DIHEDRAL SIEVING PHENOMENA

SUJIT RAO AND JOE SUK

ABSTRACT. Cyclic sieving is a well-known phenomenon where certain interesting polynomials, especially g-
analogues, have useful interpretations related to actions and representations of the cyclic group. We define
sieving for an arbitrary group G and study it for the dihedral group I2(n) of order 2n. This requires under-
standing the generators of the representation ring of the dihedral group. For n odd, we exhibit several instances
of “dihedral sieving” which involve the generalized Fibonomial coefficients, recently studied by Amdeberhan,
Chen, Moll, and Sagan.

1. INTRODUCTION

The cyclic sieving phenomenon was originally studied by Reiner, Stanton, and White in [11] in 2004 and
has, since then, led to a greater understanding of the combinatorics of various finite sets with a natural cyclic
action. In particular, cyclic sieving allows one to count the fixed points of a cyclic action on a finite set
through an associated generating function. These generating functions often appear in other contexts, such as
the generating function for permutation statistics related to Coxeter groups and as the Hilbert series of inter-
esting graded rings. Proofs of cyclic sieving also tend to have interesting connections with representation theory.

We start by precisely defining cyclic sieving;:

Definition 1.1. [cyclic sieving phenomenon] Let X be a finite set, X (¢) be a polynomial with nonnegative
integral coefficients, and Z/nZ be a cyclic group of order n with a group action on X. Let w, : Z/nZ — C*
be the map defined by m > €2™™¥™  Then, we say the triple (X, X(q),Z/nZ) exhibits the cyclic sieving
phenomenon if for all ¢ € Z/nZ,

(1.2) X (@)lg=w(e) = {z € X = c(2) =}

As X(1) = |X|, X(q) is both a g-analogue of the cardinality and a generating function for the number of
Z/nZ-orbits of size k in X. Before discussing some classic examples of cyclic sieving, we recall the definition of
the g-binomial coefficient [Z]q. First, let [n]q =14+ ¢+ ¢* + -+ ¢" ' and let [n]ly = [n]y[n — 1] [2]4[1],-
Then, the ¢g-binomial coefficient is defined as

|
(1.3) m = L]l '
k q [k]lq[n — K]l
This is a rational function in ¢. It is not immediately obvious, but the g-binomial coefficient can also be shown
to be a polynomial in ¢ with nonnegative integral coefficients. MacMahon’s ¢-Catalan number, defined similarly,

(1.4 Co0) = pr mq

is also a polynomial in ¢ with nonnegative integral coefficients.

Now, we discuss some examples of cyclic sieving given in the seminal paper |[11]. All of these are cases where
the natural cyclic action of C on the set [n] := {1,...,n} induces an action on some collection of subsets of [n].
Sometimes the action C' C [n] is interpreted geometrically via rotations of an n-gon.

Example 1.5. Let C be a cyclic group of order n. Then, the following triples (X, X (g), C) exhibit cyclic sieving
phenomenon.
(1) Let X = {size k multisubsets of [n]} and let X (q) = ["H;_l]q.

2) Let X = {size k subsets of [n]} and let X(q) = [Z]q.

3) Let X = {dissections of a convex n-gon using k diagonals} and let X (q) = [njk]q [Zi’f]q[”;d]q

5) Let X = {noncrossing partitions of an n-gon} and let X (q) = Cy(q).

6) Let X = {noncrossing partitions of an n-gon using n — k parts} and let X(q) = %[Z]q[ i ]qqk(k+1).

(2)
(3)
(4) Let X = {triangulations of a regular n-gon} and let X (¢) = Cp,—2(q).
(5)
( ) njq k+1

Note that in case (3), X(q) is a g-analogue of f(n,k) = n%rk (Zilf) (";3), a formula for the number of dissec-

tions of a convex n-gon using k diagonals and in case (6), X(q) is a g-analogue of N(n,k) = %(2) (kil), the
1
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Narayana number which counts the number of non-crossing partitions of [n] using n — k parts. Both of these
are also polynomials in ¢ for virtually the same reasons their corresponding numbers are integers. In general, if
a formula involving binomial coefficients satisfies some nice divisibility properties, the corresponding g-analogue
will also satisfy the analogous properties. Also note that case (4) is a specific example of case (3) where k = n—3.

Every cyclic action can be equipped with a generating polynomial X (¢) to obtain an instance of cyclic sieving,.
If we require X (g) be of degree at most n — 1, then the choice of polynomial is unique. Thus, cyclic sieving
can be made ubiquitous. However, the interest and fascination of this subject stem from the fact that some of
these associated generating polynomials will arise in other contexts. In particular, those arising via g-binomials
or g-Catalan numbers are of particular interest and their importance is discussed in [13].

Typically, we have an educated guess for an appropriate cyclic sieving polynomial for a particular cyclic
action which has already been used in another context. Proving that a chosen interesting polynomial, or the
cyclic action equipped with that polynomial, is an instance of cyclic sieving often happens in two ways: via
direct computation of the generating polynomial or through an understanding of the representation-theoretic
perspective of cyclic sieving phenomena. We provide two helpful results for taking the latter route from [11].
Let CX be the permutation representation of the action Z/nZ X (i.e. the finite-dimensional complex vector
space with basis indexed by elements of X).

