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ABSTRACT. We consider finite sets of points in P™ x P™ and describe two methods for
producing short virtual resolutions, as introduced by Berkesch, Erman, and Smith [BES20].
First, we describe an explicit virtual resolution for a set X of at least 12 points in sufficiently
general position in P! x P?; this is a subcomplex of the free resolution for X. Additionally,
we extend to P x P™ a result of Harada, Nowroozi, and Van Tuyl [HNVT22] for P! x P*
by intersecting with a sufficiently high power of one set of variables.
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For varieties in projective space, minimal free resolutions of the vanishing ideal give impor-
tant geometric information. In particular, this geometric information includes the fact that
all minimal free resolution have length bounded by the dimension of the ambient space. For
varieties in multiprojective space, the vanishing ideals have lengths longer than the dimen-
sion of the ambient space. Introduced by Berkesch, Erman, and Smith in [BES20], virtual
resolutions are shorter than minimal free resolutions and can have length bounded by the
dimension of the ambient space. Crucially, virtual resolutions still include important geo-
metric information given by minimal free resolutions. There is growing interest in producing
families of short virtual resolutions, see [ABLS20, Dua20, BKLY21, GLLM21, Lop21, Yan21,

Date: August 3, 2023.



2 BAILLY-HALL, DOVGODKO, GUAN, SIVAKUMAR, AND SUN

BPC22, HNVT22, KLM*23, BE, BS, BP, FH, HHL]. Notably, virtual resolutions of varieties
of points in P! x P! have been studied by [HNVT22 BP].

In [BES20], Berkesch, Erman, and Smith defined a virtual resolution and identified two
strategies for finding virtual resolutions for varieties in multiprojective space. The first of
these two strategies, which we will call “virtual of a pair”, corresponds to a subcomplex of the
minimal free resolution obtained using multi-graded regularity, as introduced by Maclagan
and Smith in [MS04]. The second strategy, which we will call “intersecting,” involves finding
the minimal free resolution of the vanishing ideal intersected with a power of the irrelevant
ideal.

In this report, we consider finite sets of points X C P"xP™. Let S = k[zo, ..., ZTn, Yo, - - - » Y]
denote the Cox ring of P™* x P™, where k is algebraically closed. The irrelevant ideal is

B = (xo,...,Tn) N (Yo Ym)-

Furthermore, let Iy denote the homogeneous vanishing ideal for X.
For points in P! x P! Harada, Nowroozi, and Van Tuyl [HNVT22] used the virtual of
a pair and intersecting approaches to describe virtual resolutions for points in P! x P!. In
[BP], Booms-Peot extended Harada, Nowroozi, and Van Tuyl’s results for the virtual of a
pair approach and showed that most such virtual resolutions are of Hilbert—Burch type.
Our report extends results similar to [HNVT22] and [BP] to multiprojective spaces of
higher dimensions. We present the following three main results:

Theorem (Theorem 3.5). Let X C P! x P? be a finite set of points with generic Hilbert
matriz such that | X| > 12. Assuming that Conjecture 5.4 holds, then there exists a virtual
resolution of length 3 which can be explicitly described in terms of | X|.

Theorem (Theorem 8.2). Let X be a set of points in P* x P™. Let s denote the number
of unique second coordinates. For all b > s — 1, the minimal free resolution of S/(Ix N
(Wo, - -, Ym)?) is a virtual resolution of S/Ix of length m + 1.

Theorem (Theorem 9.13). Let X be a set of points in P™ x P™. Let t denote the number of
unique first coordinates. For all a > t—1, the minimal free resolution of S/(IxN{(xo,...xn)*)
is a virtual resolution of S/Ix of length at most n +m and at least n + 1.

Outline. In Section 2, we introduce general background necessary for the study of virtual
resolutions in products of projective spaces. Then in Section 3 we elaborate the particu-
lar background necessary for understanding our first method of finding virtual resolutions:
virtual of a pair. In Section 4 we prove Proposition 4.3, a result analogous to [Giu92, Propo-
sition 3.3] for P x P™. This result shows a relationship between Betti numbers in the
minimal free resolution and the Hilbert function for an ideal of points. Next, in Section 5
we prove Theorem 3.5. Then in Section 6 we transition to introduce necessary background
to understand our second method of finding virtual resolutions: intersections with the irrel-
evant ideal. In Section 7 we prove necessary preliminaries which are used in Section 8 to
prove Theorem 8.2. Finally, in Section 9 we prove our main result using the intersection
approach, Theorem 9.13, in full generality.
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2. BACKGROUND

In this section we will introduce some general background that will be used throughout
the entire paper. We introduce more specific background to our two approaches in Section 3
and Section 6.

Recall that S = k[xo, ..., Zn, Y0, - -, Ym] is the Cox ring of P" x P™. The ring S is bigraded
with deg(x;) = (1,0) and deg(y;) = (0,1). In general, a point P = A x B € P" x P™ has the
bihomogeneous vanishing ideal

IP - <LA1a"' 7LAn>LBl>"' 7LBm> - S?

where each Ly, and Lp, are linear forms in the x and y variables respectively. Throughout
this document we will write X C P™ x P™ to denote a finite set of points. If

X:{Ph”'aps}:{AlXBla"'7ASXBS}7

the defining ideal of X is Iy = Ip, N---NIp,, and we define m(X) = {Ay,--- , A} C P,
7T2(X) = {Bl,' . ,Bs} Q P,

Definition 2.1. [HNVT22| Let M be a finitely generated S-module, and let
(M) :={me€ M | B'm = 0 for some t € N}.
Let
Fo=---— F, — Fy = F
be a complex of finitely generated free S-modules satisfying the following:
(1) For each i > 0 there is some ¢ such that B'H;(F,) = 0, and
(2) Ho(F:)/Ts(Ho(F,)) = M/Tp(M).
Then F, is a virtual resolution of M.

Definition 2.2. [HNVT22] For any bihomogeneous ideal I C S, the Hilbert function Hg;
of S/I is the function Hg,r : (Z0)” — Zsq defined by

HS/[(i,j) = dlmﬂ{(S/I)ZJ = dlmlk Si,j - dlm]k I

i,
where M, ; denotes the (4, j)-graded component of a bigraded S-module M.

If Iy is the defining ideal of a subvariety X of P" x P, denote Hg/;, by Hx. View Hx
as an infinite matrix with entries Hx (i, j).

Let R be the Cox ring of P". For a subvariety X C P", denote the Hilbert function of
R/Ix by Hx(j) = dimy R; — dimy[Ix];, where Ix is the defining ideal of X.

In Section 3 and Section 5, we will also need the notion of the multigraded regularity of
a set of points X C P x P™, denoted by reg(S/1(X)). We will not give the definition of
multigraded regularity here, because for the purpose of this paper, it suffices to use a char-
acterization of reg(S/I(X)) in terms of Hy from [MS04], which will be stated in Lemma 3.4.

The following is a well known result for the Hilbert function of a finite set of points in P".

Lemma 2.3. [VT02, Proposition 1.2] For a finite set of distinct points X C P" we have
Hx (i) = |X| for alli > |X| — 1.
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In the case of multiprojective spaces, the following result (a special case of [VT02, Propo-
sition 4.2]) gives more information about the “border” of the Hilbert function Hy of a set
of points. This will be used in Remark 3.7.

Lemma 2.4. [VT02, Proposition 4.2] Let X be a set of s distinct points in P™ x P, and
suppose that m(X) = {Py,..., Py} is the set of t; < s distinct first coordinates in X. Fiz
any j € Z>o; then for all integers | > t; — 1, we have

Hx(lj)= Y_ Hg,(j)

Pi€7r1(X)
where Hq,, is the Hilbert function of Qp, := mo(m 1 (P)) C P™.

Corollary 2.5. If X C P" x P™ is a finite set of points with mutually distinct first coordi-
nates, then we have

Hx(s—1,0)=s

Proof. This follows from Lemma 2.3 and Lemma 2.4 since each ()p, now consists of a single
point in P™. 0

3. THE VIRTUAL RESOLUTION OF A PAIR APPROACH

One of the methods given in Berkesch, Erman, and Smith’s paper for constructing virtual
resolutions is the following theorem ([BES20, Theorem 1.3]):

Theorem 3.1. Let S = Kk[xg, ..., %0, Yo,---,Yml, let M be a finitely generated Z*-graded B-
saturated S-module, and let d € Z? be such that M is d-reqular. If G is the free subcomplex
of a minimal free resolution F' of M consisting of all summands of F' in degree at most
d+ (n,m), then G is a virtual resolution of M.

As in [BES20], we call the virtual resolution obtained in the above theorem the virtual
resolution of the pair (M,d).

