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ABSTRACT. In this paper, we consider the Dirichlet series that comes from the process of
obtaining the Whittaker coefficients for the maximal parabolic Eisenstein series, outlined
in from Brubaker and Friedberg’s paper [BF15] in the case of the Dynkin diagram of As.
Specifically, we take the maximal parabolic corresponding to the removal of the second
simple root from As. We compute the support of the exponential sum corresponding to this
removal of the second simple root from As, in order to see how the Dirichlet series to another
Dirichlet series associated to As outlined in Chinta’s paper [Chi05].

1. INTRODUCTION

Brubaker and Friedberg describe in their paper [BE15] a method to compute the Whittaker
coefficients of a parabolic Eisenstein series for metaplectic covers of a split reductive group
G. The resulting coefficient turns out to be a Dirichlet series over several variables, with
each variable corresponding to the removal of a given root. This whole process results in a
maximal chain of nested parabolics between (and including) the Borel subgroup B and the
whole G, with the removal of each root corresponding to a step in the chain. In particular,
the first removal step takes us from G to a maximal parabolic P.

In particular, their main result, [BF15, Theorem 4.1], states that for a specific character
1 we have the following coefficient:

WipsD) D H(dida o dy)dp P (D)(D)Cach, 1, (D).
dj€og /0% ,d;7#0
§=1,2,....N
Of particular interest in studying this formula is the explicit computation of the exponential
sum H, as this will provide a lot of information about which terms in the Dirichlet series
have nonzero coefficient.

One interesting aspect of this exponential sum H is the support of H, which has been
found to be related to the representation theory of G. In particular, certain inequalities
that define the support of H appear related to those arising out of the combinatorics of
these representations. For a more explicit description of the combinatorics, see Littelmann’s
paper [Lit98]. In particular, [Lit98]’s combinatorial machinery generates a polytope and
various inequalities which Brubaker and Friedberg relate in [BE15] to the support of the
function H in their explicit example of G = GL4(C), where the maximal parabolic has
Levi subgroup GLy(C) x GLy(C) Additionally, an earlier paper by Brubaker, Bump, and
Friedberg, [BBF11], goes through a specific case of G = GL,,(C), with the chain of parabolics
with respective Levi subgroups GL;(C) x GL,_1(C) D GL1(C) x GL,(C) x GL,—»(C) D
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- D B, observe as well how this combinatorial data is related to the evaluation of this
exponential sum H.

A second process for generating a Dirichlet series, this time coming from a Dynkin diagram,
is described by Chinta in [Chi05]. In particular, Chinta describes a Dirichlet series associated
to the Dynkin diagram of A5 and analyzes nice analytic properties of this function. However,
from the outset this process isn’t immediately related to the Dirichlet series outlined by
[BET5]. A major goal of this project was to see if the series produced by Chinta and
the series produced by Brubaker and Friedberg, in the case when we have G = GLg(C)
and the associated Dynkin diagram As, are closely related (possibly equal up to a change
of variables). Motivating this search are the nice analytic properties of both the series
Chinta constructs and of Whittaker functions. Additionally, both of these constructions yield
functional equations generating Weyl groups that are isomorphic to As, further suggesting
a connection.

As such, in this paper, we go through the process outlined in [BE15|] for the example
where G = G Lg(C), with the hope of analyzing the connection that this particular series has
to both the work of [Lit98] and [Chi05]. While [BBET1I] provides an inductive method for
computing such a series for A,,, with parabolics given by removing the left-most root in the
Dynkin diagram, the resulting form is difficult to compare with the series given in [Chi05].
In particular, the form of the series in [Chi05] suggests that a different choice of parabolics
and running the process in [BE15] with this new choice of parabolics will yield a series that
is easier to compare to Chinta’s.

Our approach for the report is as follows. We begin in section 2 by introducing some
notation and setting some conventions. We will also review some properties of Gauss sums
and root systems, and explain some of the key parts of the process given [BEF15], before
working through the example done in [BE15] for GL4(C) in more detail.

Following this, in section 3 we provide some simplifications and describe general methods
to computing the exponential sum H(d,t) corresponding to this process of removing the
second root. These methods will also be useful in future study of this process in A,,. Section
4 then goes through some more specific computations of H(d, t) in the case of A5 to determine
the support of this function. From here, we go back to the whole Dirichlet series in section
5 and explicitly describe each of the parts of the formula from [BF15 Theorem 4.1]. In
particular, we relate what form they take in our example.

Sections 6 and 7 are dedicated to describing some of the progress we've made in more
explicit computations with Sage, with section 6 focused on analyzing the connection between
the polytopes described in Littelmann’s paper [Lit98] and section 7 more oriented on explicit
values of H(d,t). Finally, in section 8, we outline future directions that we could take.

2. PRELIMINARY CONCEPTS AND DEFINITIONS

This section introduces key concepts about Gauss sums and root systems. After intro-
ducing these concepts, we go through the example from [BF15] for their computation of
the exponential sum H in the case where G = GL4(C) corresponding to As. This kind of
computation will be our starting point for the work that we do in the rest of the report.

2.1. Gauss Sums. Given integers m,t,d, where d > 1, define the Gauss sum as
2
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cmod d

Of particular interest are the evaluations of g;(m,d) when d is a prime power, and m is
relatively prime to d. In this case, if d = p* for some k > 0, again for integers m,t we can
also define the related function

¢
. & i me
Ji(m,d) = Z (5) e’

cmod d 2

We show a two important examples of Gauss sum examples that showcase techniques that
will be important later in computing the full exponential sum H(d,).

Example 2.1. In this example, we show how “summing over all roots of unity” can make
a Gauss sum vanish. Here, consider the example

C TS
n1)= 3 () &
2

¢ mod p2

To solve this, we re-index to ¢ = z+py with x, ¥y mod p and notice that <z%) only depends
2
on ¢ mod p. Then, we get

X iz 4 Y
s)= ¥ () ¢
2

2
x,y mod p p
= —_ (A P (A P
p2
x mod p 2 y mod p
Z xz 2mi %
= (—) e P2 -0:0
p2
x mod p 2

9
where in the penultimate the sum over y vanishes because the sum of all roots of unity is

0.

Example 2.2. Next, we present an example where the sum vanishes due to symmetry in
the quadratic residue symbol. We evaluate

C i CR
gilpp) = (];> i
2

cmod p

Here, the exponent of e is 2 times an integer, so e("") = 1. Then, we have



because for ¢ mod p, (%)
2

()=t

Certain values of Gauss sums for specific values of m and d and our related function j are
well-known. For the sake of completeness, we list without proof a few of the more important
ones we will use.

= 0 and for non-zero ¢, half have (g) = 1 and half have
2

Proposition 2.3. For a not divisible by p, we have

(0 (—k>2
—4 1
ko0 a P gu(1,p) (—k=1
s — — . <
wlersv) <p>2 0 (—Fk<0,0t odd
\phl(p -1) {—k <0,0t even
and
(0 (—k>2
—t )1 -
jelap®,p’) = (—) - (1,7)
p/y |0 (—k<0,t odd
P p—1) {—k <0,t even.
Proposition 2.4. For an odd prime p, we have
-1 t even

Proposition 2.5.

Proposition 2.6.

Proposition 2.7.

p=1mod4,t odd
p =3 mod 4,t odd.

Ji(L,p) = g:(1,p) = VP
v
For k > 1 and for any a, in particular, p | a is allowed, we have

0 t odd
. k I\ __
ﬁ@pm)—{ﬂlw_l)

For k <l and for any a, in particular, p | a is allowed, we have

t even.

jt(apkvpl) = pkjt(a7pl_k)‘
We have the following special case: jy(x,1) = 1.

These propositions will turn out to be useful when we try to evaluate the exponential sum
H later in the report.

2.2. Root Systems. We now go over some concepts about the combinatorics of root sys-

tems. For a more detailed overview, see [BB05|, upon which some of the definitions are
based.

Definition 1 (See p.4 from [BB05]). A Weyl group is a finite group W, generated by
elements S = {sy, S2,...,5,} so that
(W1) s? =eforie€{l,2,...,n}, and
(W2) (s;s5)™ for 4,7 € {1,2,...,n} where i # j,
and m;; € {2,3,4,6} for each i,5 € {1,2,...,n} where i # j.
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Weyl groups are a special subset of groups called Coxeter group. We will not need the
definition of this whole class in generality. In fact, throughout our report we will typically
consider the Weyl group 5,,, the symmetric group on n letters.

Associated to this Weyl group is the root system A, ;. We proceed to a definition of a
root system.

Definition 2 (Definition on p. 10, [BB05]). A root system is a finite set ® C R4\ {0} for
some positive integer d, if for all a, 8 € ®, the following conditions hold:

(R1) ® NRa = {a, —a},

(R2) Given a root a € @, let 0, be the reflection about the hyperplane perpendicular to

a. Then, 0,(®) = o.

(R3) 04(8) — 8 = ma, where m € Z.
The group generated by the o, is called the Weyl group of ®. The naming is not coinci-
dental; one can verify that this group satisifies axioms (W1) and (W2).

One way we can express our reflection explicitly is using the following formula:

2<ij, ﬁ>

o(a) = o — 200

(8, 8)

where (e, @) is an inner product invariant under the action of the Weyl group.

Definition 3. Fix some choice of hyperplane through the origin, which can be defined by
(x,v) = 0 for some nonzero vector v. A positive root is a root a € ® so that (o, v) > 0,
and a negative root is a root where (a,v) < 0. We call the set of positive roots &+ and
the set of negative roots ®~. A simple root is a positive root that cannot be expressed a
nonnegative linear combination of other positive roots.

The notion of positive roots lets us define a poset on the positive roots ®*. Then, say
that 8 > 3 if B — 8/ € ®T. Say that 3 covers ' if § > 3’ and there exists no 6 € ®* such
that 8 >0 > (3.

In our case, we will be working exclusively with the type A root system which can be
described as

{ei—ej 3i,j - {1,2,,%},27&‘]} CR”,
where e; is the i*" standard basis vector. Then, using the hyperplane generated by the vector
v=(n,mn—1,n—2,...,1), we have that the positive roots here are those where 7 < j in the
above set, and the simple roots are those where j =i + 1.

Then, the Weyl group associated to this root system is .S,,. In this case, the simple roots
have corresponding reflections which correspond to the simple reflections s;, which generate
Sy. For notational purposes, we will denote o; := e; — €;41 as our simple roots and 3;; :=
€ — €j.

2.3. Reductive Groups. We now consider how this work with root systems relates to a
reductive group G (or, more precisely, the split metaplectic cover of the reductive group G).
For us, we will always have G = GL,(C) for some n (and usually n = 6). This group is
associated with the root system of type A, _;.

We associate a maximal parabolic to a simple root as follows, along the lines of [BF15,

§5.1]. For our group GL,(C) and a maximal parabolic P, which is the subgroup of block
5



upper triangular matrices with two blocks of size m and n — m for some 1 < m < n — 1,
we let M be the Levi subgroup of P. In our case, this subgroup M will be isomorphic to
GL,,(C) x GL,,_,(C). Notice that we can associate a Weyl group to M as well, which will
be A,,_1 X A,_m1 C A,_1. In this case, we associate the parabolic P with removing the
simple root «,,. Indeed, the Weyl group for M is the subgroup of S, generated by all the
simple reflections except s,,, and we can think of the root system of A,, 1 X A,,_,,_1 C A1
as the subset of our original root system.
Visually, we can think of P, M as the following respective matrix forms

[GLn(C)] i [GL(C)] 0
0 GLy m(C) ’ 0 GLy m(C) :

with the removed root “located” at the corner between the two blocks in M, like so:

0O 00O
©
*
*
*
*

OO OO % ¥
OO O *x ¥
* % % x O
* % % % O
* % * *x O

0

Remark. Later, when we analyze the entire Dirichlet series, we will be repeating this process
with our Levi subgroup M until we eventually arrive at the Borel subgroup B, which for
us is the set of upper triangular matrices. How this is done will be more precisely outlined
when we consider the rest of the Dirichlet series.

From here, we enumerate the positive roots 7; in the associated root system, following the
method outlined by [BE15]. Let wy; be the longest word of the Weyl group of M. Then,
if wy is the longest word of the Weyl group of G, we can decompose wy = wyw?. Write
the reduced decomposition of w” as s;,,,8i,,, """ S;,. Then, define v, = wy(as,,,), 12 =
WS 1 (Qipn)y -y YN = WM Sipy 1 Sigro * " Sy (i, ). We will use this ordering of the roots
when we review the definition of the exponential sum H(d;t) given in [BE15].