Theorem 1.6. [Proposition 2.1 of [11]] Consider a triple (X, X(¢),C) as in the setup of Proposition Let
Ax be a graded C-vector space Ax = @;>0Ax,; having Zi>0 dimcAxq" = X(¢). Ax can be considered
a representation of C' in which each ¢ € C acts on the graded component Ay ; by the scalar w(c)’. Then,
(X, X(q),C) has cyclic sieving if and only if we have an isomorphism of C-representations Ax =~ C¥X.

As discussed before, the proposition above implies the choice of generating polynomial X (g) is unique if we
require it is of degree < n — 1. For a rational representation p : GL,(C) — GL,(V), let x,(x1,...,zn) be the
trace on V of any diagonalizable element of GLy(C) having eigenvalues x1,...,zx.

Theorem 1.7. [Lemma 2.4 of |11]] Let p : GL,,(C) — GL, (V) be a highest-weight representation. Assume V
has a basis {v; }4ex which is permuted by Z/nZ in the following way:

c(vz) = Ve(q) for all ce Z/nZ,x € X

Then, let X (q) be the (twisted) principal specialization

X(q) = Xp(la q,--- an_l)

Then, (X, X(q),C) has cyclic sieving.
In particular, the above lemma can be used to prove cyclic sieving for Z/nZ & X where X = {k-multi-subsets of [n]}.
More precisely, we take V' = V?*, the irreducible representation of G Ly (C) with highest weight A = (k) - k

(the partition of k with one part), and the specialization of the character value becomes the g-analogue of the
Weyl character formula or the hook-length formula

N=1y _ b)) [n]lg _|ntk=1
) ! Hcells T € )\[h(x)]q |: k :|q

N—l)

Xp(laq7~-~>q :5>\(17(I>~--aq

where h(z) is the hook-length of X at z.

Defining sieving phenomena for other finite groups is a natural route of generalization for understanding
other group actions. For the case of abelian groups, or direct products of cyclic groups, a natural definition of
polycyclic sieving using a multivariate generating function was defined with accompanying instances, or exam-
ples, in [3].

In this work, we give a new definition of sieving phenomenon for finite groups motivated by the representation
theoretic perspective of cyclic sieving provided above and apply this to the case of dihedral group actions. We
prove that the natural dihedral action in situations (1), (2), (5), and (6) in Example have dihedral sieving
for n odd. The analogous generating polynomials we obtain are all defined in terms of generalized Fibonacci
polynomials, first studied by Hoggatt and Long in 9], and their induced generalized Fibonomial coefficients,
recently studied by Amdeberhan, Chen, Moll, and Sagan in [2]. For n even, we provide some examples of
recursively defined polynomials which “almost” give a generating polynomial for dihedral sieving and discuss
the fundamental differences with the odd n case. We also discuss the difficulties of proving dihedral sieving for
the dihedral group actions in situations (3) and (4) of Example and other instances of cyclic sieving which
may yield interesting generating polynomials when moving to the dihedral setting.
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2. PRELIMINARIES
Throughout the paper, we will use the following notation

Notation 2.1. Let C' = {¢) be a cyclic group of order n. Let w : C — C* be an embedding of C' defined by

¢ — €2™/"_This can also be considered a 1-dimensional complex representation of C.

If V is a representation of a group G, we will use xy to refer to its character. If z € G, xv(x) is the value
of the character at . If C G is a conjugacy class, then yy (C) is the value of the character on C as a class
function. In the case where G = GLy(C), we use xy (diag(z1,...,2n)) to denote the value of the character on
any diagonalizable element of GLx(C) having eigenvalues x1,...,zN.

We will first give an equivalent definition of cyclic sieving based on representation theory, which is more
suitable for adapting to other groups.

Definition 2.2. Let G be a group and R be a commutative unital ring. Let A be the set of isomorphism classes
of finite-dimensional G-representations over C. The representation ring of G with coefficients in R is

Rep(G; R) = R[A]/(I + J)
where R[A] is the polynomial ring over R generated by A, and I and J are the ideals
I=({lUeV]-(U]+[VD})
J=({lUeV]-[U]V]})
and [U] denotes the isomorphism class of a G-representation U.

Remark 2.3. The above definition is the same as saying that Rep(G; R) is the Grothendieck ring of the symmetric
monoidal category of G-representations over C.

We will often use the following facts about the representation ring of a group.

Fact 2.4. The representation ring Rep(G; R) is a free R-module with a basis given by isomorphism classes of
irreducible representations.

Fact 2.5. The map defined by
Rep(G;C) —— ClFun(G)
[V] — xv
which sends an isomorphism class of a representation to its character, is an isomorphism of rings.

We can now state an equivalent definition of cyclic sieving based on the representation ring.