In [HNVT22|, the authors used Theorem 3.1 to construct virtual resolutions of finite sets
of points X C P! x P!. Among other things, they showed that when the points are in
sufficiently general position, the virtual resolution obtained by taking d = (|X| — 1,0) in
Theorem 3.1 is always of length 2. In this section we generalize this result to P! x P2. The
proof in [HNVT22| for the case P! x P! relies on the fact that when X is in sufficiently
general position, the Hilbert matrix Hy is uniquely determined by |X| and is of the form
Hx(i,7) = min{(:+ 1)(j + 1), | X|}. Computer experiments in Macaulay2 [GS] suggest that
this form of the “generic” Hilbert matrix can be generalized to P™ x P™:

Conjecture 3.2. For every s > 1 and all n,m > 1, there exists a dense open subset
U C (P x P™)% such that for any X = {Py,..., P,} C P" x P if (P,...,P,) € U, then
Hx(i,7) = min{| X|,T;, T} for all ¢, 7 > 0, where

T = (z +n)
n

is equal to the number of monomials of degree i in k[zo, ..., x,].
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Definition 3.3. For a set of points X C P" x P™, whenever Hx has the form given in
Conjecture 3.2, we say that X has generic Hilbert matrix, and say that X is a set of points
in sufficiently general position.

The following lemma is a special case of [MS04, Proposition 6.7].

Lemma 3.4. Let X C P" xP™ be a finite set of points in sufficiently general position. Then
we have

reg(S/1(X)) = {(i,J) | Hx(i,5) = [X|}
In particular, we always have (| X| —1,0) € reg(S/I(X)).

Our main result of the virtual of a pair approach is the following theorem, which will be
proved in Section 5. The conclusion also relies on another conjecture (Conjecture 5.4), which
is a version of the Minimal Resolution Conjecture. Roughly speaking, this conjecture asserts
that when X is a set of points in sufficiently general position, the Betti numbers of X do not
overlap with each other. For more details, we refer the reader to the discussion in Section 5
preceding Conjecture 5.4.

Theorem 3.5. Let X C P! x P? be a finite set of points with generic Hilbert matriz, and
assume n = | X| > 12. If we assume that Conjecture 5.4 is true, then S/Ix has the following
virtual resolution of length 3, obtained by taking d = (n — 1,0) in Theorem 3.1:

S(—m,—2)5"

%

S(—m', —2)773" S(—m —1,-2)"
¥ b

0— S(—n,—2)> = S(—m/ —1,-2)*" — S(—m/, —1)*" 55— S/Ix —0,

S¥ %

S(—n,—1)3 S(—m/ —1,-1)"
S

S(—n,0)

where n = 6m +r = 3m' +r" with 0 < r <5, 0 <" < 2. When r (respectively, r') is
zero, the term S(—m —1,—=2)" (respectively, S(—m' —1,—=1)" and S(—m' —1,—-2)>") do not
appear in the virtual resolution.

Remark 3.6. In the case that 2 < n < 11, if we assume Conjecture 5.4, then it is still
true that S/Ix has a virtual resolution of length 3 obtained by taking d = (n — 1,0) in
Theorem 3.1, and the proof is analogous to Theorem 3.5; however, this virtual resolution
can no longer be explicitly given by a general form as in Theorem 3.5

Remark 3.7. Without assuming Conjecture 3.2, if we assume that the points in X have
mutually distinct first coordinates, then by Corollary 2.5 and [MS04, Proposition 6.7], we
can still conclude that (| X| —1,0) € reg(S/I(X)). Therefore we can still obtain a virtual
resolution by taking d = (|X| — 1,0) in Theorem 3.1. Moreover, if we assume a version of
the Minimal Resolution Conjecture that is stronger than Conjecture 5.4 (see Section 5 for
details), then we can still show that the virtual resolution obtained in this way has length 3.
However, giving an explicit form of this virtual resolution would require both Conjecture 3.2
and Conjecture 5.4.
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4. DIFFERENCE MATRICES AND BETTI NUMBERS

To prove Theorem 3.5, we need to give an explicit description of the Betti numbers of X.
When X C P! x P!, then [Giu92, Proposition 3.3] gives a useful relationship between the
Betti numbers of X and the second difference matrix of Hy. The authors of [HNVT22] and
[BP] then exploited this relationship in their study of virtual resolutions for sets of points in
P! x P'. We generalize this relationship to arbitrary sets of points in P" x P™; namely, we
show that in P" x P the right matrix to look at for Betti numbers is the difference matrix
(A FL(ARY"FLH  defined as follows:

Definition 4.1. Define a partial order on Z? by letting (i,7) > (¢/,5') if ¢ > 4" and j > 7.
For any infinite matrix M = (M;;) indexed by (7, 5) > (0,0), we define the column difference
operator A® and row difference operator A by

AY(M)ij = My — M;_y
AR(M)U = M;; — M; ;4
where M;; is taken to be 0 if ¢ < 0 or j < 0.
Rgmark 4.2. Following [Giu92], we define the first and second difference operators A and
Y A(M)y; = A°AR(M);;
A*(M)ij = A(A(M))y
One can check that the operators A® and A® commute, i.e. we have ACAR = ARAC,

The following result relates the alternating sum of the Betti numbers of X to a certain
difference matrix of X.

Proposition 4.3. For any finite collection of points X C P™ x P™, if we write the minimal
free resolution of S/Ix as
0= @ S(—i, —j)lutmirin — . @ S(—i,—j)e) — § = S/Ixy =0
i,§>0 4,720
then the Hilbert matriz H of X satisfies
n+m-+1

(A AH™H) = > (=) By

r=1

Remark 4.4. Tt follows from [VT02, Lemma 3.3] that for any finite collection of points
X C P* x P, there exists a non-zero-divisor L € S for S/Ix, such that deg(L) = (1,0).
Consequently depth(S/Ix) > 1, so any minimal free resolution of S/Ix has length at most
n+m+ 1.

The key to proving this proposition is the following lemma.
Lemma 4.5. Under the assumptions and notations of Proposition 4.3, we have

n+m+1
Hij - T;,nij,m + Z T;L—h,nT‘j—k,m < Z <_1)T/6r,(h,k))

(h,k)<(i,5) r=1
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Remark 4.6. Recall from Conjecture 3.2 that we defined T} ,, := (H”), and we have T; ., T} ,, =

n

dimy, S; j, where S; ; denotes the (4, j)-th graded component of S.

Proof. We abbreviate the minimal free resolution of S/Ix in the statement of Proposition
Proposition 4.3 as
0= Foimir = ... > F1 = Fy— S/Ix —0

where F; = S. Since this is an exact sequence in the category of bigraded S-modules, for
any (i,7) € Z?*, we get an exact sequence of k-vector spaces by restricting to degree (i, j).

This implies that
n+m-+1

dimy (S/Ix )iy = Y (=1)" dimy(F,)i; (4.1)
r=0
By Remark 4.6, we have dimy S;; = T;,7},. Since F, = @h,k>o S(—h, —k)Prer for all
1 <r<n+m-+1, we have -

(Fig= @@ (S(=h,=k)i)»00 = @ (Sizpgr)?0»
(h.k)<(3,5) (h,k)<(4,5)
and therefore dimy(F,);; = Z(h,k)g(i,j) Ti—hnTj—kmBrnky- Substituting this into Equa-
tion (4.1) yields the desired result. O

Using Lemma 4.5, we can now describe the action of A® and AF on H explicitly. For the
ease of notation, we will write:
n+m-+1

Bue:= Y (1) Brnn)

r=1
Proposition 4.7. Under the assumptions and notations of Proposition 4.3, we have
(AH)ij = Tip1Tjm + Z Ti—hn-1T5—kmBhk
(h,k)<(4.4)
Similarly, for A® we have
(ARH)ij - jjz',nirj,m—l + Z ]ji—h,ntrj—k,m—lBhk
(hk)<(i,5)
Proof. We prove the proposition for A®. The proof for A® is analogous. By Lemma 4.5,
Hij = TinTim+ Y TionnTjmkm Bun
(hk)<(i.5)
Here we separate the sum into two parts, one where h = ¢ and 5 < k, the other with
(h,k) < (i—1,7). When h =4, T;_p,, = To,, = 1, s0
Hij = TinTjm + Y TjokmBi+ Y TionnTjokmBun
Using Lemma 4.5 again for H;_; j,

Hi1;=Ti1,Tjm+ Z Tici—hnTs—km B
(h,k)<(i—1,5)
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Now by definition of A®, we have
(A“H)yy = Hyy — Hiy

= (T = Tim1) T + > TjkmBi+ > (T — Tic1—nn) Tyt Bk
Using the binomial identities T;, — T;_1, = Tin—1 and Tj_p,, — Tio1-pn = Ti—pn—1, the
expression above simplifies to:

(ACH)ij = z n— 1 j,m + Z k,m 1k + Z 7ﬂifh,nf11“’]'flc,mBhk

k<.7 (hzk)g(iflzj)
Combining the two sums, we get:
(ACH>Z']' =Tin1Tjm + Z Tihn—1T—kmBhr- U
(h,k)<(i,5)

Corollary 4.8. By repeatedly applymg AY and AR on H, we have:

((AC)™(AF)"H),. = TigTjo + > TinoTj—koBuk
(h,k)<(i,4)

=1+ Z Bhy,

(h,k)<(4,5)
Proposition 4.3 now follows by applying each of A® and AF for one more time.
Proof of Proposition 4.3. Let M = (A°)"(A®)"H, so that:

Myj=14+ Y Bu

(h,k)<(i.4)

Then we have

AY(M)y; = Myj + M;_y; = Z By, — Z By, = Z Bk

And therefore

(ARA°M); =Y By — > By=

k<j k<j—1

5. EXPLICIT FORM OF A VIRTUAL RESOLUTION IN P! x P?

In this section we use the results of Section 4 to prove our main result for finding the
virtual resolution of a pair: Theorem 3.5.

