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Irreducible Representations of &,

The irreducible representations of &,, are called Specht modules S*,
which are exactly indexed by partitions A I n.

Example

Some irreducible representations of Sy:
e the trivial representation corresponds to A = [TTT1.
e the alternating representation corresponds to A\ = E

o the reflection representation corresponds to A = 1.
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More Specht modules

Specht modules can also be created from skew partitions A/, but
these are not irreducible representations.

Definition (Ribbon Diagrams)

A ribbon diagram is a connected skew shape A/u with no 2 x 2 box
that is a subset of the shape.

A ribbon diagram with size |A\/u| = n can also be described by a
composition of n, reading row lengths from top to bottom:

§£j<—>(2,3,1,2,1,1)

Example
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Let p be a representation of a group G and let H be a subgroup of G.
The restriction of p to H, p|y, is the representation of H where for any
h € H we have

plu(h) = p(h).
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Restriction & Branching for G,

Definition (Restriction)

Let p be a representation of a group G and let H be a subgroup of G.
The restriction of p to H, p|y, is the representation of H where for any
h € H we have

plu(h) = p(h).

e We will mostly be considering the case where G = &, and
H=6,_.

e Restriction is well-understood in this context for partitions, but is
less well understood for skew-shapes.



Free Resolutions



Free Resolutions

One way to measure the complexity of an algebra A is to study the
minimal free resolution of the residue field k over A.



Free Resolutions

One way to measure the complexity of an algebra A is to study the
minimal free resolution of the residue field k over A.

Definition (Minimal Free Resolution)

A minimal free resolution of a module M over a k-algebra A is a
complex

On On— On— o o)
RN SN EN SN E NN N

where:



Free Resolutions

One way to measure the complexity of an algebra A is to study the
minimal free resolution of the residue field k over A.

Definition (Minimal Free Resolution)

A minimal free resolution of a module M over a k-algebra A is a
complex

dn On— On— o o
e S R S R, S A
where:

e each F; is a free A-module,



Free Resolutions

One way to measure the complexity of an algebra A is to study the
minimal free resolution of the residue field k over A.

Definition (Minimal Free Resolution)

A minimal free resolution of a module M over a k-algebra A is a
complex

9 On— On— ) )
e R S R, S A
where:

e each F; is a free A-module,

e the complex is exact, i.e. im0; = ker 0;_1,



Free Resolutions

One way to measure the complexity of an algebra A is to study the
minimal free resolution of the residue field k over A.

Definition (Minimal Free Resolution)

A minimal free resolution of a module M over a k-algebra A is a
complex

9 On— On— ) )
e R S R, S A
where:

e cach F; is a free A-module,
e the complex is exact, i.e. im0; = ker 0;_1,

e none of the entries of the matrices for the maps 9J; are units.



Free Resolutions

One way to measure the complexity of an algebra A is to study the
minimal free resolution of the residue field k over A.

Definition (Minimal Free Resolution)
A minimal free resolution of a module M over a k-algebra A is a

complex
dn On— On— o o
e S R S R, S A

where:
e each F; is a free A-module,

e the complex is exact, i.e. im0; = ker 0;_1,

e none of the entries of the matrices for the maps 9J; are units.

Minimality gives us information about the structure of our module M:

relaltions lati enerators
on relations relations generator
Fl Fo M

..._>Fn_1_>..._>[—_2
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Koszul Complex

Example

Let S = k[Xl,XQ,X3] and let /\i = /\i{el,eg, 63}.

0
o—>5®/\ 5®/\ 5®/\ Se\—-k—0

X3 —X2 —X3 0
83 = —X2 82 = X1 0 —X3 81 = (Xl X2 X3>
X1 0 X1 X2

If a group G acts on our algebra A, then the free modules in the minimal
resolution of k correspond to representations of G.
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Koszul algebras

e An algebra A is Koszul if every matrix in the minimal free resolution
of k over A has linear entries.

FACT

Koszul algebras are always quadratic.

e To any Koszul algebra A, we can associate to it another quadratic
algebra called its Koszul dual, denoted A

%) L T(v)
() (J)
where T (V) is the tensor algebra over vector space V.
Example
The Koszul dual of S =K[xy, ..., x,] is the the exterior algebra

/\(6‘1, 600 e,,).
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Koszul algebras

We can relate the graded components of A and A' via the Priddy
complex, which is always a minimal free resolution for k over A:

Theorem (Priddy Complex [Pri70])

The graded components of A' assemble into the following minimal free
resolution:

o ARA) AR A AR (A 5 AR (AN -k — 0
This gives us a means of computing the representations of A' given the

representations of A. Moreover, this sequence gives us the following
Hilbert series identity:

Hilb(A', t) = m



The Boolean lattice

Definition (Boolean Lattice)

The Boolean lattice B, is the set of subsets of [n] ordered by
containment.