Theorem 2.6. [Proposition 2.1 of [11]] Let (X, X (gq), C) be a triple where C acts on X and X (q) € N[¢]. This
triple has cyclic sieving if and only if C¥ = X (w) in Rep(C;Z).

This motivates the following, more general definition.

Definition 2.7. Let G be a group and ps,...,pr be representations of G over C. Let X be a G-set and
X(q1,-.-,q1) € Rlq1,--.,qx] for some ring R < C. Then the quadruple (X, X(q1,...,qx),(p1,...,p%),G) has
G-sieving if CX = X(p1,...,pr) in Rep(G;C).

Example 2.8. Let G = C and p; = w. Then the definition G-sieving above agrees with the usual definition of
cyclic sieving.

Example 2.9. Let G = C), x C,, be a product of cyclic groups. Let p; = w, ® 1,,,, where w,, : C,, —» C* is an

embedding and 1,, is the trivial representation of C,,, and similarly let po = 1,, ® w,,. Then the definition of
G-sieving above agrees with the definition of bicyclic sieving given in [3].

We are typically interested in cases where the polynomial X can be written in an interesting way, such as
product formulas based on g-analogues.

3. DIHEDRAL SIEVING

By the observations in the previous section, we can describe Iz(n)-sieving in terms of a generating set of
Rep(I3(n); C). We first need a description of the representation ring of the dihedral group. We start by briefly
recalling the irreducible representations of Iz(n). We adhere to the presentation

(3.1) L(n) ={r,s|r" =s* =e,rs = sr™ 1)
The irreducible representations and, thus, the representation ring, will depend on whether n is odd or even. For

n odd, there are two 1-dimensional irreducible representations, the trivial representation 1 and the determinant
representation, and |n/2| 2-dimensional irreducible representations: the representations z,, which sends r to a
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counterclockwise rotation matrix of 2wm/n radians and s to a reflection matrix where m € [1,n/2) n N. For n
even, there are four 1-dimensional irreducible representations: 1, det, x; which sends (r2,s) to 1 and 7 to —1,
and det -xp. There are n/2—1 2-dimensional irreducible representations, defined the same way as the n odd case.

We refer to [6] for the following. First, we have (for both n odd and even) the following relations among the
irreducible representations:
det® = 1

det -z, = 2z,

—3 and where zg = 1 + det

Zk+1 = 2p21 — 2k—1 if k< n
Thus, Rep(I2(n); C) is generated by det, z; for n odd and by det, 21, x5 for n even.
The examples of dihedral sieving we exhibit are all for odd n and make use of the generalized Fibonacci
polynomials and Fibonomial coefficients defined in [2]. We state some of their results here.

Definition 3.2. [Equation (2) of |2]] The generalized Fibonacci polynomials are a sequence {n},; of polynomials
in N[s,t] defined inductively by

{0}s: =0
{L}se=1
{n + 2}s,t = s{n + 1}5,t + t{”}S,t'
We also define
{ntlse = {n}se{n — sz {1}ss

Proposition 3.3. [Theorem 5.2 of [2]] The Fibonomial coefficient {Z}st is a polynomial in s and ¢t with

and the Fibonomial coefficient to be

nonnegative integer coefficients.
Proposition 3.4. [Equation (7) of [2]] Let X = $tVs2+4t and y = s=vs 44t They
2 2

{n}se =Y [nlglyox )y

n n
_ Yk:(n—k)
{k}s,t k q

4. DIHEDRAL ACTION ON k-SUBSETS OF {1,...,n}

and

q=X/Y
Proposition 4.1. Let n be odd and X = ([Z]). Then the quadruple

<X, {Z}t (21, — det), Ig(ﬂ))

Proof. Let &, be the primitive n-th root of unity e2"*/". Using the presentation in let C be a conjugacy
class of I5(n).

exhibits dihedral sieving.

First, we compute the character values of CX, the permutation representation. Clearly,

Xcx (7"6) = [Z] et

by cyclic sieving where the input r’ can refer to either the group element r* € Iy(n) or to the conjugacy class
{rf, 7"~} in Iy(n). An easy counting argument shows the number of fixed points of a reflection s in the action

(i) L2 ..
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Now, the proof is a direct computation. Consider the sequence of generalized Fibonacci polynomials {n}s—., = det
and their induced generalized Fibonomial {Z}Sz% et BY

n n
_ Yk(nfk) |: ]
{k}s—zl,t—det k q=X/Y

where X, Y are the roots of the characteristic equation of the recurrence defined by {n}., — qet. Namely,

X _ {21(0)+ Zl(C)2+4t _ é_fl C _ {’]"Z}

2

1 C = {s,sr,sr% ...}
v_ Zl(C)*\/gl(CP*‘“ _ g;f C = {Téj,,,n—l}
-1 C = {s,sr,sr% ...}
20 _ gl m—t
Xy = & C={rf,rm
-1 C ={s,sr,sr% ...}
with
ged(n, £) = ged(n,20) = [Z] = [Z]
q=£2¢ q=£"
so that

