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Summary In this paper we continue our analysis of the treatment of multiple scattering e�ects
within a recently proposed methodology, based on integral-equations, for the numerical solution of
scattering problems at high frequencies. In more detail, here we extend the two-dimensional results in
part I of this work to fully three-dimensional geometries. As in the former case, our concern here is the
determination of the rate of convergence of the multiple-scattering iterations for a collection of three-
dimensional convex obstacles that are inherent in the aforementioned high-frequency schemes. To this
end, we follow a similar strategy to that we devised in part I: �rst, we recast the (iterated, Neumann)
multiple-scattering series in the form of a sum ofperiodic orbits (of increasing period) corresponding to
multiple re
ections that periodically bounce o� a series of scattering sub-structures; then, we proceed
to derive a high-frequency recurrence that relates the normal derivatives of the �elds induced on these
structures as the waves re
ect periodically; and, �nally, we analyze this recurrence to provide anexplicit
rate of convergence associated with each orbit. While the procedure is analogous to its two-dimensional
counterpart, the actual analysis is signi�cantly more involved and, perhaps more interestingly, it
uncovers new phenomena that cannot be distinguished in two-dimensional con�gurations (e.g. the
further dependence of the convergence rate on the relativeorientation of interacting structures). As
in the two-dimensional case, and beyond their intrinsic interest, we also explain here how the results
of our analysis can be used toaccelerate the convergence of the multiple-scattering series and, thus,
to provide signi�cant savings in computational times.

1 Introduction

This paper constitutes the second part in a series that seeksto analyze the convergence character-
istics of multiple-scattering iterations within a recentl y proposed scheme for the numerical solution
of high-frequency scattering problems [3,4]. As we explained in part I of this series [10], which dealt
with two-dimensional con�gurations, the methods in [3,4] result from a set of ideas that collectively
deliver a unique multiple-scattering solver, capable of predicting scattering returns within any pre-
scribed accuracyin frequency-independentcomputational times. Here we extend the analysis in [10] to
encompass fully three-dimensional con�gurations within scalar (e.g. acoustic) scattering models.
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For a review on the relevance of these novel schemes for the simulation of high-frequency scattering
scenarios, and for their placement in the context of state-of-the-art numerical procedures for scattering
applications we refer the reader to [3,4,10] for the case of general smooth convex obstacles, and to [7]
for the case of convex polygons. As detailed in [3,4,10], these new schemes are designed to overcome
the classical limitations of alternative methods (namely, the need to numerically resolve the �elds on
the scale of the wavelength of radiation) while retaining their most important characteristics (e.g.
error-controllability). As such, these novel numerical algorithms have generated signi�cant interest
and work in recent years (see e.g. [12,14,11]), which has been mostly con�ned to two-dimensional,
single-scattering geometries (e.g. those that arise in connection with scattering by cylindrical convex
obstacles).

Work on the implementation of the basic ideas in [3] for the treatment of fully three-dimensional
con�gurations, on the other hand, reduces to the preliminary results in [2] which speci�cally concern
frequency-independent evaluation of the (singular) oscillatory integrals that arise in the treatment of
three-dimensional single-scattering geometries. As in the two-dimensional case, these results can be
used to extend the methodology to cases wherein multiple-scattering occurs, following the prescriptions
in [4]. More precisely, as we review in Sect. 2.3, the approach to the account of multiple-scattering
e�ects relies on the reformulation of the integral-equation representation of the scattering problem
in the form of an iterative series, whose terms can be derivedfrom the sequential solution of single-
scattering problems corresponding to successive geometrical re
ections in the limit of in�nite frequency.
While the results in [2] provide clear guidelines for the attainment of a prescribed accuracy in the
simulation of each of these single-scattering events (at arbitrarily high frequencies), the question of
convergence of the multiple-scattering series that they collectively constitute has remained unexplored.
Here we provide an analysis of this convergence that is analogous to that we devised in [10] for the
two-dimensional case.

In fact, the procedure we follow here to uncover the convergence characteristics of the multiple-
scattering series in three dimensions for a collection of smooth strictly convex obstacles is similar
to that we introduced in [10]. Speci�cally, the method is based on (i) a recasting of the iterated
multiple-scattering series in the form of a sum ofperiodic orbits (of increasing period) corresponding
to multiple re
ections that periodically bounce o� a series of scattering sub-structures (see Sect. 2.4);
(ii) an analysis of these periodic orbits in the high-frequency regime which delivers a recurrence
that relates the normal derivative of the �elds induced on the sub-structures as the waves re
ect
periodically (Sect. 3); and, (iii) a derivation that relies on (ii) to provide an explicit rate of convergence
associated with each orbit (Sect. 4). Numerical results that exemplify the relevance and accuracy of
these analytical developments are presented in Sect. 5.

While the approach we use here to establish our results in three dimensions is analogous to that
we utilized to prove their two-dimensional counterparts, the actual analyses are signi�cantly more
involved. To facilitate this comparison and the overall understanding of the results we present here,
the rest of this paper is largely organized as the �rst part of the series [10], to which we refer throughout
to minimize the repetition of arguments. In particular, for instance, a comparison of our main results
(cf. [10, Theorems 3.1, 3.3, 4.2, 4.1 and Corollary 4.1] and Theorems 3.1, 3.2, 4.1, 4.3 and Corollary 4.1
below) clearly demonstrates the signi�cant additional complexities that the extension to three space
dimensions entails. More interestingly, perhaps, this extension uncovers new phenomena that cannot
be distinguished in two-dimensional con�gurations, such as the further dependence of the convergence
rate on the relative orientation of interacting structures (see, e.g., Theorem 4.3, Remark 4.1 and
Figures 5.2{5.3).

Finally, as in the two-dimensional case, and beyond their relevance in providing an error estimate
for any truncation of the multiple-scattering series, the results of our analysis can be further used to
acceleratethe convergence of this series and, thus, to provide signi�cant savings in computational times.
As explained in [10, Sect. 5.4], this acceleration can be attained in a number of ways. For instance,
knowledge of the asymptotic behavior of the terms in the series as the number of re
ections increases,
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allows for an extrapolation of the neglected tail which can be added to a numerically evaluated series,
truncated at any given order, to deliver a more accurate estimate of the overall sum. Clearly, other
acceleration strategies are possible (e.g. based on suitable combinations of the iterates|as done, for
example, in classical methodologies based on Krylov subspaces). The extension of our analysis to
encompass these alternative techniques, as well as that corresponding to vector scattering models (e.g.
the Maxwell system), however, are left for future work.

2 Preliminaries

In this section, we brie
y review some basic results that constitute the foundation for the developments
that follow. In detail, we begin in Sect. 2.1 by recalling the di�erential and integral formulations of
the scattering problem. We then proceed, in Sect. 2.2 with a short description of the main principles
underlying the single-scattering high-frequency algorithm of [3]. The extension to multiple-scattering
problems introduced in [4] is reviewed in Sect. 2.3 where we explicitly recount the derivation of the
iterated series that can be used to account for these e�ects.Finally, in Sect. 2.4, we recall the ideas
that allow for a rearrangement of this latter series in the form of a superposition of multiple-scattering
events that take place over (primitive) periodic orbits [10].

2.1 The scattering problem and its integral equation formulation

We shall be concerned with the acoustic scattering problem
8
>>>>>><

>>>>>>:

�u (x) + k2u(x) = 0 ; x 2 
 = R3nK;

lim
jx j!1

jxj
�

x
jxj

� r u(x) � iku (x)
�

= 0 ;

u(x) = � uinc(x) = � eik� �x ; x 2 @K

(2.1)

where k is the wavenumber andu denotes the �eld scattered in response to an incident plane wave
uinc(x) = eik� �x with direction � (j� j = 1) that impinges on a smooth compact obstacleK . In this
paper we concentrate on the scalar Helmholtz model; extensions of the ideas that follow to vector
scattering models (e.g. the Maxwell system) entail additional complications whose treatment is left for
future work. For the sake of de�niteness we assume that the total �eld vanishes on @K(corresponding
to a \sound-soft" scatterer in acoustics) although other classical conditions (e.g. \sound-hard") can
also be treated within our theory with appropriate changes.

As is well known [8], the problem (2.1) can be recast in the form of an integral equation in a variety
of ways. For our purposes, however, a most convenient form results from an application of Green's
identities resulting in an integral equation for the normal derivative of the total �eld. More precisely,
we have

u(x) = �
Z

@K
� (x; y) � (y) ds(y); x 2 
; (2.2)

where

� (y) =
@

�
u(y) + uinc(y)

�

@�(y)
; and � (x; y) =

1
4�

eik jx � yj

jx � yj

is the outgoing fundamental solution to the Helmholtz equation in three space dimensions, and� (y)
denotes the exterior unit normal to @K. Di�erentiating (2.2) in the direction of � (x) on @Kwe obtain
the second-kind equation

� (x) �
Z

@K

@G(x; y)
@�(x)

� (y) ds(y) = 2
@uinc (x)

@�(x)
; x 2 @K (2.3)
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where we have setG = � 2� . Although the integral equation (2.3) is not uniquely solvable when k
is an internal resonance, simple modi�cations (based on combined single- and double-layer potential
representations) can be e�ected to rectify this de�ciency (see e.g. [8]). These changes do not a�ect the
high-frequency analyses that follow in any way and we shall therefore continue to work with (2.3).