2.4. The Definition of H. We now parse the exponential sum H that is given in [BE15],
associated with a maximal parabolic subgroup P C G. See the next section for an example
of these definitions.

In our case, we are particularly interested in certain characters i associated to a vector
t, as defined in the beginning of Section 6 of [BE15] by

P (woe—q; (T)wy ) = Y(t;).

As such, as our exponential sum H depends on the character we choose, which [BET15]
emphasizes in [BE15, Equation (30)], defining the sum as

Hdt) = Y vt H( k)qk

¢j (mod Dj) J
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For our computations, we treat [BE15, Proposition 5.7] as definition of the D;, given by

N
. AV
Dy~ T[ a.
I=j+1
where the d; are the coordinates of the vector d and v; are our positive roots with their

enumeration. Additionally, for our report, we take ¢ (z) = €™ and ¢, = 1 for each k.
As for the v;, they are defined in equation (26) of [BF15] as

v = Z [(_1)i+i’ni7il77k7_7k/(bkdlzl)i@k/d;/l)i’H(dl—l)(ag‘m> H (dl—l)ilﬁfwm],

(k,k')ES; 1>k K <1<k

summing over 4,7, k, k' so that iy, — i’y = —q;.
The 7 +,,—~, are constants that can be defined with the following equation, equation
(21) in [BF15] (see [Stel6] for a more detailed exposition):

ca(s)es(thea(s) " =es®) [ ev(mijass't)].
i,j€Z+t
ia+jP=y€d

In our report, as we are taking reductive group G = GL,(C), this map e,(t) can be given
by
ea(t) =171 + tEi,ja

where a@ = ¢; — ¢; and E;; is the matrix with 1 in 7, jth entry and Os elsewhere. Note that
EijEy, = 0 Ey,.

In our particular example, we will not need to refer to this whole definition, because the
case of G = GL,(C) turns out to make these n coefficients rather simple to compute. We
will see this later when we consider A,, in general.

We now proceed to our example computation of H(d;t) when n = 4, with the H associated
to removing the second root.

2.5. Example: The GL,(C) example from [BF15]. Here we will go through the example
included in [BF15, §7] in more detail, to make it clear what the general process for computing
the value of the exponential sum H looks like.

From Brubaker and Friedberg’s paper [BF15], if we're given a maximal parabolic P cor-
responding to removing the second root, we can decompose our longest word wy (which in
this case is the longest word of A3) in the word wy,w?, where wy, is the longest word in the
subgroup obtained by removing a root. In this case, we are removing as, so the Weyl group
of M is generated only by the reflections corresponding to a; and as. Recall that simple
roots correspond to simple reflections (see the discussion under Definition , and so these
reflections are namely sq, s3.

But then the longest word in the Levi subgroup being the permutation wy; = s;1s3, which
means that we end up with a decomposition by wg = s15352515353.

From here, we can obtain the ordering of positive roots corresponding to this decompo-
sition, as discussed at the end of subsection [2.3] In this case, this ordering corresponds

to the following ordering of roots: 71 = wy(an), 72 = wysa(a1),v3 = wyrsesi(asz), and
7



Y4 = wprS28183(a2). Applying these words, we obtain the following enumeration of the posi-
tive roots:

Y1 = a1+ ag + as,
Yo = Qo + (g,
732051—’_052)

V4 = Q.

In coordinates, we can express the simple roots as a; = (1,—1,0,0), a5 = (0,1, —1,0) and
asz = (0,0,1,—1). From here, we can coordinatize the positive roots

M =a+ay+a3=(1,00,-1),
Yo =ag+ a3 =(0,1,0,—1),
v3=a3 +ay = (1,0,—1,0,

v =ay = (0,1,—1,0).

We can also picture these roots as corresponding the positions in a matrix, as shown below:

L 0O v m
0 1 v 7
00 1 0
00 0 1
N
We now can compute the D’s, recalling the formula: D; = d; H lej m>’ so we have
I=j+1

D, = dldé“/l,w)dé% a73>d§171 a) _ dydyds,
Dy = dod* ™ d ™ = dody,

Ds = dsd{®*™ = dydy, Dy =dy.

Next, the v’s are computed by applying (26) of [BF15]:

vj = Z [(—1)i+i’m7¢gk,—m(bkdlzl)z‘(ck,dg,l)z"H(dl—1)<ajm) H (dl_1)i/<v,;,w>}

(k,k')ES; 1>k k' <1<k

Since 7 =1,.., N and N = 4 for our case, we compute vy, vy and v3. We first find the set
of (k, k') s.t. iy — i’y = —aq where i = 1,7’ = 1. This gives us the pairs (2,1),(4,3) € S;.
Similarly, we obtain the pairs (3,1), (4,2) € S3 and ) € S;. So we have:

8



bgCl 1 1 1
dydy déah'ﬁ) déﬂuﬁs) diﬂm’m)

b463 1
dads diocw@

+ <_1)2771,1;74,—73 )

V1 = (_1)2771,1;72,—71

_5403 bac1dy
T dsdy

—
2 d4
b4C2 1 1 2 bgCl 1 1 1

Cdady gl gfe) = M dydy (o3 goss) gon)

U3 = (_1)2771,1;747772
B _(@ b301d4)
N do didy

To see where we got 1y 1.4, —, , for instance, we compute e, (s)e_., (t)e,, (s) ™!, which yields
us with the matrix product

-1

1 0 00 1 000 1 0 00
01 0 s 0100 01 0 s
0010 0010 0010
0 0 01 t 0 0 1 0 0 01
Evaluating the product of matrices yields us with the matrix
1 0 00
st 1 00
0 01O
t 0 0 1
At the same time, noticing that v5 — v, = —ay, we evaluate
1 0 00 1 0 00 1 000
. 01 00 77171;727,71515 1 00 T, 172,—71 st 1 0 0
ef’yl (t)efal (771717)/27*71 St) - O 0 1 O O 0 1 O - 0 O 1 O
t 0 0 1 0 0 01 t 001

where we see that 11 1., -, = 1. Again, we will perform this computation in more generality
later on, which will reduce the amount of matrix multiplication we need to explicitly perform.

3. COMPUTING AN EXPONENTIAL SUM FROM A,

In this section, we describe our method of computing the exponential sums which arise
from removing the rth node in a Dynkin diagram of A,. In order to do this, we use facts
about the geometry of the roots appearing in the unipotent radical of the chosen parabolic
to simplify computing v;. Then, we draw an associated directed graph which allows us to
better understand the sum. Finally, we use the graph as a guide to reindex the sum into a
nicer form.

Let & be the root system, ®,,; the root system of our Levi subgroup, and ®p the set of

(positive) roots in our unipotent radical. Note that & = &} Ll ®p.
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In this section, we work in the case that each d; is a power of the same prime and we write
d; = pY. As discussed in Theomerem 6.5 of [BF15], H(d,t) satisfies a “twisted multiplica-
tivity” condition, so we only need to evaluate H(d,t) on prime powers.

Further, in the following section there will be times when we want to index d;s linearly,
and other times when we want to do so according to the position of 7; in the matrix. To
accomplish this, we use the following notation: Define the function I which takes a position
in our matrix to the index of the corresponding ;, meaning for v; = e, — ¢, that

I(a,b) =1
We will simplify this notation by writing

Yig = YI(i,5) di,j = dl(i,j)

Throughout this section we describe how our methods apply to the following example:

Example 3.1. Let G = GLg(C), with associated root system ® of type As. We “remove the
second simple root” of ®, meaning that we fix our Levi subalgebra M = GLy(C) x GL4(C).
In this section, we simply state facts about this example which will be justified in section

3.1. Computing D;’s geometrically. Here, we discuss how to view the computation of
D,’s geometrically. Since D; depends on the relationship between the s, we first discuss
their geometry.

First, fix the standard coordinates for A4, in R™*! as described in Section 2.2l We can
associate any positive simple root to the i, jth position of an (n + 1) x (n 4+ 1) matrix. Our
Y, ---,n are all in a r x (n+ 1 — r) rectangle in the upper right corner of such a matrix,
where 7 is the index of the node we remove.

Example 3.2. In Example the positioning of the ;s looks like

[* * Y% 73 Y2 N

* k8 Y7 V6 s
E S S S S

* * X* *
* * Xx *
* * * *

where the asterisks represent the A; and As parts that are left over.
We formalize this observation with the following
Proposition 3.3. v =¢, — ¢, € ®p if and only ifa <b, a <r, and b>r + 1.

Proof. First, say « is a root in the unipotent radical. Since v is positive, a < b. If we had
a > r, then r < a < b, so v is a sum of positive simple roots a, + g1 + -+ + a1 which
avoids «,.. Then, v € ®,, a contradiction since ®,; NP p = (). Similarly, if we had b < r+1,
then a < b < r+ 1 and again v € ®y,.

Now, let ~y satisfy the conditions of the theorem. Since a < b, v € ®*. Further, a < r and

b > r+ 1 so writing
10



V= Qg Qe
this expansion must include «,.. Thus, v &€ ®,/, so v € Pp. O

Lemma 3.4.

2 vi=7
(Vi) =1 i,; are in the same row or same column

0 otherwise

Proof. Assume v; # 7;. Let v; = e, — ey, 7 = €. — eq. Since 7;,y; reside inar x (n+1—r)
matrix in the upper right hand corner, we must have a,c > r + 1 and b,d < r. Then,
a # d,b # c. If 7,7, are in the same row, this means a = c¢. However, as v; # 7,, we have
b # d which implies

<7i7/7j> = <€aaec> - <€a7ed> - <6baec> - <6b7 ed> =1-0-0+0=1

Similarly, if 7;,v; are in the same row, then their inner product is 1. However, if they are
not in the same row or column, then a # ¢ and b # d. Since a # d and b # ¢, their inner
product is just 0. U

We also need an additional lemma about the ordering of the roots. Suppose that we pick
a maximal parabolic P C GL,(C), corresponding to removing the root «;.

Lemma 3.5. If v; > v, in the usual ordering on the roots then j < k.

Proof. Recall from subsection that our ordering of the roots arises from decomposing the
longest word of our Weyl group, wy into wy;w’, where P is our maximal parabolic and M
is the Levi subgroup. In this case, our Weyl group is 5,,.

To find the ordering of the roots, we thus must find a nice decomposition for w?. In order
to do this, recall that our M in this case is going to be GL;(C) x GL,_;(C). In this case, our
Weyl group associated to this Levi subgroup of P is .S; x S,,_;. meaning that in particular
our longest word wj; has the one-line notation

ii—1)(i—2)...2n(n —D)(n—2)...(i+1),

in essence combining the longest word of S; with that of S, _;.

From here, we claim that the following decomposition for w! yields us with wq = wyw? :
8iSi415i42 -+ - Sn—15i—15Si41 - - - Sp—2 - - - Sn—i-

To see this, we first consider what the permutation w;, = s;s;115j42...5; does, for j <
k < n — 1. It’s not hard to see that this permutation sends k + 1 to j, increases each
of j,j 4+ 1,...,k by one, and fixes the rest of the elements; this is just the cycle (j j +

1 ... k+1). We now consider the combined effect of these permutations, which can be
expressed as wj ,_1Wi—1p—2 ... W1 ;. Notice that the first permutation sends 1,2,...,n —1¢
to 2,3,...,n — 1+ 1, respectively, per our description above. But by construction, we see

that we may repeat this; indeed, if after a of these w;; permutations (going from right to
left) we end up at a+1,a+2,...,n— i+ a, then notice that by construction the a + 1st one
to apply 1S Wat1n—i+e, Which increases each of these elements by one, meaning that the first

a+1send 1,2,...,.n—7toa+2,a+3,..n—i+a+ 1.
11



In total, we see that this permutation sends = to ¢ + = for x = 1,2,...,n — 7. Therefore,
the product of these has at least (n — ¢)i inversions; the pairs (z,y) where x < i < y are
inversions (the last n — i elements are the first n —i). But our word only has length (n — )i,
so there are exactly that many inversions. This in particular means that our permutation
above is just the one with one-line notation (n —i+1)(n —i+2)...n12...(n —1). But then
this is w?, since wy,w? is precisely wy.