Example (B55)
{1,2,3}

{1,2} {2,3}

{1} {3}



Koszul Algebras from 5,

We consider the following three rings:

k[xr : F € By)
(xFxg : F, G incomparable in 5,)

Stanley-Reisner ring | k[AB,] =

k[AB,
Chow ring Chow(B,) = [ B ]
<ZeEFXF tee€ [n]>
k[AB,
Colorful ring colorful(B,) = [AB,]

(X F=ixF =i € [n])

10



The Stanley-Reisner ring for A(B,)

Definition (Stanley-Reisner ring)
The Stanley-Reisner ring of the order complex of the Boolean lattice is

k[xr : F € B,]

k[AB,] := (xpxc : F, G incomparable in B,)"

11



The Stanley-Reisner ring for A(B,)

Definition (Stanley-Reisner ring)
The Stanley-Reisner ring of the order complex of the Boolean lattice is

k[xr : F € B,]
(xexc : F, G incomparable in B,)’

k[AB,] :=

Example (k[53])

{1,2,3}
{1,2} {23}
K[ABs] = k[x1, %2, X3, X12, X13, X23, X123]
5] =
(X1%2,X1X3,X2X3,X12X13,X12X23,
X13X23,X1X03,X2X13,X3X12) {1} {3}
%)

11



Chow Ring of B,

Definition (Chow ring of 53,)
The Chow ring of B, is

k[AB,]
(XicpxF i €[n])

Chow(B,) =

12



Chow Ring of B,

Definition (Chow ring of 53,)
The Chow ring of B, is

k[AB,]
(Xierxe i €[n])

Chow(B,) =

It is possible to obtain quadratic relations by replacing x. with
Xe — Y ocp XF for all e € E. This is the atom-free presentation, which we
will use by default.

12



Chow ring of B3

Example (Boolean lattice on three elements and Chow(/3))

ChOW(B3)

k[ABs]
(x1 + x12 + x13 + X123, X2 + X12 + Xo3 + X123, X3 + X13 + X203 + X123)

13



Colorful Ring of B,

Definition (Colorful Ring of B5,)
The colorful ring of B, is

k[AB,]
(X =i xF i € [n])

colorful(B,) :=

14



Colorful Ring of B,

Definition (Colorful Ring of B5,)
The colorful ring of B, is

k[AB,]

colorful(Bn) = <Z\F\:i XF:l€ [n]>

no atom-free presentation; choose to remove each x;
Example

k[AB;]
(x1 + x2 + x3, x12 + X13 + X203, X123)
k[x2, x3, x13, X3]
(X3, X2, X3, X33, X0X3, XoX13, X13X23, X2X03 + X3X03, X3X13 + X3X23)

colorful(B3) =

14



Combinatorial Interpretation

Example
k[A
colorful(Bs3) = [AB;]
(x1 + x2 + x3, X123)
1
12 13
1p3

Figure: A 3-coloring of the barycentric subdivision of a 2-simplex

15



Hilbert Series of Chow(5,) and colorful(B,)

The Chow ring and the colorful ring have the same Hilbert series: the
dimension of the k-th graded component is given by the Eulerian number

WE

i ow(B,), t) = Hilb(colorful(B,, :"_1 N ¢k
Hilb(Chow(85,), t) = Hilb(colorful(,, t)) kz_(:)<k>t

The Eulerian numbers count permutations in &,, with k descents, and
satisfy the recurrence

<:> =(n— k)<z:1> + (k+ 1)<”; 1>.