Definition 5.1. Given a matrix M (i, j) with indices i, j € Z>(, we define
DM(i, j) = (A)*(AF) M) (i, j)
for all (i,7) # (0,0). We define DM (0,0) = 0.
Taking n = 1 and m = 2 in Proposition 4.3, we get the following:
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Proposition 5.2. For any finite collection of points X C P' x P2, if we write the minimal
free resolution of S/Ix as

0— P S(—i, =50 — ... » @ S(—i,—j)"6» = § — S/Ix — 0
i,j>0 i,j>0
then for all 1,5 > 0, we have
DHx (i,7) = =B1aij) + Baig) — B3,.5) + Baig)

The following lemma computes a submatrix of DHyx which will later be used for de-
termining the virtual resolution of S/Ix obtained by taking d = (|X| — 1,0) in Theorem
Theorem 3.1.

Lemma 5.3. Let X C IE’l x P2 be a collection of points with generic Hilbert matriz (i.e.
Hx(i,j) = min{(i + 1)(’}?),|X|}), and suppose that n = |X| > 12. Let HY denote the
upper-left (n + 1) x 3 submatriz of Hx, so that DH%(i,j) = DHx(i,j) for all 0 < i < n,
0<j5<2. Writen=6m+nr=3m'+1", where 0 <r <5,0<7r" <2. Then
(1) All the non-zero entries of DHY only appear in the rows with i = m, m + 1, m/,
m' +1, orn;

(2) We have
DH'(m,*) | |0 0 r—6
DHy(m+1,%)| [0 0 —r
DHY(m/,x) | [0 =3 9—3
DH\(m'+1,%)| [0 —r' 3’
and DH' (n,*) = [—1,3, =3], where M (i,*) denotes the i-th row vector of a matriz.

Proof. Recall the definition of the operators A and A? from Remark 4.2. Since H% (0, %) =
[1,3,6], we have AH%(0,%) = [1,2,3], and therefore DH'% (0,*) = [0,0,0]. Note that we
have

[ H%(0,%) 7 [ 1 3 6 7
He(1, %) 2 6 12
H(m —1,%) m 3m  6m
H';(m, *) m+1 3m+3 n
He(m+1,%) m+2 3m+6 n
H(m' — 1, %) m’ 3m/ n
H (m/, %) m' +1 n n
H (m' + 1, %) m' + 2 n n
H(n—1,%) n n n
H'(n,*) | | n n n |




10 BAILLY-HALL, DOVGODKO, GUAN, SIVAKUMAR, AND SUN

which implies that

[ AHL(0,%) 7] 1 2 3
AH (1, %) 1 2 3
AHS (m — 1, %) 12 3
AH' (m, *) 1 2 r-3
AHY(m+ 1, %) 1 2 -3
AHS (m' — 1, %) 12 -3
AH (m/, %) 1 =1 —r
AHS (m' 4+ 1, %) 1 -1 0
AHy(n—1,%) 1 -1 0
AHy(n,+) | o 0 0 |

Notice in the above matrix that for all i > 1 such that i ¢ {m, m+1,m’,m’+1,n}, we have
AHY (i —1,%) = AH% (i, %), which implies that DHY (i, ) = [0,0,0]. The conclusion of the
lemma now follows from calculating DH (i, %) for i € {m,m + 1,m',m’ + 1,n} using the
above matrix. O

Ideally, we would like to say that under certain assumptions (for example, when X has
generic Hilbert matrix), the matrix DHx completely determines all Betti numbers of X.
This amounts to saying that a certain version of the Minimal Resolution Conjecture (MRC)
holds for sets of points in P! x P2, Originally formulated in [Lor93] for points in P*, the MRC
states that for a set of points in sufficiently general position, no overlapping of Betti numbers
can happen. Later, [Mus98] generalized the MRC to sets of points in arbitrary projective
varieties. For a discussion of the history of the MRC, and the cases in which either it has
been proved or counterexamples have been found, we refer the reader to the introduction
section of [BP].

In [Giu96], the authors proved that the MRC holds for all sufficiently general sets of
points lying on a smooth quadric in P? (and hence for points in P* x P!); more specifically,
[Giu96, Theorem 4.3] says that the first Betti numbers of a set of points X C P! x P!
are entirely predicted by the matrix A2Hy. Recent studies of virtual resolutions for points
in P! x P!, for example, [HNVT22] and [BP], largely rely on this result. However, the
techniques that the authors of [Giu96] used are highly specific to the geometry of P? and
therefore difficult to generalize to higher dimensions.

For the purpose of our study, we state the following weakened version of the Minimal
Resolution Conjecture for points in P! x P2, Rather than using the full strength of the
MRC, we only require that the Betti numbers (3, ;) are entirely predicted by DHy, and
that the Betti numbers 35 (; ;) and S5 ; ;) do not overlap. This would suffice for proving
Theorem 3.5.



VIRTUAL RESOLUTIONS OF POINTS IN A PRODUCT OF PROJECTIVE SPACES 11

Conjecture 5.4. If X C P! x P? is a set of points in sufficiently general position, then for
every fixed (i,7) > (0,0), the following holds:
(1) We have 3, ;) > 0 if and only if

DHx(i,j) <0 and DHx (7', 5') < 0 for all (', ') < (i, )

and whenever the above condition holds, we have 3y ; ;) = —DHx (3, j);
(2) At most one of 3 (; ;) and B3 ; ;) is non-zero.

Remark 5.5. Using Macaulay2, for each 2 < s < 100, we generated 50 random sets of s
points in P! x P? in sufficiently general position. It has been verified that Conjecture 5.4
holds for all of these examples.

Lemma 5.6. For any (i,j) > (0,0) and k € {2,3,4}, if Bi—1,s) = 0 for all (r,s) < (4,7),
then By, = 0.

Proof. This follows from the fact that in a graded minimal free resolution, any non-zero
Betti number S (; j) records a syzygy of the syzygies (or minimal generators in the case that
k = 2) of degree strictly less than (7, j) in homological degree k — 1. O

Corollary 5.7. For any (i,7) > (0,0), if DHx(i',5') = 0 for all (¢',j") < (i,7), then
Baij) = Ba,i.g) = Baigy) = 0, and B j) = —DHx(i, ).

Proof. Assuming that Conjecture 5.4(1) holds, we know that 3 (v j»y = 0 for all (7', j') < (4, 7).
The result then follows from repeatedly applying Lemma 5.6 to every point (¢',j’) in the
region (7', j') < (i,7). O

Proof of Theorem 3.5. Since X has generic Hilbert matrix, it follows from [MS04, Proposi-
tion 6.7] that we have (|X|—1,0) € reg(S/Ix); therefore, by Theorem 3.1, the subcomplex
of a minimal free resolution of S/Ix consisting of all summands generated in degree at most
(|X|,2) would be a virtual resolution of S/Ix.

First of all, the value of £, ;) for all (0,0) < (4,7) < (n,2) are determined by Conjec-
ture 5.4(1) and Lemma 5.3. Since we always have DHx (7,0) = 0 for all ¢ < n by Lemma 5.3,
it follows from Corollary 5.7 that B30 = B3,1,0) = Bai0 = 0 for all ¢ < n. By a sim-
ilar argument, we have 35 ;1) = f5u1) = Bau1y = 0 for all @ < m/. Lemma 5.6 then
implies that B3 i1,1) = Bamrs1,1) = 05 since By g1,y = DHx(m' +1,1) = —r" < 0,
Proposition 5.2 forces £33 (m/41,) = 0. By a similar reasoning, we can show inductively that
B2,(i,1) = Ba,ii,1) = Bain) = 0 for all i < n—1, and it follows from Lemma 5.6, Proposition 5.2,
and Lemma 5.3 that £ (1) = 3 and 5 (n,1) = Ba,(n,1) = 0.