We now explicitly state the ordering of the roots with this particular decomposition. In
this case, our ordering will be

M= wM(ai)7 Y2 = wMSi(ai+1>7 <o V(n—i)i = WMSiSi+1 - - - Sn—i—l(an—i)-
We will turn to coordinates for this part Notice that the action of s;, corresponding to

a; = e; —e;41, sends the vector Z vjej to Z vje; — (v; — vit1)(€; — e;+1), which swaps the ith
7=1 7=1
and ¢ + 1st coordinates. In other words, we can see that the action of the Weyl group is to

permute the coordinates. For instance, as a; = e;—e;11, we have that wys(e;—e;11) = e1—e,,.
We will use this to show, in fact, that the following is our ordering of roots:

(1) Vietn—i)+l = Ck+1 — Cn—i+1,

where 1 <[ <n —iand 0 < k < 1. To prove this, observe that by definition, we have that

Ve(n—i)+l = WMWin—1Wi—1,n-2 - - - Wi—k41n—kWi—k,i—k+1—20G—k—1+1

(if & = 0 we remove all the middle terms, leaving wpsw; ;1—1a;11—1, and similarly if [ = 1 we
remove the w;_j41n—kWi—k,i—k+1—2 term).

We see that, from our observation about the w,; being cycles, how they act on the
coordinates, and how o;__14; = €i—k—141 — €i—k4+1, We have that w;_p ;i pp1—20G_p—141 =
€k — €;_r+;- Notice if [ = 0 that this does nothing, which is also what we expect.

For the next terms, we see that

Win-1Wi—1p-2 - - - Wi 10—k (€imk — €imkt1) = €ik + €igq-

For instance, we can see that w;_j1n—k(€i—k—€i—kt+1) = €i—k—€i—kti+1, since i—k+1 < n—k.
It’s also not hard to see that this process repeats for the other cycles. Note that if £ = 0 this
again does nothing, which is also consistent with what we want (in the case where k = 0,
none of these terms exist, so we expect to just get back the same root, which we do).

Finally, we have that wy;(e;_x — €;_g11) = €x+1 — €n_i+1, which is exactly what we claimed.
Thus, the ordering that we specified is indeed the ordering arising from this decomposition.

From here, the lemma isn’t hard to prove: if v; > v;, where v; = e, — €,y = e. — eq, we
have that this inequality holds if and only if e, + e4 — €, — €. is a positive root, which holds
precisely when either a =c and d < b, or b=d and a < c.

In the first case, v; > <, implies that v; = e, — ey, V7w = e, — €4, which implies that
j=(a—1)(n—-i)+n+1-56)<(a—1)(n—1i)+ (n+1—d)=Fk and in the second case
we have v; = e, — €4,k = €. — €q, meaning that from j = (a — 1)(n —i) + (n+1—d) <
(c—1)(n—1)+ (n+1—d) = k, using the ordering given in equation (1). This proves the
lemma. 0]

We can use these lemmas to compute D; = D, in a geometric way:
12



Proposition 3.6. We have that

Da,b = da,b H dc,b H da,c

c<a c>b

Remark. If we place the ds in a matrix according to the positions of their corresponding
7,8, then we can understand the preceding proposition as saying

D; = d; - dis below d; in the same column - dis to the left of d; in the same row

Proof of Proposition [3.6. The definition of D is

-D] — d] H d]i’Yjv’Yk)

k>j

Using Lemma [3.4] we know that (v;,v) is always 1 or 0. Then, letting

Si={k:k>j, (v}

we see that

D;=d; [ d;

kes

Now, making use of our index function I, define

S"'={I(c,b): c<a}U{I(a,c): ¢>b}

Showing S = 5" will prove the claim.

First, say k = I(s,t) € S. Then, (y;,7;) = 1, so by Lemma [3.4] - is in the same row or
same column as 7;, meaning a = s or b = t. For simplicity, assume they are in the same
row, meaning a = S.

Assume for contradiction that ¢ < b. Since k # j, we know b # t, so t < b. Then, we have

%—’yjZ(ea—eb)—(es—et):et—eb,

which is a positive root since t < b. Then, v, > v;. But, Lemma then implies k£ < 7,
a contradiction. Thus, t > b so k € S’. The case where instead b = t identical.

Now, say k = I(s,t) € ', and again assume we are in the case a = s. Then, ~,, v, are in
the same row, so Lemma [3.4] implies (v;,vx) = 1.

We then have t > b, so

Vi — k= (es —er) — (ea —€) =€, — €

is a positive root. Then, 7, > v; so by Lemma [3.5, we get & > j. Thus, £ € 5, and the

case when b =t is again identical. O
13



3.2. Computing the structure coefficients 7.

Proposition 3.7. Let @ be a root system of type A, using the usual coordinates. Let o € O,
e D, a+p #0, such that xao + yB € ® for some x,y € Z*. Then, x =y = 1, and
letting o = e; — e;, B = e, — €, we must have either j =k ori =1 and

- +1 5=k
No, ;1,1 = 1 =1

Proof. First, remember that under our coordinates, every root in ® is given by e, — ¢, for
some a,b. Then, say we have

za+yf =x(e; —ej) +yle, —e) € D7,

Say for contradiction that x > 2. Recall that every root in ® is of the form e, — e;. Then,
to ensure xa + yf is of this form we need ¢ = [ and j = k. This says a + 8 = 0, which we
assumed was not the case. Then, r < 2, meaning x = 1, and similarly y = 1. Further, if we
had ¢ # k and j <[ then a + § would be a sum of 4 basis vectors and would also not be in
®. Then, we have exactly one of i =1 or j = k.

Now, we can rewrite (21) from [BF15] as

(2) ea(s)ep(t)ea(s) ™ = ea(t)eats(na,s15t)

We will drop the 1,1 and simply write 7,3 to mean 7,4,1,1. First assume we are in the
case where 1 = [ and j # k. We see that

ea(s) = Inp1 + sEy, ep(t) = Iny1 + tEy.
We compute the LHS of

ea(s)es(t)ea(s)™ = (In1 + sEij) (Inyr + tEp) (I — sEij)
= (In41 + sEij)(Ing1 + tEy — sEj; — stEy;)
= Int1 + tEkl — SEij — StEkj + SEij
— In+41 + tEkl - StEkj.

Since i = [, we have that

at+f=e —e; —(ex—e)=e,—ej.

The RHS of is then

eg(t)eats(Na,pst) = (Int1 + tEw) (Lns1 + Na,pstEyj)
= L1+ tEy + Na,pstEy;
So we see that we must have 1,5 = —1. The case where j = [ is similar and we end up

with 1,5 = 1. 0J
14



Corollary 3.8. For v,~" in the same row or same column and v —~ € &~

) =1 7,9 are in the same row
Ly, =y +1 ~,4" are in the same column

Proof. Set v =e; —ej, 7' = e, — ey, so that —y = e, — ;. Then, if 7,7 are in the same row,
1 = [, so we are in the first case of Proposition Similarly, if v, +" are in the same column,
we are in the second case of Proposition O

3.3. Computing v;s.
Definition 4 (Brubaker-Friedberg, [BE15], (26)). We define

3) vi= Y [ e (edi ) T T ) ok

(k,k')ES, 1>k K <l<k
where S; is the set of pairs (k, k), k > K/, such that iy, — i’y = —a; for some i, € Z>°.
Proposition 3.9 (similar to Brubaker-Friedberg, [BE'15], Lemma 6.3). We can simplify the
definition for v; by defining it in terms of the D;s as follows:

7

_ i+ i 4 Dk
vi= Y (-1 Wi k=1 Ok Cho 1
(k,k')ES; k!

Proof. We use v; as defined in (J3)
Since (k, k') € S; as defined above, we have that iy, — ¢y = —a;. Then, we make the
following simplification

H(dl—l)<ajmv> H (dl—1>i’(%’mlv> :H(dl—l)@’vk/—imwv) H (dl—l)i’<’Yémv>

>k k'<l<k 1>k k' <l<k
_ ilven) =1\ ()
= [ @) e T (a, )" ok
1>k 1>k

Now, we look at each of these two products and get

H(dl)im,wﬂ — (dk)i('ykﬁ,!) H(dl)immv) — dii H(dl)i<7kmv> — dZD?;
1>k 1>k I>k

where the middle equality follows from the fact that that

2,
Ve, 1) = <%, —>

<f>/k7 ’Yk>
for any root system. Then, by definition

Tty — g
>k

Putting this together, we have
15



/

Uj = Z |:(_1>i+i/77i7i/7k’7k/(bkd;l)i(ck/dlgll)i/d;ch Z,DI;/Z

(k,k")eS;
i
B i S, Dk:
= E (—1)° Zni,i’,k,fk’bzc;g/_Di/
k/

(k,k")eS;

Further, we can say a lot about which terms byci appear in some v;. We have that

Proposition 3.10. For type A,, (k,k") € S; for some j if and only if v covers vy in the
poset on .

Proof. First, we show the “only if” direction. Say (k, k') € S;, meaning i’y — iy, = «; for
i,i € Z”°. By Proposition , we must have ¢ = 7 = 1, so 7 — v = «;. This says that
Y > Y. Further, if we have some d € ® such that v, > § > 4, then

(e = 0) + (6 — m) =
presents «; as a sum of two positive roots, a contradiction.
Now, we handle the “if” direction. say we have . covers ;. Then, we have vy — v =
B € ®*. For contradiction say that § is not simple, so we can write 3 = (31 + [3,. However,
then we have

Yo > Y+ B> Vs
a contradiction. Thus, § = «; for some j and (k, k") € S;. O

However, recall that for the v corresponding to the removed root we have v, = t?“%? SO
we need to ensure that we never have (k, k') € S,.

Lemma 3.11. For v, € ®p,

T F
Proof. Say v =, + -+ a1 and v = a,. + - - - + a4_1. Using the fact that ;s are linearly
independent, if

T =
were true, we would need a,...,aq_1 to omit «,. However, this says that v € &y, a
contradiction. 0

3.4. Divisibility Conditions. We know that H(d,t) is zero unless certain divisibility con-
ditions on the d;s hold. These conditions are instrumental in solving H(d,t) and in under-

standing its support.
16



Lemma 3.12 (Brubaker-Friedberg, [BE15], Lemma 6.1). H(d,t) vanishes unless, for each
simple root o,

—laj Y

t] Hdz (Ot],’yl> E Z
i=1

We now re-interpret these conditions in terms of rows and columns in the matrix of 7;s.

Proposition 3.13. Let

R(a) ={I(a,b):r+1<b<n+1}, COb)={l(a,b):1<a<r}
which are the indices of ;s in a given row or column. Then, the divisibility conditions
hold if and only if for each a, 1 <a<r—1andb, r+1<b<n, we have

(1) HiER(a) di | ta HieR(a+1) d;
(2) [Licowrny @i | to I icon) di

Remark. R(a) corresponds to the roots in the ath row, and C'(b) corresponds to roots in the
bth column. If we fill the matrix of v;s with their corresponding d;s, we can think about
these conditions as relating the products of rows and columns.

Proof of Proposition |3.15. First, we need the following
Lemma 3.14.
{ay| there exist v,y € ®p such that v — v = o} = {an, 0, ..., an} \ {a}
Proof. We know C from Lemma [3.11] For the other direction, let o, i # r arbitrary. When

1<, let

/
Y =€ —C€ny1, ¥V = €41 — En4a-
When ¢ > r, let

Y =€1 — €11, ’)// = €1 — €;.
In both cases, Proposition [3.3| shows that 7,7 € ®p. O

We now transform each of the conditions in Lemma to one of our conditions. First,
consider j < r—1 and we'll show (1) holds. Then, using Lemma|3.14] let v = e; — e, 41,7 =
€j+1 — €p+1, and we have 7 — 9" = «;. Then, we have

N N
73t H d;(&jm) =t H dl{v'*%%?
=1 i=1
HZ{\LI d@h’m)
(4) = tj—HN e
i=1%

(5)

In light of Lemma this is
17



@) = ,HiGR(jH) d; HiEC(nJrl) d;
=Y
HiER(j) d; HiEC(n+1) d;
_, [Licrg+1) i
=tj—~———— €L,
[ierg) i

which is condition (1). For j > r+ 1, set v =e; — e;11,7 = e; — €;, and using the same
method we get the condition

[Ticcq 4
= € 4,
Hz’EC(j-H) d;
We have described how each one of the conditions in Lemma [3.12]is equivalent to each of

our conditions. Thus, this is an if and only if.
O

t

Example 3.15. In Example these conditions are
dydydsdy | dsdgdrdgty
dsdr | dadgts
dads | dsdrta
dids | dadgts

3.5. The Dependency Graph. In order to better model the exponential sum, we associate
it to a graph which we call the “dependency graph”. Our exponential sum takes the form

quadratic residues

N
(6) H(d;t)= > ¢ (Zt) II (2—’;) ,
¢; mod D; % k=1 2

exponential part

In the A,, case, we can capture the exponential part of this sum in a directed graph. The
argument of the exponential part (the “exponent”) will look like

bic;D . .. .
g, with ¢ > 7 and D, D" integers,

c
Z tiv; = tT—N + terms of the form
i dy

where r is the index of the root we remove. Then, for N the number of roots in the
unipotent radical of the chosen parabolic, create a graph on vertex set [N] with an edge

1 — j if the term big,D appears in the sum. We call this graph the “dependency graph”. The
As in the case where we remove the second root (r = 2), we get the dependency graph
18




8 7 6 5

The graph captures every time in the exponent, except for the term tgfl—z. We have circled
the vertex 8 in order to indicate this, although this circle is not formally a part of our graph.
This graph lets us visually understand the terms appearing in the sum.

