[b=2 + 1; k] � 1; )

(j R)[b=2; k] < S[b=2 + 1; k] � 1; )

S[b=2; k] < S[b=2 + 1; k] � 1:(14)

Relations 13 and 14 say the crossingpoints of R
j

! j R are preciselythoseof H S . Sincethe bottom

half of R is S, it follows the entire path diagram of R
j

! j R is HS . With c � (S) = R, this is
equivalent to Jc� (S) = HS . This completesthe Lemma. �

Theorem 7.14.  is a bijection between column strict �xed points of j c and column strict �xed
points of c.

Proof. By the ( direction of Lemma 7.10 and part 2 of Lemma 7.9,  is a map between these
two sets.  is injective by Lemma 7.11.

Let S be column strict and cS = S. � (S) is column strict by part 1 of Lemma 7.13. Using
Jc� (S) = HS (part 2 of Lemma 7.13) it is straight forward to check  (� (S)) = S. Therefore by
the ) direction of Lemma 7.10, j c � (S) = � (S). Putting all this together, � (S) is a column strict
�xed point of j c which gets mapped to S by  , i.e.  is surjective. �

5If no star tra vels through (b=2; k) then P is R before any star has been moved, but after each entry has been
decremented by 1.
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8. Pr oof of some cases of Conjecture 1.3

In this section, we will prove the cases(i) a = 1, (ii) b = 1, (iii) c = 1, and (iv) a = 2 in Conjec-
ture 1.3. The following proposition givesclosedformulae for the number of j -self-complementary
tableaux in thesecases.

Prop osition 8.1. Let S be the set of CSTs with b rows, a columns and entries in [b+ c].

(i) Assumea = 1, b and c are odd, then

jf T 2 S : j c(T) = Tgj =
�
b+ c � 1

b� 1

�

q= � 1
+

�
b+ c � 1

b

�

q= � 1
:

(ii) Assumeb = 1, a is a positive integer and c is odd, then

jf T 2 S : j c(T) = Tgj =
aX

k=0

�
k + c � 1

k

�

q= � 1
:

(iii) Assumec = 1, a is a positive integer and b is odd, then

jf T 2 S : j c(T) = Tgj =
aX

k=0

�
k + b� 1

k

�

q= � 1
:

(iv) Assumea = 2, b, and c are odd, then

jf T 2 S : j c(T) = Tgj = mb(2; b� 1; c; q)jq= � 1+ mb(2; b;c� 1;q)jq= � 1+ mb
�

2;
b� 1

2
;

c � 1
2

; q
� �

�
�
�
q=1

:

Proof. (i) Let T be a CST with 1 column, b rows and entries in [b+ c]. Column-strictness
implies that either there is
(1) one `b+ c', or
(2) no `b+ c' in T .

Note that in this case,the set of CSTs is in 1-1 correspondencewith the set of b-subsets
of [b + c], simply collecting all the entries in T . Hence, j c induces an action on these
b-subsetsby (in cycle notation):

j c = (1; b+ c � 1)(2; b+ c � 2) � � �
�

b+ c
2

� 1;
b+ c

2
+ 1

� �
b+ c

2

�
(b+ c):

For (1), it is easyto seethat T is a �xed point of j c if and only if the �rst (b� 1) rows
of T is a self-complementary tableau of 1 column, (b � 1) rows and entries in [b+ c � 1].
This givesus the �rst term on the right.

For (2), T is a �xed point of j c if and only if T is a self-complementary tableau of 1
column, b rows with entries in [b+ c � 1]. This givesus the secondterm.

(ii) Observe that the set of CSTs with 1 row, a columns and entries in [c + 1], is in 1-1
correspondencewith the set of a-multisubsets of [c + 1]. The action induced by j c is

j c = (1; c)(2; c � 1)(3; c � 2) � � �
�

c � 1
2

;
c + 3

2

� �
c + 1

2

�
(c + 1):

SupposeT has k `c+ 1's, where 0 � k � a. Then, T is a �xed point of j c if and only if
the �rst (a � k) columns form a self-complementary tableau with entries in [c]. The result
follows by summing over k.