{n} - {(f;Z)k(n—k) [Z]gﬁ C = {re’rn—Z}
k) .1 ©),— detc) - (*Uk(n*k)[?z;]gz
_ {W)-’“Q [ile, €=t

[t]e,

C = {s,sr,sr? ...}

C = {s,sr,sr% ...}

In fact since

cd(n,l n
R O P i
kle k 9=En/ ged(n,0) 0 gcd?n,é) Tk

we have that n|k ged(n,l) = n|fk meaning
-l ot
k) 10— det(0) [Z]52 C = {s,sr? ...}

The other instances of dihedral sieving in this paper all involve generalized Fibonomial coefficients and can
be proven using a similar computation. Note that the fact that n was odd was explicitly used in the proof above
(namely that ged(n, £) = ged(n, 2¢)).

O

5. DIHEDRAL ACTION ON k-MULTISUBSETS OF {1,...,n}

First, we discuss a generalization of which will help prove dihedral sieving for k-multisubsets in the
same manner as the representation-theoretic proof of Theorem 1.1 in [11]. Given a highest-weight GL,,(C)-

representation V, we can consider its character specialization xy (diag(a”~!,a"=2b,...,ab" 2" 1)) as in
for some variables a,b. This is a symmetric polynomial in a”~',a"2b,...,ab” 2,b"~! and, thus, also in a,b.

This means the character specialization can be expressed as a polynomial in a + b, ab.

Proposition 5.1. Let n be odd and V' be a highest-weight GL,,(C)-representation. Considering I2(n) as a
subgroup of GL,,(C), assume that V has a basis indexed by a (finite) set X which is permuted by I»(n). Let p
be the unique polynomial in two variables such that

pla + b,ab) = v (diag(a" ™, a"2b,...,ab" 2, "))
noting that the right-hand side is a symmetric function in a and . Then (X,p, (21, —det), I3(n)) exhibits
dihedral sieving.

Proof. Let C be a conjugacy class in Iy(n) and X = Stvs—+4t V‘;Z“‘t, Y = &= V;2+4t where s = x,,(C) and t =
X— det(C). Tt is straightforward to check that the eigenvalues of any element in C' are X»~1, X"=2y, . . yn-1
and thus

yv(C) = xy (X" X2y, Xy 2 vy
=p(X +Y,XY)
= p(X21(C), X=det(C)).
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Thus V' = p(z1, — det) in Rep(I2(n); C). O

The application of[1.7|to prove cyclic sieving for k-multisubsets of [n] immediately generalizes with the above
proposition.

Proposition 5.2. Let n be odd and X = (( [Z] )) Then the quadruple

(X, {” i : - 1}5 LG —det),b(n))

)

exhibits dihedral sieving.

Proof 1. Let V = Sym*(C") = Vj, the irreducible representation of GL,, (C) of highest weight A\ = (k) — k.
Then, depending on the conjugacy class the character value will be

£\n—1 £\yn—3 _ \n—1 £\n—3 _ [n+k—1
XV(Xn—l X2y Yn—l) _ {XV(W(T )n sw(r)” ’) - SA(M(Z ); ,w(r )T ) = [ k ]q=5ﬁ
) ety o _ [nt+k—
Xv(l,—l,...) —8)\(1,—1,...) = [ k ]q=71
by the usual cyclic sieving character specialization given in 1.7 ]

Alternatively, dihedral sieving can be proven using a computation similar to [

Proof 2. Let &, be the primitive n-th root of unity e?™”/". Using the presentation in let C be a conjugacy
class of Iy(n).
First, we compute the character values of CX. Clearly, [”+Z_1] Y counts the fixed points of the rotation

conjugacy classes in the action by Theorem 1.1(a) of [11]. For the class {s, sr, sr3,...}, we claim ["+Ilj_1] =ta

counts the fixed points. For the sake of induction, first we investigate the case of n even and the reflection
conjugacy class {sr,sr?,...,}. In this case, it is easy to see that the multisubsets fixed by a reflection of this form

are in bijective correspondence with those fixed by a rotation by 7 radians. Thus, [”+Z_1] & counts the fixed

points for n even and C' = {sr, sr2,...}. Now, for n odd and C = {s, sr, sr2,...}, we have, by the g-analogue of

Pascal’s Identity,
n+k—1 n+k—2 Fn—2+k—i
2 ok LD
q=¢&2 q -t q

=& =1 =2

On the right-hand side, the first term counts the number of fixed k-multisubsets which don’t contain the fixed
vertex of the reflection and each term in the summation counts the number of fixed k-multisubsets which contain
the fixed vertex of the reflection ¢ times. The claim follows.