We want to use this graph to re-index the sum by assigning variables to some edges.
However, as written, it is insufficient. Define the weight of an edge ¢ — j as wt(i — j) and
define the weight of a path through the complete graph on [N] as the product of it’s edges.
Our hope would be that for a path from a to b that wt(P) = wt(a — b). For example, given
the path 7 — 3 — 6, it’s weight is byc3bszcg which we might expect to equal brcg since we
think about bs, c3 as being inverses (we know that bsc3 = —1 mod d3). However, nuance in
the sum prevents this from being exactly true. First, we notice that b;, c3, cg all run over
different moduli. Further, if d3 = 0, there are no conditions on needing (c3,p) = 1. In
this case, we no longer have byc3 = 1. We later explore a more complicated graph that will
capture this nuance and allow us to do such a reindexing.

3.6. Reparametrizing the Exponential Sum. In our exponential sum, if d; = 1, there
there is no condition on ¢; being relatively prime to p. As we saw in the previous section, this
can cause issues when we try to use our dependency graph for re-indexing. Then, we want to
be able to rewrite the sum in some way that removes this dependence on whether individual
d; = 1. Here, we reparametrize the sum in a way that will support later re-indexing through
an augmented dependency graph.

Given input data d = (dy,...,dy),t = (t1,...,t,), the sum we desire to compute is

(7) Hdit)= ) ¢ (Z: th‘) ﬁ (2—:) Zk,

¢; mod D; k=1

with ¢(z) = €*™# and where the notation ¢; mod D; means summing over vectors (cy, . .., cy)
with each ¢; € Z/D;Z. To define H(d,t) we perform the following procedure:

e Compute the D;’s in terms of the d;’s.
e For each i, choose mappings a;, b;, ¢;: 7/ D;Z — 7 such that for a residue s in Z/D;Z,

¢i(s) = s mod D;, and the matrix (‘Clz((j)) bi;?) is in SLy(Z), i.e. a;d; — bic; = 1. We
denote this matrix by g;(s).

e Then

H(d;t) = > I1 (CJ'C(;J‘>>2 2 iy viti

(81,.,SN)EZ/D1Zx+XZ/DNT J

where v; is a function in the ¢;’s and b;’s.
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In particular, any valid mappings will give the same exponential sum [BEF15, Prop. 5.9].
As discussed at the beginning of the section, we work in the case where each d; is a power
of a prime p, and write d; = pb.

In the above sum, if [; > 0, then the summand is 0 if p | ¢;, so we can assume that always
(ci,p) = 1. However, if [; = 0, then there is no such condition. We’d like to be able to say
that always (¢;,p) = 1, but in order to do so we’d need to do cases on each [;. Instead,
we will perform a re-indexing of the sum that takes care of this for us. Choose functions
xi,yi » L) D;Z — 7 such that ¢; = z; + d;y;. The advantage is that

G\ _ (Titdy\ _ (T
di), d; , \di/,’

and this holds even in the case [; = 0 since we define (%)2 = 1. Then, we can in every case
assume (z;(s),p) = 1. We would like to be able to take the modulus of each s; to the same
power. To do this, take M to be a sufficiently large power of p (M = D --- Dg works),
and fix some function W : Z/MZ — 7Z which sends elements of Z/MZ to a chosen integer

representative (we require W(a) = a mod M).

Proposition 3.16. Let C be the number of l; which are 0. Then,

di-dy [ p \° 5 N\
x; mod M: ( j k=1

:Bj,p):l, Yj mod D]'/dj

where v; depends on c;,b; and we set c; = W (x; + djy;) and by = =W (x; ")

Proof. For each d = p' such that d | M, fix a map Wy : Z/dZ — Z/MZ where Wy(s) =
s mod d. Define W; = 0. Consider the index set

S={(my,...,my | 0<m; < M/d;,(m;,p) =1if d; = 1}
For each tuple (mq,...,my) € S, construct the tuple of mappings Ajm;s ijmw Cjm, 7.) D7 —
Z, jm; : L)L — LIMZ, y; : Z/(D;/d)Z — Z/MZ, 1 < j < N via

Lj,m, (s) = de (s) + d;m;
y;(s) = di] (Wp,(s) = Zjm, (5))

Cim;(8) = W(xjm,(s) + d;jy;(s))

by (5) = ~W (a5,(5)

i (8) = mé)m o)

where we can assume that (s;,p) > 1 where [; > 0. We argue that a, b, ¢ are valid mappings.
By inspection, we see that ¢;, (s) = s mod D; since D; <= M. Further, x;,, (s)~" is well-
defined since if [; > 0 then (z;,,,(s),p) = 1 since (s,p) = 1 and if [; = 0 then (z;,,,(s),p) =1
since in this case (m;,p) = 1. Then, b;,; is well-defined and b;,;(5)cjm,(s) = —1 mod dj,
SO @jm,(s) is an integer. By construction a;,,(s)d; — bjm;(5)cjm,(s) = 1.

20



Then, for any (mq,...,my), we get the same sum. Consider the sum

N ax
Ck,m (Sk)
H'(d,t) = t;v; —— )
@v- X % oS I1(%0)
(m1,...,mn)ES s; mod D; i k=1
which we will compute two ways. By independence of the sum for different choices of
(mq,...,my),
H'(d,t) = |S|H(d, t)
Further, observe that the cardinality of S is

C N
S| = H Me =D H ¥:<p;1) dlj.\{.dN

dj:de]. dj:dj>]. J

Now, write x; = jm,(s),y; = y;(s). Considering this as a sum over all variables si-
multaneously, we see that z; ranges over all values of (Z/MZ)* exactly once and that y,
ranges over all values of Z/(D,/d;)Z exactly once. Justifying the second part requires using
Proposition to notice that every term in our sum involving a y; looks like

x; y]D D
D;
Then, if we chose a different representative for y; in Z/(D;/d;)Z, this term would change

by an integer. Since the term is in e?™(*), this does not cause the sum to change.
Under the re-indexing, we have

H'(d,t) = > (Ztkvk> I (dk)qk

xz; mod M: (z;,p)=1, y; mod D;/d;

41,

where in each vy, we have ¢; = W (z;+d;y;),b; = W(x;'). Setting the two ways of computing
H'(d,t) equal proves the claim. O

Remark. We can choose M to be large enough such that it is bigger than any denominator
we see in any term in the exponential sum. Then, if we take z; + M instead of z;, this will
only add an integer to the exponent, which will not change the value of e*(*).

3.7. The augmented dependency graph. We now describe how to associate an expo-
nential sum to a directed graph in the A, case. Refer to the input to ¢(-) as the “exponent”.
Using Proposition 3.9} and in light of Proposition [3.7, we know that always i = ¢/ = 1 in this
case. Then, the exponent is of the form:

CN
>t =
k dy
Under our reparameterization into x;, y; and in light of Proposition [3.9] terms in the sum
other than tr% take one of the following two forms:

z; te.D; z Y y:Did;
4+ 1.4, I 41 .4, BT
(8) o >}

J

ez

where ¢ > j
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Then, let G be the augmented dependency graph on vertices V(G) = {x1,..., 2N, Y1,---, YN}

with a directed edge u — v € E(G) if there is a u™'v term in the sum. Further, we define
the maps wt, t,v on E(G). Define wt(u — v) = u™lv.

The map t sends an edge to its corresponding ¢, and v to it’s correspondinstructure
{

constant such that for an edge e = z; — z;, v(e)t(e) wt(e) Lt is the term in (8)), and for
J
Didi is the term.

e=ux; = yj, v(e)t(e) wt(e) i

Example 3.17. For Example the augmented dependency graph is

Ty T3 i) T

I

Ya Ys Y2 n

75 )

Zs

Ty Te
Ys Ys

We have circled the xy node to indicate the trZ—g term which is not otherwise represented
in the exponent. In fact, the exponent is just this first term plus the terms represented by
each edge in the graph.

Further, note that we have laid the graph out to correspond to the geometry in Proposi-
tion , and using this we can visually compute the D,’s given the d;’s.

Ys Y7

Remark. We can verify that the terms corresponding to the variables on the left and bottom
edges of the graph (vu, ys, Y7, Ys, y5) are in fact all integers. Thus, the sum is independent of
the values of these variables. Thus, after removing them, we can write

Tyq X3 X2 |

I N

Ys Y2 Y1

DyD5Dg D7Dy
dydsdedrdsg

Is) XTr Ze X5

where the factor added to the front of the graph is the number of copies we have of the

simplified graph after removing vy, s, ys, Y7, Ys-
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3.8. Reindexing the sum. Loosely, the sum as written is hard to work with for two reasons:
1) we must deal with x; ' terms and 2) the structure of the dependency graph is relatively
complicated, i.e. the degree of each x; node is at least 2. Also, we desire to have a graph
with multiple connected components, which would allow us to factor the sum.

We will use the graph to reindex the sum. First, we need some definitions.

Definition 5. A directed (rooted) tree T is a tree (as an undirected graph) with the
additional requirement that for each vertex v € V(T), there exists at most one edge
u — v € E(T). The root of the tree is the unique node x € T such that there exist no
u—x € E(T) for any u € V(7).

Proof. We must justify that a unique root exists. We know that |E(T)| = |[V(T)| — 1. Since
each vertex has at most 1 edge going into it, we then have |V(T)| — 1 vertices with an edge
going into them, leaving exactly one vertex with no edge going into it. This is our root. [

To facilitate such a reindexing, draw a directed tree T' on vertex set V(T') = xy,...,zn.
Say the T has root node z,. Let ¢; = z;, = x3,, 1 <7 < N — 1, be the edges of T" in some
order. Then, consider the change of variables

ag = Ty
a; = wt(ej) = x;lxkl

We take a; mod M and (a;,p) = 1, so that the cardinality of the set of a;s and of z;s are

the same.

Proposition 3.18. Such a reindexing is always a bijection between the set of a;s and the
set of xjs. Further, we can write any edge in our dependency graph as a product of a;s,
1 <7 <N —1 and their inverses.

Proof. We prove this second part of the claim first. For this we need

Lemma 3.19. Let P=xz;, — -+ — x;,, 91 = a,1,, = b be a (directed) path in the complete
graph on xq,...,xy from x, to x,. Define the weight of a path, wt(P), as the product of the
weights of its edges. Then, wt(P) = wt(x, — x3) mod M.

Proof. We prove this by induction on |P| (number of edges in the path). If |P| =1, P =
e — xp and we are done. If |[P| > 1 and P =z, — - -+ — x; — 1, we know by induction

wt(P) = wt(z, — ) wt(zy — x,) mod M
However, we then have
wt(z, — ;) wt(2, — 23) = 2, 220, 2 mod M

=z, 1, mod M = wt(x, — 1) mod M
OJ

Then, let ¥, — x; an arbitrary edge. We can find some path P from z, — x;, with all
edges in T'. Then, the weight of P will be a product of a;s and their inverses, depending on
the orientation of the edges in 7', 1 < 7 < N — 1. From here, we can construct the inverse
map
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ag 1=r
T =
' wt(x, = xj)ag i F£T

This proves the change of variables is injective, and since both sets have the same cardi-
nality, it is a bijection. 0

We have described how to write the terms of the exponential sum in terms of our new
reindexing, and now describe what the quadratic residues look like with the new a;s.

Proposition 3.20. For edges (i — j) € T define
S(i — j) ={k € [N] : z is a successor node of x; in T} U{j}

ﬁ<6k>% <1]_V[ (a())qk) H H <a,)Qk

- — - -

w1 N/ w1 N/ e; €T keS(e;) dic/

Proof. We use the inverse map defined in Proposition [3.18 Then, we see that

9) ﬂ (2_’]1)? _ <§_Ji>w 1 <wt(xr d—}: mk)ao)zk

k=1 2 k#r

Then,

Using the multiplicativity of of the quadratic residue, we see that

o- (1)) (11, ().

where

Q ={(4,k) | e is in the path from x, — x;}

If we can show the following, it will prove our claim:

Lemma 3.21.
Q= {0, k)[k € S(e;)}

Proof. First, let (j, k) € Q. Then e; is in the path from z, — z4. Say e; = (v, = x). If
k = b, by definition k € S(e;). If k # b, then z; comes after z;, in a path and thus is a
successor of 3, so k € S(e;).