2.2 High-frequency integral-equation method: single scattering [3]

As detailed in [3], and within single-scattering con�gurat ions, it is possible to design a numerical
scheme that allows for the resolution of (2.3) to within any prescribed accuracy with a number of
degrees of freedom that does not appear to increase with increasing frequency. The method is based
on some basic observations relating to the asymptotic nature of the unknown surface density� (y).
Indeed, since it is the normal trace of the total �eld, physical intuition suggests that it admits a
factorization

� (x) = � slow(x) eik� �x ; (2.4)
where the envelope� slow is \slowly oscillatory." To state this more precisely, and explain the basic
principals of the algorithm in [3], we introduce some relevant terminology from microlocal analysis [13].

De�nition 2.1 (symbol classes of H•ormander) Let M be an open subset ofRp, and let � be an
open conic subset ofM � Rq (i.e. (x; � ) 2 � implies (x; t� ) 2 � when t > 0). The symbol class of
order � 2 R and type %; � 2 [0; 1] of H•ormander, denoted asS�

%;�(� ), is de�ned to be the collection of
all complex-valued functionsa 2 C1 (� ) such that, for any compact setW � � and all multi-indices
�; 
 , the estimate

�
�
�D �

x D 

� a(x; � )

�
�
� � C�;
;W (1 + j� j)� � %j
 j+ � j� j ; (x; � ) 2 W c (2.5)

holds for some constantC�;
;W where W c = f (x; t� ) : (x; � ) 2 W; t � 1g. Note that, if a 2 S�
%;�(� ),

then
D �

x D 

� a(x; � ) 2 S� � %j
 j+ � j� j

%;� (� ) :

Moreover, condition (2.5) is invariant for di�eomorphisms in the x variable, and thus the de�nition
of S�

%;�(� ) extends to the case whereM is a p-dimensional C1 manifold. In this case, �xing a C1

atlas of charts
f (U� ; � � )j� � : U� � M ! Rpg

on M , D �
x D 


� a(x; � ) stands for

D �
x D 


� a(x; � ) =
n

D �
y D 


� a(� � 1
� (y); � ) : (U� ; � � ) is any coordinate chart with � � (x) = y

o

and �
�
�D �

x D 

� a(x; � )

�
�
� = max

n�
�
�D �

y D 

� a(� � 1

� (y); � )
�
�
� : D �

y D 

� a(� � 1

� (y); � ) 2 D �
x D 


� a(x; � )
o

:

De�nition 2.2 (asymptotic expansions in the sense of H•orma nder) Let M be ap-dimensional
C1 manifold, � an open conic subset ofM � Rq, and aj 2 S� j

%;�(� ) where � j ! �1 as j ! 1 . We
say that a 2 S�

%;�(� ) admits the asymptotic expansion

a �
1X

j =0

aj

if
a �

X

i<j

ai 2 S� j
%;�(� )

for every j = 0 ; 1; 2; : : : where � j = max i � j � i and � = � 0. Moreover, the function a is uniquely
determined moduloS�1

%;� (� ) =
T

� S�
%;�(� ) and has the same property relative to every rearrangement

of the series
P

aj .
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With these de�nitions, we have the following characterization of the asymptotic behavior of � slow

in (2.4).

Theorem 2.1 ([15]) Let K � Rp be a compact, convex set with smooth boundary@K having all
principal curvatures everywhere positive. Then the asymptotic behavior of � slow(x) = � slow(x; k ) is as
follows:
(i) On the illuminated region

@KIL = f x 2 @K: � � � (x) < 0g; (2.6)

� slow(x; k ) belongs toS1
1;0(@KIL � (0; 1 )) and admits the asymptotic expansion [15, equation (1.15)]

� slow(x; k ) �
X

j � 0

k1� j aj (x) (2.7)

where aj (x) are complex-valuedC1 functions.
(ii) Moreover, in a vicinity of the shadow boundary

@KSB = f x 2 @K: � � � (x) = 0 g; (2.8)

� slow(x; k ) admits the asymptotic expansion [15, Theorem 9.27]

� slow(x; k ) �
X

p;q� 0

k2=3� 2p=3� q bp;q(x) 	 (p) (k1=3Z (x)) (2.9)

wherebp;q and 	 are complex-valuedC1 functions and Z is a real-valuedC1 function that is positive
on @KIL , vanishes precisely to �rst order on @KSB , and is negative on the shadow region

@KSR = f x 2 @K: � � � (x) > 0g: (2.10)

Furthermore, the function 	 admits the asymptotic expansion [15, Lemma 9.9]

	 (� ) �
1X

j =0

cj � 1� 3j as � ! 1 ;

and 	 is rapidly decreasing in the sense of Schwartz as� ! �1 ; that is, for all N; n 2 N [ f 0g,

D n
�

8
<

:
	 (� ) �

N � 1X

j =0

cj � 1� 3j

9
=

;
= O(� 1� 3N � n ) as � ! 1 (2.11)

and
D n

� 	 (� ) = O(� � N ) as � ! �1 : (2.12)

Remark 2.1As was shown in [12] in a two-dimesional setting, the asymptotic expansion (2.9) can be
extended over the entire boundary@Kutilizing the known rapid decay (in the sense of Schwartz) of
� slow in the shadow region@KSR . Indeed, the method giving rise to this extension is independent of
dimension (see [12] and the references therein).

Accordingly, we see that � slow is \slowly oscillatory" (i.e. its variations do not accentu ate with
increasing wavenumber) on compact subsets of the geometrically illuminated region @KIL , and it
decays rapidly in the shadow region@KSR away from a boundary layer on anO(k� 1=3) neighborhood
of the shadow boundary@KSB . These properties allow for a recasting of (2.3) in terms of the slow
density � slow

� slow(x) �
Z

@K

@G(x; y)
@�(x)

eik� �(y� x) � slow(y) ds(y) = 2 ik� � � (x); x 2 @K (2.13)
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with clearly bene�cial e�ects with regards to the number of d egrees of freedom necessary to represent
the solution.

Indeed, as detailed in [3], the considerations above imply that the nodal location of these can
be taken to be independent of the wavenumber in the illuminated region (away from the shadow
boundary), while their de�nition becomes unnecessary in the deep shadow where� slow can be set to
vanish beyond anO(k� 1=3) layer around the shadow boundary (2.8). A second element ofthe solution
method in [3] then relates to the choice of discretization inthese shadowing transitions: these are taken
to cover the shadowing transition on the scale ofk� 1=3 with a �xed number of points for any given
accuracy.

This distribution of unknown values suggests that the approximations to the solution of (2.13) can
resolve the variations of the exact solution ask increases without the need to increase the problem
size. There remains, however, the problem of evaluating thehighly oscillatory integral in (2.13) in a
manner so as to incur a �xed computational cost. The third aspect of the procedure introduced in [3]
concerns this integration problem which it resolves with a thoughtful localization scheme around the
critical points of the phase

ik f � � (y � x) + jx � yjg

of the integrand in (2.13).

2.3 High-frequency integral-equation method: multiple scattering [4]

A basic impediment in extending the ideas in Sect. 2.2 to multiple scattering scenarios relates to
the breakdown of the factorization (2.4) which clearly cannot hold on a structure that is illuminated
multiple times (cf. Figure 2.1). On the other hand, again here the physical nature of the unknown
density allows for a pre-determination of its phase, which is simply provided by the geometrical optics
solution '

� (x) = � slow(x) eik' (x) :

A problem arises however since, in the presence of multiple re
ections, ' is multi-valued and a mecha-
nism must be devised to incorporate this information into the integral formulation (2.3). Interestingly,
as described in [4], this can be attained through a suitable iterative procedure where each iteration
corresponds to a single geometrical re
ection in the limit of in�nite frequency and thus constitutes a
single-scattering problem which the method in Sect. 2.2 canresolve in frequency-independent compu-
tational times.

In more detail, using I to denote a�nite index set, let us assume that the obstacleK is the disjoint
union of sub-scatterers

K =
[

f K � : � 2 Ig ;

so that equation (2.3) can be written as

(I � R)� = f (2.14)

where

� =

2

6
4

� � 1
...

� � jIj

3

7
5 =

2

6
6
4

�
�
�
@K� 1
...