(iii) By Proposition 2.10, this reducesto case(ii) since

� (j c)� = (� j � )c = j � 1c;

where we use the fact that � and c commute. Our argument is completed by noting the
number of �xed points of j � 1c is the number of �xed points of j c (complementation is a
bijection betweenthe sets).
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(iv) Let T be a CST with 2 columns, b rows and entries in [b+ c]. We consider three cases:
there are
(1)two `b+ c's,
(2)no `b+ c', and
(3)one `b+ c' in T .

For (1), it is not hard to seethat T is a �xed point of j c if and only if the �rst (b� 1)
rows of T is a self-complementary tableau of 2 columns,b� 1 rows and entries in [b+ c� 1].

For (2), we observe that T is a �xed point of j c if and only if T is a self-complementary
tableau of 2 columns and b rows with entries in [b+ c � 1].

For (3), it is more convenient to work on the tableau matrices. In this case,the tableau
matrix looks like

T =

� �
...

...
� �
0 1

:

Recall that j cyclically permutes the rows of thesetableau matrices. Complementation
on thesematrices is the sameasturning it upsidedown and interchanging the two columns.
So,

c(T) =

1 0
� �
...

...
� �

;

and hence

j c(T) =

� �
...

...
1 0
...

...
� �
0 1

:

If T is �xed by j c, it is not hard to seethat the middle `1 0' row (which is the upper
row changedin j ) shown here corresponds to the ( b+ c

2 � 1)th row in T . Let us write T as

T =

�
1 0
�

0 1

:

Using j c(T) = T, we know that � itself is a valid CST of 2 columns, b� 1
2 rows and entries

in [ b+ c� 2
2 ](otherwise, we are not going to have the ( b+ c

2 � 1)th row 
ipp ed). Moreover,
� = c(� ). So, given any valid CST of 2 columns, b� 1

2 rows and entries in [ b+ c� 2
2 ], we can

construct a unique �xed point of j c, and theseare the only possible�xed points of j c.
�

Lemma 8.2. Let b and c be any positive odd integers, � a rectangular shape with b rows and a
columns.

(i) When a is a positive even integer,

s� (1; q; q2; : : : ; qb+ c� 3; qb+ c� 2; qb+ c)
�
�
q= � 1 =

2a + b+ c
b+ c

mb(a; b;c; q)

�
�
�
�
q= � 1

:

(ii) When a is a positive odd integer,

s� (1; q; q2; : : : ; qb+ c� 3; qb+ c� 2; qb+ c)
�
�
q= � 1 = 2 �

mb(a; b;c; q)
[b+ c]q

�
�
�
�
q= � 1

;
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where [n]q := 1 + q + q2 + : : : + qn � 1.

Proof. In [6, Exercise7.32(b)],

s� (1; q; q2; : : : ; qn � 3; qn � 2; qn ) =
P n

i =1 q� i + n � i

[n]q
s� (1; q; : : : ; qn � 1):

The result follows easily from this formula. �

With the above formulae, it is not hard to prove those casesin Conjecture 1.3.
Proof of somecasesin Conjecture 1.3:

In this proof, we will use this notation:

s(� 1) := s� (1; q; q2; : : : ; qb+ c� 3; qb+ c� 2; qb+ c)
�
�
q= � 1

:

(i) Assumea = 1, b and c are odd.
Using Lemma 8.2 (ii),

s(� 1) =
2

[b+ c]q

�
b+ c

b

�

q= � 1

= 2
[b+ c � 1]q[b+ c � 2]q � � � [c + 2]q[c + 1]q

[b]q[b� 1]q � � � [2]q[1]q

�
�
�
�
q= � 1

=
1

[b]q

�
b+ c � 1

b� 1

�

q= � 1
+

1
[c]q

�
b+ c � 1

b

�

q= � 1

=
�
b+ c � 1

b� 1

�

q= � 1

+
�
b+ c � 1

b

�

q= � 1

;

which is the sameas the formula given in case(i) of Proposition 8.1.
(ii) Assumeb = 1, a and c are positive integerswith c odd.