Now, by an identical computation to the proof of [d we have

n+k—1 V4 .y
{n+k;—1} =Yk(n+k_1)[n+k—1] _ [ e =108
k s=z1,t=—det k XY [”Jrk*l C reflection conj. class

Remark 5.3. A g-analogue of Stanley’s hook-content formula

(g 1) = g T ey
S A U b 7o »

can be used in the proof of applying[I.7]to proving cyclic sieving for k-multisubsets. In particular, this evaluates
to the g-binomial [TH':_l]q when letting A = (k) - k. For this particular A, an (s,t) analogue of this evaluates

to the Fibonomial for virtually the same reasons giving a “formula”

M =3 n—1 n—2 ne1
g {h(u)}st AX ,X"Y, LY )

where XY are defined as above. However, this formula is not always a polynomial in s,t¢ for more general
A, meaning that it is not always possible to take something which has a g-analogue and naturally form the
(s, t)-analogue.
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6. DIHEDRAL ACTION ON NON-CROSSING PARTITIONS OF {1,...,n}

I>(n) has an action on the non-crossing partitions of [n] and also on the non-crossing partitions with a fixed
number of blocks, or a fixed rank. The character values for the corresponding representations of both actions
were studied by Ding in 2016 in [5]. We show, for odd n, these actions are both instances of dihedral sieving
using the natural (s, t)-analogue of the Catalan number as the generating polynomial.

Proposition 6.1. Let n be odd and X = {non-crossing partitions of [n]}. Then the quadruple

(X, {n+11}t{2:}t (21, — det),Ig(n)>

27i/n

exhibits dihedral sieving.

Proof. Again, let &, be the primitive n-th root of unity e and let C be a conjugacy class of Is(n).

First, we compute the character values of CX. We have that C,,(¢%) counts the fixed points of the action
of {rf,r"=*} by cyclic sieving. Next, we have that (IN72J) is the number of fixed points of {r,sr,sr?, ...} by
Theorem 1 of [4], which is also C,,(—1). This is also Theorem 2.1.5 of [5].

Using the same notation as before, we consider the generalized Catalan number/sequence in Section 5 of (2]
Ciny, , = W{Z}S , where we use the specialization (s,t) = (21, —det). Then, we use the fact that

[n+1]e  C conj. class of r’
nt e =Y+ 1xy = "
{ o [ by {[n +1]e, C reflection conj. class

to get
o B {C’n(q)|q_5£ C conj. class of r*
1 (21(C),— det(@)) Cn(q)|g=¢, C reflection conj. class
where Cy,,; is well known to be a polynomial in s,# (in fact, with integral coefficients). (I

Proposition 6.2. Let n be odd and X = {non-crossing partitions of [n] with n — k blocks}. Then the quadru-

ple
R R p——

Proof. First, we claim the character values of the CX are N(n,k;¢&%) for the conjugacy class {r’,7"*} and
N(n,k;—1) for the conjugacy class {r,sr,sr?,...}, where N(n,k) = |X| is the Narayana number and

(6.3) N(n, k;q) ;zlmq[ n qu(k+1>

exhibits dihedral sieving.

[n]q E+1

the g-analogue of the Narayana number. In fact, both of these are already known. The character values of
rotation conjugacy classes follow from cyclic sieving, or Theorem 7.2 of [11]. For the case of reflections, the
character values are given by N(n, k; —1) by Theorem 3.2.7 of [5].

Now, consider the (s, t)-analogue of the Narayana number. This is a polynomial in s, ¢ for the same reasons
N(n,k;q) is a polynomial in g:

1 n n 1 n n—1
{”}s,t{k’}s,t{k"'l}s,t: {”_k}s,t{k"’l}s,t{ k }s,t
1 n n—1
:{k+1}s,t{k}s¢{ k }
n—1 n+1 n n
:{ k }s,t{k+1}s,t{k}s,t{k+1}s,t

Next, the (s,t)-analogue of the Narayana number becomes, by Proposition
1 n n
_ Y(17n)+k(n7k)+(k+l)(n7k71)N 7]?' XY
{n}s,t{k}s,t{k+l}s,t (n ’ / )
where the exponent of Y simplifies to 2k(n — k) — 2k and if Y = £, then n|k ged(n,f) = n|fk so that the

power of Y goes to 1 when the g-binomial [Z]q: Xy is non-zero. Thus, the claim follows. (I
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7. DIHEDRAL ACTION ON TRIANGULATIONS OF A REGULAR n-GON

The case of I5(n) acting on the triangulations of a regular n-gon is similar to the case of the action of Is(n)
on non-crossing partitions: the character values of CX are g-Catalan numbers. The character value of CX on
the rotation conjugacy class {r*,r"*} is Gy, _5(q)|4—¢¢ by letting k = n—3 in the formula in Theorem 7.1 of [11].

For the case of reflections, an easy counting argument shows for n odd, the character value of C¥X o
{s,sr,sr%,.. .} is Cuzs and, for n even, the character on {sr,sr3, ...} is 0 and the character on {s,sr?,...} is
20%2. NOW, we observe

for n even. This gives character value 2C,_5(—1) on {s, sr?,...} for n even and -2;C,,_5(—1) on {s,sr,sr?,.. .}
for n odd.