�
�
�
@K� jIj

3

7
7
5 ; f =

2

6
4

f � 1
...

f � jIj

3

7
5 = 2

2

6
6
6
6
6
6
4

@uinc

@�

�
�
�
�
@K� 1

...
@uinc

@�

�
�
�
�
@K� jIj

3

7
7
7
7
7
7
5

and

(R�� � � )(x) =
Z

@K�

@G(x; y)
@�(x)

� � (y)ds(y) ; x 2 @K� : (2.15)
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(a) Con�guration (b) Re(� ) (c) Re(� slow )

Fig. 2.1. A single- (top row) and a multiple-scattering con�guration (bottom row) arising from a wave incident in the
downward vertical direction ( k = 32). The middle and right panes display the real parts of � and � slow (as de�ned in
(2.4)), respectively, on the rightmost obstacle in the case of multiple scattering (bottom row).

(a) Re(� m ) (b) Re(� slow
m ) (c) Phase

Fig. 2.2. Real parts of the iterated currents � m (left pane), the slow envelopes� slow
m (middle pane) and the corresponding

phase functions (right pane) for the multiple scattering co n�guration of Figure 2.1. The top and bottom rows display
the results on the rightmost obstacle for m = 0 and m = 6 respectively.

Multiplying (2.14) with the inverse of the diagonal operator D de�ned by

D �� =
�

I � R�� ; � = �
0; otherwise

yields the alternative equation
(I � T)� = g (2.16)

where
g� = ( I � R�� )� 1f � ; � 2 I

and
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T�� =
�

(I � R�� )� 1R�� ; � 6= �
0; otherwise.

(2.17)

The solution to (2.16) can be expressed in the form of a (Neumann) series

� =
1X

m=0

� m :=
1X

m=0

Tmg ; (2.18)

where each term has the form

� m
�
�
@K�

=
X

� 0 ;��� � m � 12I
� 6= � m � 1 ;� j 6= � j � 1

T�� m � 1 T� m � 1 � m � 2 � � � T� 1 � 0 g� 0 : (2.19)

From (2.15) and (2.17) it follows the m-th term in (2.18) corresponds exactly to the superposition
of contributions arising as a result of waves that have undergone preciselym geometrical re
ections.
Each term in (2.19) in turn corresponds to a speci�c re
ection path ( � 0; � � � ; � m� 1; � m ) with � m = � on
which a single-valuedphase can be de�ned under mild restrictions on the geometrical con�guration;
see Sect. 3. More precisely, in this case, if for everyx 2 @K� we let

(X m
0 (x); : : : ; X m

m (x)) 2 @K� 0 � � � � � @K� m

denote the (uniquely determined) (m + 1)-tuple of points satisfying

8
>>>>>>>>>>>><

>>>>>>>>>>>>:

(a) X m
m (x) = x;

(b) � � � (X m
0 (x)) < 0;

(c) (X m
j +1 (x) � X m

j (x)) � � (X m
j (x)) > 0;

(d)
X m

1 (x) � X m
0 (x)

jX m
1 (x) � X m

0 (x)j
= � � 2� � � (X m

0 (x)) � (X m
0 (x)) ;

(e)
X m

j +1 (x) � X m
j (x)

jX m
j +1 (x) � X m

j (x)j
=

X m
j (x) � X m

j � 1(x)

jX m
j (x) � X m

j � 1(x)j
� 2

X m
j (x) � X m

j � 1(x)

jX m
j (x) � X m

j � 1(x)j
� � (X m

j (x)) � (X m
j (x))

(2.20)

for 0 < j < m , then the geometrical phase on the path (� 0; � � � ; � m� 1; � m ) corresponding to a term in
(2.19) is given by

' m (x) =

8
<

:

� � x if m = 0

� � X m
0 (x) +

m� 1P

j =0
jX m

j +1 (x) � X m
j (x)j if m � 1: (2.21)

Note that conditions (2.20) simply state that the broken ( m +1)-ray terminating at x must satisfy the
law of re
ection as it transverses the sequence of subscatterers @K� 0 � � � � � @K� m through the points
(X m

0 (x); : : : ; X m
m (x)) (cf. (d){(e) in (2.20)), and that, except for the last ray [ X m

m� 1(x); X m
m (x)] (which

can terminate in the shadow region ofK � ) none can intersect the boundary@K at more than one
point (so that intermediate rays must re
ect o� the illumina ted portions of @K(cf. (b){(c) in (2.20));
see [10] for an illustration of these conditions. Using (2.21), the prescriptions in Sect. 2.2 provide a
means to compute each term in (2.19) (i.e. to evaluate the application of the operators T� j +1 � j ) in
�xed computational times for any prescribed accuracy as con�rmed by the numerical tests in [3,4] (cf.
Figure 2.2).
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2.4 Primitive periodic orbits and multiple scattering reformulation [10]

Although, as explained above, the formulation (2.18) of themultiple scattering problem enables the
evaluation of successive contributions from multiple re
ections e�ciently, it does not clearly reveal the
relative size of these as necessary to allow for full error control. To this end, as we have shown in [10],
a further rearrangement of the series into \primitive periodic orbits" can be shown to facilitate the
analysis. For the sake of completeness we next recall the de�nition of these particular re
ection paths.

De�nition 2.3 (Primitive Periodic Orbits) For n � 2, we call an in�nite sequence(� m )m� 0 � I
a \ primitive n� periodic orbit " if n is the least integer such that

8
><

>:

(a) � n� 1 6= � 0

(b) � m 6= � m� 1 [m = 1 ; : : : ; n � 1]

(c) � m+ jn = � m [m = 0 ; : : : ; n � 1 and j � 0]

and we denote byPn the collection of all primitive n� periodic orbits.

Note explicitly that Pn consists of all periodic orbits whose period is trulyn and not smaller.

De�nition 2.4 (Primitive n-Periodic Orbit Corrections) For each primitive n-periodic orbit
� n = f � n

m gm� 0 2 P n , we de�ne the corresponding \sequence of iterated surface currents"

� � n =
�

� � n
m

	
m� 0

by

� � n
m

=

(
g� n

0
if m = 0 ;

T� n
m � n

m � 1
� � n

m � 1
if m > 0;

(2.22)

and the corresponding \primitive n� periodic orbit correction" as

� � n

�
�
@K� n

j

=
X

m : � n
m = � n

j
m� n� 1

� � n
m

; 0 � j � n � 1:

The next result is an immediate consequence of this de�nition.

Lemma 2.1 (Rearrangement into Primitive Periodic Orbits [1 0]) If the Neumann series (2.18)
converges absolutely in the sense that each term on the right-hand side of (2.19) is taken with the
absolute value, then

� = g +
1X

n=2

X

� n 2P n

� � n :

Accordingly, in what follows we shall concentrate on the analysis of the induced surface densities
f � � n

m
g on periodic orbits f � n

m g of period n. To simplify the notation we shall henceforth write

K m = K � n
m

; � m = � � n
m

:

With this notation, and using (2.22), we have

� 0(x) �
Z

@K0

@G(x; y)
@�(x)

� 0(y) ds(y) = 2
@uinc (x)
@�(x)

; x 2 @K0 (2.23)

and

� m (x) �
Z

@Km

@G(x; y)
@�(x)

� m (y) ds(y) =
Z

@Km � 1

@G(x; y)
@�(x)

� m� 1(y) ds(y); x 2 @Km (2.24)
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where K m+ n = K m for all m � 0. In terms of the slow envelopes speci�ed by the relations

� m (x) = � slow
m (x) eik' m (x) ; x 2 @Km (2.25)

where ' m (x) is de�ned as in (2.21) on the path (X m
0 (x); : : : ; X m

m (x)) 2 @K0 � : : : � @Km given by
(2.20), equations (2.23) and (2.24) take on the form

� slow
0 (x) �

Z

@K0

@G(x; y)
@�(x)

� slow
0 (y) eik f ' 0 (y)� ' 0 (x)g ds(y) = e� ik' 0 (x)

�
2

@uinc (x)
@�(x)

�
; x 2 @K0 (2.26)

and

� slow
m (x) �

Z

@Km

@G(x; y)
@�(x)

� slow
m (y) eik f ' m (y)� ' m (x)g ds(y)

= e� ik' m (x)
Z

@Km � 1

@G(x; y)
@�(x)

� slow
m� 1(y) eik' m � 1 (y) ds(y); x 2 @Km : (2.27)

3 Asymptotic expansions on periodic orbits

In this section we characterize H•ormander classes and uniform asymptotic expansions of the slow
envelopes� slow

m in (2.25), and then we use these to derive high-frequency asymptotic expansions of
the multiple scattering iterations � m for a �nite collection of smooth strictly convex subscatterers
K =

