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1 Review matroids M

A matroidM of rank r on groundset E 1,2 on

abstractsvectors Vi k in spanning an r dimensional

vectorspaceV over somefield k

EXAMPLE
13 yV2 Iii

k R v
an r xn fullrankmatrix

having Vi as itscolumns
































































The matroid M associated to vi us sun
forgets their coordinates but

records the

subscriptsof linearly independentsets

I M EE IE Liz n vile are

linearlyindependent

is ik my ICM 0 1 12
2 13

v
34

14

23

24

Note 344 ICM since UsVy are dependent

ijk Icon vi j k
































































ICM alwayssatisfies independentset
axioms

IO O e ICM

Il I E J and Je ICM
Ie ICM

I 2 I JE ICM and Is J

F je J I with Iu Lj e ICMExchanging

and this is our firstdefinition of a matroid M

a collection ICM of subsetsof E 1,2 on

satisfying axioms Io Il IZ
































































IO o e ICM
In IET andJeICM I'IM

abstractsimplicialcomplex
I 2 I JEICM and Is J

Ijet I with Iori
eIM onvertices yaya yn

Axiom a implies

4 I

ICM
g

all inclusion maximal
independentsets

calledthebasesBCM
have same cardinality YI

Yre rank m

Ilm is a pure simplicialcomplex

ofdimension r M 1
































































Notallmatroids Mare representablebyrectorsu.us sun

EXAMPLE The non Pappusmatroid Mone 1,2 a

of rank 3 has

ICM all I 11,3 9 with 1 3
exceptthe collineartriples

shown

d ygqeI m violatesPappus'sTheorem
70 8 09

04 8 8 But Ilm satisfies axioms
IO CIDLIZ
































































AnalternateaxiomatizationofMuses theflats FCM

which are whenM isrepresentedby v is sun in V

f M FE 1,2 on Vi ice Wh Yagun
for some subspaceWot V

EXAMPLE flat
M 0 1 2 34 1234

13 yV2 1234

Totemv

1 34 ordered via

KIR inclusion
































































We could have defined a matroid M on E 1,3 in

as a collection F M of subsets F E E satisfying

flat axioms
FO E is n E F M

F1 F G E F M Fn G E F M

Fa F e F M and ie E F

F G e F M covering F with
ie G

FO CF the poset FCM is a lattice with FnG Fn G

Fa FCM is actually a geometric lattice

aatomic uppersemimodular
































































2 Shellability
DEF N A pure re dimensionalsimplicial complex

is shellableifwecanorderitsfacets 9,02 0t

inashelling order

Aja Oj intersects
thesubcomplexgeneratedby

9,02 0j inapureka
dim'lsubcomplex

yo 02 of onO oy I
yo

ICM

yo
O O oy oy 0 oy oy

y
04 0
































































Shellingdetermines thehomotopytypeof 4

DEF N CallO ahomologyfacetintheshelling

0,0s of it ofintersectsthesubcomplexgen'dby0,02 dj
in itsentireboundary Bdp

PROPOSITION When A is pure d
dimensionalandshellable

then 11011

geomef Etat pt dp.intwedge
ofdspheresrealization g ugau g

ofD 1 2 p 3

where
p

ofhomologyfacetsOj inanyshellingorder
































































Infact whenever D isshellable

then 8 0 141098 is contractible

yo

0 02
9

Ilm o

ji if 0

god O homology

contract y
D to
apoint 11011

0
04
































































3 THEOREM Foramatoid M theindependentsetcomplex ICM
ProvanBillera

is shellable via lexicographicorder onthe
basesBCM

1980

yo
ICM

d d Oy 0s
O og oy 12 Tex 13 Gex 14 Gex 23 Gex 24

y
04 05

Furthermore thenumberofhomologyfacets is

B TM0,1 TuttepolynomialTMGy
evaluatedatxo.gs

bases Be BCM of internalactivityzero

coronary IIM I

SEIYE.FIdje
































































Theflats FCM as a poset P gives us anothersimplicialcomplex

the ordercomplex Op simplicialcomplexwithvertexset xppep
andsimplicesfaces thetotallyordered
subsets AprXps Ppe if pi Pac ape inP