Using the same kind of argument, we can show that 35 ;9) = 33,52) = Ba,i,2) = 0 for all
i <m'. Lemma 5.6 then implies that B3 s 9) = Ba,m2) = 0, and Conjecture 5.4(1) implies
that (1 (n2 = 0 (since DHx(m',2) = 9 — 3’ > 0); therefore by Proposition 5.2 we have
Ba,(m,2) = 9—3r". By Lemma 5.6, we have (4 (41,2) = 0, and since DHx(m'+1,2) =3 >0
we also have B3 (m/11,2) = 0; by Conjecture 5.4(2), only one of 35 (n41,2) and B3 (ms41,2) can
be non-zero, and Proposition 5.2 implies that the non-zero one must be S35 m112) = 37
A similar argument shows that (s ;9) = 83,62 = Bauz = 0 for all m' +2 <i < n —1,
B2,(n,2) = Bayn,2) = 0, and B5 2y = 3. The theorem now follows from Theorem 3.1. O
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It is worth noting however, that the virtual of a pair approach does not always yield
a short virtual resolution. Specifically, for other corners of reg(S/I(X)) the length of the
corresponding virtual resolution may be longer than the dimension of the ambient space. In
[BP], Booms-Peot showed that in P! x P! under certain conditions virtual of a pair yields a
virtual resolution of length 3. The same issue persists in P! x P2, in the following example
we will show a virtual resolution of length 4 corresponding to performing virtual of a pair
for 31 points in sufficiently general position.

Example 5.8. For X C P! x P? with |X| = 31 with points in sufficiently general position
the minimal free resolution is enormous, with 12 summands in homological degree 2. It has
therefore been omitted. Shown here is the virtual resolution corresponding to performing
virtual of a pair for the regularity pair (2,4).

S(—3,—-4)*  S(-3,-3)?

S(—3,—5)* @ T
0— S(—3,-6)° — @ — 5(=2,-5)? = S(=2,-4)" = § = S/Ix = 0.
S(—2,—6)" ® ®

S(—1,-6)*  S(—1,-5)"

6. THE INTERSECTION APPROACH

We now transition to considering a second method for constructing short virtual reso-
lutions. This section introduces the big ideas of the intersection approach, then Section 7
discusses specific preliminaries used in Section 8. Finally, we prove an even more general
result in Section 9.

In [BES20], authors Berkesch, Erman, and Smith proved the existence of short virtual res-
olutions using a second method which uses the minimal free resolution of a slightly different
module than the original. We cite here a special case of their result:

Theorem 6.1. [BES20, Theorem 4.1] Let X be a finite set of points in P" x P™. Then
for all a > 0, the minimal free resolution of S/(Ix N {(xq,...,T,)*) is a virtual resolution of
S/Ix of length m +n

In [HNVT22], Harada, Nowroozi, and Van Tuyl improve on Theorem 6.1, by giving a
specific bound on a. Before introducing their result we recall that for a finite set of points
X C P" x P we define m;(X) to be the projection map onto first coordinates and mo(X)
to be the projection map onto second coordinates. The main result of [HNVT22, Section 4]
follows:

Theorem 6.2. [HNVT22, Theorem 4.2] Let X be a set of points in P! x PL. For all a >
| (X)| — 1, the minimal free resolution of S/(Ix N {xo,x1)*) is a virtual resolution of S/Ix
of length two.

The goal of Section 8 is to generalize [HNVT22, Theorem 4.2], from P! x P! to an analogous
statement for P! x P™. The main result of Section 8, Theorem 8.2 considers a set of points X
and the ideal IxN{y, ..., ym)’ With b > |m(X)|—1 in P xP™ (of which P! x P! is a subcase).



VIRTUAL RESOLUTIONS OF POINTS IN A PRODUCT OF PROJECTIVE SPACES 13

While in [HNVT22| the authors intersect with the z-variables, in order to make use of the
simpler vanishing ideals of points in P!, we will instead intersect with the y-variables. In
Section 9, we return to intersecting witht he x-variables again. We now introduce necessary
background which will be used in the proof of Theorem 8.2 and Theorem 9.13.

Lemma 6.3. [HNVT22, Theorem 2.3] Let I be a B-saturated bihomogeneous ideal of S. If
J is a bithomogeneous ideal of S with J : B® = I, then the minimal free resolution of S/J is
a virtual resolution of S/I.

Proof. The proof of this lemma in [HNVT22] is written for P! x P!, but their argument does
not rely on dimensions specifically. U

Definition 6.4. For a finite set of points X C P" x P let ¢ = |m(X)|, and t = |ma(X)].
Label the elements

m(X) = {A,..., A} and mo(X) = {By,..., B}

such that |77 (Ag)| > |77 (Agsr)| and |75 ' (By)| > |75t (Bri1)|. For each Ay € m1(X), let
oy, = |7 (Ag)|. Then ax = (ay, ..., a,). Similarly, for each By € mo(X), let 8, = |75 ' (By)|.
Then Bx = (b1, ..., Be).

Note that Bx is a partition of | X|, so 8% = (81, . .., 83,), will denote the conjugate partition
obtained by transposing the rows and columns in the corresponding Young diagram. In

particular, 5 = |{j € {1,...,t} | B; > i}|.
Definition 6.5. For brevity, define
(x) = (zo, ..., wn) and (y) = (Yo, - -, Ym)

7. INTERSECTION PRELIMINARIES FOR P! x P™

The following section gives results necessary for Theorem 8.2 which we will prove in the
following section. In particular, many of the results in this section are generalizations of
results about P! x P! from [GVT15] and [HNVT22] to analogous statements for P! x P™.

Proposition 7.1. [VT02, Proposition 3.5] Let X C P™ x...xP™ be a finite set of distinct
points, let Hx be the Hilbert function of S/Ix. Lete; = (0,...,0,1,0,...,0) with 1 in the
jth position. Then for any i = (iy, ..., i) € Z2, we have

Hx(i) < Hx(i+ ¢j)

for all 1 < j <k, in other words, if we increase one “coordinate” and fix all of the others,
the Hilbert function is weakly increasing.

Lemma 7.2. [GVT15, Lemma 3.25] If X is a set of s points in P!, then the Hilbert function
of X 1is given by
, 1+ 1 1 <s,
Hx<l) = { .
S 1> S.

The following result is a refinement of [VT02, Proposition 3.2].



14 BAILLY-HALL, DOVGODKO, GUAN, SIVAKUMAR, AND SUN

Proposition 7.3. [VT02, Proposition 3.2] Let X C P"xP™ be a finite set of distinct points
with Hilbert function Hx. The sequence {Hx(0, j)}jez-, is the Hilbert function of mo(X) in
P, B

The following lemma is a generalization of [HNVT22, Lemma 2.5], which proves the anal-
ogous statement for points on P! x P!

Lemma 7.4. Let X be a set of points in P™ x P™ with coordinate ring S/Ix, then the ideal
Ix is B-saturated.

Proof. Note that for each point P € X, Ip is B-saturated. Ix = NpecxIp and the intersection
of saturated ideals is saturated. Let P € X. Certainly Ip is contained in Ip: B® =
Uis11p: Bt. For the reverse containment, let f & Ip. We show that f & Ip: B™. Since [ ¢
Ip, f(P) # 0. But V(B) = @, so for any point () € P" x P™, there exists go € B such that

9o(Q) # 0. So there exists gp € B with gp(P) # 0, so that (fgp)(P) = f(P)(gp(P))" # 0.
Hence fgp ¢ Ip for all » > 1 so that f & Ip: B> as needed. O

Remark 7.5. By an appropriate change of coordinates, we can assume without loss of gener-
ality that for X C P! x P™ the non-zero divisor of Remark 4.4 is x¢, that is, we can assume
that if P=A x B € X, then A #[0: 1].

Lemma 7.6. Let X CP" X P™ be a finite set of distinct points all sharing a first coordinate
A eP". That is
X ={AX B;,AX By,...,AX B}

Note that t = |mo(X)|. If j >t — 1 we have Hx(i,j) = t.

