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Lecture
1 Invitation to g counts

Monday representationtheory
quotients of Boolean algebras

2 Representationtheory review

Tuesday reflectiongroups

3 Molien'sTheorem
coinvariantalgebras

Thursday

4 CyclicsievingPhenomena
CSP

Thursday Springer'sTheorem n

see ECCO2018 lecture notes

5 More CSP's
Friday the deformation idea



Lecture 1

Invitation to g counts
representationtheory

quotients of Boolean algebras

DEF N Boolean algebra

2h3 all subsets of

In 1,2 in

thought of as a posetpartially
ordered set

via A EB if A EB

EXAMPLES 2133 I 23212
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2h is a ranked poset
whose rank numbers to rn

tygE Ii
have many nice properties
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PROPERTIES

Symmetry k Ik

Alternating sum

8 1 1 t.tn 0

Rank generating function

1 1 q 2g't hg

Unimodality

181 11 in



Foranysubgroup G of Gu
permutations
of In

these properties will generalize
to the

quotient poset

24g G orbits O of
subsetsof In

ordered via

O s O if F S EO
Sze 02

with S E Sa

Several interesting combinatorial

objects poets are of theform

2 6

1 I



EXAMPLE Black white necklaces

24 9 where Cut cyclicgroup
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EXAMPLE Ferrers diagrams Xin
7 2 3 4a Kyl rectangle 1 3 5 6 78
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EXAMPLE Unlabeledgraphsonnvertices

L Ygypermuting
the edgesof kn

g
P 1

12

14 is 2
21 84 EN rel y

0 198,97 1 II 5 1

Eg 4 2

IT res

gÉÉn 91.71
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THEOREM Foranysubgroup Got Gn
the rank numbers ro ro rn for 21g satisfy

Symmetry Kern k

Alternating sum ro rgtr rt.tn self
complementarydeBruijn1959 orbits

Rank generating function
Redfield1927Piya1937

Igqqk Iight
OEGCoto

Unimodality rosy sting
Stanley1982



Symmetry Kern k

Unimodality rosy sting
Stanley1982

Alternating sum
deBruijn1959

ro rprz rzt.tn self complementaryorbitsO
I

I
7 EX

II 1 2

81 I I WI s
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i i 3 IFÉ2
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and it doesgeneralize 8 2 2 167 0



Rank generating function
Redfield1927Piya1937

Iyaqk ITCHY
cycles

OEG Coto

EI q

83 of

394

I
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q

G 1 1123456 13576246 1411257136 153712641 165432

Ee Ight Hq 2696 2 Hq t http
113451 4351,4 7 11471251667

If it 6g 15g 1208 1584 68
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Re usable Proof Ideas