Now, say we have k € S(e;), with e; = (x, — x3). If k = b, take a path from z, to z, and
append z, — 73 to get a path from z, to z; containing e;. If k # b, then z;, is a successor
of xj,, meaning there is some path from z; to z,. Prepend the path from x, to x;, onto this
path and we get a path from z, to xj, which necessarily contains the edge e; since it goes
through xy,. 0

O

Now, we show the conditions under which the reindexing from our tree 7" is favorable.
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Proposition 3.22. We can write every edge of of our dependency graph as a product of a;s,
1 < j < N, without inverses, if and only if

(1) T is a path
(2) The path respects the ordering on the roots, meaning if y; covers y; then i must come
before 7 in the path.

Proof. We will make use of the following

Lemma 3.23. There is an edge x; — x; if and only if y; covers ~y; in the usual ordering on
o,

Proof. Corollary of Proposition [3.10 U

First, let T satisfy (1) and (2). Let z; — z; be an arbitrary edge. By Lemma [3.23] this
means y; covers v;, so since the path respects the ordering on the roots, ¢ must come before
7 in the path. Then, our path looks something like

CN_>...%xi_>..‘%xj_>...

so we have that

is a product of ags.

Now, assume for contradiction that 7" does not satisfy (1). This means we have at least
two x;s that are leaves. Since A, has a unique maximal root, we can choose i such that ~;
is not maximal, and we have some edge e, = (z5 — ;). Then, there is some ; covering 7;,
so by Lemma we have an edge x; — x;. Then, let P be the path in T from z; — x;.
However, since z; is a leaf, this path must go ; = x5 — --- — x;, meaning that

wt(z; — x;) = wt(z; = x) wt(ag — -+ — 1) = a;  w(zs — -0 = 1),

which is a contradiction.

Now, assume 7' does not satisfy (2). Let ~; cover v;. By Lemma we have an edge
x; — ;. Since T is a path, it either looks like one of the following cases

Case i T'=x3 — -+ = oy — - = Xj — -+
Case2: T =23 = -+ = x; ==X — -

In case 2, wt(x; — x;) is a product of inverses of ays, which is a contradiction. Then, we

are in case 1, so we see that ¢ comes before j in the path. O
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Example 3.24. In Example [3.1] we can re-index as follows:

as2a3 Q405 (0731004
T4 XT3 ) T
a1 N a2 as Ny as N a6 a7
\\4 \\4 \\
Qo ( T8 X7 Te Z5
a1Qa9 a3y a50g

This means, perform the following re-indexing;:
_ ] -1 -1
ag = Xg,01 = Tg 7,02 = Ty T4,...,07 = Ty T1

and we see that the remaining edges become

-1 -1 -1
Tg X7 = A10A2,Ty T3 = A203,...,Ty X1 = QgA7

We also want to consider re-indexing the y;s. Fixing x1, ..., zg, we consider the re-indexing

Vi =27, Y = T Yoo Ys = T s
This re-indexing is injective, thus bijective, since x5, ¢, 7 are invertible modp. Then, we
for the full augmented depenendency graph, the re-indexing looks like

T o203 T 405 T (07104 T
4 3 2 1
/ / /
a2Y3 a4Ys a6y
ap Ys as Y2 Qs n ar
/ /
Ys Ya Y1
Qo 378\ Wit Tg T5
G109 304 a5ae

4. REMOVING THE SECOND ROOT IN Aj

We can perform a similar computation to what we did above, but now we remove the
second root in As. In this case, this corresponds to the following M :

0000

OO *x *
O OO * ¥
¥ % x x O
* % X * O
EE S SR
* X X ¥

=}
e}

Our goal is to compute the exponential sum
26



. _ Cj ?: Vit;
H(d;t) = Z Z H (d_j)QeZ 1
c1 mod Dy cg mod Dg
(in the case where t is all 1).

We now find the v;s and D;s. We see that wy, = $15354835855453, the longest word in
the Weyl group associated to this subgroup M. Note that the one line notation of this
permutation is 216543. This means that the longest word for Sg, the Weyl group associated
to As, can be written as the following reduced word decomposition:

Wy = 515355545553545253545551525354.

In particular, we have that w? = s,53545551525354. From here, we compute our ordering
on the roots by computing v1 = wy(az),v2 = wars2(s), ..., V7 = WrrS25354555152(Q3), 78 =
W1 S9835485515253(g). This yields us with the following computation:

(1) m = a1+ ag + as + oy + as,

(2) 72 = a1+ ag + ag + ay,
(3) Y3 = Q1 + a9 + a3,

(4) 74 = a1 + ao,

(5) V5 = a0 + a3 + au + s,
(6) Y6 = a2 + a3 + au,

(7) v = ag + as,

(8) 18 = aa.
The positions of the ;s in a matrix is then

[ *x Y Y3 2 N
* x Y8 Y7 Ve Vs

* % *
* %k %k
* % ok %k
* % ok %k

From these positions, we use Proposition to compute the D;s. The relevant positions
of the djs are

dy | ds | dy | dy
ds | dr | ds | ds

so we get

(1) Dy = didadzdads,

(2) Dy = dadzdyds,
(3) D3 = dsdydy,
(4) Dy = dads,

(5) D5 = dsdgdrds,
(6) D¢ = dgdrds,
(7) D7 = drds,

(8) Dg = ds
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Now, we compute the v;s. We compute S; as defined in for j = 1,3,4,5. In light of
Proposition [3.7, we always have i =4’ = 1. We see that

(1) 51 {((5,1),(6,2),(7,3),(8,4)},

(2) S5 ={(4,3),(8,7)},

(3) 51 — {(3,2),(7,6)},

(4) S5 ={(2,1),(6,5)}.

Then, using Proposition and Corollary we get

bscidgdrds bgcadrds brcads bscy

T T didydydy  dadsds  dyds dy
Cg
UQ:d_g’
b403d8 bgC7
BT hydr Ty
o bscady | brce
T Thhds T ds

. bacids  becs
T ddy s
Note that we initially take b;c; = —1 mod d;. Here, for simplicity, we instead take b;c; =
1 mod d;. For this reason, the signs of vy, vs, v4, v5 are the opposite of what Corollary

gives us directly.
We impose certain domain restrictions on d;. We have the following lemma:

Lemma 4.1 (Brubaker-Friedberg, [BE15], Lemma 6.1). H(d,t) vanishes unless, for each
simple root o,

N
tj Hd;<aj:’7iv> cZ.
i=1
We call these the divisibility conditions, which in our case are
by + Uy > U3+ U7 > Uy + Lg > £y + U5,
lg+ Uy +lg+ U5 > Uy + U3+ U5+ (4.

4.1. The Comb Reparametrization. Recall our exponential sum

8
Hd, . dg) = zﬂ(d_)
i/ 2

¢; mod D; =1

For convenience we call Z?Zl v; the exponent. Note that we can ignore any integer part of

Z?Zl v;, since €™ =1 for n € Z. We claim that if 4 < ¢ < 8, then the summand in H
does not depend on ¢;. Indeed, if £; = 0 for a general ¢, then d; is 1. In this case, we can set
b; = 0 so that all terms in the exponent with a b; disappear. Furthermore, every term in the
exponent with a factor ¢; is a fraction over d; for 4 < ¢ < 8, so these terms become integers

and can be ignored.
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Since ¢; does not affect the summand if /; = 0 for 4 < i < 8, in the case that such an ¢;
is 0, we can calculate H by only summing over ¢; not divisible by p, and then multiply by

cz

di 2

. For 1 <14 <3, if ¢; # 0, we sum over ¢; relatively prime to p, since otherwise the

term gives 0. However if £; = 0, then we must sum over all ¢; modulo D;.
We can therefore rewrite H as

c 8
H(dy,....ds)= Y > (%) ezﬂiZ;_lij(%>2’

¢; mod D; ¢; mod D; =1
Mci pJ(CZ' if ZHEO
4<i<8  1<i<3
where C'is the number of ¢ € {4,5,6,7,8} with ¢; = 0.

For a large power of p that we denote M, we perform the “raise to M” trick on all the
¢;: we sum over ¢; modulo M rather than modulo D;, and average by using a MgD & gcaling
factor, as explained in Section [3.6| For any ¢; = 0 with 1 < i < 3, we set b; to 0; for other
i in {1,2,3} and for all i € {4,5,6,7,8}, we set b; to the inverse of ¢; modulo M. We can

then write

DD . 8 e
By = PP S e ()
v/ 2

¢; mod M =1

Consider the following reparametrization:

(Cl, Coyvn 708) (5501, bgca, brcs, bgcy, bscs, brcg, bacr, Cs) (ala e 7618)-

We call this reparametrization the comb reparametrization because besides ag, the a; form
7 edges of the dependency graph described in Section forming a comb shape. This
reparametrization is actually a bijection from the set of possible (¢, co,...,cs) (a subset
of (Z/MZ)®) to itself. We can write the summand in H in terms of the a;, noting that
it changes based on the cases of /1, (5, /3 being 0 due to the presence of certain b;s or lack
thereof with 1 <4 < 3.

We first consider the simplest case, which is /1 = 5 = 3 = 0. Then all the b, bo, b3 terms
disappear, and using the comb reparametrization, we get

H:DlDQ-.-Dg Z < p )C<%> (a8a7) (a8a4) (a8a7a6> (a8a7a6a5)
M8 a; mod M p—l dg 2 d7 2 d4 2 d6 2 d5 2

plai

ag ag _ agdg agdydg | a5 _ ajdgdrdg dg
(a8a7a3> (a8a7a6a2) (@8@7a6a5a1) 627”(*3’**@’(15«14* sy T a T drdadsd; T Lazas d3d7)
2 2 2

ds dy dy

where C' is the number of /g4, ..., s that are 0. Note that since b5, ..., bg are all relatively
prime to p, the variable ¢; being divisible by p is equivalent to a; being divisible by p, so
the domain which we sum a; over is the same as which we sum ¢; over. Furthermore, a; L
is the residue that is the inverse of al modulo M. Then a;'aras = (bscy) ™ (bscr)(bres) =
(bscg)(bscr ) (bres) = bycs mod M, so ay taqas ddd b4c3d8 . We have modifications
if £; =0 for i € {1, 2,3}, which are as follows.
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o If /3 # 0, then we must add the b3cy term to the summand. Note that in this case,
we sum over cg not divisible by p, so b3 is also relatively prime to p and modulo M,
we have bscy = a3 'agas. In the sense of the comb graph, we are adding the “notch”
going along vertices 3,7,6,2. Then the exponent has an extra term az ' agas-22- Dde . We
sum over all a3 modulo M (instead of just those relatively prime to p).

o If /5 £ 0, then we add the “notch” going along vertices 2,6,5,1, giving an extra term
in the exponent a, 'asa; dd o=~ We sum over all a; modulo M (instead of just those
relatively prime to p).

e If /1 # 0, then since there is no b; term, the summand does not change. We sum over
all a; modulo M (instead of just those relatively prime to p).

These modifications are all independent, i.e., they stack.

Using this reparametrization, we first demonstrate bounds on the support of H. Note that
we continually make use of a method where we “sum over all roots of unity,” as shown in
Example in Section 2] This method allows us to conclude that H is 0 in a wide variety
of cases, when we have a reduced fraction in the exponent with denominator divisible by p?.
For convenience we refer to this method as the root of unity method. We will not be able to
rule out the case (€3, 04, l7,0s) = (2,1,0,1), for which we write (di,...,dg) € a.

We first demonstrate a more in-depth example of this method. For convenience, we denote
vp(a) as the largest power of p that divides an integer a; for example, v3(18) = 2. We also
write vy(a/b) = v,(a) — v,(b).

Example 4.2. The exponent in our exponential sum H has an az-dependent part
CLZICL7d8 dg
a — .
S\ dsdr  dsdy

Suppose that we can write this expression as a fraction sy k for ¢ an integer at least 2, and k

a, a7d3 _
dsdr d3d4

any quadratic residue symbols dependent on a3 only depend on z, not y. So, we have

H:ZZ() Z 627ri(x+py)fe’

relatively prime to p; in other words, v, ( ) < —2. Then if we write az = x+py,

0<y<M/p
where the - - - indicate expressions not dependent on y. But
. k . yk
Z e27rz(x+Py)p7 _ 627m';p 2 : 627”1% _ 0’
0<y<M/p 0<y<M/p

since we sum over all p‘~'th roots of unity multiple times, and p*~! > 1. Then H is 0.

