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The graphLaplacian Lp
is positive semidefinite

Lp D where IRE Is IRV

cIn skirt

has RI e Kal4

equality
hered
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Fromspectrum feigenvalues ofLp
OEXEAE He

onecancountthespanningtreesint

417 412 ae
finny Tt

Alternatively

It detflp IEEF.mnr
Kirchhoff's reduced Laplacian
Mentrifietreme Ip1845



EXAMPLE F has

EG 75431,2 K 713 8

u n 2 3

4 17 has eigenvalues
of 2 414
To 11 12 13

So IT 2Y 8

Or 47 dettp detfII.IT
2132 1 ft 2 o

10 2 8



REMARK
Eigenvalues of Lp are known

forseveral families ofgraphs

letting one compute 4T

usually graphs
withlargesymmetry

or with inductivestructure

completegraphs
completemultipartitegraphs

cubes Cartesianproducts

distance regulargraphs

thresholdgraphs co graphs



EXAMPLE

completegraphs kn f

H
Ks

have Lkn eigenvalues
Ao A FAE A n y

0 n n n

COROLLARY
c kn I nn 2

Cayley1889
Borchardt1860



EXAMPLE n dimensional
cube graphs Qn

Q Qa Qs
have Low eigenvalues
A O 2 4 2h 2 2h

mutt i 171 cnn.it cnn

COROLLARY

tlknt
2
I.sk

k



What about the Laplacian Lp
considered as a map RV RV
for other rings R e g what is
rank Lp whenreducedmodp

To answer this one can workwithTEE

and compute

coker 45kV
IYimKp
Ek Kr

critical groupr sandpilegroup



Alternatively one can show that

Kate cokerfed

with

KCT finite Thonnected

Kirchhoff's 1hm then implies

KITH 417 spaynniggtrees



EXAMPLE f
u n 2 3

has hi with

coker 244524 2 7487L

KCT

because one can compute Lphas
Smithnormalform

PL a L

for some P Q EGL 2



usingtheAlternatively
reducedLaplacian Lp

Kataoka e
E 7487L

via equivalent Smith form calculation

Pina fi o

For example given p prime

rank pflp 2g ifp 2
if pt 2



Whythe name sandpilegroup

The reducedLaplacian Lp is an

avalanchefinite matrix

entries in 2

off diagonal entries to

invertible
withinverseentries zo

Also known as
nonsingular M matrices



Thisimplies everyvector x cAll
can bebrought via a finitesequence
of stepsthatsubtract columns oftip
keeping it in Me until no such
subtraction is possible x is stable

i

tandem
in

butganet
E T

o

ofLp



EXAMPLE

iii i
subtract

2 4 Glynn o 5 WILMM I 2

7 t II 1 2

IF g YE TEI statistic

o 1 I

The stabilization
is unique independent
of choicesoffirings



Leadsto two interesting classes of
coset representatives in Nl
for KCT mtn
critical configurations
f stable recurrent

superstable configurations
198TBakTang Wiesenfeld
1990Dhar
1991 Lorenzini
1993 Gabrielor
2007Baker Norine
2009 Shokrieh
2012 Levine Pegden Smart

20.13 Holroyd
LevineMeszarosPeresProppWilson



duality subtractfrom 72
Emmy

O 2 1 O

Do 2
O p y u n l n l O 2 O 1

IF 174120 120 120 12
O O O n l O 1 2 n n o 2

t.at o Do.Do D D
O O I 2

Do 2

ssuperstable 8 critical
configurations configurations

stabkupbuyttanbgt.IOostnaoYr'ebErent



Theexactstructure ofthe
sandpilegroupkhtzelimLI is
knownforveryferographst
even wheneigenvalues and
eigenvectors and 417 Kcr
are easy

easy
EXAMPLE Completegraphs kn Ks

have 4km nn 2

and K Kn 7424
2



Frustrating
EXAMPLE n dimensional cubes Qn
have Laneigenspaces easy
and n

tlknt j F.sk
k

Thep pnm wsLmcLwe
of K Qu is knownfor p odd

SylpKCQn Sylp Kkk
but for p 2

Sylak Qu is an unknown mess I



Now for ordinary

Finite greup representations
G a finitegroup
irreduciblesimple complex
G representations G modules

tf.iyig.at
So Si Sa Se

characters Xo Xn the

EXAMPLE
G Ck rotationalsymmetries of

weWa w l

O 0 I



DEFINITION

Given a representation

G Is an

defineits Mckay matrix Mp Cmij via

Xs f Xi Xp j
omijXj

or

Sinop g Mj



Hsi XiXp j omijXj
definesMp

Then

Lp nIf Mp

KH colored d
sandpitegroup or ftl 1

2 KH wkerfk



EFFIE sod ab
rotationalsymmetries of 4 g

e 123 132 1127134

i.fi

Xz he W 1

Xp X O O y

X XF Xs X Xs

iii
if

X

p k 9,992Xs



4 IHf f f I

II I at
KG cokerEp 7437L

Sandpigeroup



Why is Coker L 2 CokerT P
P I

KHhas

isL

as right andleft nullvector

EXAMPLET

t
THEOREM
The inclusion IRS Eker Lp is an equality

G Glace is faithful

analogous of T connected



Moregenerally the columns ofthe charactertable

g re orderedcolumns
xp

and

a

giveright and lefteigenbasesforMp Lp

j
EmijXjlg XiIg XpIg

Mp 5cg Xpg 5cg

Lp5cg n XpIg 51g

eigenvalues of Lp



TEORtMS RES

THEOREM Benkartklivans R
For faithful G repp
Episanavalanchefinitematrix
so one can compute in