Proof. By Proposition 7.3 we know that {Hx(0,7)};ez., is the Hilbert function of my(X)
in P™. By Lemma 2.3 we know that for a set of points P € P™ for h > |P| — 1 we have
Hx(h) = |P|. So {Hx(0,j)}jez., =t for j >t — 1. Furthermore, by Proposition 7.1, we
know for ¢ > 0 we have Hx(i,j) > Hx(0,j) =t. Since t = | X| in this case, and |X]| is the

maximum value attained for Hx for X a set of points in multiprojective space, it follows
that for j > ¢ — 1, and i € Z> we have Hx(i,7) = t. O

The following lemma is a generalization of [GVT15, Lemma 3.26].
Lemma 7.7. Let X C P! x P™ be a finite set of distinct points of the form
X ={Xy,...,. Xy} ={A1 xB,Ay x B,..., Ay x B},
where A; = m(X;) and B = mo(X). Then
1 1 1
2 2 2

Hx=1|(—-1 (-1 (-1
l l l
14 14 14
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Proof. By changing coordinates, we may assume without loss of generality that B =1[1: 0: ---:

Then

¢ ¢
Iy = () I(A; x B) = (\{La, y1,- - Ym) = (Lay - Lagy1, - ),
i=1 j=1
where Ly, = aj120 — ajor; for Aj = [aj, : a;,].

Let R = k[zg,z1,y0] with deg(zg) = deg(z1) = (1,0) and deg(yo) = (0,1), and let
F =Ly, - Ly, It follows that
and we also obtain the short exact sequence

0— R(—£,0) 5 R — R/(F) — 0.

Since the Hilbert function is additive on short exact sequences we know that Hg(i,j) =
Hp—00)(t,7) + Hpyp)(i,7). So Hgyry = Hg(i,j) — Hp(—e0)(i,7). Furthermore, note that
Hp_, 0 (i,j) = Hr(i — £, j), so when i < ¢ this Hilbert function vanishes. Since dimy R; ; =

i+ 1 for all (i,7) € Z%,, when i < ¢, we have Hg/;, = i+ 1. Additionally, when i > ¢ we
haveHS/]X:z'+1—(z'—€+1):€. D

The following lemma is a generalization of [GVT15, Lemma 3.28].

Lemma 7.8. Let X CP" x P™ be a finite set of distinct points with |mo(X)| = t. Suppose
that L € S04y is a nonzero divisor on S/Ix. Then (y)' C (Ix,L).

Proof. Since L is a nonzero divisor, we have the short exact sequence

0— (8/1x)(0,—1) & §/Ix — §/{Ix, L) — 0.
Then
Hsyue,1y(iy5) = Hx(i,§) — Hx(i,j — 1) for all (i,5) € Z,.

By Proposition 7.3, the sequence { Hx(0,j)}jez, is the Hilbert function of my(X) in P™,
and by Lemma 2.3 we have Hx(0,7) = |mo(X)| = ¢ for j > ¢t — 1. Then Hg1,,1y(0,t) =
Hg1(0,t) — Hgyr, (0,6t — 1) =t —t = 0. This implies that (Ix, L)os = So:, equivalently,
()" € (Ux, L), B

The following lemma is a slightly weaker version of [Eis95, Exercise 3.19].

Lemma 7.9. Suppose R is a ring containing an infinite field k, and let Iy, --- , I, be ideals
of R. If (fi,-+,fm) & I; fori = 1,--- . n, then there is (a1, - ,ay,) € k™ such that

dojaifi €U L

Proof. In the case k is infinite, the ideals (f, -, fi) and I; for i = 1,--- /n are vector
spaces over the infinite field. Suppose the vector space (f1, -, fn) C U 1. A vector space
over an infinite field cannot be expressed as a union of finitely many proper subspaces.
Then (f1,---, fa) C I; for some i = 1,---  n, a contradiction. Hence there is some element
> ;i fi of the vector space (fi, -, fn), a k-linear combination of its generators, such that

Zj a;fi ¢ Uj 1. U
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Lemma 7.10. Let X C P x P™ be a finite set of distinct points. Let P be a point in P™
such that P ¢ my(X), and suppose L1, ..., Ly, are linear forms in the y;’s generating the
defining ideal of P. Then there exists a k-linear combination of the L;’s that is a nonzero
divisor on S/Ix.

Proof. We will use F' to denote the image of F' under the quotient map S — S/Ix. Recall
that if we regard S/Ix as a module over itself, then the annihilator ann(L;) is defined as the
set of elements F' € S/Ix such that FL; = 0.

We first claim that

ann(L;) = 0 (7.1)
i=1

To see this, suppose there is F' € S/Ix such that F'L; = 0 for all i, we will show that F' =0
in S/Ix. Note that this is equivalent to saying: If there is F' € S such that F'L; € Ix for all
i, then F' € Ix.

So suppose there is such an F', plugging in any point (P, P») € X, we get F\(Py, P;)L;(B’) =
0 for all i. However, since P ¢ mo(X), we know Ly, -+, L,, do not vanish simultaneously
on any point of X. This means that L;(FP) # 0 for some i, so we must have F'(Py, P») = 0.
This is true for any point in X, so we conclude that F' € I.

Next, recall that in general, given an R-module M, a prime ideal of R is called an associated
prime if it happens to be the annihilator of some element of M, and we denote the set of
associated primes as:

Ass(M) :={p C R prime | p = ann(m) for some m € M}

In our case, R = M = S/Ix. By [Eis95, Theorem 3.1], Ass(S/Ix) is a finite set. Moreover,
the finite union of all associated primes:
U »

peAss(S/Ix)

is exactly the set of zero divisors of S/Ix together with 0 € S/Ix.

Now from Equation (7.1), we see that the ideal (Lj,--- , L,,) is not annihilated by any
element F' € S/Ix,i.e. (Ly, -+, Ly) ¢ ann(F). In particular, (L, , L,,) is not contained
in any associated primes. Therefore, by Lemma 7.9, we know there is a k-linear combination
of Ly,--+ , Ly, say L = c1Ly + -+ + ¢y Ly, that avoids all of the associated primes, which
means that L is a non-zero divisor in S/Ix. Taking preimage under the quotient map, we
get a k-linear combination L = ¢; Ly + - - - + ¢, Ly, which is a non-zero divisor on S/Ix. O

The following theorem is a generalization of [GVT15, Theorem 3.29].

Theorem 7.11. Let X C P! x P™ be any set of distinct points with associated tuple Bx =
(Brs -5 Bimaxy))- Forall i € Zsg if 7 > |ma(X)| — 1, then

Hx(i,§) = Bi + Py + -+ Pin

where 8% = (B,...,85) is the conjugate of Bx, and where we make the convention that

B =0ifr>Bi.
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Proof. We will prove this statement by induction on |me(X)|. For the base case, consider
when |m3(X)| = 1. Then we have X = {A; x B, Ay x B,..., Ay x B}, so Bx = ({), and we
have conjugate % = (1,...,1). By Lemma 7.7 we know that the Hilbert function of X is:
‘
1+1 i< fl—1
Holii) —
So for all j > |me(X)| — 1 =0, we have:
Hx(i,7) =min{i + 1,0} = 57 + 55 + ...+ B, for all i € Zx
since 5% = (1,...,1) and we observe the convention that g} = 0 for r > g, = (.
———’

¢
Now suppose the theorem holds when |mo(X)| < t. Let Bjy,...,B; denote the unique

second coordinates in X. Then for each 1 < k <t let Xy :={P € X | m(P) = By}. Now
we will consider

t—1
X=X
k=1
So X = X' U X;. We then have the short exact sequence:

0— S/(I(X)YNI(Xy) — S/IX)®S/T(Xy) — S/(I(X")+ (X)) — 0

Note that I(X;) = (F, Ly,-- -, L,,), where F' is a polynomial in the z;’s and Ly,--- , L,, are
the linear forms in the y;’s generating the defining ideal of the point B; € P™.

Now by Lemma 7.10, we can find an element L € (Lj,---,L,,) of degree (0,1) that
is a non-zero divisor on S/I(X’), then Lemma 7.8 yields (I(X’),L)os—1 = Sot—1 where
t —1 = |me(X")|. Therefore, we have

Sij CI(X"),L);; € (I(X"),I(Xy))ijifj>t—1
Thus from the short exact sequence we get:
Hx(i,j) = Hx/(i,7) + Hx, (i, ) for all (i, ) € Z%, with j > ¢ — 1

Now since BX = (Bl?"' 7ﬂt)7 we have 5, = BX’ = (ﬁl:"' 7Bt71> and ﬁ” = BXt = <5t)
Since |mo(X’)| =t — 1 < t, by induction:

Hyi(i,5) = (B + -+ (8)in
for any j >t —1 > |me(X’)| — 1. Similarly,
Hx,(i,5) = (B")1 + -+ (B")in
for any j >t —1 > |mo(X};)| — 1. Therefore for any j > ¢ —1
Hx(i,§) = ((B)1 + -+ (B)i1) + (B +-- -+ (8")i)
= (B +(B1) + -+ ((B)i + (B)i)
=B+ + 0
so we are done. O

The following result is a generalization of [HNVT22, Corollary 2.8].
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Corollary 7.12. Let X C P'xP™ be a set of points with associated tuple B% = (585,55, . .. ,B5,)-
Let L € S correspond to the nonzero divisor of Lemma 1.3 which is of degree (1,0). For all
J = |m(X)] -1,

Hg/(ry+wy (i, j) = By, where B2 =0 if r > By.