S
f K � : � 2 Ig . We shall then utilize these expansions in Sect. 4 to derive asymptotic convergence

rates on periodic orbits. To ensure that the phase functions' m in (2.21) are well-de�ned (see [10,
Sect. 3] and the references therein), we shall assume that the obstaclesK � satisfy:
Assumption A: the visibility condition

8�; �; � 2 I : K � \ co(K � [ K � ) 6= ? ) � 2 f �; � g (3.1)

where co(K � [ K � ) is the closed convex hull ofK � [ K � , and
Assumption B: the no-occlusion condition

8�; � 2 I : f x + t� : x 2 K � ; t 2 Rg \ K � 6= ? ) � = � ; (3.2)

see [10] for an illustration of these conditions. As in the two-dimensional case, our characterization
of H•ormander classes and uniform asymptotic expansions ofthe slow envelopes� slow

m is based on a
further technical assumption:
Assumption C: The conclusions of Theorem 2.1 and Remark 2.1 hold for incident �elds uinc that
admit factorizations of the form

uinc (x) = eik (x) uslow(x); x 2 O; (3.3)

where O is an open set containing the obstacleK ,  is a smooth phase function with smooth and
convex wave-fronts f x :  (x) = tg with respect to the normal �eld r  , and uslow(x) = uslow(x; k )
belongs toS0

1;0(O � (0; 1 )) and has a classical asymptotic expansion

uslow(x; k ) �
1X

p=0

k� pAp(x) : (3.4)

Under these conditions, the �rst main result of this section is the following three-dimensional
analogue of [10, Theorem 3.1].
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Theorem 3.1 (H•ormander classes and uniform asymptotic exp ansions of � slow
m ) The asymp-

totic characteristics of the slow densities� slow
m speci�ed by (2.25) are as follows:

(i) On the illuminated region

@KIL
m =

8
<

:

f x 2 @K0 : � � � (x) < 0g; m = 0 ;

�
x 2 @Km : (X m

m (x) � X m
m� 1(x)) � � (x) < 0

	
; m � 1;

(3.5)

� slow
m (x) = � slow

m (x; k ) belongs toS1
1;0(@KIL

m � (0; 1 )) and admits the asymptotic expansion

� slow
m (x; k ) �

X

j � 0

k1� j am;j (x) (3.6)

where am;j (x) are complex-valuedC1 functions. Accordingly, for any N 2 N [ f 0g, the di�erence

rm;N (x; k ) = � slow
m (x; k ) �

NX

j =0

k1� j am;j (x) (3.7)

belongs toS� N
1;0 (@KIL

m � (0; 1 )) and thus satis�es the estimates
�
�
�D �

x D n
k rm;N (x; k )

�
�
� � Cm;�;n;S (1 + k)� N � n (3.8)

on any compact subsetS of @KIL
m for any multi-index � and n 2 N [ f 0g.

(ii) Over the entire boundary @Km , � slow(x; k ) belongs toS1
2=3;1=3(@Km � (0; 1 )) and admits the

asymptotic expansion

� slow
m (x; k ) �

X

p;q� 0

k2=3� 2p=3� q bm;p;q(x)	 (p) (k1=3Zm (x)) (3.9)

where bm;p;q(x) are complex-valuedC1 functions, Zm (x) is a real-valuedC1 function that is positive
on the illuminated region @KIL

m , negative on the shadow region

@KSR
m =

8
<

:

f x 2 @K0 : � � � (x) > 0g; m = 0 ;

�
x 2 @Km : (X m

m (x) � X m
m� 1(x)) � � (x) > 0

	
m � 1;

and vanishes precisely to �rst order on the shadow boundary

@KSB
m =

8
<

:

f x 2 @K0 : � � � (x) = 0 g ; m = 0 ;

�
x 2 @Km : (X m

m (x) � X m
m� 1(x)) � � (x) = 0

	
m � 1;

and the function 	 is as speci�ed in Theorem 2.1. Note speci�cally then, for any P; Q 2 N [ f 0g, the
di�erence

Rm;P;Q (x; k ) = � slow
m (x; k ) �

P;QX

p;q=0

k2=3� 2p=3� q bm;p;q(x)	 (p) (k1=3Zm (x))

belongs toS� �
2=3;1=3(@Km � (0; 1 )) , � = min f 2P=3; Qg, and thus satis�es the estimates

�
�
�D �

x D n
k Rm;P;Q (x; k )

�
�
� � Cm;�;n (1 + k)� � � 2n=3+ j� j=3 (3.10)

for any multi-index � and n 2 N [ f 0g.
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As in the two-dimensional case, the proof of Theorem 3.1 is based on an induction onm. To review
this shortly, we �rst note that the case m = 0 is just a restatement of Theorem 2.1 and Remark 2.1.
On the other hand, by induction, since the scattered �eld

um (x) =
1
2

Z

@Km

G(x; y) � m (y) ds(y); x 2 R2nK m ; m � 0 (3.11)

impinges on K m+1 as an incident �eld and � m+1 is precisely the normal derivative of the total �eld
generated by this incidence evaluated on@Km+1 , it su�ces to show on account of Assumption C that
um admits a factorization um (x) = eik m (x) uslow

m (x) on an open setO containing the obstacle K m+1
where  m is a smooth phase function with smooth and convex wave-fronts, and uslow

m (x) = uslow
m (x; k )

belongs toS0
1;0(O � (0; 1 )) and has a classical asymptotic expansion of the form (3.4).

To verify this, we �rst recall that the phase functions ' m de�ned in (2.21) generate smooth and
convex wave-fronts (see [10] and the references therein). Speci�cally, for any smooth connected sub-
manifold Nm of @KIL

m (m � 0) the wave fronts

Pm (t; Nm ) =
n

y + ( t � ' m (y)) � ref
m (y) : y 2 N m

o
(3.12)

formed by the rays re
ecting o� Nm are smooth, connected and convex for allt > minf ' m (y) : y 2
Nmg with respect to the normal �eld

� ref
m (y) =

8
>><

>>:

� � 2� � � (y) � (y) ; m = 0 ;

X m
m (y) � X m

m� 1(y)
jX m

m (y) � X m
m� 1(y)j

� 2
X m

m (y) � X m
m� 1(y)

jX m
m (y) � X m

m� 1(y)j
� � (y) � (y) ; m � 1

(3.13)

which corresponds to the direction of the re
ected ray impinging on @Km at y with direction

� inc
m (y) =

8
><

>:

�; m = 0 ;

X m
m (y) � X m

m� 1(y)
jX m

m (y) � X m
m� 1(y)j

; m � 1:

This shows that, for any x lying in the open (illuminated ) region

OIL
m =

[ �
raym (y) : y 2 @KIL

m

	
; (3.14)

where
raym (y) =

n
y + t� ref

m (y) : t > 0
o

(3.15)

is the open half-ray generated by the transversal re
ectionof the ray impinging on @Km at y with
direction � inc

m (y), there exists a unique point y = y(x) 2 @KIL
m such that x 2 raym (y). Note that then

the re
ected phase function  m de�ned on OIL
m as

 m (x) = jx � y(x)j + ' m (y(x)) (3.16)

has the (smooth and convex) wave-fronts (3.12). We set

um (x) = eik m (x) uslow
m (x) ; x 2 OIL

m ; (3.17)

and we note on account of the visibility and no-occlusion conditions that, for all m � 0, the obstacle
K m+1 is contained in the open setOIL

m . Thus Theorem 3.1 follows by inductive use of the following
technical result whose proof is entirely analogous to its two-dimensional counterpart [10, Lemma 3.1].
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Lemma 3.1 Suppose that the envelope� slow
m (m � 0) admits the asymptotic expansions (3.6) and

(3.9). Then the amplitude uslow
m (x) = uslow

m (x; k ) speci�ed by (3.17) belongs toS0
1;0(OIL

m � (0; 1 ))
(cf. (3.14)) and admits a classical asymptotic expansion

uslow
m (x; k ) �

1X

p=0

k� pAp(x) : (3.18)

The second main result of this section concerns high-frequency asymptotic expansions of� slow
m in

(2.25). To state this, we denote by� p(x) and � p(x) (p = 1 ; 2) the unit vectors directed in the principal
directions and the principal curvatures, respectively, at x 2 @K. Further, for x 2 @Km , we de�ne the
matrices Tm

j (x); Um
j (x); � m

j (x) 2 R2� 2, for j = 0 ; : : : ; m � 1, by setting

�
Tm

j (x)
�

pq
= z

 

� p(X m
j +1 (x)) ; � q(X m

j (x)) ;
X m

j +1 (x) � X m
j (x)

jX m
j +1 (x) � X m

j (x)j

!

