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Lecture
1 Invitation to g counts

Monday representationtheory
quotients of Boolean algebras

2 Representationtheory review

Tuesday reflectiongroups

3 Molien'sTheorem
coinvariantalgebras

Thursday

4 CyclicsievingPhenomena
CSP

Thursday Springer'sTheorem n

see ECCO2018 lecture notes

5 More CSP's
Friday the deformation idea



Recall
DEFINITION A representationof agroup

G on

a vector space VE Q is a homomorphism

G 1 GLU Glace

Combinatorics providesmany
EXAMPLES

1 Permutation representations
those that factor

G G Gina
o ng u x n permutation

matrix

e g 0 12457437 7
E g i



Some permutation representations
Ge Cn 12 n a On

The latter's G orbits were
and.to

LIE.Y.G
GhCGe Gre

and also G Gabe
The latter's G orbits

were

Ferrers diagrams acutty
G G 812

and also G 6211

The latter's G orbits were
unlabeled graphs

The regularrepresentationpreg
G G 6406
where pregly h gh the G

geG



EXAMPLES of representations confined

2 1 dimensional representations
G GL a a

such as the trivial representation
91 16 G A

g ts n tg EG

or the determinant representation

def GLC E

g def g

3 Linear symmetry groups ofgeometric
objects Pc Phd

G AntmealD g e GNR g D P

e g
i

GAutlinearP I 4

In
902 R gthgonal

GLR
Glad



4 Real reflectiongroups

finite subgroups G G On R G Ghar G e

generatedby Euclidean reflections
t

u a s t fixes

H reflecting
hyperplane

U V
h

negatesnormalvector
v

Goodexamples of reflectiongroups
are

are G AntmealD for regular polytopes P

G is
transithonmaximalflagsof fares
vertex c edge a polygon c

c facet

G Ijm dihedralgroup
of order 2m

Antinear regularm gon S t SEE 1
A 717

Is
gym6

I rest rotation



G symmetries
of regular in i simplex I Gn

to op g
123

as

0 O
2 3

03 n 4

G Its On R

G symmetriesof m dimensional
cube

symmetriesof n
dimensional cross polytope

hyperctahedral group Bu

men signedpermutation
matrices

f
t

o
r

o



QUESTION Can one classifyall representations

of a groupG up to equivalence

meaning G I GC

G GLAD
have a Q linear isomorphism V V

which is G equivariant
r is v

Pat y
Jp's

commutes kg G

ANSWER Yes when G is finite and VEE

A key tool are traces

DEF N The character Xp of G Gha

is the conjugacy class function

a e
g to Xplg Tracepigsmeaning

Xpghg Xp
h



Finite group representationtheory
review

1 Maschke's Theorem

One can always decompose p pi
meaning

pig
V I 8 ft
Va 0 Pals 0

O O

K o o pi

where V K andeach G
representationVi

is simple irreducible

i e no G stablesubspaces
Uwith
I UE Vi



2 The listof inequivalent irreducible

representations pa Pa Pr
has size r G conjugacyclasses

Infact
the characterXp determines p up

to equivalent

because the irreducible characters

Xp Xps Xp give a Q basis

for the Erectorspace of
class functions

G A

and this basis isorthonormal
with respect to the Hermitian inner product

IX X.fi EgiaXID Xis



3 Orthonormality to uniquely decompose

P Fm
into irreducibles PaPa Pr

since Xp Milly t mixer

one can compute the multiplicities mi
from

Xp Xp FimXp Xp.la
mi

4 Similarly
it implies

Xp Xp a Éimixpi Iii Xp

Zim
n

I
p pi is

irreducible



Standard EXAMPLES

1 1 dimensional representations G
E Q

are the same as theircharacter p Xp G f

2 Permutation representations

GLEE
Gina

have
Xp

o Trace
ppm

d offixedpoints
f A cycles of 6

Inparticular

multiplicityofAginp XpXp

it Fata
Burnside

Eg
offixedpointsofa

Lemma I G orbits on In

andsee
EVER 1.1.2

et



group
3 The regular representation algebra

G 18 Go GLC IG

has preglg h gh t h if g e

so
Xp g Tracepregg

o if g e

lol if g e

Hence tyresXp to ftp.eg Xp

ta lol pile
dimeVi if GIGLI

SOROLLARY The regularrepresentation
contains

every irreduciblep
with multiplicity dineVi

Pres p
dimeNi

take dimensions

1G1 II dimeNi



4 Irreducible representationsof

G Oz e 112 113 123 123 132

1
r 3 conjugacyclasses

3 irreducible representations

Start with its a dimensional characters

since 83 4 121 123

s t

and stare conjugate any 1
dimensional

charaiter X has XG Xlt
Since 5 Ey also XIs XE e El

Two possibilities

G I Q
sit I

G IE
sit to I



Need one more irreducible representation
and we claim the reflection representation

83 OUR 7 on 1123

r
a GL a

30 of
is irreducible E3

m3

e g via computing itscharacter

X ref e Trace 1197 2

Xref i ji Trace riffs Trace Ii o

Xreffijk Trace Ktation Trace E g 1

Hence ArefKreff IEGXreftd.Xr.to
i

If i 22 3 0.0 2 f 1 fi 6 1

irreducible



CONCLUSION

G has irreducible character table
12 1237
13

e 123 132

11 1 I 1

Sgh 1 1 1

Pref 2 o t

REMARK Ingeneral G has irreducible
representations pi painPr f Ipapartitionshot n
with pale dimavxqdi.intEerayisItt

talks