Proof. We have the short exact sequence

0— [S/(Ix : (L))](-1,0) LN S/Ix — S/{Ix,L) =0

Since L is a nonzero divisor, Ix : (L) = Ix. The maps in the short exact sequence
have degree (0,0). Thus, since Hilbert functions are additive on short exact sequences,
Hgryvn(i,J) = Hgyr(4,75) — HS/[X( 1 ]) By Theorem 7.11, the right hand side is
Bi+Bs+. B — B+ 6+ +5) =B o

8. INTERSECTIONS IN P! x P™

The following lemma is a generalization of [HNVT22, Lemma 4.3] which proves the anal-
ogous statement for P! x P!

Lemma 8.1. Let X be any set of points in P' x P™ with mo(X) = {By, ..., Bi}. Suppose
that xq is a nonzero diwvisor on S/Ix. Then for any integer b > |ma(X)| — 1, the equality

<IX N <Y>b> $0> - ﬂ <:L'O7 xfkv LBk,l’ LBk,Q’ R LBk,m> N <<Y>b’ ZL‘0> (81)
Brem(X)
is a primary decomposition of (Ix N (y)®, zo) with Lp,, a linear form in the y;’s generating
the defining ideals for By.
Proof. Recall that by definition of the f;’s, for each By € mo(X) we have a set
Xk = {Ak,l X BkyAk,Z X Bk, e 7Akw3k X Bk} - X

so that X; = 7, '(B;) N X and contains all points in X with second coordinate Bj. So
Ix = ._, Ix,. We will prove Equation (8.1) by showing containment in each direction and
end the proof by demonstrating that each ideal in the decomposition is primary. For each k
we know Iy, = ([ La,., Lp,,: L, -, Lp,,,) withdeg(Lp,,) = (0,1) and deg ([] L4, ,) =

(ﬁk? )
Recall that for any three ideals I, J, K, we have that (INJ)+ K C (I + K)N (J + K).

By applying this fact, for all b > 0, we have

<IX N <y>b7 CL’()> = <]X1 N IX2 n...N ]Xt N <Y>b7 I0>

8.2
C (Ixy, o) N ... N (Ix,, o) N ((y)’, 20) o

For any k we have:

[Xk7x0 <HLAk1aLBk17'"7LBkmL7$O>
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Furthermore, since Hf *, L4, is a homogeneous polynomial of degree [ in only x¢ and

where the coefficient on 22 is not zero, we have:

B
<H LA]“., LBk,N ey Lma, .I'0> = <£L‘0, ZEfk, LBk,l? e 7LBk,m>’ (83)
=1

Then, by combining Equation (8.2) and Equation (8.3) we have:

<IX N <y>b7 .CI§'0> g m <$07 :C/fk7 LBk,laLBkyza s 7LBk,m> N <<y>b7 $0>
Brema(X)

This shows the first containment. Next we will now show that the righthand side of the
equality is contained in the lefthand side, for all b > |me(X)| — 1. Since both ideals are
bihomogeneous, it suffices to show inclusion on the (i, 7)-th graded pieces. We will show
that for all (z,7) € Z%, we have:

N

<xo,xfk,LBk,l,‘..,LBk,m>m<<y>b,xo>] ClI N als,  (84)
Byema(X)

1,J

We now have two cases we must consider, when 0 < j < b and b < j.
Case 1. Suppose 0 < j < b. Let

G e |: ﬂ <.T0,l'/fk,LBk,’1,...,LBk7m> N <<y>b,$0>:| .
1,J

Brema(X) i5J

Therefore G € ({y)® zo). Since 0 < j < b, and we are considering the i, j-th graded
component, then G € (z,). Therefore G € [(Ix N {y)®, xo)]i ;-

Case 2. Suppose b < j. Since b < j, therefore [(y)*];; = S;;. Since (Yo, ..., Ym)" is
already all of S, ;, it follows that ((y)°,zo)];; = S;;. Furthermore, since intersecting a set
with a subset yields the subset, then [(Ix N (y)®, zo)];; = [(Ix,%0)]i;. So, by substitution
into (Equation (8.4)), it suffices to show:

{ ﬂ <x07 xfkv LBk,l’ LBk,27 SRR LBk,m> - [(IXv x0>]i,j (8'5>

BkGTFQ(X) ’L',j

We now consider each ideal appearing in the intersection of the lefthand side one at a time.
Fix a 1 < k <t and consider the following two subcases:

(i). Suppose B < i. Then [(zq, 2", Lp,,,Lp,,,---,Lg,,,))i; = Si; since every monomial
of degree (i, j) with i >  is either divisible by z or is a multiple of 2%,

(#1.) Suppose i < . Then

[<l‘0, xfk7 LBk,N LBk,27 cee 7LBk,m>]i,j = [<1‘0, LBk,l’ LBk,zv s 7LBk,m>]i7j'

since no monomial containing x’f’“ will be in the (7, 7)-th graded piece of the ideal when
1< ﬂk
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Taking these two subcases into account, it suffices to show the following:

N L Do L) S il (5.6)
Brema(X) 1,5
Br>1
Since the vector space on the righthand side of Equation (8.6) is a subspace of the one on the
lefthand side, we show equality by proving that both vector spaces have the same dimension.
The ideal on the lefthand side of Equation (8.6) is the ideal of the points

Y ={[0:1] x By, | B > i} CP' x P

Then it suffices to show Hy (4, 5) = Hg/(1,z0) (%, 7). Since xg is a non-zero-divisor and since
J = b=|m(X)|—1, by Corollary 7.12 we have Hg (1, 2,)(¢,J) = 57, The number of points
in Y is then the number of 8 € Bx with 8 > ¢ + 1 which is, by definition 3;,,. So by
Lemma 7.6, Hy (i,7) = |Y| = 57,,. Therefore Hy (i, j) = Hg/1x20)(%, J) for j > |m(X)| =1,
and for all i € Z>o. So Equation (8.6) holds.

Having checked both cases for this containment, we may conclude that the equality holds.
Finally, we turn to showing that the decomposition is indeed primary. Recall that a monomial
ideal @ = {(q1,...,q) in a polynomial ring k|[z1, ..., z,| is a primary ideal if and only if, after
a permutation of the variables, @ = (z{",...,2",q},...,q,) and the only variables that
divide qf,...,q, are z1, ...,z (see [Vill5, Proposition 6.1.7]). Therefore, the ideal ((y)®, zo)
is a primary monomial ideal.

For the ideals (g, z7*, Lp,,,Lg,,,-..,Lg,,,) recall that Lp, , are linear either of the form
y; or byy; — bjy; for B = [bro : b -+t bgm] (WLOG we assume by # 0 since at least
one coordinate must be nonzero). Then:

S/ (w0, T Yirs - -+ s Yins bk Yo — bk.0Yrys - - - s Ok Yo — k0Yra)

bk,r bk,rw
:S/<x07x/fk7yi17"'ayim 1y0_y7“17"'7 yo_yrw>
bro bio

= lk[x()axlvy(hyip s ayiv]/<$0am§3k7y07yi1a s 7yiv>

Since (xo, :vf’“, Yo, Yirs - - - Yi,) is primary, so is (xo,2%*, L, ,,Lp,,,---,Ls,,,), completing
the proof. ([l

The following theorem is the main result of Section 8, and is a generalization of [HNVT22,
Theorem 4.2] which proves the analogous statement for P! x PL.

Theorem 8.2. Let X be a set of points in Pt x P™. For all b > |my(X)| — 1, the minimal
free resolution of S/(Ix N (y)?) is a virtual resolution of S/Ix of length m + 1.

Proof. We first claim that for all integers b, the minimal free resolution of S/(Ix N (y)?) is a
virtual resolution of S/Iy. To see this, note that by Lemma 7.4, the ideal Iy is B-saturated.
Moreover, we have the identity

Ix N {y)b: B® = Iy for all integers b > 0
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We check inclusion on both sides. Because Ix N {(y)? C Ix, we get IxN(y)®: B*® C Ix : B*®.
Then Iy : B® = Ix since Iy is B-saturated. For the reverse inclusion, note that IxB® C
Ix N B C Ix N (y)®. The claim now follows from Lemma 6.3.