We would like to use the (s,)-analogue of the Catalan number m{?}s , to prove dihedral sieving for
this action for n odd. The key difficulty here is the fact that the reflection character value for the reflection
class is a g-Catalan number of order n — 3 and not n — 2. Thus, the (s,t)-analogue of the Catalan number
fails to work in this case. One would initially expect the case of n even to be easier in this situation since this
problem is not apparent. However, other difficulties arise in the n even case as we shall see in [§]

Although the direct (s,t)-analogue of the Catalan number fails to give dihedral sieving, other bivariate
analogues of the g-Catalan numbers may prove to be useful here. One of these is Garsia and Haiman’s (g, t)-

Catalan number C,,(q,t), from [7|. Letting t — ¢! the relation q(g) Cn(q,q7 ') = Cn(q) holds. Given that C,(q)
is a polynomial in ¢, a natural way to split up C),(q) is by parity of degree. This corresponds to a segregation of
terms in C,(g,t) by total degree of ¢,¢ which appears in [§]. One of its special properties is that while C,,(q, t)
does not have a unimodal coefficient sequence (with respect to the total degree of ¢t and ¢), its odd degree and
even degree parts do. These parts can be given using the formula

even degree terms of Cy,(q) = % (Cnlq) + Cn(—q))

5 (Cula) ~ Cu(-0))

A possible route to finding dihedral sieving for triangulations (and perhaps for the case of n even for non-crossing
partitions) may be to find bivariate analogues for each of these parts rather than finding a bivariate analogue

for C,,(q).

odd degree terms of Cy,(q) =

8. THE CASE OF EVEN n

For the case of n even, Rep(I2(n); C) is fundamentally different from the n odd case. In particular, it is likely
we require three generators in our presentation of Rep(/2(n); C) in order to make our dihedral sieving formulas
work. A natural way to extend the (s,t)-polynomials into the trivariate setting is to write

{O}S,t,a =0
{1}s,t,a =1
{Q}S,t,a S

n} sa{n 1} +t{n—2} nisodd
sha —1}+t{n—2} niseven.

Let b € Rep(I2(n); C) be such that b is 0 on every conJugacy class except 4 on {s,sr?,...} and set
$ =2z + fb
n
t = —det

1
—1- b,
“ 1

Then, in fact, the induced trivariate analogue of the Fibonomial {Z}S ta is a polynomial in s, ¢, a and evaluates
to the same values as in the n odd case. First, we show it is a polynomial in s,?, a.
Theorem 8.1. We have
a{m}{n + 1} + t{m — 1}{n} n odd and m even
{m4+n}sea=1F {m}n+1} +at{m—1}{n} n even and m odd
{m{n+1}+t{m—1}{n} m+neven
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Proof. Casework and induction gives

sa({m}{n} + t{m — 1}{n — 1}) + t(a{m}{n — 1} + t{m — 1}{n — 2}) n odd and m even
{m+n} = s(a{fmi{n} +t{m —1}{n —1}) + t({m}{n -1} + t{m —1}{n — 2})  n even and m even
sa({m}{n} + t{m — 1}{n — 1}) + t({m}{n — 1} + at{m — 1}{n — 2}) n even and m odd
s({m}{n} + at{m — 1}{n — 1}) + t({m}{n — 1} + t{m — 1}{n — 2})) n odd and m odd
An easy inspection shows each of the RHS expressions evaluates to the desired formula. (]

The recurrence above immediately gives that the induced Fibonomial-like coefficient is a polynomial in s, ¢, a.
Theorem 8.2. The induced binomial {Z}S + o 18 a polynomial in s, ¢, a.

Proof. We use the above theorem to get the result via induction:

a{n + 1H{™ "+ t{m — {7} nodd and m even
m+n m+n—1 m+n—1
{ } =< {n+1} b+ at{m —1}{"" """} n even and m odd
s,t,a

m—1
" {n+ 13 {7+ tm — {7 m o+ n even

m—1

O

Now, we study the general solution to the recurrence. Let b, = {2n + 1} and let ¢,, = {2n} with ¢y = 0 and
bo = 1. We then have

by, = (52a +t)bp—1 + satc,—1

Cp = 8b_1 +te,_1

Let B(z) = 3,50 bnz" and C(z) = X o cn2™. Then,

% _ (s%a + 1)B(=) + satC(2)
Ciz) _ $B(2) +C(2)
giving
B(2) (14 2satC(2))

T 1 25%a— 2t

B(z) = — (C(z)(1 - #1))
which gives

Cle) = 2212 + z(—as? — 2t) + 1

The quadratic in the denominator has roots

120 0
R
as? + 2t +4/(as? +2t)2 — 442 as® + 2t + s\/a2s? + dat & 3
R = 572 = 572 =<1 ST, ST, ...
1 s, 812, ..