In general, if we can show that the a;-dependent part of the exponent, when reduced, is a
fraction over p’ for £ > 2, and there is no a; ' term in the exponent, then H is 0. In other
words, if there is no a; ' in the exponent and a; is multiplied by a fraction with v, at most
—2, then H is 0; this is the essence of the root of unity method.

Example 4.3. If we have two fractions % F L and pc“ then their sum can be written as a fraction

over pmax(kag)’ meaning v, (% + ﬁ) > min (vp (%) , Up (ﬁ)) In fact, this inequality must

be an equality for k # ¢. So in Example Up <d ) # vy (d o > or bg—Vl3—1Ly # lg—l3—Vr,
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implies that as long as either 3 4+ ¢4 — lg or {3+ {4 — {7 is at least 2, then summing over ag
yields 0 by the root of unity method. This observation essentially will force many ¢; to be
equal to save H from being 0, e.g. in [4.6] below.

In some cases, we can use the root of unity method even when there is an a; ' in the
exponent.
Example 4.4. The a4-dependent part of the exponent is
dg ay
dsd; — dy
Suppose that ¢4, > 2, but 3+ (7 — (s < 1. If we write ay = x + py, the expression aglamg

a;lamg

dg
dadz
is not dependent on g, since it only depends on a;' modulo p, which is determined by a4

modulo p. Then like in Example 4.2} we have

H:ZZ<) Z i ey i

0<y<M/p

with

27mi(z4py) —— . 27—
E e (z+py) o — 627rz:c E e T — ().
0<y<M/p 0<y<M/p

In fact, this method works as long as ¢, is strictly greater than {5 + ¢ — fs — v,(as), since
we can write ay = = + p~'y and perform the same calculation.

We now use the above examples to bound the support of H. Inspired by the geometric
nature of the dependency graph in [3.5] we informally call vertices 3,4,7,8 and associated
parameters the left box, and vertices 1,2,5,6 and associated parameters the right box. We
first focus on the left box, and show that fg, /3 are generally small, though we might have
¢y or U7 large if {4 = (7. We then prove a similar result for the right box, showing that ¢, ¢
are generally small, though we might have ¢y or /5 large if {5 = /5.

Proposition 4.5. For (dy,...,ds) ¢ « in the support of H, we have lg < 1.

Proof. Note that in the comb reparametrization, the ag-dependent term is 3—:. If /g > 2, then

summing over ag yields 0 by the root of unity method. U

Proposition 4.6. For (di,...,ds) ¢ « in the support of H, if bz > 2 or l; + {5 —lg > 2, we
have ¢z = lg.

ds
dsd7

is not divisible by p, we have v, (d—17> = —(; and v, <a;1a3df—*—;7) = —l; — U3+ ls+vy(as). As

in 4.3} if these two are not equal, then the sum of the fractions has v, equal to min(—~¢, —f7 —
U3+ ls + vy(as)). We need this value to be at least —1 for H to be nonzero.

If £ # 0, then ¢35 = 0 so ¢; — g — k is strictly less than ¢; anyway, implying that ¢; and
U743 — g — k cannot be equal, and neither ¢; nor ¢7+ {3 — {5 can be at least 2 for (dy, ..., ds)
in the support of H. So if H is nonzero and ¢7 > 2 or {7 + {3 — {5 > 2, we must have k = 0,
implying that —0; = —l7 — U3+ lg + vy(as) = —C7 — U5 + lg, so U5 = ls. O

Proposition 4.7. For (dy,...,ds) ¢ « in the support of H, if {4 > 2, we need €y, = (7.
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Proof. In the comb reparametrization, the as-dependent exponent term is a4di4+a21a7a3 dgfh.

If the denominators of the two fractions are not equal, and the larger has exponent ¢ at least

2, then H is zero by the root of unity method as the sum of the fractions can be written
as a reduced fraction over p’ (see Example . Then 03 + (7 — lg = {4 > 2. But then by
Proposition [4.6] we have (5 = (s, so £y = (7. O

Corollary 4.8. For (dy,...,ds) ¢ « in the support of H, if {z > 2 then l; = {y. If 4 > 2
then {4, = (7. In both cases, we have l3 = lg.

Proof. If ¢; > 2, then by we get f3 = lg, so by the divisibility conditions we get £4 > ¢,
which implies ¢4 = ¢7 by .7 The second part of the corollary follows from [{.7] and 4.6l O

Corollary 4.9. For (dy,...,ds) ¢ « in the support of H, if {3+ 07z > 2, then {4+ lg = {3+ {7
and U3+ Uy = b7 4+ lg. In particular, this implies {4 = {7 and {3 = (3.

Proof. We first show the first equality. By divisibility conditions, we get {4+ /0s > l3+ (7 > 2.
But if /4 + g = 2 then we are done, and if ¢4 + {3 > 3 then ¢4, > 2, and we are done by
Corollary [4.8]

Now we show the second equality. If /3,44, 07, s are all at most 1, then they all equal 1
and we are done. If ¢4 > 2 or ¢; > 2, then we are done by Corollary We cannot have
ls > 2 by Proposition £.5] The final case is if 3 > 2. Then since g < 1 by Proposition [4.5]
we must have £y, {7 < 1 (since otherwise Corollary implies /3 = f3 < 1. The divibility
condition ¢4 4+ f3 > {3 + {7 implies that the only possibility is /3 = 2,0, = lg = 1, {7 = 0.
But this case is in « so we are done. 0

We now focus on the right box.
Proposition 4.10. For (dy,...,ds) ¢ « in the support of H, we have lg < 1.

Proof. Suppose lg + {5 — 07 < 1. Then if 5 > 2, the ¢ term gives 0 by the root of unity
method, so /g < 1.

Otherwise, suppose {g + {5 — €7 > 2. Since {7 + {3 > 5 + g, we need f3 > 2, so by we
get £y + lg > 2,50 £y > 1 since g < 1 by [4.5

If ¢z > 2, we would get {3 = fg < 1 by Proposition [£.6] so we need ¢; < 1 and therefore
0y <1 by[d7] giving b4 = lg = 1,03 = 2,0; = 0. Then g + {5 = 2. If £ is not at most 1, we
get lo = 0,05 =2, 80 (dy,...,ds) € a and we are done. O

Corollary 4.11. For (dy,...,ds) ¢ « in the support of H, if {5 > 2 then 5 = ly. If lo > 2
then €y = 5. In both cases, we have {1 = lg.

-1
Proof. Suppose 5 > 2. Consider the as term in the exponent, which is ag,(i - %ZZMG),

or just fl—g if /5 = 0. Then summing over as yields 0 by the root of unity method unless

—1
1 ay a5d6

(d—5 — W) can be written as a fraction over p (in particular, this implies ¢5 # 0). So,
1

we need v, d%_)) = v <a2d132d6>, or di = dg. But then the a; term in the exponent is

ay(ay tas dil?ls — d??zjéffu) = al(aglag)é - d—12) by Corollary , so for the summation over a;

to not be 0, we need ds = ds.

Now suppose ¢ > 2. By the divisibility conditions, Corollary applies, so the %

term becomes d—;.
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If lg > {1, then lg > 1 s0 b4+ lg > {5+ lg > 3, implying that {4 = {7 > 2 and (3 = (g < 1.
We would then get that the aglaﬁang—;G term can be written as a fraction over p. Then the

remaining a, terms, namely 3—; and a, 1a5a1d‘f—gs, need to have the same power of p in the

denominator when simplified, as otherwise summing over a, yields 0 by the root of unity
method. So i = d—tﬁfjﬁ, which implies ¢5 > {5 since {5 > ¢1. But then /5 > 3, which by the
above implies /5 = f5, which is a contradiction.

Therefore ¢g < ¢;. The a; terms are a; d‘fg2 and ay 1a5a1d‘f—25, so for summing over a; to
not yield 0, we need ds = ds, in which case we are done by the /5 > 2 case above. 0

Proposition 4.12. For (dy,...,ds) ¢ « in the support of H, we have {1 < 1.

Proof. Note that the a;-dependent term in the exponent is

a d6d7d8 +a2_1a5d6
"'\ dydydsd, dids )’

or just if /o = 0. Suppose ¢; > 2. Then by the divisibility conditions, we get

U3+ 07 > 2, so 4.9 implies that 3 + ¢4 = {7 + {3, and we can write the a;-dependent term as

d > tasd
ay 6 i Gy 0506 '
dydsy dyds
Since Proposition 4.10|implies /5 < 1, we cannot have {5, = {5 = 0 by divisibility conditions
(since ¢; = 2). Then min (vp <df—32> , Up (d—6>> < —2. For H not to be 0, we must then

dids
have that d‘fgz = %25, or dos = ds. But dy = d5 < 1 is not possible by divisibility conditions,
and dy = d5 > 2 implies d; = dg by Corollary So we must have ¢; < 1. d

We summarize our results in the following theorem.

Theorem 4.13. For (dy,...,ds) ¢ « in the support of H, if H is not 0, we either have all
gi S 1,’ or 64 = g7,£3 = 68 S 1, all other fz S 1,’ or 61 = €6 S 1,@7 = gg S 1,62 = 65 S
ly+1=10;4+1.

Proof. 1f some /; is greater than 1, then that ¢; must be {y, €3, {4, {5, or {7 by Propositions[4.10]
4.5 and [£.12] By Corollary [4.9] we cannot have ¢3 > 2, since it would imply g > 2 which
is not possible. The Corollaries and [£.8 in conjunction with the divisibility conditions
force (¢4, ...,0s) to then satisfy ¢4, = {7 and l3 = (g, with {5, (5 < {4+ 1, and if {5 or {5 > 2,
then 62 = ,€5 and 51 = £6~

Note that the case o = ¢5 = ¢4, + 1 = {7 + 1 is only possible if /; = ¢5 = 0,03 = {3 =1 by
the divisibility conditions; this case is Case 2 of [£.2.1] O

4.2. Solving H. We focus on solving the cases with ¢; > 2, since otherwise there are a
small number of finite cases due to divisibility cases and Proposition we call these the
infinite support cases. If /3 = 0, then calculating H is much easier, as there is no interaction
between a; and a; for i € {1,2,5,6}, j € {3,4,7,8} (since the only possible exponent term

that contains a; from both sets, namely az 1a6a2dj—26, is not actually in the exponent). If

l3 >0, but ¢+ fg < {7, then there is also no such interaction since CL:;ICLGCLQ%EG is an integer.

We first tackle the non-interaction case, and we then solve the other infinite support cases
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(the cases with interaction). Note that we use many of the results on Gauss sums from
Section

We formalize the non-interaction in the following theorem. We first recall the definition
of the exponential sum when removing the second root in the As case.

Definition 6. For eq,eq,e3,e4 powers of a prime p with % and % integers (the Aj
divisibility conditions), we define

4
C’L o CA+b402_b4c3+b36164_b26164
HA3(617 €9, €3, 64) — E | | <€_> e (e4 ey e3 eleq eres )
i/ 2

c1 mod ejegesz 1=1
co mod esey
c3 mod ezey
c4 mod ey

We have a mini comb reparametrization (bycy, byca, bacs, cs) =: (a1, as,as,ay). Then, for
M a large power of p, and E; = ejeqes, By = egey, B3 = eseyq, By = e3, we can write

C -1
H E1E2E3E4 ( p > Z (CL4) (@4@3) (a4a2) <a4a2a1) 62?.(%4_%_%_%4_%)
Az — -
M* P — 1 €4/ 9 €3 92 €9 9 €1 2

a; mod M

where C' is the number of ¢ € {1,3,4} with e; = 1.

Theorem 4.14. Suppose {7 > Uy + g (in particular, this holds if {3 = 0 by the divisibility
conditions), and that {7 + g = 3+ 4 hold. Then we have

HA5 (dh D) d8) = HA3 (d17 d57 d27 dfi)HAg (d37 d77 d4) dS)(d3d4d7d8)2'

Proof. Note that the assumptions of the theorem statement imply that there is no relevant
as 1616@2(1;[—26 term in H,,. Also crucially, if /o = 0, then the sum is not dependent on cy,
so when calculating H 4, in the left hand side of the theorem statement, we can add the
as 1a5a1d‘f—g5 term to the exponent and only sum over a, relatively prime to p, scaling by a

L factor. We multiply the two H,, functions, using the mini comb reparametrizations

p—1
(bscy, bees, beca, cg) =: (a1, as, az, ag)
and
(bres, bser, bsea, cs) =: (as, az, ag, as),
giving exactly Hyu,(dy,...,ds) (with the above modification) except for a missing factor
(dzdydydg)?. O

To calculate a common H 4, case, we will make use of the following proposition.