Now we want to show that for any b > |mo(X)| — 1, the minimal free resolution of S/(Ix N
(y)®) has length m + 1. The projective dimension of S/(Ix N {y)®) is by definition the length
of its minimal free resolution. By the Auslander-Buchsbaum Formula,

pd(S/(Ix N {y)’) = depth(S) — depth(S/Ix N (y)")

. Since depth(S) = m + 3, if we can show depth(S/Ix N (y)®) = 2 we are done.

We first find the Krull dimension of S/(Ix N (y)?), since for any S-module M, depth(M) <
dim (M) The topological dimension of an algebraic set Y is the same as the Krull dimension of
its coordinate ring S/I(Y’). Note that in A™*3 V(IxN{y)®) = V(IxN{y)) = V(Ix)UV({y))
has topological dimension 2. By the Nullstellensatz S/(y/Ix N (y)?) is the coordinate ring
of this algebraic set, which then has Krull dimension 2. The prime ideals in S/(y/Ix N (y)®)
and S/(Ix N (y)®) are the same, so S/(Ix N (y)®) also has Krull dimension 2. Hence depth
of S/(Ix N {y)?) is at most 2.

We now show that for all b > |mo(X)| — 1, the depth of S/(Ix N (y)?) is at least 2, by
finding a regular sequence of length 2. By Remark 7.5 we can assume z; is a non-zero divisor
of S/Ix. In fact, g is also a non-zero divisor of S/(Ix N {y)®) because if zoF € (Ix N (y)?)
then zoF € Ix and xoF € (y)’, and this can only happen if F' € (Ix N (y)?). Because
b > |m(X)| — 1, Lemma 8.1 gives a primary decomposition of (Ix N (y)® zo). The zero
divisors of S/(Ix N (y)?, ) are the elements in the union of the associated primes, that is
elements of the set

U <I0, X, LBk,la LBkg) CI) LBk,m> U <<Y>a I0> (87)

Biema(X)

Let L be any element with deg L = (0,1) such that L does not vanish at any point in
m(X). Then L+ is not in the union (8.7), so L+ is a nonzero divisor of S/(IxN(y)?, o).
Since it is possible to construct a regular sequence in S/(Ix N (y)®) of length 2, depth is
exactly 2. O

9. INTERSECTIONS IN P x P™

We recall notation established in Definition 6.4. For a finite set of points X C P" x P,
define ¢ = |m1(X)| to be the number of distinct first coordinates with m;(X) = {Ay, ..., As}.
Define X, = 7, '(A4;) N X. Then

Xk = {Ak X BkJ,Ak X Bk’Q, e ,Ak X Bk,ak} Q X
where oy, = |77 (A)].

Lemma 9.1. For a set of points X C P" x P, there exists a change of coordinates so that
every point in X is of the form [1 :ay @ ... a,] X [L:by ... by).
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Proof. First we will show that there exists linear forms F(zo,...,z,) = Y . ,cz; and
G(Yo, - Ym) = >_j—o djy; such that for all P € X with
P=lag:ay:...:an] X[bo:...: by
we have F(ag, ...,a,) # 0 and G(by,...,by) # 0.
The existence of such an F(xo,..., ) = Y . c; follows from the fact that k is an

infinite field and | X]| is finite. Thus it is impossible for every hyperplane through the origin
of A" to contain a point A € m(X). The result follows similarly for the existence of
Therefore we may choose appropriate F(zo,...,2mn) = Y - cx; and G(yo, ..., Ym) =

Z;‘n:() Y- So

Co C1 ¢, 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0
M = 0 0 0 dy dy dp,
0 0 0 0 1 0
0 () () [) () 1_

is in GL,;my2(k) and M € PGL, | 2(k) will have the same action on points
P=lag:a;:...:a,) X [bo:...:0p]
as M does on (ag,...,an,bo,...,by). Therefore, for each P € X, it follows that
M([ag:ar:...:ap) X [bo:...:by]) = [Zciai:al : ...:an] X [Zdjbj:bl : ...:bm]
i=0 =0

with > 0 cia; and -7 d;b; # 0. Finally by scaling, each point we obtain the desired
result. 0J

Definition 9.2. For a point P C P" x P, with
P=AxB=[l:a;:...:a,) x[1:by:...:bp)
define L4, = a;z9 — x; and L B; = bjyo — y;. Furthermore define
Ia=(La,,...,La,)and Ig = (Lp,,...,Lp,)
Note that I4 + I is the defining bihomogeneous ideal for P.
Remark 9.3. Note that for a finite set of points X C P" x P, then for 1 < k < ¢, we have
ag
Ix, = Ia, + () I5.,
j=1
Definition 9.4. For a finite set of points X C P"xP"™ andafor1 <a </, let J, = ﬂZ:1 Ix, .
Remark 9.5. J, = Iy where Y = | |{_; X}, for 1 < a < /.
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Lemma 9.6. Let X be a finite set of points in P" xP™. The Krull dimension of S/(IxN{x)®)
fora>|m(X)|—1ism+1.

Proof. The depth of a module is less than or equal to its Krull dimension, and the topological
dimension of an algebraic set coincides with the Krull dimension of its coordinate ring. Then
in A™*t"*2 the variety

VIx N (x)*) = V(Ix N (x)) = V(Ix) UV({x))

is a union of 2-dimensional hyperplanes with an m + 1-dimensional hyperplane. Since k is
algebraically closed, by the Nullstellensatz, dim(S/(Ix N (x)%)) = m + 1. O

Lemma 9.7. Let X be a set of at least two points in P x P™ with |m(X)| = ¢. Then
Ix, + Jo—1 contains (x)* for a > |m(X)| — 1.

Proof. We will prove this statement by induction on | (X)].
Suppose |1 (X)| = 2. Then Ix, = (Lay, ..., La,,G1,...,Gy) where L4, is a linear form in

7o and 7, and each G is a polynomial in the y variables. Ix, = (L ,..., Ly ,GY, ..., Gl)
is in the same form. Then Ix, + Ix, = (zo,..., 20, G1,..., G, G, ..., Gh).
Assume

<X>Z_1 € ]Xe + Joq
for any X’ such that |m(X’)] = ¢. Then for X with |m(X)| = ¢ + 1, we can write X =
Y UY, U Xy where Y] = |_|f;_:11 X and Yy = Xy so |m(Y1)| = € —1 and |m(Ys)| = 1. By
the inductive hypothesis (x)** € Ix,,, + Iy, and (x) € Ix,,, + Iy,.
Then
¢

<X>€_1 ) <X> - (IXe+1 +[Y1) ) (IX[+1 +IY2) C [Xe+1 +[Y1 m[YQ = [X£+1 + ﬂ IXk’ - [XZ-H +J0 U
k=1

Corollary 9.8. Let { = |m(X)|. Fori > |m(X)| —1,
) rata ) ) =0
Proof. By Lemma 9.7, the ideal J,_; + (Iy,) contains (x)*~1. Hence for i > ¢ — 1, we know
S
dimy | —| =0

‘ [Jf—l + <]Xe>:| i
so the result follows. O
Lemma 9.9. Let I be an ideal in S and L be a nonzero divisor of degree (0,1) in S/I.

Hgyrey)(i,7) = Hgyr(i,j) — Hsyr(i — 1, j).
Proof. We have the short exact sequence
0 — [S/(I: (L))](0,—1) <5 S/Tc — S/(I, L) — 0

Since L is a nonzero divisor, I : (L) = I. The maps in the short exact sequence have degree
(0,0). Thus, since Hilbert functions are additive on short exact sequences, Hg/(r4(1y)(%,J) =

Hg)r (i,5) — Hsyr(i — 1, 7).
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Lemma 9.10. For a finite set of points X C P" x P™, fori > |m(X)| — 1, we have

ﬂ <]Xk7y0> = [(IXay0>]z‘,j (9-1)

Aremi(X) i

Proof. Because the vector space on the right hand side of Equation (9.5) is contained in the
left hand side, it suffices to show the vector spaces have the same dimension. We will show
this by induction on |m(X)].