KH coker Ep via toppling

with superstableororitical
cosetrepresentatives in Ne

EXAMPLE continued
X KX

X

E 33
with 7432

X K X X K X
O O O 22 O

1 O o 1 2 03
O l O 21 O

superstables critical's



Some Cdi graphLaplacians do re appear

THEOREM Benkartklivans K

Forfaithfulabeliangroup repsGIG
KC KIT
f ldisagfadpp.h.ie

group

where 7 Cayley digraph for

the dual group GEHomlG.ci fXo.Xn Xe

withrespecttogenerators Xin Xin

if Xp Xi t Xin



EXAMPLE

9 422 Is GLn

I i

has KG K
n the

is



Theanalogueof KEY TIP Then he is

THEOREM Gaetz For any
faithfulrepresentations of G

KG G nj.dkesXd9DCgI

EXAMPLE G Ch GARcGLz

had k p 7437L

toff

KG G o 3 0 3 CD 3



THEOREM Gaetz ARE G

regularrepresentation
ofG

G Ea GLn has

kcrega.IE
nzyttfGia9hdenga9

2

Gabelianns

KCrega 474mL
G74h72

K kn 74 5
2 r

i lgroapphete

Ks



McKayboriginaltheoremt
When GI SLAC then

Ip are theCartan extendedCartan

matrices for a simply lacedrootsystem Io

In
A Eb

Oxo

Ho
Ez

D n

Oxo 8



THEOREM Benkart Klivans R

In McKay's Gatsble setting

Kfp Honda

I dimil charactersXi ofG

gab.fi CGG7
on

abelianization
of G

fi o c
fundamentalgroupofIo



THEOREM BenKart Klivans R

Moregenerally when Gatt Slade
one has a surjection

Kfc Honda GD

THEOREM Gaeta
When Gob Slink

finding
stunsail Heffingtons

HornG



Do we really need

complex G representations

thatis.GG
Why not representations

G GLATT

that is AG modules

Much of it works
replacing A FG with



Hopfalgebras
LetAbea
finitedimensional Hopf algebra
overanalgebraicallyclosedfieldtf
soithas product A AFA
and A modules V
butalso defines

coproduct V WAE AxoA
count TrivialA mod

A F soon

antipode Left and right duals

At A v v



EXAMPLE

A IFG groupalgebra

forafinitegroup G
with

coproduct g g g

counit g E 1

antipode g Es g



zetterirtualcharactersofG
run
htt GrothendieckgroupZ E Gott of A modules

q u Iu ws

with 2 basis 181,91 be
where So Sis se

are thesimpleA mods

and a visit
inpp

Gott hasmultiplication
from

a w V W



DEFINITION.tw
eVet.MvE7LktDHltDexpressthemap

Mckaymatrix LV
Gott GIA
115 HS

zett zl 11

that is ftp.jfsjxov.si
Lr nIe Mr wheren dimV

2tokff ookerfk.LIsandpilegionp



Whenis KCV finite generalizing
G bangWu1
THEOREM Grinberg Huang R

kN is finite
Vistensorrich

TeeryAsimpleSioccurTI_y1inatleastoneVOtEVxo.i.x

h

LT Lr finite Ima
avalanche

finite
REMARK For EG modules

V

V tensor 4 7 V faithful
rich Burnside



REMARK In general

coker Lv 7L KCV
in

coker Ev
unless A is semisimple as an algebra

But in the semisimple case
one can again compute

in

Kaseokert
via sandpiles in Me and LT



Recall
A pi

dims

left regular O

A module

where PoPa Pe are the
indecomposable projective A modules

GoPEprojective cover ofSi

PROPOSITION t
Let 5 so sa sit

F Lpo p pe
wheresi

dimfipi

dimPiThenpTsare left rightnullvectorsforty



PROPOSITION For A FG
one knows all the eigenspaces

the Brauer charactertablecolumns
t

stop LX g itsegDforpregulargEG
and

permuted indecomposable

projective Brauer charactertablecolumns

ftp.t pfD XpesDt

give lettandrighteigenbasesfor Lv



Fortensor rich A modules V
what is KG

A lemma of Lorenzini implies this

If Lr has eigenvaluesPROPOSITION
0 70,411,72 Ae then

KW VIA 142 Xe
dimA

where HA gcdldimpibi o.is e

QUESTION
Does have more meaning
intermsofstructureofA



PROPOSITION For A FG withcharF p

HAI _the size ofanyp Sylowsubgroup

p where G pag
with gcdcp.gl

COROLLARY For A FG
and an A module Vot dimension n

cutIFTIG Hdp regular
Bchanewareter

G conj classes

gite



The leftregularA moduleA itself
is alwaystensor rich

THEOREMTGrinberg Huang R

Foranyfinite
dim l Hopfalgebra A

l I

HATE 7482 to fk d
where 8 HAI

d dimA
f fnon trivialsimpleA modulesSy Se

Questions onfinite dimensionalHopfalgebras
naturally arose some now answered in work of

Ben Kart Diaconis Liebede Tiegs
2018

Burciu2018



Thanks for

your
attention