with the evaluations given when n is even. To solve for ¢,, we have

—5Ro /t? —sRy /t? Ro /12 n Ry /2 n
C(2) = sz _ 1-Ru/Ry n I-R\/R: _ _—S$ 2/t Z Z + —shy/t Z Z
22+ z(—as? =2t) +1  1—z/Ri 1-z/Ry 1-Reo/Ri &\ Ry 1-Ri/Ry) &\ Ro

so that

—sRy/RY —sRy/R? s (R; - R?) s

2 = = + = =
{2n}sta = cn 2 Ry — R, t2Rr1

(1—Rs/Ry)  (1—Ri/Ry) R} Ry Utla=r/ s

Similarly, we have

__ (t—R2) __ (t—Ra1) n n
B(z) - 1—2zt _ _P(Ra—Ry) n P2(Ri—R2) _ —(t — Ry) z n (t—Ry) Z k2
222 4+ z(—as? — 2t) + 1 1-—2/Ry 1—2/Ry t*(Ry — R1) =0 \ Ry t*(R1 — Ro) =) \ Ro
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so that
_ ({t—Ry)/Ry (t—R.)/Ry
t2(Ry — Ry)  t2(R; — Ry)
_ Ryt — Ry —tRy + R
t2R? Ry (R; — Ry)

1 Ri™' Ry 1 R} — Ry
t2R7RE \ Ry — R, tRPRY \ Ry — Ry

1 1
ﬁ ([TL + 1]q:R1/R2 - 7be[n]q—RMRz)

{2n + l}s,t,a = bn

Now, it should be easy to determine the values of {7} , under out substitution of generators of Rep(/2(n); C).
Although {Z}é 1o €valuates to the correct character values for the reflection conjugacy classes under the substi-
tution (s,t,a) = (21 + b/n, —det, 1 — b/4), we have that

Gl
k s,t,a k q=£2¢

in the rotation conjugacy class {rf,r which is not always the correct character value. This problem was
avoided in the n odd case precisely because ged(n, 2¢) = ged(n, £).

nff}

Remark 8.3. The (s,t,a)-analogue of the Catalan number is a polynomial in s,¢,a for the same reasons the
(s,t)-analogue of the Catalan number is:

(20} = (n}{n + 1) + t{n — 1}{n} — 1{2”} - {2" _ 1} + f{zf:;}

{n+1}n n—1

Thus, this analogue gives some of the correct values for the noncrossing partitions case with the same exceptions
as above.

Another possible generalization is as follows: we define modified (s, t)-analogues

{0}s: =0
{1}s0 =1
{2}s =141
{38}se=1+s

{n}s,t = S{?’l - 2}s,t - {Tl - 4}s,t

Empirically, these seem to satisfy sufficiently nice divisibility properties that {Z}S , 1s always a polynomial.

L and t = ¢ gives ﬁ[n]q. Evaluating at the characters of rotations

Additionally, the specialization s = ¢ + ¢~
seems to give the numbers of fixed points for k-subsets, up to some sign factor. For n even, evaluating at
s=—-2t=—1land s = -2,t = -1+ % also seems to give the correct numbers of fixed points up to sign for

reflections, and for n odd the same is true for s = =2,y = _71

9. FURTHER QUESTIONS

A case of dihedral sieving was discovered by Abuzzahab-Korson-Li-Meyer in |1] and later studied in [12]. Let
A = b - n be a rectangular partition with ab = n. Let SYT(A) be the set of all standard young tableaux of
shape X\ and let CST(A, k) be the set of all semi-standard, or column-strict, tableaux of shape A with entries
< k. Both of these sets have an action by I5(n) as follows: let e act by jeu-de-taquin promotion and let j act by
evacuation on these sets. The group (e, j) generated by e, j, considered as a subgroup of Scgr(a,k) OF SsyT(A)s
is isomorphic to a dihedral group of order 2k. [12] explains that the action of j can be understood in terms
of the action of the long cycle of some symmetric group (S for the case of CST(A, k) and S,, for the case of
SYT(A)) on some module and that, similarly, the action of e can be understood in terms of the action of a long
element (with respect to the Bruhat order). This gives an expression for the fixed point counts of the action in
terms of Specht module characters. We first give the character values for the dihedral action on SYT(A).

Theorem 9.1. [Theorem 1.3 of [12]] Let Z/nZ act on SYT(A) be jeu-de-taquin promotion. Then, the triple
(SYT(X),Z/nZ, X (q)) exhibits cyclic sieving where X (q) is the g-analogue of the hook length formula

[n]ly

X(q) = fq) = Toyelfiila

where h;; is the hook-length of cell (4, j) € A.
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Theorem 9.2. [Proposition 7.3 of [12]] Let ¢ be the long cycle (1,2,...,n) in S, and let x* : S,, — C be the
irreducible character of S,, corresponding to A. Let wg € S,, be the long element with respect to the Bruhat
order, or the permutation given by n,n —1,...,1 in one-line notation. Let {e,j) = Sgyr(x) be as above. Let
@ : {wo,cy — (e, j» be defined by ¢(wp) = e and ¢(c) = j so that it is a group epimorphism. For any g € {e, j)
and any w such that ¢(w) = g, we have

(9.3) [SYT(V)!| = £x*(w)

It would be interesting if the above theorems could be rephased in the representation-theoretic formulation
of dihedral sieving given in[3] Unfortunately, even for rectangular partitions, the known formulas for the Specht
module character y, are difficult to work with. Next, for CST(), k), we have the following.