For the base case, when |m;(X)| = 1, we have

[ﬂ (Ix,, Z/o>] C [(Ix, o)), -

k=1

Suppose that |m(X)| > 1 and Equation (9.5) holds for all values less than |m(X)|. For
the RHS, by Lemma 9.9, it follows that

H5/<1X7y0>(i7j) = HS/IX (Zuj) - HS/]X (Za] - 1)'
Furthermore, we have Ix = ﬂizl Ix,. So from the short exact sequence
0—=S/Ix —S/Jp1®S/Ix, = S/(Je-1+ Ix,) = 0
By Corollary 9.8 we know since ¢ > ¢ — 1
HS/(JZ,1+IX4)(Z.’].) = O
So by additivity of Hilbert functions on short exact sequences we have
Hgyr(i,5) = Hsyg, (4, 5) + Hgyry, (4, 7).
Similarly
Hsyry(i,5 — 1) = Hgyg, (4,5 — 1) + Hsyny, (1,5 — 1).
Therefore
HS/(IX7y0)<Z'7j) - HS/Je_1(i7j) + HS/]XZO'?j) - HS/J4—1(ivj - 1) - HS/IXZ (27] - 1)' (92)
For the LHS, by the inductive hypothesis

[ﬁuxk )| = [ﬁ I + (30)

k=1
Therefore we have the short exact sequence

S S S

]

0— — &) — — 0.
ﬂi:1<lxk, Yo) Jo1+ (o) Ix, + (yo) o1+ Ix, + (yo)
Since Hilbert functions are additive on short exact sequences,
Hayne irewo)(60) = Hsyiwwon (6,5) + Hsyir+won (65) = Hsja+1x,+won) (0 7)

By Lemma 9.7, since i > |m(X)|—1, thus (x)' C Jy_1+1x,. Therefore S;; = [((r_} Ix,, Ix,)i;
and

Hs (g, 141, +(woy) (i, ) = 0
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Next, note that yo is a nonzero divisor on S/J,—; and S/Ix,, so by Lemma 9.9,

Hy(gpswo)) (155) = Hsyg,y (0,4) — Hsyo,, (6,5 — 1)
and
Hsy(re,+won (i, 3) = Hsyry, (4, J) — Hsyry, (4,5 — 1)
By comparing with Equation (9.2), we see that for i > a

HS/<IX»yO>(i7j) = Hs/m£:1<IXk7y0>(i7j)
So Equation (9.1) is an equality. d

Lemma 9.11. Let R be a commutative ring with unity and suppose I is a primary ideal in
R. Then I[z], the ideal of polynomials in R[z] with coefficients in I, is primary in R[z].

Proof. An ideal is primary if and only if the quotient ring has the property that all zero
divisors are nilpotent. Since R[z|/I[x] = (R/I)[z], it suffices to show that all zero divisors
of (R/I)[z] are nilpotent.

Suppose f = ¢+ 1w+« - - + cqx? is a zero divisor in (R/I)[z]. Then by McCoy’s theorem
[INHM57], there is 7 € R/I such that rf = 0. In particular, this shows that all coefficients
Co, - .., Cq Of f are zero divisors in R/I. Since I is primary, each ¢; is nilpotent in R/I, say
¢ =0. Then frotm+-+na — (). Thus, f is nilpotent in (R/I)[z]. O

Theorem 9.12 (Primary decomposition). Let X be a set of point in P" x P™, with |7 (X)| =
Cand Ix = mi=1 Ix,. Suppose yo is a nonzero dwisor on S/Ix. Then for any integer
a > {—1, the equality

(Ix N{x)* yo) = ﬂ (Lx yo) N {(x)*, Yo)
Apem (X)

is a primary decomposition of (Ix N (X), yo)-

Proof. For ideals I, I5, I3, we have Iy N Iy + I3 C (I} + I3) N (I3 + I3). It follows that for all
a>0
(Ix N (x)%y0) € [ Txrw0) N ((X)% o) (9.3)
Apeni(X)
Now we wish to show that the LHS of Equation (9.3) contains the RHS, for a > |7 (X)| — 1.
Since both sides are bihomogeneous, it suffices to check containment on each bigraded piece,
i.e. to show that

() xewo) N (% w0) | S [(x N 0% yo)], (9.4)

Arem(X) i

for all (4,7) € N2. We consider two cases: (1) 0 <i < a and (2) i > a.
(1): Suppose F'is in the LHS of Equation (9.4), in particular F' € ((Xx)%, o). Since i < a
by assumption, F' € (yy). But then F is contained in the RHS, so Equation (9.4) holds.
(2): Since i > a, [(x)?];; = Si;. Consequently

{0 yo)liy = Sij
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and

[(Lx N (%), y0)]i; = [(Lx: y0)ij
Thus it suffices to show that for i > a:

ﬂ (Ixpv0) | € [{Ix, 9005 (9.5)

Agemi(X) i

This follows from Lemma 9.10, finishing case (2). Thus Equation (9.3) is an equality.

<[X N <X>a7 y0> = m <[Xk7 yO> N <<X>a>y0> (96)
Aremi(X)
Finally, we show that the ideals on the RHS of Equation (9.6) are primary. By [Vill5,
Proposition 6.1.7] it follows that ((x)% yo) is primary. It remains to show that (Ix,,vo) is
primary for each 1 < k < /. Recall

Xk = {Ak X Bk71, e ,Ak X Bk,ak}-
Then by Remark 9.3

ag
<[Xk7 3/0> = [Ak + ﬂ ]Bk’j + <y0>

j=1
= <LAk,17LAk,27 .. '7LAk,n7G17 e ,Gs,y0>

where L Api = Qio — T, with ay; is possibly 0, are the linear forms generating /4, , and
G4, ...,G, are forms in the y variables such that

Qg
<G1,. . .,GS> == m[Bk,j'
j=1

Therefore

S/<]Xk7y0> = S/ <LA1€,17LA;€,27 s 7LAk7n7G17 . '7G87y0>
= ]k[xmy()ayla cee 7ym]/ <G17 ce 7Gsay0> . (97)

So it suffices to show that the ideal J = (Gy,...,Gs,yo) is primary in k[zo, Yo, - . -, Ym]-
Let J' denote the ideal generated by the same elements, but now viewed as an ideal of
K[yo, - .-, Ym]. Since J = J'[xg], it suffices to show that J’ is primary in Kklyo,...,ym| by
Lemma 9.11.

By Lemma 9.1 we may denote

Bk?,j = [1 . bk,jl e bk,jm]7
i.e. byj, = 1. so by Remark 9.3,

]Bk,j = <bk:,j1y0 — Y1, .. vbk,jmyo _ ym>

(0% €75
<H1y> c <me1€&,%> _
i=1 j=1

Furthermore
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Therefore we have
o5+ s Ym)™ ST C (Yo, -+ s Ym)-
So the radical of J' is maximal in K[yo, . . ., Yn], and thus J’ is primary in K[yo, ..., ym]. O

Theorem 9.13. Let X be a set of points in P* x P™. For all a > |7 (X)| — 1, the minimal
free resolution of S/(Ix N (x)*) is a virtual resolution of S/Ix of length at most n + m and
at least n + 1.

Proof. We first show the minimal free resolution of S/(Ix N (x)®) is a virtual resolution of
S/Ix. By Lemma 7.4, the ideal [y is B-saturated. Moreover, we have the identity

Ix N (x)': B® = Ix for all integers t > 0.

We check the equality above. Since IxN(x)" C Iy, we have IxN(x)": B® C Iy: B> = I,
where the last equality holds since [y is B-saturated. For the reverse inclusion, we have
IxB' C Ix N B C Ix N ({x)". The claim now follows from Lemma 6.3.

Next we find an upper and lower bound on the length of this minimal free resolution. By
the Auslander-Buchsbaum Formula,

pd(S/(Ix N (x)*) = depth(S) — depth(S/(Ix N (x)%)

where projective dimension is by definition the length of the minimal free resolution. The
depth of S is n +m + 2. By Lemma 9.6, the Krull dimension of S/(Ixy N (x)*) is m + 1,
so the depth of S/(Ix N (x)®) is at most m + 1. This implies the projective dimension is at
least n + 1. We now show that the depth of S/(Ix N (x)%), for a > |m(X)| — 1, is at least
2. We find a regular sequence of length at least two. By Lemma 9.1, we may take 1y, to be
a non-zero divisor of S/Ix. Furthermore, ¥, is a non-zero divisor of S/(Ix N (x)*), because
if yoI' € Ix N (x)?, then yoF' € Ix and yoF" € (x)*. This may only happen if F' € Ix N (x)®.
Since a > |m(X)| — 1, Theorem 9.12 gives a primary decomposition of (Ix N (x)% yo):

(Ix N (x)% 900 =[] {Lxe0) N {0 o)

Aremi(X)

Recall by Remark 9.3 that

g

(Ixy,y0) = La, + m I, + (o)

J=1

The zero divisors of S/(Ix N (x)%, yo) are the elements in the union of the associated primes
of $/{Ix O ()7, o), ie.

U \/ <IXk7y0> U V <<X>a7y0> = U <IAk7G17G27 ey G57y0> U <X7y0>‘

Apem(X) AkEﬂ'l(X)

where each G is a polynomial in only y-variables. Let L be any element of degree (1,0)
such that L does not vanish at any point in m(X). Then L + y; is not in the union of the
associated primes of S/(Ix N (x)%, yo), so L + y; is a non-zero divisor on S/(Ix N (x)%, yo).
This implies that the depth of S/(Ix N (x)%) is at least 2. The result follows from the
Auslander-Buchsbaum formula. 0J
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