Proposition 4.15. For m € {0,1}, ¢ > 2, we have

2ijf1“ (:c) ( Y ) < Z ) 2@—1(‘1)m
e P — — — =P 1)p T ’
Z )\t ) \p™ /), ( P/

,y,2€(Z/p" L)

1is shorthand for the inverse of  mod p’. The sum is well-defined

Remark. The value z~
because if p divides z, then the summand is 0 due to the (1%) term.
2

34



- x_lyfl
Proof. First suppose m = 0. Then we are summing ™5 for all 2z mod p’, which is
-1
0 unless * p%—l is an integer. So we can set y = x, which cancels out the whole exponent

and quadratic residues and makes the summand simply equal 1 (assuming p t z). There are
(p — 1)p*~! choices for z and p° choices for z, giving a sum (p — 1)p**~L.

Now suppose m = 1. Then summing over z yields 0 by the root of unity method unless
2 'y — 1 is divisible by p*~!. Then we can set y = x + kzp’~', and sum over 0 < k < p — 1.
The sum becomes

ﬂ_ikz kz xr ya _ X
YT e () () Y julkp)
P/o\P/o

x,2€(Z/p*Z),kE€Z /7 keZ/pZ

Corollary 4.16. We have
Ha, (p™, 0", 0" p™) = p* =t (=)™ <7> (p—1)

for £ >2 and m € {0, 1}.

Proof. Consider the mini comb reparametrization. We can factor out the a4 part; summing
over a4 yields M for this part if m = 0, and —M /p if m = 1. Then the rest of the sum, by

Proposition (4.15} is (37)° times (p — 1)p* " (%) . We then get
2

4m-+4¢

M* —-1\" P
m 0 0  m\ __ m 20—1
HAg(p PP, P ) _p35+m(_1) (_) (p - 1)p W

O

Remark. This calculation demonstrates an error in Proposition 10.3 of [BF15] (which uses
Lemma 2.4 of the supplementary calculations) which implies that

Ha, (p°, p, 0%, 0°) + Hay(p*,p 1, p 1 1) = 0;

this equality only holds for p = 1 mod 4. Thus for p = 3 mod 4, the infinite cases do not
actually cancel, likely leading to a Dirichlet series with infinite support in both the As and

Ay cases.
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4.2.1. Solving the infinite support infinite support. Case 1: Suppose 2 < f = l; = (4,2 <

U =ty =5, 0, = g =m € {0,1},63 =lg=me {0,1 with £ > 0/ +m/.
In this case, we can factor the sum using Theorem [4.14}! Since (dsdyddg)? = p*4m we
get

m~+m/

/ ’ , _1
Hy, (dl, .. ,ds) — p7£+7m+3l +3m 72(17 - 1)2(_1)m+m (_>
P /o

Case 1.5: Suppose 2 < { = l; = Uy, {5 = lg =m € {0,1}, with {1, 05, 05,05 < 1. Then we
can factor out the left box as above to get a factor

_ m (—1\™
- ey (2
D /s
and our sum reduces to the As case in dq, ds, d5, dg.
Case 2: Suppose 3 <l =/l =ls=0;+1=/0,+ 1, with /3 =03 =1 and {1 = {5 = 0.

We get
Di---D ¢
=2 () (7). G6), ()G, ()
M p—1 Pt )\ o\ o\ /)y \ P/,

—1 —1
(88 __@4 . a7 a3 46 %3 a5 @1 94 9793 93 9692
2mi(5; s e s e W S e o L H S

-1
a, “agaj
42
p pé )

Summing over ag gives —M /p. Summing over a; gives 0 unless a, ‘as — 1 is divisible by
p’, in which case it gives M. Then, we can pretend as is equal to a, and multiply by M/p*
to compensate for the lack of generality in a;. Simplifying gives

—Dy -+ Dg P ¢ ay ay as
H= — - < _* = i
A5 Z (p _ 1) ! ) pl1 ,\p/,

a2,a3,a4,a6,a7

—1 —1
. . . a, agaz ag agag
o2ri(——24 + az __a3 +‘16 4 3
e ( pefl plfl pﬁfl P péfl )

P

Note that the ay/p® and as/p® terms cancel. Summing over a, gives —M /p. Then summing
over ag gives —M /p again. We get

i 2 (75) (7),6%).6)
H=———- L - —_— =
ptH3 M3 Z p—1 pt ) pt—1 ,\p/,

asz,a4,a7

-1
. a azag

omi(— %4 ag__ a3 %4

e ( P11 -1 1

By Proposition 4.15, summing over as, a4, a7 gives a number (M /p*~1)? times (p—1)p*—3 (;—}

Then using C' = 1, we have

oo —D;...Dg(p—1)p*3 [—1 p _ —Di---Ds (1Y g (]
B p b )1 \p ), * /)y
2 2 2

Case 3: Suppose 2 S {= 67 = £4 = 62 = €5, with 1 = 53 = 58 = 61 = E(;.
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We get

iy () (), (), (%), G, (2). (%),

—1 —1 —1
a, “agaz a; -agag = a, - asa
4 2793 3 9692 9 G501
o + » + o )

—1
Note the presence of the %% term linking the two boxes. We proceed in a manner

similar to the proof of Proposition [4.15]in the left and right boxes. Summing over ag yields

—1
(—M/p). By looking at the 2-** and % terms, we see that summlng over all a; congruent

to a fixed residue mod p ylelds 0 unless a, ‘a5 — 1 is divisible by p‘~!, so we can set a5 =
as + krasp®™! for 0 < k; < p—1, and multiply by a factor (M/pg) to compensate for the loss
a4 aras

of generality in as. Similarly, by looking at the o and % terms, summing over ag tells
us that we can set a7 = ag + koasp’™! for 0 < ky g p — 1, and multiply by a factor M/p*.

Our sum simplifies to

_Dl"‘DS p ¢ ay as
H= —— - sz = htd
D > G5) (2).(2)

k1,k2,a1,a2,a3,a4,a6 €(Z/PZ)

5 _
<a2> (al) (M) 27”(7 7k2a4+7k2a3+—k1a2+—k1a1+7a3 1a6a2)
_Z — e P .
P/oa\P /o \DP

5
Note that the (%) term comes from the fact that we are now summing aq, as, as, aq, ag

mod p rather than mod M.

Summing over a; gives ji(ki,p) = (%) J1(1,p), and summing over ay gives ji(ko,p) =

<%) J1(1, p); note that these are 0 for k; or ky being 0, so we can assume that they are not

divisible by p. The product of these is (%) p. Then (using C' = 0) our sum becomes
2

_Dl e _D8 —k1k2a3a2 27”'(“76_’_’“2‘13 +m+as_1ﬂ)
H= P2+ Z (T e T
k1,k2,a2,a3,a6€(Z/pZ) 2
Summing over ag yields jo(az "as + 1, p), so letting ay = ksas for ks € [1,p — 1], we get
__D1 “ e D8 —k1k2k3 i (k2+klk3>"‘3 .
H=—lws— 2 (T o Jjo(ks +1,p)
kl,kg,k‘g,a:ge(Z/pZ)X 2
_Dl . DS . . k’g
:W Z ,]l(a37p)j1(k3a/3) )Jo(k:s +1 p) ( D
k3,a3€[l,p—1] 2
—D,---Dg .
:W Z p]o(k3 + Lp)
ks,az€[l,p—1]
—Dy---D
= 12@ 8( -1
P2+
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using
Z Jo(ks +1,p) = 1.
ks€[l,p—1]
Case 4 Suppose our /;s fall outside of the above cases.

Then for (¢1,...,¢s) to lie in the support of H, we need all ¢; < 1, except for the case
(0,2,1,1,2,0,1,1), and the cases in a.

5. THE COMPLETE DIRICHLET SERIES

Recall that the formula for our Whittaker coefficient for the maximal parabolic Eisenstein
series, from [BF15, Theorem 4.1] is the following:

WiopsD) Y H(dyda, ..., dy;t)55 2 (D)U(D)Cach, 4, (D).

djEUs/Ug ,dj?f(]
j=12,...N

So far our attention has been focused on the function H(dy,ds,...,dy;t). Our goal is to
now understand the rest of this Dirichlet series. This will be useful in understanding the
connection our series has with that in [Chi05].

Our first goal is to compute the matrix ©. From Proposition 5.9 from [BF15], we have the
formula for © the product of a section applied to elements of the diagonal subgroup, given

by
(10> @ - S(h% (dl_l)) U S(h'YN (d]_\fl))a
where s : G — G is defined by s(g) = (g, 1),
ha(x) = eg(z)e—s(—2 " es(x)(e(1)e—p(—1)es(1) ™,

and © = (D, (o). Recall also that N = 8 here.
The multiplication rule in G is given underneath [BF15, Theorem 2.1] as

(91, C1) (92, C2) = (9192, 70 (91, 92)C1G2)-

Using this multiplication rule, we can transform equation [10|into the equation

(11) (97 C’D) = (h’h (d;1>h72(d;1) T h'YN (dNIL H Oy (]j hVi(d;1>7 h’)’j (d11)>> .

Comparing the first coordinate yields us with the equation
D= h’Yl (dl_l) T h’YN (d&1>

To compute ©, we will compute h,(x) in general. To do this, recall from subsection
that if § = e; — e; is a root, then eg(x) = [ + zE; ;.

Performing the matrix multiplication, notice that the second matrix is a column operation
on the first (adding —z~! times the jth column to the ith), meaning that our resulting matrix
is the identity, but the (i,7)th entry is 0, entry (j,7) is —z ™!, and entry (i, ) is z. Similarly,
the third matrix tells us to add z times the ith column to the jth column, yielding us with
a matrix that is the identity, except entry (7,4), (, j) are zero, entry (j,7) is —z~!, and entry
(,7) is x.

38



Now, notice that the last three matrices are similar, but with x = 1. We also want the
inverse of this matrix; but notice that the resulting matrix is the matrix that swaps columns
1 and j when acting on the right, and that negates column j. Thus, its inverse negates column
1 before swapping columns ¢, j. But our final matrix is thus the diagonal matrix with 1s along
the diagonal, except with an = at (i,7) and z=! at (j, 7).

For instance, for h,, (d;'), our process yields us with the matrix product

10000 df 1 00000 /10000 d' 100001 1 00000 ¢10000O01
01000 O 0 10000 01000 O 010000 0O 10000 010000
}(dl)i()()l()(](] 0O 010O0O0O[I0OOT1TO0OTO0 O 001000 0 01000 001000
=10 0010 0 0 00100 00010 O 000100 0 00100 000100 )
00001 0 0O 0001TO0OJIOOOOT1 O 00O0O0T1O0 0 00010 000O0T1O0
00000 1 ~d 00001/\00000 1 000001/ \-100001/\oo00001
which evaluates to
di'' 0000 0
0O 1.0 00 O
0O 0100 O
0O 0010 O
O 0001 O
0 00 0 0 d
Repeating this procedure yields us with
(d1d2d3d4)71 0 0 0 0 0
0 (dsdedrdg)™ 0 0 0 0
D - 0 0 dadg 0 0 0
0 0 0 dsd; O 0
0 0 0 0 dodg O
0 0 0 0 0 dids

Now recall that our goal is to find the Dirichlet series. Theorem 4.1 of [BF15] tells us that
the Whittaker coefficient of the maximal parabolic Eisenstein series, which is what we are
trying to find, is given by

Whips(l) > H(dy,...,dy)sp 2 (@)8(D)iach, 4, (D).

djE(ls/Ug< ,dj;éo
=1, N

We now evaluate what 5;“/ *(®) is here. We first review what the function dp is. For a

block upper-triangular matrix with blocks A, B in our parabolic (which in this case demands

A € GLy(C), B € GL4(C)), dp is equal to | det(A)[*| det(B)|~. Why is this true? Therefore,

332 (D) = (|dydodsdidsdgdrds| 2| dydsdodsdsdrdads| ) 2 = |dydadsdadsdsdrds| =354/,
Our Dirichlet series for As, with our ordering of removal of the roots, is equal to

Hremovin second root from A (dl d2 o d8. tl cee tS) )
W s(1 E £ on o T V(D D).
f1,f2, ( ) (dld2d3d4d5d6d7d8)351+3/2 ( )CDCfl,f2( )
djEAOS/Og,djio

71=12,...,.8

Note that the summand depends on the entries of ©; we hope that the dependence is not

too strong, so that we can get some cancellation.
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We now compute what c?hh (D) is. As defined in Section 4 of [BE15], C}Dl,fz (D) comes
from the computation of removing roots in the other two blocks, meaning that we just need
what this coefficient would be in the example of A; and As.