Theorem 9.4. Let Z/kZ act on CST(\, k) via jeu-de-taquin promotion. Then, the triple (CST(A, k), Z/kZ, X (q))
exhibits cyclic sieving where X (q) is the g-shift of the principal specialization of the Schur function

X(@):=q " Var(1,4,6%....d" )
where k is the statistic on partitions A = (A1, A, ...) given by
K(A) =0\ + 1y +2X3 + - -
Theorem 9.5. [Proposition 7.6 of [12]] If k is odd, we have that

(9.6) |CST(A k)| = (=1)"Msx(1,=1,..., (=1)¥1) = |CST(A, k)|
If £ is even, we have that
(9.7) |CST(\, k)¢ = (—1)"Msy (1, -1,..., (=1)F 1)
(— 1)"‘0‘)3,\(1 —1,..., (=13 (=1)F2 (—1)k2) a and b even
(=1)*Msy (1, =1,...,(=1)*1) a even and b odd
CST(\, k)| =
| AR = (—1)b/2= 1+ ’\)sA(l —1,. ..,(—1)]‘3’1) a odd and b even
(=21 EN gy (1, =1, .., (=1)F3 (=1)F2 (=1)*72) a and b odd

For the case of CST(\, k) and k odd, the character values take the same form as the character values in our
proven instances of dihedral sieving (namely, the cyclic sieving polynomial evaluated at ¢ = —1 gives the fixed
point count for the reflection conjugacy class). However, a dihedral sieving polynomial cannot be obtained from
since the specialization is shifted by a power of ¢. In fact, the proof of Theorem 1.4 in [12] does not even
follow immediately from

Another possible instance of dihedral sieving arises in the study of alternating sign matrices. An alternating
sign matrix (ASM) of size n is an n x n matrix with all entries 0,1, —1 such that the non-zero entries in each
row and column alternate sign and sum to 1. Let ASM(n) be the set of all alternating sign matrices of size n.
Then, Zeilberger showed in [14] that

The natural g-analogue of this formula

n—1
. [3k + 1]!,

Xla) = g} [n+ k]l
is a polynomial in g. The cyclic group Z/47Z acts on ASM(n) by rotations through 90° so that (ASM(n),Z/47, X (q))
exhibits cyclic sieving. However, there is no linear algebraic proof of this statement and, rather, X (q) is only
known to be a generating function for descending plane partitions a related combinatorial object, by weight.
The dihedral group I5(4) also acts on ASM(n). The fixed-point count for a reflection through a vertical axis
(or for that of its conjugate, a reflection through a horizontal axis) was found by Kuperberg in [10] to be

o T 3(j—i)+1

i jint1 2l J—i+2n+1

when the size of the matrix is (2n + 1) x (2n + 1) (there are no (2n) x (2n) alternating sign matrices fixed by
a reflection of this type). However, the case of reflections through a diagonal axis is harder: no formula for the
fixed-point count is currently known or conjectured. However, given recent interest in this subject, a dihedral-
sieving interpretation of this problem might give insight into the cyclic sieving case and into the enumeration
of alternating sign matrices invariant under certain dihedral symmetries.
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10. APPENDIX: CHARACTER TABLES
n even e rz, =t sr, 813,810, ... s, 812,514, ..
1 1 1 1 1
det 1 1 -1 -1
2 — 1
Xb = s, s) 1 (1) -1 1
r— —1
X - det 1 (—1)° 1 —1
Xm 2 2 cos (—2”7;"@) 0 0
n n n n n—2 n—>2
Xk-subscts (k) [k]q:gﬁ [k]q:£2 [k]q:§2 + 2[1671][1:52 + [1%2](1:52
XNC(n) Cr Cn (q)‘q=§£ Ch (q)|q=£2 . Cy (Q)‘ngz
Xtriangulations Ch2 Cn—Q(q)‘ngfL 0 n n—2(q)|q:§2
XNC(n,k) N(ka) N(}?ak7£r€) N(Z},k’,fg) . N(T;7k7£2) .
+k—1 n+k—1 n+k—1 +k=2 +k—=3 n—3+
Xk-multisubsets (n k ) [ ' k ]q:gg [ ' k ]q:g2 [n k ]q:gz + Q[nkq ]q:& [ kaz ]q:&
n odd e rt =t sr, sr2, sr3, ...
1 1 1 1
det 1 1 -1
Xm 2 2 cos ( 2”7:”5) 0
[ I I I [,
XNC(n) Cr Crn(q)lg=et Cn(q)|g=¢,
Xtriangulations Ch—2 Cn—2(Q)|q=£fL %Cn—ii(q)'q:&
n+k—1 n+k—1 nt+tk—1
Xk-multisubsets ( k ) [ k ]quﬁ [ k ]q:£2
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