�
Um

j (x)
�

pq
= z

 

� p(X m
j (x)) ; � q(X m

j (x)) ;
X m

j +1 (x) � X m
j (x)

jX m
j +1 (x) � X m

j (x)j

!

and �
� m

j (x)
�

pq
= � p(X m

j (x)) � pq

where
z : S2 � S2 � S2 ! R : (u; v; w) 7! u � v � (u � w) (v � w) (3.19)

and � pq is the Kronecker delta. We also de�ne� m
j ; dm

j 2 R, for j = 0 ; : : : ; m � 1, by

� m
j (x) =

X m
j +1 (x) � X m

j (x)

jX m
j +1 (x) � X m

j (x)j
� � (X m

j (x)) ; dm
j (x) = jX m

j +1 (x) � X m
j (x)j (3.20)

and �nally set, for j = 1 ; : : : ; m � 1,

cm
j (x) =

dm
j (x)

dm
j � 1(x)

: (3.21)

With these de�nitions, we obtain the following three-dimesional analogue of [10, Theorem 3.3].

Theorem 3.2 (High-frequency Asymptotic Expansions) For m � 0, given a compact subsetS
of the illuminated region @KIL

m (cf. (3.5)) and a wavenumberk0 > 0, there exists a constantCS;k0 > 0
such that �

�
� � slow

0 (x) � 2ik � � � (x)
�
�
� � CS;k0 ; (x; k ) 2 S � (k0; 1 ) (3.22)

and, for m � 1,
�
�
�
�
�
� slow

m (x) �
Qm (x)

p
det Rm

m (x)
� slow

m� 1(X m
m� 1(x))

�
�
�
�
�

� CS;k0 ; (x; k ) 2 S � (k0; 1 ) (3.23)

where

Qm (x) =
x � X m

m� 1(x)
jx � X m

m� 1(x)j
� � (x)

�
x � X m

m� 1(x)
jx � X m

m� 1(x)j
� � (X m

m� 1(x))
� � 1

;

and Rm
j (x) 2 R2� 2 are de�ned by the recursion

Rm
1 (x) = 2 dm

0 (x) � m
0 (x) + � m

0 (x)� 1 Um
0 (x)

and, for j = 2 ; : : : ; m,

Rm
j (x) = 2 dm

j � 1(x) � m
j � 1(x) + � m

j � 1(x)� 1 Um
j � 1(x)

+ cm
j � 1(x) � m

j � 1(x)� 1 �
Um

j � 1(x) � � m
j � 2(x)� 1 Tm

j � 2(x) Rm
j � 1(x)� 1 Tm

j � 2(x)t � : (3.24)
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Remark 3.1Note that, for a �xed x 2 @Km , the matrix Rm
m (x) is related to the Hessian of the phase

' (y) := jx � yj + ' m� 1(y); y 2 @Km� 1 (3.25)

(see equation (A.1) in Appendix A) of the integrand of the right-hand side integral in (2.27) (evaluated
at the stationary point speci�ed in (A.4) and (A.6)) through the corresponding versions of (A.8){(A.9).

Proof of Theorem 3.2 The proof follows largely along the same lines of the analogous result in two
dimensions [10, Theorem 3.3] and its details are therefore omitted. Indeed, as in two-dimensions, the
proof is based on an asymptotic analysis of the integrals in (2.26){(2.27). In this connection, [10,
Lemma 3.4] that concern the right-hand side integrals in (2.27) carries onto three-dimensions where
the only signi�cant di�erence relates to the computation of the Hessians of phase functions at their
stationary points, the details of which we present in Appendix A. On the other hand, [10, Lemma 3.5]
extends in an obvious way to three-dimensions, and the three-dimensional analogue of [10, Lemma 3.6]
is then a consequence of this extension utilizing techniques similar to that in [10, Lemma 3.6]. ut

By repeated application of Theorem 3.2 and using

� m
0 (x) = � � � � (X m

0 (x)) ; � m
j (x) = �

X m
j (x) � X m

j � 1(x)

jX m
j (x) � X m

j � 1(x)j
� � (X m

j (x))

we readily obtain the following three-dimensional versionof [10, Theorem 3.4].

Theorem 3.3 (Generalized Geometrical Optics Approximatio ns) For m � 0, given a compact
set S � @KIL

m and a wavenumberk0 > 0, there exists a constantCS;k0 > 0 such that
�
� � m (x) � 2ik � A

m (x)
�
� � CS;k0 ; (x; k ) 2 S � (k0; 1 ): (3.26)

Here, � A
m is de�ned over the entire boundary @Km by

� A
m (x) = ( � 1)m eik' m (x) �

�
� � � (x); m = 0 ;
� m (x) 
 m (x); m � 1

(3.27)

where

� m (x) =
mY

j =1

1
q

det Rm
j (x)

and 
 m (x) =
x � X m

m� 1(x)
jx � X m

m� 1(x)j
� � (x) (3.28)

and whereRm
j (x) are as given in Theorem 3.2.

4 Rate of convergence on periodic orbits

In this section, we analyze the asymptotic expansions (3.27) of iterated densities to derive a high-
frequency rate of convergence formula on each periodic orbit f � m gm� 0 of period n. As it follows
from Theorem 3.3, this requires the concurrent investigation of the ratios � A

m+ n (x)=� A
m (x) and of the

jointly illuminated regions @KIL
m+ n \ @KIL

m . To this end, we begin with an analysis, in Sect. 4.1,
of the behavior of each term that arises on consideration of quotients of the densities: the phase
di�erences ' m+ n � ' m (Lemma 4.1), the ratios � m+ n =� m (Theorem 4.1 and Lemma 4.2), and the
di�erences 
 m+ n � 
 m (Lemma 4.3); the behavior of the jointly illuminated regions, on the other
hand, is described in Theorem 4.2. In Sect. 4.2 then, we combine these results to arrive at a �nal
rate of convergence formula (Theorem 4.3 and Corollary 4.1). As we have mentioned, the general
analytical strategy follows largely that we initiated in [1 0] and, in fact, a number of results can be
proved in an entirely analogous manner. These include Lemma4.1 (that corresponds to a combination
of [10, Lemmas 4.3 and 4.4]), Lemma 4.3 ([10, Lemma 4.7]), Theorem 4.2 ([10, Theorem 4.3]) and
Theorem 4.3 ([10, Theorem 4.1]) whose proofs are therefore omitted. A signi�cant di�erence however
arises in connection with the extension of [10, Theorem 4.2,Lemmas 4.5 and 4.6] to three-dimensions
that relate to the analysis of the ratios of the functions � m in (3.28) (see Theorem 4.1 and Lemma 4.2
below) which are, in fact, the functions that ultimately det ermine the asymptotic rate. The technical
details pertaining to this analysis are deferred to Appendices B and C.
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Fig. 4.1. Two-sphere con�guration and local parameterization patch es.

4.1 Asymptotics of ratios of the approximate densities onn� periodic orbits

In connection with the asymptotic behavior of the quotients � A
m+ n (x)=� A

m (x) our �rst result completely
characterizes the stabilization properties of the phase di�erences ' m+ n � ' m on n-periodic orbits, and
it provides the three-dimensional analogue of [10, Lemmas 4.3 and 4.4].

Lemma 4.1 (Asymptotics of the phase di�erences ' m+ n � ' m ) The \n-periodic distance func-
tion"

� n (x0; : : : ; xn� 1) = jxn� 1 � x0j +
n� 2X

r =0

jxr +1 � xr j

attains its minimum at a uniquely determined point (a0; : : : ; an� 1) 2 @K0 � : : : � @Kn� 1. With the
extended de�nition

ar + qn := ar for [0 � r � n � 1 and q 2 Z] ;

the points f aj gj 2 Z satisfy

aj +1 � aj

jaj +1 � aj j
=

aj � aj � 1

jaj � aj � 1j
� 2

�
aj � aj � 1

jaj � aj � 1j
� � (aj )

�
� (aj ) :

That is, a ray starting from aj and arriving at aj +1 transverses the path formed by the pointsf aj gj 2 Z
inde�nitely. Moreover, for any m > 2n and any x 2 @Km , we have

j' m+ n (x) � ' m (x) � � n (a0; : : : ; an� 1)j � C � m=2

where the constantsC = C(K; � ) and � = � (K; � ) 2 (0; 1) are independent of the given periodic orbit.

An example of the behavior of the phases' m (x) for the con�guration of Figure 4.1 under a plane-
wave incidence in the positivex3 direction is shown in Figure 4.2. The results were obtained with a
novel approach to the geometrical optics problem that relies on a sort of \inverse ray tracing" (to
avoid ray divergence) and onspectral approximations (to ensure accuracy and e�ciency) performed
on charts (\patches") that locally parameterize the obstacles; see [6]. In the example of Figure 4.1 two
patches are used to parameterize each sphere; the phase functions at di�erent re
ections are depicted
in Figure 4.2 in parametric coordinates on each patch. We note that the phases on each patch quickly
stabilize to approximate translates of a single function and that, as it follows from Lemma 4.1, the
phase di�erences converge to a constant value equal to the inter-sphere distanced = 3.