In particular, we can write

Gon® =Wrpwl) Y Hld. dygt)oE " 2@ WD) o), 1, (D).
dj€og /0% ,d;7#0
j=1,..,N
However, in this inductive piece, we are computing the coefficient at a different character.
In our case, this corresponds to having a different t’ in the exponential sum.
In particular, from Section 4 [BE15], the c;fl,fz(@) is equal to the Whittaker function
(@wnm)~!

evaluated at the character associated to the one sending up; to ¥ (uy, ), where we have
the exponent given as conjugation.
But
ufjwM)il = (DM) L (DM = wi D wprupwy, Dwyy.

In this particular case, we have that u,;, the unipotent component of u corresponding to the
Levi subgroup M = G Ly(C) x GL4(C). But

1 T12 0 0 0 0

0o 1 .0 0 0 O
{0 0 1 w3 w35 w36
Uar = 0 0 0 1 Ta5 T4
0 0 0 0 1 Tr6

0 0 0 0 0 1

In this formula, when wj; is written, what is meant is the matrix corresponding to the
permutation wy;, namely

010000
100000
o — [0 00001
M=10 00010
000100
001000

We can use Sage, as well as the value of ® that we computed above, to yield us with the
product

| ez 0 0 0 0
0 1 0 0 0 0

dodsx. dsdrx dydgx
0 0 1 2d16d534 d3dJ7d535 d4djd536
0 0 0 1 3d27d645 d4d 8d646
0 0 0 0 1 dadesae
0 0 0 0 0 1

To find the new t vector, we look at the off-diagonal elements. The reason is that we care
about a parametrization of upper-triangular matrices mod their commutator. Thus, when we

evaluate the H coefficient on M, we evaluate with the new vector t’ = (dadedrdsty dadels "dsdrts didsts )
! didadzdy 7 dids 7 dpdg 7 dsdy
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Notice that t’ also consists of integers given that t consists of integers due to the divisibility
conditions given Lemma 6.1 in [BE15].

Now, at this stage, we compute what the Whittaker function looks like for A; x As, since
we've removed the second simple root from As already To do this, first recall that from
Section 7 of [BE1H], which we did in subsection [2.5, we have that the Whittaker coefficient
for Az is equal to

Whiops(l) > H(dy,... ds)|didadsds| )0 (D)Coch (D),

djEOS/Og ,d;#0
j=1,...,.N

where H is the series given by

Cr b201d4 b403 Cy Clbgd4 CQb4
=Yty —t =)
Z H( > ( dids " d3 )+ 2 d, al dydy * da >>

€1,02,¢3,c4 k=1

Now, for the combined M = GLs x GL4, our next parabolic comes from removing the
fourth root. Notice here that wy; can be taken to be 515355, and w! = 54535554, yielding us
with the ordering of the roots being (as + ay + a5, aq + a5, az + a4, ay), and so we end up
with the evaluation of the coefficients as being

s+1/2
C}Z}sz(@) = Wf37f478<1> Z H(d9v NGLE t/17 t/2= t37 t4)6 / (9 ) (©/>C’},Dc}b3,f4<@/)'
djéos/og ,d;#0
j=1,..,.N

Notice, however, that the formula for ® is the same as that in the GL, case, except where
the positive roots that we are enumerating over are shifted by 2. Therefore, we see that
5S+1/2( D) = |dydigdi1dis| "), As for H, we see that, similarly, the formulas all depend
simply on the enumeration of the positive roots, again with the same shifting of indices. But
our formula for H is thus

A o gl gl oy
Hremoving third root from A1 x Ag (d97 cee dl?a tla t2a t37 t4) - Hremoving second root from Ag (an ey d127 t2, t37 t4)

51009d12 biaciy C12 cobi1di2 c1ob12
D S | {3 (e )
co  (mod dodiodir) k=9 9411 11 12 9010 10
c1o  (mod diodi2)

c11 (mod di1di2)
c12  (mod di2)

Notice that the coefficient of ¢ is zero because there are no positive roots in our enumeration
whose difference is a;.
Substituting in the value of ¢, we previously computed yields us with
dodgts dsdqty dydgts
dids " dads " dsdy

C}bl,fz (D) = Wf37f478(1) Z Hremoving second root from As (dg, cee ,d12;
deUS/Ug,dj;ﬁO
j=1,....,N

|dodrodridia| "B (D) el 4 (D).

Here, we have that c}fg B (') is the coefficient when we treat the subgroup G Lo X G Ly X G L.
At this point, however, using a similar logic to the above, removing any of the other three

roots yields us with three products of Gauss sums.
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Repeating the procedure above, and noting now that the three remaining roots that we
have to remove have corresponding reflections that are orthogonal, we see that 01;37 P (D) is

. g(t! drs)g(# d1a)g(t! d
proportional to (d53 +113’/)2g(s ; +11/4z)gs(5§1 /125) To compute what ¢{,t5,t%, we repeat the procedure

that we’ve done above. Notice that ® with GL, is equal to
D' =8l (dg 1)) -+ (I (d1y)),

which using a similar procedure to the above yields

10 0 0 0 0
01 0 0 0 0
o |00 dytd 0 0 0
00 0 dgdy, O 0
00 0 0 dq1d12 0
00 0 0 0 dodip
Now, to find the new character, we again compute
w;/}@’_leuMw;/}Q'wM,
this time with
01 00O0O0 1 2o 0 0 0 O
1 00 000 0O 1 0 0 0 0
100 0100 10 0 1 234 0 O
Y=1oo0t1000'™™™T]0o 0 0 1 0 0
000 O0O0°1 0 0 0 0 1 xx
000010 O 0 0 0 0 1
Again, computations with Sage allow us to see that
1 T12 0 0 0 0
0 1 0 0 0 0
i _ 0 0 1 dwodizzas 0
wM1@’ leuMwMIQ'wM =10 0 o0 dody 0 0
00 0 0 1 dud
0O 0 0 0 0

Hence, (t],t5,t4) corresponds to the off-diagonal entries (1,2), (3,4) and (5,6) in the matrix,
since we are removing the root corresponding to tj. In other words, our inputs for the

o dsdedrdst: dadediodiots dadgdiidiots _
t—vector are now ( 20 Pt 1 e el e ), so our final c—value that we need to
compute has

g(d5d6d7d8t1 d )g(d2d6d10d12t3 d ) (d4d8d11d12t5 Cl )

W) . didadsdy 0 13 didsdodyy dsdrdodig
(D) = T e G o G Wl W ) )

Now, we need to compute the value of the ( that appear in the coefficients. We recall the

formula for (5 that we found way back in equation by comparing the second coordinates
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this time. This yields us with the equation

G = HUv (Hh% dit), o, (dy )) :

We now evaluate this for each ® coming out of each root removal step.

Notice that for (g4, Ca,,. Cays We see that these will all be 1. To see this, after removing the
first two roots we only have the positive roots aq, as, as; this means that removing each of
the last three roots yields that our corresponding ® is just a matrix of the form h,(d;); but
as © = (h,(d;),1), we have (4, is 1 for those three values of 7. From [BFT5], we have that
Cor is equal to (dig, dy)s(d1odi2,d11)s. We just need to compute the first step, when we were
removing ©. To do this, we revisit the multiplication rule from [BF15], Section 1.

N

In order to compute z];[2 o (H hy (di'), by (di') |, we work one at a time. First, we
begin with the matrices that we listed before. We start with h.,(d; ') and h.,(dy"). Here,
we are considering the product of

di* 0000 0

0 1000 0

. | 0o o100 0
() =10 901 0 0
0 0001 0

0 0000 d

and

' 000 0 0

0 10000

& |0 010 0 0
ha(d2) =10 901 0 of
0 000 dy O

0 000 0 1

per the formula given in [BE15], we get
Chwl(dl_l)hw(dz_l) = (d1_17 dQ_ ) (dl 17 1) (dl 17 d2) (17 1)}9’0(17 dQ)ilS‘(dl? 1)57

where the symbol (a,b)s denotes the Hilbert symbol.

From here, we use properties of this Hilbert symbol, such as in [Ser93]. For instance,
Proposition 2 from [Ser93|, part (i) tells us that anything with a 1 yields us with a 1, as
12 = 1, giving the simplification

Choy @y @z = (A1 dy )s(dy ! da)s.
Parts (v) and (i) then tell us that crv(h%(dl_l), h.,(dy")) = 1. We next evaluate the product
(o (A Vo (dy Vg (d571), 00 (P (), Py ()0 (P () e (), Py (7))

For the other products, we see that continuing our process of multiplication, which picks

up these cocycle coefficients o, between our partial product and the next term, yields us
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with
Co = (dydsdady, ds)s(dsdsds, dg)s(dads, d7)s(dy, ds)s.

6. LITTELMAN INEQUALITIES AND THE CRYSTAL BASIS

It turns out that yet another way of determining the Hs’ in the Whittaker coefficients as
Dirichlet series in several complex variables, is to attach a product of Gauss sums to each
vertex in a crystal graph. These Gauss sums depend on some quantities called “string data”
as mentioned in Littelmann [Lit98].

Given a specific factorization of the long Weyl group element into simple reflections, these
data are the lengths of segments in a path from the given vertex to the vertex of lowest
weight. In this section, we will borrow Littelmann’s formulation of the adapted strings to
understand the vertices of the polytope. We suspect that there is a correspondence between
the support of the exponential sums in the Whittaker functions and the polytope obtained
by the inequalities that define a rational polytope C2 in [Lit98]. To this end, we explicitly
computed the polytope using the following definition from Littelmann.

Given a dominant weight A the bounds on the 15-dimensional rational polytope C2 is
defined by a, < (X, a;,), ap—1 < (X — ap,, @iy_y),eey a1 < (A = apa, — ... — G20, Q). For
p = 15, the inequalities are inductively computed as follows:

ais < Ay — As

apy < A3 — Ay +ass

a3 < Ay — A3+ auy

aip < A1 — A + a3

ain < As — A + ais

aip < Ay — A5 — 2a15 + ayg + an

ag < A3 — Ay — 2a14 + ars + a3 + axp

ag < Ay — A3 — 2a13 + ar4 + a2 + ag

ar < Ay — A5 — 2a15 — 2a10 + ayg + a1 + ag

ag < A3 — Ay — 2a9 — 2a14 + a5 + a3 + aio + ag + ag

as < As — A¢ — 2a11 + a15 + ap + ag

ag < Agp— As — 2a15 — 2a10 — 2a7 + ayg + an + ag + ag + as
az < A5 — A¢ — 2a11 — 2a5 + a5 + aip + ar +ay

az < A3 — Ay — 2a14 — 2a9 — 2a6 + a15 + a3 + aip + ag + ay + ay
ar < A1 — Ao — 2a13 + a3 + ag

Using Sage, we computed the polytope to have 12,624 exterior vertices. Connections
between the support of the H-functions and the vertices of this polytope still need to be
established. We expect that the H-function is supported on a subset of all vertex points

(both interior and exterior) of the polytope.
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7. SAGE COMPUTATIONS

I did some computations for p = 3.

(617 e ,68) value
(0,0,0,1,0,0,1,0) | 2-3°
(0,1,0,1,1,0,1,0) | 22- 38
(0,0,0,1,0,0,1,0) | 2-3°
(0,0,0,2,0,0,2,0) | 2- 3™
(0,0,0,0,0,0,0,1) | 3%+/3
(0,0,0,0,0,0,0,2) | 0
(0,0,1,1,1,1,0,0)| ©

8. FUTURE DIRECTIONS

For one future direction, we would like to figure out a method for a change of variables so
that we can compare the Whittaker coefficient with the Chinta polynomial. To develop this
method, it might help us if we could understand the 15 zeta functions which got pulled out
from the Chinta series when the denominator is multiplied by (14+2)(1+y)(1+2)(1+w)(1+v),
and how they coincide with the normalizing zeta factor of the Eisenstein series. This is
suggested in the paper of Chinta [Chi05].

In addition, there exists another description of the same polynomial through “string data”
defined in Littelmann [Lit98]. However, we have yet to find a connection between the support
of the exponential sums and the Littelmann’s inequalities. As such, another direction we
could take would be to figure out how Littelmann’s inequalities relate to our exponential
sum H.
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