16



Results




Directions of Study

Chow(B,) colorful(B,)
dims Eulerian numbers Eulerian numbers
basis Feichtner-Yuzvinsky [FY04] | descent monomials ([ngﬁf-%]w])
reps Stembridge [Ste92] ribbons [DHKLT23+]
reflects not really [DHKLT23+] yes [DHKLT23+]
branching?
quadratic GB? yes [Cor23] yes [DHKLT23+]
Chow(8,)' colorful(B,)'
dims recursive form [DHKLT23+] recursive form [DHKLT23+]
basis conj. [DHKLT23+] TBE
reps 77?7 [DHKLT23+] conj. @ of ribbons [DHKLT23+]
reflects TBE TBE
branching?
quadratic GB? | conj. non-quadratic [DHKLT23+] TBE

17



Data Table for Chow(Bs)

degree ‘ basis elements ‘ skew representations ‘ dimension

e 1 EEmEm 1
1 Xijy Xijk > Xijkl s X[5] 2D:PI+EPE+D:EED 26
? i, i), | 3O AT+ e | 66

2 2 2
Xijk» XijkX[5]> Xijki > X[5] + LD

3 XFX(s]s XiiXa): 2P+ U+ oo 26

X

4 x[45] EEEEE 1

18



Graded Components of Dual (n = 3)

irreducible representations

dimension

[
H+2omo
H+ 5+ 40D
7H+ 19 + 110

320+ 70FP + 370D

15

56

209

19



Graded Components of Dual (n = 3)

irreducible representations

dimension

[
Hl+ 20
H+ 5+ 40D
7H+ 19 + 110

320+ 70FP + 370D

15

56

209

To be a permutation representation, the graded components should then
be expressible in terms of EFP’ - and .

19



Basis for graded components of Chow(13;)’

Theorem (DHKLT23+)

Let My be the set of all degree d monomials not in the ideal (G)
where

G= {21223= 21232223}

then My is a basis for the degree d component of Chow(13)".

20
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Basis for graded components of Chow

Theorem (DHKLT23+)

Let My be the set of all degree d monomials not in the ideal (G)
where

G= {21223» 21232223}

then My is a basis for the degree d component of Chow(13)".

| k(z12, 13, 223, Z123)
Chow(B3) = 5 _’22 ’_22’ 2
123 — Zi2 — Zi3 — 23

2 2 2 2 % 2 2 2
(Zip3 — Zip — 713 — 233)7123 — Z2123(Z1p3 — Zip — Z13 — Z33)
d

2 2 2 2 2 2
7103715 + Z123213 + Z1232p3 — 2152123 — Z132123 — Z537123

20



Example: Basis for graded components of Chow(B3)'

G = {212237 21232223}

Example
degree (some) basis elements dimension
0 1 1
1 Z12, 213, 223, Z123 4
2 2, 712713, . . Zi3 42 —-1=15
3 Zh, 2213, .. FroFiay ErsFiay 2ty | 40 — 8 =56

21



Conjecture for Basis of Chow(B,)'

Conjecture (DHKLT23+)
Let G = U?Zl G; where
Gy ={z¢:|F| > 2}
Gy ={zgzy: HC G,|G| —|H| > 1,|H| > 2}
Gs = {zjuzj - i <j < k}
Gs = {zruijjzrujzr 1 i < j}

Let My be the set of degree d monomials not in (G). Then My is
a basis for the degree d component of Chow(B,)".

22



Directions of Study

Chow(B,) colorful(B,)
dims Eulerian numbers Eulerian numbers
basis Feichtner-Yuzvinsky [FY04] | descent monomials <[D,_I[,ﬁf%]3+]>
reps Stembridge [Ste92] ribbons [DHKLT23+]
reflects not really [DHKLT23+] yes [DHKLT23+]
branching?
quadratic GB? yes [Cor23] yes [DHKLT23+]
Chow(8,)' colorful(B,)'
dims recursive form [DHKLT23+] recursive form [DHKLT23+]
basis conj. [DHKLT23+] TBE
reps 77?7 [DHKLT23+] conj. & of ribbons [DHKLT23+]
reflects TBE TBE
branching?
quadratic GB? conj. non-quadratic [DHKLT23+] TBE

23



Colorful Basis Combinatorially: Descent Monomials

Definition ([GS84])

For o € &, we define the descent monomial of o by

n(o) = H Xo(1)...0(i)

o(i+1)<o(i)

Note that the degree of 1(o) is the number of descents in o.

24



Colorful Basis Combinatorially: Descent Monomials

Definition ([GS84])

For o € &, we define the descent monomial of o by

n(o) = H Xo(1)...0(i)

o(i+1)<o(i)
Note that the degree of 1(o) is the number of descents in o.

Example

For the permutation 17832465 € Gg with 3 descents, we get
17832465 — Xx178X1378X1234678

a degree 3 monomial.

24



Descent Monomials Are a Basis of colorful(5,)

Theorem

1(&,) is a basis of colorful(B,).