Considering now the analysis of the ratios� A
m+ n (x)=� A

m (x), we let � m (m � 0) be the multiple
scattering iterations generated on the sequence of obstacles @K0; @K1; : : : by the speci�c plane wave
incidence that is aligned with the vector an� 1 � a0, and we denote by � A

m (x) the terms that arise
in connection with their asymptotic expansions as in Theorem 3.3. As we shall see, the limiting
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Fig. 4.2. Stabilization of phase functions on a two periodic orbit cor responding to the con�guration of Figure 4.1.

behavior of the ratios � A
m+ n (x)=� A

m (x) as m ! 1 is completely determined by that of the ratios
� A

m+ n (am+ n )=� A
m (am ) and this later limit can be computed explicitly. Note that, setting

' m =
mX

j =1

jaj � aj � 1j � m =
mY

j =1

1
p

det Rj
; 
 m =

am � am� 1

jam � am� 1j
� � (am );

we have that
� A

m (am ) = ( � 1)m eik' m � m 
 m :

Here the sequencef Rj gj � 1 is speci�ed by

R1 = 2 d0 � 0 + � � 1
0 U0 (4.1)

and, for j = 2 ; : : : ; m,

Rj = 2 dj � 1 � j � 1 + � � 1
j � 1 Uj � 1 + cj � 1 � � 1

j � 1

�
Uj � 1 � � � 1

j � 2 Tj � 2 R� 1
j � 1 T t

j � 2

�
(4.2)

where, with the de�nition (3.19), Tj ; Uj ; � j 2 R2� 2 and � j ; dj ; cj 2 R (j 2 Z) are given by

(Tj )pq = z
�

� p(aj +1 ); � q(aj );
aj +1 � aj

jaj +1 � aj j

�

(Uj )pq = z
�

� p(aj ); � q(aj );
aj +1 � aj

jaj +1 � aj j

�
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(� j )pq = � p(aj ) � pq

and

� j =
aj +1 � aj

jaj +1 � aj j
� � (aj ) ; dj = jaj +1 � aj j and cj =

dj

dj � 1
: (4.3)

We now turn to the behavior of the ratios � m+ n (x)=� m (x) which, as we have stated, determine the
actual rate of decay of the densities induced onn periodic orbits. To analyze these quotients we begin
by letting

M m
j (x) = � m

j � 1(x) Rm
j (x) (4.4)

so that
� m+ n (x)
� m (x)

=
� m+ n (x)

� m (x)

� m (x)
� m+ n (x)

(4.5)

where

� m (x) =
mY

j =1

1
q

det M m
j (x)

; � m (x) =
m� 1Y

j =0

� m
j (x):

Next we choosep = [ m=2], and we write the ratio � m+ n (x)=� m (x) in (4.5) as

� m+ n (x)

� m (x)
=

2

4
p� 1Y

j =1

det M m
j (x)

det M m+ n
j (x)

mY

j = p

det M m
j (x)

det M m+ n
j + n (x)

p+ n� 1Y

j = p

1
det M m+ n

j (x)

3

5

1=2

: (4.6)

As we shall explain, the �rst two products on the right hand si de of (4.6) can be approximated by 1,
and the behavior of the last product, in turn, is characterized by the sequencef M j g,

M j = � j � 1 Rj ; (4.7)

that satis�es the recursion
M 1 = 2 d0 � � 1

0 � 0 + � � 2
0 U0

and, for j = 2 ; : : : ; m,

M j = 2 dj � 1 � � 1
j � 1 � j � 1 + � � 2

j � 1Uj � 1 + cj � 1 � � 2
j � 1

�
Uj � 1 � � � 2

j � 2Tj � 2M � 1
j � 1T t

j � 2

�
:

Speci�cally, as we show in Appendix B, we have the following three-dimensional analogue of [10,
Theorem 4.2].

Theorem 4.1 (Asymptotics of � ratios) Under the geometrical constraint (B.4), the limits

M r = lim
q!1

M r + qn [0 � r � n � 1]

exist and are symmetric and positive de�nite. Moreover, there exist constants� = � (K ) and # = #(K )
such that

specM r � [� 2; #] � (1; 1 )

where specdenotes the spectrum and, with the extended de�nition

M r + qn := M r [0 � r � n � 1 and q 2 Z] ; (4.8)

they satisfy

M r = 2 dr � 1 � � 1
r � 1 � r � 1 + � � 2

r � 1Ur � 1 + cr � 1 � � 2
r � 1

�
Ur � 1 � � � 2

r � 2Tr � 2M � 1
r � 1T t

r � 2

�
: (4.9)

Finally, for any m > 2n and x 2 @Km , we have
�
�
�
�
�
� m+ n (x)

� m (x)
�

n� 1Y

r =0

1
p

det M r

�
�
�
�
�

� C� m=2

where the constantsC = C(K; � ) and � = � (K; � ) 2 (0; 1) are independent of the given periodic orbit.
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Fig. 4.3. Stabilization of shadow boundaries for a two periodic orbit consisting of two unit spheres with centers C1 =
(0; 0; 0) and C2 = (0 ; 3; 0) illuminated by a plane wave incidence with direction � = (0 ; 1; � 1)=

p
2. Both the left and

right panes correspond to multiple re
ections that initiat e from K 0 .

The proof follows the argument of its two-dimensional analogue [10, Theorem 4.2]. That theorem
relied on explicit estimates for each term in the two-dimensional version of (4.6), derived in [10,
Lemma B.7] and [10, Lemma 4.5]. Similar results can be obtained for the present three-dimensional
context which, due to their complexity, we defer to Appendix B (Lemmas B.9 and B.10). The use
of these results allows for a derivation of the estimate of the ratios much as that used to derive its
two-dimensional counterpart.

Considering now the ratios � m (x)=�m+ n (x) in (4.5), we let p = [( m � n)=2] and we write

� m (x)
� m+ n (x)

=
p� 1Y

j =0

� m
j (x)

� m+ n
j (x)

m� 1Y

j = p

� m
j (x)

� m+ n
j + n (x)

p+ n� 1Y

j = p

1
� m+ n

j (x)
: (4.10)

Similar to the case of the ratios � m+ n (x)=� m (x) above, the �rst two products on the right-hand side
of (4.10) can be approximated by 1 and the behavior of the lastproduct can be characterized by the
sequencef � j g in (4.3), as we describe in the next result. We defer the proofto Appendix C.

Lemma 4.2 (Asymptotics of � ratios) There exist constantsC = C(K; � ) and � = � (K; � ) such
that, for any m > 2n and x 2 @Km , we have

�
�
�
�

� � m (x)
� m+ n (x)

� 1

�
�
�
� � C� (m� n)=2

where

� =
n� 1Y

j =0

� j :

Next, we consider the functions
 m (x) in equation (3.28); see [10, Lemma 4.7].

Lemma 4.3 (Asymptotics of the di�erences 
 m+ n (x) � 
 m (x)) For any m � 1 and x 2 @Km ,
we have

j
 m+ n (x) � 
 m (x)j � C� m

where the constantsC = C(K; � ) and � = � (K; � ) 2 (0; 1) are independent of the given periodic orbit.
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Fig. 4.4. Stabilization of illuminating regions on a two-periodic or bit for a two-sphere con�guration under plane-wave
incidence in the positive x3 direction.

Note that, for each m, 
 m (x) is negative on the m-th illuminated region, positive on the shad-
owed regions, and it vanishes precisely to �rst order at them-th shadow boundary. In particular
then, Lemma 4.3 suggests that shadow boundaries stabilize exponentially with increasing number of
re
ections; an example of this behavior is presented in Figure 4.3.

To close this section, we next present a purely geometric result that guarantees the existence of
�xed compact subsetsTr and Sr of @Kr (r = 0 ; : : : ; n � 1) with the property that, for all su�ciently
large m,

Tr � int( Sr ) � Sr � @KIL
m+ n \ @KIL

m provided m � r mod n

and the obstacle K m+1 falls into the region spanned by the rays re
ecting from Tr at the m-th
and (m + n)-th re
ections (see Figure 4.4); the proof follows readily from the arguments in its two-
dimensional counterpart [10, Theorem 4.3].

Theorem 4.2 (Asymptotics of illuminated regions) For m � 1, let Jm be de�ned as

Jm : @Km ! @Km� 1 : x 7! X m
m� 1(x):

Then, for 0 � r � n � 1, there exist compact connected subsetsSr and Tr of @Kr with the property
that

9m0 � 1 : 8m � m0 [m � r mod n] ) Jm+1 (@Km+1 ) � Tr � int( Sr ) � Sr � @KIL
m :

4.2 Rate of convergence formulas onn� periodic orbits

In this section we determine the rate of convergence on periodic orbits from the asymptotic behavior
of the iterated densities derived in Sect. 4.1. As we shall see, although these asymptotic approxima-
tions are valid only in the jointly illuminated regions, the high-frequency rates turn out to provide
accurate representations of the quotients of successive iterates throughout the entire boundary of each
subscatterer.