We prove this by induction on a. We have to divide into two cases:(1) a is odd and
(2) a is even.

When a is odd, using Lemma 8.2 (ii),

s(� 1) =
2

[c + 1]

�
a + c

c

�

q= � 1

= 2
[c + 1]q[c + a � 1]q � � � [a + 3]q[a + 2]q

[c + 1]q[c]q � � � [3]q[2]q

�
�
�
�
q= � 1

= 2
�

c + a
c + 1

� �
c + a � 2

c � 1

�
� � �

�
a + 1

2

�

= 2
� c+ a

2
c+1

2

�
:

So, when a = 1,

1X

k=0

�
k + c � 1

k

�

q= � 1
=

�
c � 1

0

�

q= � 1
+

�
c
1

�

q= � 1

= 2
� c+1

2
c+1

2

�
:
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Carrying out induction on odd a, we have
a+2X

k=0

�
k + c � 1

k

�

q= � 1
= 2

� c+ a
2

c+1
2

�
+

�
a + c
a + 1

�

q= � 1
+

�
a + c + 1

a + 2

�

q= � 1

= 2
� c+ a

2
c+1

2

�
+

� a+ c
2

c� 1
2

�
+

� a+ c
2

c� 1
2

�

= 2
� c+ a+2

2
c+1

2

�
:

This �nishes our induction on odd a.
When a is even, we useLemma 8.2 (i),

s(� 1) =
2a + c + 1

c + 1

�
a + c

c

�

q= � 1

=
2a + c + 1

c + 1

� a+ c� 1
2

c� 1
2

�
:

So, when a = 2,
2X

k=0

�
k + c � 1

k

�
=

2X

k=0

�
k + c � 1

c � 1

�

q= � 1

=
�
c � 1
c � 1

�

q= � 1
+

�
c

c � 1

�

q= � 1
+

�
c + 1
c � 1

�

q= � 1

=
c + 5
c + 1

� c+1
2

1

�
:

Carrying out induction on even a, we have
a+2X

k=0

�
k + c � 1

k

�

q= � 1
=

2a + c + 1
c + 1

� a+ c� 1
2

c� 1
2

�
+

�
a + c
c � 1

�

q= � 1
+

�
a + c + 1

c � 1

�

q= � 1

=
2a + c + 1

c + 1

� a+ c� 1
2

c� 1
2

�
+

� a+ c� 1
2

c� 1
2

�
+

� a+ c+1
2

c� 1
2

�

=
2a + c + 3

c + 1

� a+ c+1
2

c� 1
2

�
:

(iii) Assuming c = 1, the proof is the samewith the role of b and c reversed(whosesymmetry
is guaranteed by Proposition 2.10).

(iv) Assumea = 2, where b and c are odd.
By Lemma 8.2 (i), we have

s(� 1) =
b+ c + 4

b+ c
mb(2; b;c; q)

�
�
�
�
q= � 1

=
b+ c + 4

b+ c

� b+ c
2

b� 1
2

�� b+ c
2

b+1
2

�
:

On the other hand,

mb(2; b� 1; c; q)jq= � 1 + mb(2; b;c � 1;q)jq= � 1 + mb
�

2;
b� 1

2
;

c � 1
2

� �
�
�
�
q=1

=
� b+ c� 2

2
b� 1

2

�� b+ c
2

b� 1
2

�
+

� b+ c� 2
2

b� 1
2

�� b+ c
2

b+1
2

�
+

� b+ c� 2
2

b� 1
2

�� b+ c
2

b+1
2

�

=
b+ c + 4

b+ c

� b+ c
2

b� 1
2

�� b+ c
2

b+1
2

�
:
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Thus, we have �nished our proof.
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