Linearize and re interpret

cardinalities dimensions

generatingfunctions or q
counts

gradeddimensions
or Hilbert series
or graded traces

proveequalities
via isomorphisms

inequalities via

linear injections surjections



identities can arise from

equalityoftraces

for conjugateelements h ghg

acting in a representationgroup
homomorphism

G I GLU Ageneral lineargroup

Tracelpighj Trace pigpenpcg5

Trace par

RECALL Trace AB Trace BA

Trace PAP Tr P PA Tr A



Linearize

let V d with d basis b

Elements Te GLU GL Q 9
2 2 invertible
matrices

act linearly on V

EXAMPLES b w

t L II
tw b

se Ig scales
f b b
t u W

and in fact s t are conjugate in GL V

since t has eigenvalues t 1 I

eigenvectors btw b w



The nth tensor power

TTV VM VK.EEs
has actions of

GLU diagonally

T v Vn Tu 0 Tan

Cand then expand
this multi linearly

En positionally
v Vn V8 Van

and the actions commute

TV O Vn To via Un

Than
THEM



Since Kd has A basis bin

von has f basis EA A can

of monomial tensorsindexedby
words in b w

with A positions where b occurs

EXAMPLE n 4

923 N DO I I as wbww

91,43 b 0 WOW b a bw w b

Permutations of Gn also permute

these basis elements

ea e
o A

e g 112311
4 IT
A 11,4 6 A 3,4



Hence for any subgroup G of Gn

the G fixed subspace

Vn E x e V0 get x V xEG

has f basis 903 o e 24g
indexed by G orbits O

where Eg ELA
EXAMPLE G Cy inside 84

long
w bub bubo

do

Cong
wbbbt bubbtbbubtbbbw

be both lie in
4 G



Both V0 Yare graded f rector
spaces

v3 ÉYI MT von

KOFG span A span
of

ofLea
ae 1 of eo ot Yg

EXAMPLE G CyinG4
egg bbbb

v04 bbbb

bbbw bbub
bubb wbbb edgeb

bbwwbwbwwbbwbwwbwbwbwubbe eE.gg
p

d

bwww wbwwwwbwwwwb EE

egg www
WWWW



Since the rank sizes ro rn rn of the
orbit poset 20 6 can be re interpreted

as re dime Vn E G

one can nowgive a silly proofof

Symmetry Kern k

Prof Recall t 1 e Glu swaps btw

and so it permutes the f basis let A intoV

via CA E
In A

es they i
n k

is
But since te GLO commuteswith theactionof GeGn

this isomorphism t restricts to a G linear isomorphism

amassdision
rinkrh



On our wayto
lesssillyproofs let's start

by re interpreting
the rankgeneratingfunction

b w

PROPOSITIONthe matrix stg g g
in GM

acts on von with trace rotrig raft trug

Prof Since stg b f
b

stg w n W

Slg scales every
A basis element et

in V

stg ea q
Al ea

e g Slg bubww qbow qb
wow pbwbww

Hence stg scales
allof MY by qt

including the subspace
in

So its true on yen E n
is fiqh d.my E E.rnq Bk



Proposition Thematrix Slg
o

acts on von
G with trace rotrig raft trug

COROLLARY In particular s f 9 Sti

acts on
n with tra ie ro intra I rn

This lets us prove
Alternating sum ro r f rat Irn seep

lengeyptarydeBruijn1959

pwt Since t is conjugateto s f
in Glu it actswith same trace on

On G

so with trace ro rat
is I rn

But since we saw it permutes tea een a

this means it alsopermutes the A basis

eat o e zmyo for Mn
G

t ed yea
if O is self complementary

e
o
if O is not selfcomplementary
and A E O has In A E O



EXAMPLE

t Coorg t bubwtwbub

J w bub bubw Cong

t emotfbwwwtwbwwtwwbwtwwwbjc.io

Wbbb bubb
bbwb bbbw

Com

Hence thetrace of t on YG isalso this

number of t fixed orbits lo that is the

number which are self complementary By



Let's sketchproofs for the last two properties
leavingdetails for the EXERCISEsessions

Rank generating function
Redfield1927Polya 1937

EYE I II Ey D

Petch Iing É dime von q

EXERCISE1.1.2Id

For
atnitefrep.IE GIaTraceyn qt

G J GL
U

dimUG fatale
d

Ia q Tracy

t.TT

EXERCISE1.1.3K

These two
are equal 54



Unimodality
Stanley1982

TE TE stay

PEI Wewant to showthat
R E Tat for k I

dimeNerf dinev29
so look for a f linear injection

a Vn E as VDI whenKc's

It would be even betterto have a
D linear injection

n Is Mon
for kc

that commutes with the actionof G
on

and henie withevery subgroup G
in Gn

Then it would restrict to an injection as in H



There is an obvious candidatefor Uk
namely Y 447 kt

EA to ZEB
givenby Been

IB htt
BOA

EXAMPLE n 5

U2 e4 991,233 913,43 913,53

i e U2 bubww bbbwut bubbwtbwbwb

EXERCISE1.1.4 a asksyou
to check Ukthat

commutes with theaction of Gn



EXERCISE 1.1.4 b f takes youthrough a

proof that U is injective for ke Ya by

showing the map Dk EA ZEB
BE In

EI
satisfies the commutation relation

Dalla UkDk K 2k Iden

which leads to aproofthat

Da U is positivedefinite for k k

DayUk is non singular

Uk is injective

TH



REMARK 1 This commutation relation

Drilk UkDk K 2k Iden
and injectivity of Uk are closelyrelated

to representations of sf a on V d
and on V04

andtheory ofcrystal bases as
in

Prof Schilling's lectures



REMARK 2 One can extend the above

theory to show Stanley 1984

that the posets 246 are all

Peck
frank

symmetric twe saw

rank unimodal we saw

stronglySpemer for all k the max

size AlltAz t Art
of a union of k
antichains in IMG
is the max of rip rik

WIFÉÉORE All poets 21 have the

strongerproperty of asymmetricchain
decomposition

I decomposition into

99 99 disjointsaturated hams

9 9 09 eachsymmetricabout9
themiddle rank

of



THEOREM Hersh Schilling2071

24cm eye
lie group

does have an explicit

symmetric chain
decomposition

inspired bythe theory of

crystal bases