To begin, we �rst state our main result concerning the asymptotic behavior of the approximate
densities � A

m ; its proof follows, as in its two-dimensional counterpart [10, Theorem 4.1], from a com-
bination of Lemmas 4.1, 4.2, 4.3 and Theorem 4.1. To help the reader with the interrelation of these
results, we note that Lemma 4.1 provides the three-dimensional analogue of a combination of [10,
Lemmas 4.3 and 4.4], whereas Theorem 4.1 and Lemma 4.2 correspond together to [10, Theorem 4.2].
On the other hand, Lemma 4.3 re
ects the analogue of [10, Lemma 4.7].

Theorem 4.3 Under the geometrical constraint (B.4), the n-periodic limits

M r = lim
q!1

M r + qn [0 � r � n � 1]
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of the sequencef M j gj � 1 in (4.7) exist and

spec(M r ) � [� 2; #] [0 � r � n � 1]

where # and � 2 > 1 are as in (B.2). Setting

L r = � r � 1 M r [0 � r � n � 1]

with the extended de�nition

L r + qn := L r [0 � r � n � 1 and q 2 Z] ; (4.11)

we have the recursion

L r = 2 dr � 1 � r � 1 + � � 1
r � 1Ur � 1 + cr � 1 � � 1

r � 1

�
Ur � 1 � � � 1

r � 2Tr � 2L � 1
r � 1T t

r � 2

�
: (4.12)

Moreover, for any m > 2n and x 2 @Km , we have

�
� � A

m+ n (x) � R n;k � A
m (x)

�
� �

�
�
�
�R n;k

� A
m (x)


 m (x)

�
�
�
� F

where

R n;k = ( � 1)n eik� n (a0 ;:::;an � 1 )
n� 1Y

r =0

1
p

det L r
(4.13)

F = F (C; k; �; m; n ) = min
n

2; eCk� m= 2
� 1

o
+ C� (m� n)=2 (4.14)

and the constantsC = C(K; � ) and � = � (K; � ) 2 (0; 1) are independent of the given periodic orbit.

Closed form expressions forL r (r = 0 ; : : : ; n � 1) can be obtained based on equations (4.11) and
(4.12). In fact, these equations show thatL 0 determinesfL r g0� r � n� 1 uniquely through equation (4.12),
which can also be used to obtain a (quadratic, matrix) equation for L 0. For example, when the period
is n = 2, it can be readily veri�ed that

U0 = U1 = I and T := T0 = T � 1
1 and T t = T � 1

so that equations (4.11) and (4.12) give

L 0 = 2 ( I + d� 1) � T [L 1]� 1 T � 1 (4.15)

L 1 = 2 ( I + d� 0) � T � 1 [L 0]� 1 T (4.16)

where we have denoted byd = dist( K 0; K 1) = ja0 � a1j the inter-obstacle distance. Therefore, multi-
plying equation (4.15) from the left by TL 1T � 1 yields

TL 1T � 1L 0 = 2TL 1T � 1 (I + d� 1) � I ; (4.17)

on the other hand, multiplying (4.16) from the left by T and from the right by T � 1L 0 gives

TL 1T � 1L 0 = 2T (I + d� 0) T � 1L 0 � I : (4.18)

Equations (4.17) and (4.18), in turn, imply

L 1T � 1 (I + d� 1) = ( I + d� 0) T � 1L 0

so that
L 1 = ( I + d� 0) T � 1L 0 (I + d� 1)� 1 T (4.19)

and
[L 1]� 1 = T � 1 (I + d� 1) [L 0]� 1 T (I + d� 0) � 1 : (4.20)
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Using (4.20) in (4.15), we obtain

L 0 = 2 ( I + d� 1) � (I + d� 1) [L 0]� 1 T (I + d� 0) � 1 T � 1

or, equivalently,
V 2 � 2V + ( I + d� 1)� 1 T (I + d� 0) � 1 T � 1 = 0

where
V = ( I + d� 1)� 1 L 0: (4.21)

Noting that, from (4.19) and (4.21) we have

L 0L 1 = ( I + d� 1) V (I + d� 0) T � 1 (I + d� 1) V (I + d� 1) � 1 T (4.22)

and sinceL 0L 1 is positive de�nite, we conclude that

V = I +
q

I � (I + d� 1) � 1 T (I + d� 0)� 1 T � 1

or, equivalently,

V = I +
q

I � [T (I + d� 0) T � 1 (I + d� 1)]� 1 (4.23)

Finally, combining (4.23) and (4.22), we obtain

det(L 0L 1) = det (( I + d� 0) ( I + d� 1)) � det
�

I +
q

I � [T (I + d� 0) T � 1 (I + d� 1)]� 1
� 2

: (4.24)

When scattering from two parallel in�nite cylinders is considered, it can be readily veri�ed that
formula (4.24) reduces to its two-dimensional version in [10, Sect. 4.3], namely

det(L 0L 1) = (1 + d� 0) (1 + d� 1)
�

1 +
q

1 � [(1 + d� 0) (1 + d� 1)]� 1
�

(4.25)

where � 0 and � 1 stand for the non-zero principal curvatures at the points a0 and a1. Indeed, in this
connection, since formula (4.24) does not depend on the relative choice of the \naming" of the principal
directions at these points, a simple derivation of (4.25) from (4.24) can be e�ected with the choice of
the principal directions � p(ai ) so that � p(a0) = � p(a1), (p = 1 ; 2), in which caseT = I .

Remark 4.1We note here that, as we anticipated, the formula (4.13) depends on the relativeorientation
of the scattering substructures, an e�ect that is, of course, absent in two-dimensional con�gurations.
For example, if n = 2 we have from (4.24)

R 2;k = e2ikd
� p

det [(I + d� 0) ( I + d� 1)] � det
�
I +

q
I � [T (I + d� 0) T � 1 (I + d� 1)]� 1

�� � 1

(4.26)

whereT is a unitary matrix that depends on the relative orientation of the principal directions at the
points a0; a1.

Finally, we combine Theorems 4.2 and 4.3 to obtain high-frequency rate of convergence formulas.
First, from Theorem 3.3, we have

� m (x) = (1 + k� 1Pm (x; k )) 2ik � A
m (x)

on any compact subset of@KIL
m where Pm (k; x) = O(k0) as k ! 1 . Here, as is implicitly implied by

this equation, Pm (k; x) is explicitly the di�erence between � m and the leading term in its asymptotic
expansion, namely 2ik� A

m , divided by 2i� A
m . Thus,

� m+ n (x) � R n;k � m (x) =
Pm+ n (x; k ) � Pm (x; k )

k + Pm (x; k )
R n;k � m (x)

+
k + Pm+ n (x; k )
k + Pm (x; k )

2ik
�

1 +
Pm (x; k )

k

�
�
� A

m+ n (x) � R n;k � A
m (x)

�
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on compact subsets of the jointly illuminated regions @KIL
m+ n \ @KIL

m and, using Theorem 4.3, we
obtain

j� m+ n (x) � R n;k � m (x)j �

�
�
�
�
Pm+ n (x; k ) � Pm (x; k )

k + Pm (x; k )

�
�
�
� jR n;k j j � m (x)j

+

�
�
�
�
k + Pm+ n (x; k )
k + Pm (x; k )

�
�
�
�

�
�
�
�2ik

�
1 +

Pm (x; k )
k

�
� A

m (x)

�
�
�
�

F
j
 m (x)j

:

Sincej
 m (x)j � 1, setting

Sm;n (x; k ) =

�
�
�
�
Pm+ n (x; k ) � Pm (x; k )

k + Pm (x; k )

�
�
�
� and Tm;n (x; k ) =

�
�
�
�
k + Pm+ n (x; k )
k + Pm (x; k )

�
�
�
� ; (4.27)

we further have

j� m+ n (x) � R n;k � m (x)j � (Sm;n (x; k ) jR n;k j + Tm;n (x; k ) F )
�
�
�
�
� m (x)

 m (x)

�
�
�
�

on any compact subset of@KIL
m+ n \ @KIL

m . Thus, since j
 m j is bounded away from zero on compact
subsets of@KIL

m , replacing � in Theorem 4.3 with � 1=2 we obtain the following result.