Example (Basis of colorful(B,))

0 descents | n(o) | 1descent | n(c) | 2 descents n(o) 3 descents n(o)
1234 1 2134 X 2143 X0 X124 4321 X4X34X034
3124 X3 3214 X3X23
4123 X4 3142 X3X134
1324 X13 3241 X3X234
1423 X14 4213 XaX04
2314 X23 4312 X4X34
2413 X04 4132 X4X134
3412 X34 4231 X4 X034
1243 X124 1432 X14X134
1342 X134 2431 X24X234
2341 X234 3421 X34X234 25




Colorful Basis

Theorem (DHKLT23+)

The following set is a quadratic Grobner basis for the ideal of rela-
tions of colorful(B,):

{xrx¢ | X, G incomparable, X, G # [i] V1 < i < n}
U{xZ | F#[i] V1 <i<n}
Ufxc > xr|ll1¢ G |G >i1<i<n}

\F|:i,FCG
Ulxe Y. xr|GgI[il.|Gl<i1<i<n}.
\F|:i,GCF

We do not have a conjecture for a basis for the graded components of
(A");, but the above result is a first step in this direction!

26



Reps of colorful(5,): Ribbon Diagrams

The reps of colorful(B,)« are given by the ribbon diagrams with n boxes
and of length k + 1:

n | degree representations dimension
3 0 oD 1
3] 1 -+ 4
2 H 1
4 0 [EEEE 1
40 1 | BFH+H+H 11
4| 2 F+f+ 4 11
4 3 1

27



A recurrence on the Eulerian numbers

Recall the recurrence for the Eulerian numbers <Z>

<:> —(n— k)<:_1> +(k+ 1)<”; 1>.
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A recurrence on the Eulerian numbers

Recall the recurrence for the Eulerian numbers <Z>

<:> —(n— k)<:_1> +(k+ 1)<"; 1>.

Question: Can we categorify this recurrence at the level of
representations with the Chow ring/colorful ring?

28



A recurrence on the Eulerian numbers

Recall the recurrence for the Eulerian numbers <Z>

n n—1 n—1
=(n—k k+1 .
() -y een(" Y
Question: Can we categorify this recurrence at the level of

representations with the Chow ring/colorful ring?

Can partially do it for the graded components of the Chow ring, but only
when d =0,1,n—2,n—1 for any n.

Example

For A(n) := Chow(B,), we have the short exact sequence

0 - SO=IV/M @ A(n—1)g 5 A(n)1 1S | % 280V @ A(n—1); — 0.

28



Ribbon Branching

Theorem (Ribbon Branching Rule, DHKLT23+)

Let A/ = (a1, ..., an) be a ribbon and let (by, ..., b,) := (\/u)".

Then,
Si- @ e @ s
n—1

i| ai>1 i| bi>1

29



Ribbon Branching

Theorem (Ribbon Branching Rule, DHKLT23+)

Let A/ = (a1, ..., an) be a ribbon and let (by, ..., b,) := (\/u)".

Then,
= T T
S P S @ S

i a>1 i bi>1

Example

Let,\:a@ﬂjz(z&l,Zl,l). ThenAT:B@:Bjjz(&zs,l,z,l).

The restriction of A from an Gp-representation to a Sg-representation is

given by

Sio
[ -
So 29
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Example
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Ribbon Branching

Theorem (Ribbon Branching Rule, DHKLT23+)

Let A/ = (a1, ..., an) be a ribbon and let (by, ..., b,) := (\/u)".

Then,
= T T
S P S @ S

i a>1 i bi>1

Example

Let,\:a@ﬂjz(z&l,Zl,l). ThenAT:B@:Bjjz(&zs,l,z,l).

The restriction of A from an Gp-representation to a Sg-representation is

given by

MR A




Colorful Ring Branching

Theorem (Colorful Branching Rule, DHKLT23+)
Let A(n) be the ring colorful(B,). Then,

A(n)i bar = (n = K)A(n = k1@ (k+ 1)A(n = 1)y

30



Colorful Ring Branching

Theorem (Colorful Branching Rule, DHKLT23+)
Let A(n) be the ring colorful(B,). Then,

A(n)i bar = (n = K)A(n = k1@ (k+ 1)A(n = 1)y

. J

Example

Ap =FPo e B - 2(FPod) o 3

30



Graded Components of Colorful(B;) Dual

degree representations
0 o
1 H -+

2 3§+2(EP+[H)+4DI
3| sf+10(FP+H) +8om
4 | 36H+34 (P+H) +37am

Conjecture (DHKLT23+)

If A(n) = colorful(n), then colorful(n)), is expressible in terms of a direct

sum of graded components of A(n). 31
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