Bergmancomplexorder ConeEm É
Empffstetf M men OF M ACFM E3 AFM ofE

1234 X X 734
oIY.gg y

1 34

contractible
contractible

v

a 2foldwedgeof
o spheres
































































ASIDE Whycall In the Bergmancomplex

THEOREM The subspace V e k cut outby
Ardila Klivans

2003 linear formswhosecoefficients

are the rows of fittest'd M 14 t ly
has a naturalsimplicial subdivision for its

Bergmanfan tropicalvariety TropV IR

with linktropye I AM

linkattheorigininthesimplicialfan
































































I M leTHEOREM Foramatroid M allthreeof III goe m
Garsia1980

areshellable via lexicographic
order on theedge labelsequences

on maximalchains of c F c E
g
Fz c c Friml c E in FCM

mint
miff F minF E min t

edgelabels

I M OF M ACFM E3 ACFM OTE
1234 41234

7 2 34
kN

iffy
X 42 31 4 72 By

IF h 0 0

1,2Gex2,174 13,1

9 02 03
































































Furthermore thenumberofhomologyfacets is

B TMG o TuttepolynomialTMGy
evaluatedata yo

bases Be BCM ofexternalactivityzero

COROLLARY HEIDI I SEIyj.FIjge
T

Bergmancomplex

j
ArdilaKitansexample

Dm DEM 19,8 m

f
n forgraphicmatroid

MMKy

p 6 EX
































































4 Augmented Bergmancomplex Dm

In amonumental pair of 2020 papers
Braden HuhMatherneProudfootWang

introduced ahybrid

DEF N TheaugmentedBergmancomplex AM

has vertex set Ya Ya Yn u XF get EE
properflats FeFlor

withsimplices faces Yi iet U XFXE Fe

when Ie ICM is independent
Fifa Fe are properflats
I E F c Fac cFe E
































































Dm is pure of dimension r m 1 containing both

Ilm and Cone Em as subcomplexes

y
Dmis yV2

XiV J g
834 094

v
V4 pig

to go coneemy

Ya0

044

ICM on
34
































































SPECIAL CASE Boolean matroid Motrankn

Ilm Cone Dm DM
In 1 simplex barycentric boundaryof

subdivisionof
2 cap simplex

stellohedron

oxy
oxy

N 2 o o f x

Y XY 92 592
o

o o o3
xp 0 12

RIB o o oxy o
o

o

Y 92 o 0
2

0

Xz O
23
































































Whydid BHMPW introduce Am
Its StanleyReisner ring has an amazing
Artinian quotient bycertain linear forms

CH M augmented ChowningofM

U
IH M intersectioncohomology an AlDub

moduleof M

U
H M gradedMobiusalgebraofM a subalgebra

instrumental in theirproofof
DowlingWilson'sTopHeavyConj1974 forM

nonnegativityof KazhdanLustigpolynomialforM
































































Theyused this weakerpropertyofAmthanshellabity

PROPOSITION For anymatroid
M

CBHMPW
2020

anytwo
facets 0,0 are connectedby agallery offacets

9 9

witheach find it of dimension rim 2
codimension 1

EHII.EE
































































5 Two kinds of shellings ofAm and corollaries

THEOREMCUMN REU 2021 ForanymatroidM

the augmentedBergmancomplex
has

two families of shellings

i some that shell the facets
of Cone Em first

and facets of I M last

ii some that shell the facets of ICM first
and facets of Cone dm last
































































Typeli shellings Typecii shellings
50

Cone Dm Y
g

094

Y ICM

50 yo

yo y o
Exa 93

834 094

Exa 93
434

094

YE Ya

xp

yo
É

y o
Exa 93

834 094

g g g
g

DM DM
O

YE Ya
































































COROLLARY TheaugmentedBergmancomplexAM
umN REM2021

has 110m11 I S j
where B has

two expressions

i p TmG
1 B M

because the homologyfacets
intype i

shellings are yi ie indexedbybases B ofM

ii p Ii
flats FeFIT

Q1 Ty 6,0

countingtype ii shellinghomology
facets
































































REMARK The equality

TMG EE TM 9 Try G

appeared in workof Etienne LasVergnas
1998

rediscovered in Kook R Stanton 2000

and is a specializationof a convolution
formula

Tm x y IE Tay lo y Tay x

for Tutte polynomials
































































The type i shellingsshow contractibility of

A Dm facets ly ilie basesB E Blm

Since matroid automorphisms
set wise stabilize the

collection of basisfacets one can conclude

COROLLARY The group Ant
M acts on

Hren Am 2 as a signedpermutationrepresentation

same as on Crim ICM 7

of bubs br boo bar for bases

orientedsimplex B by br EBCM
































































Pi Anton50
e 12 134 127134

Yi V4

x y
834 094

Ya H m 25
is contractible
Dalbased

g.pe gy yya
yo

É
9,92 is 142

p
0 094 O Lyayy

ox
83

Dm u
y y 4

yo
































































REMARK Neither In nor m havesimple

descriptions for their homologyrepresentations
in general

Yotablespecialcases

matroid M Hren Im Hren 2 Em

Boolean trivialrepofSu signrepofSu

gBoolean knownvirtually steinbergrepofflult
Fqvectorspace

notsoexplicit

braidarrangement an Snrepthat Lierepots
completegraphic restrictsnicely

to Snl
Kook1996
































































REMARK
THEOREM

AmziJeffs AugmentedBergmancomplexes on
2022

are notonlyshellable7

hostedto but vertex decomposable

arXivlast
week a knownpropertyfor ICM and DM
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