Corollary 4.1 Under the assumptions (3.1){(3.4) and (B.4), if Sm;n (x; k ) = O(k� 1) and Tm;n (x; k ) =
O(k0) as k ! 1 (cf. (4.27)) independently of m, then we have form > 2n

j� m+ n (x) � R n;k � m (x)j =
�
O(k� 1) + O(k0F )

�
jR n;k � m (x)j

=
�
O(k� 1) + O(k0� m� n ) + O(k1� m )

�
jR n;k � m (x)j (4.28)

on any compact subset of the jointly illuminated regions@KIL
m+ n \ @KIL

m , where R n;k and F are as
speci�ed in (4.13) and (4.14); F and � 2 (0; 1) are independent of the given periodic orbit; and all the
order terms depend only on the compact subset under consideration.

Lastly, based on Theorem 4.2 and as in [10], Theorem 4.2 can beused to show that the estimate (4.28)
holds over theentire boundary of K m .

5 Numerical results

In this section, we present numerical examples for two-periodic con�gurations that exemplify the
accuracy of the formula (4.28). In all examples, the evaluation of multiple scattering iterations is based
on the \combined-�eld" versions of (2.23){(2.24) (see [10]) which were approximated via the high-order
Fourier-based method of [5] (see also [1]). Thus, the numerical approach entails discretizations on the
scale of the wavelength and we have, in every case, chosen these so as to guarantee the relevant accuracy
(as measured by numerical convergence tests) for meaningful comparisons with our asymptotic results.
The main reason for this choice, in contrast with the developments in [2{4] (which neglect the �elds
in the deep shadow), is to allow for a more thorough and exacting con�rmation of our predictions,
including comparisons throughout the entire boundary @K.

To begin, we note formula (4.28) implies, in particular, that the quotient



 � m+2






L 1


 � m






L 1

(5.1)

should provide a good approximation tojR 2;k j, of increasing accuracy with increasing re
ection number
m and wavenumberk. In Figure 5.1 we display the values of the error

log10

�
�
�
�
�




 � m+2






L 1


 � m






L 1

� jR 2;k j

�
�
�
�
�

(5.2)
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Fig. 5.1. Two-periodic con�gurations illuminated by a plane-wave in cidence uinc (x) = exp( ik� � x) with direction
� = (0 ; 0; � 1). Top row: Two unit spheres S1 and S2 with centers C1 = ( � 3=2; 0; 0) and C2 = (3 =2; 0; 0). Bottom row:
Two ellipsoids S1 and S2 with radii R1 = (1 =2; 1; 1=2), R2 = (1 ; 1=2; 1=2) and centers C1 = (0 ; 0; 0), C2 = (0 ; 7=4; 0).
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Fig. 5.2. Predicted dependence of the quotient in (5.1) on the relativ e orientation of the scatterers illuminated by a
plane-wave incidence uinc (x) = exp( ik� � x) with direction � = (0 ; 0; � 1). Top row: Two ellipsoids S1 and S2 given by
(5.4). Bottom row: S1 is kept �xed, and S2 is rotated about the y-axis by �= 2.
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Fig. 5.3. Predicted dependence of the quotient in (5.3) on the relativ e orientation of the scatterers for the two ellipsoids
S1 and S2 in (5.4) illuminated by a plane-wave incidence uinc (x) = exp( ik� � x) with direction � = (0 ; 0; � 1). S1 is kept
�xed, and S2 is rotated about the y-axis by 0; �= 6; �= 4; �= 3; �= 2 in the counter-clockwise direction.
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and the corresponding value of the asymptotic rate for two di�erent geometrical con�gurations. The
results clearly show the exponential decay of the error as a function of m, as well as the algebraic
decrease in wavenumber. Figure 5.2, in turn, exempli�es thepredicted dependence of the quotient in
(5.1) on the relative orientation of the scatterers.

Interestingly, the quadratic decay of the error as the frequency increases in Figures 5.1 and 5.2 (that
is in complete analogy with the two-dimensional result in [9]) suggests that jR 2;k j is a better estimate
for the ratio of maxima in (5.1) than that obtained from (4.28 ) which predicts a linear decrease. As we
have stated, however, the latter estimate holds uniformly throughout the boundary of the scatterers
and not just at the extremal points of the densities. To test the accuracy and sharpness of this result,
we have computed the full maximum error

log10

 








� m+2 (x)
� m (x)

� R 2;k










L 1 (@Km )

!

(5.3)

for a series of con�gurations consisting of two ellipsoids.To obtain these geometrical arrangements we
have considered the ellipsoids

S1 :
x2

12 +
y2

(1=2)2 +
z2

(1=2)2 = 1 and S2 :
x2

12 +
(y � 5=4)2

(1=2)2 +
z2

(1=2)2 = 1 (5.4)

and have rotated S2 about the y-axis (in the counter-clockwise direction) by angles 0; �= 6; �= 4; �= 3
and �= 2 while keepingS1 �xed. The results are depicted in Figure 5.3 which again clearly display the
e�ects of relative rotations and, moreover, they show that the maximum error decreases likek� 1 as k
increases as predicted in (4.28).
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A Appendix: Derivatives of phase functions

In this appendix we collect some detailed properties of the phase functions (2.21), particularly on their
derivatives, that are necessary to derive the asymptotic expression (3.22)-(3.23). More precisely, these
derivations require explicit expressions for the �rst and second derivatives of the phase function

' (y) := jx � yj + ' m (y); y 2 @Km
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(cf. equation (3.25)) that we rewrite as

� (xm+1 ; xm ) = jxm+1 � xm j + ' m (xm ) = � � x0 +
mX

j =0

jx j +1 � x j j ; xm 2 @Km (A.1)

to further compress the notation in this appendix. Note speci�cally that here xm+1 is an arbitrary
but �xed point on @Km+1 , ' m is given by (2.21), and (x0; : : : ; xm ) 2 @K0 � � � � � @Km denotes the
\broken ( m + 1)-ray" terminating at xm 2 @Km , as de�ned in (2.20) (i.e. x j = X m

j (xm )). To this end,
we consider local parameterizationsxm = xm (tm

1 ; tm
2 ) of the surfaces@Km where

xm
tm
p

=
@

@tmp
xm (tm

1 ; tm
2 ) for p = 1 ; 2

are the principal directions at xm . The next lemma provides explicit expressions for the �rst order
partial derivatives of � .

Lemma A.1 (First derivatives) In local coordinates, the partial derivatives of the phase functions
(A.1) are given by

@�(x1; x0)
@t0p

=
�

� �
x1 � x0

jx1 � x0j

�
� x0

t0
p

(A.2)

and
@�(xm+1 ; xm )

@tmp
=

�
xm � xm� 1

jxm � xm� 1j
�

xm+1 � xm

jxm+1 � xm j

�
� xm

tm
p

; m � 1: (A.3)

Proof The proof of (A.2) is straightforward. For m � 1, we di�erentiate (A.1) with respect to tm
p to

obtain

@�(xm+1 ; xm )
@tmp

=
�

� �
x1 � x0

jx1 � x0j

�
�

2X

r =1

x0
t0
r

@t0r
@tmp

+
m� 2X

j =0

�
x j +1 � x j

jx j +1 � x j j
�

x j +2 � x j +1

jx j +2 � x j +1 j

�
�

2X

r =1

x j +1
t j +1
r

@tj +1
r

@tmp

+
�

xm � xm� 1

jxm � xm� 1j
�

xm+1 � xm

jxm+1 � xm j

�
�

2X

r =1

xm
tm
r

@tmr
@tmp

which, using the properties (2.20) of the sequence (x0; : : : ; xm ), reduces to (A.3). ut

The next result states that � (xm+1 ; xm ) is stationary at a point xm if and only if the tuple
(x0; : : : ; xm ; xm+1 ) is the broken (m + 2)-ray terminating at xm+1 .

Lemma A.2 ((i) Stationary points in �rst re
ections) For m = 0 , the phase (A.1) is stationary
at a point x0 if and only if

x1 � x0

jx1 � x0j
= � + 2

x1 � x0

jx1 � x0j
� � 0 � 0 (A.4)

or
x1 � x0

jx1 � x0j
= � (A.5)

((ii) Stationary points in further re
ections) For m � 1, the phase (A.1) is stationary at a point
xm if and only if

xm+1 � xm

jxm+1 � xm j
=

xm � xm� 1

jxm � xm� 1j
+ 2

xm+1 � xm

jxm+1 � xm j
� � m � m (A.6)

or
xm+1 � xm

jxm+1 � xm j
=

xm � xm� 1

jxm � xm� 1j
(A.7)
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Proof Lemma A.1 implies that � (x1; x0) has a vanishing gradient at x0 if and only if

� �
x1 � x0

jx1 � x0j
= � 0� 0

for some� 0. Also, sincej� j = 1, we have

1 = � � � = � 2
0 + 2 � 0

x1 � x0

jx1 � x0j
� � 0 + 1

so that

� 0 = � 2
x1 � x0

jx1 � x0j
� � 0 or � 0 = 0 :

Similarly, for m � 1, � (xm+1 ; xm ) has a vanishing gradient at xm if and only if

xm � xm� 1

jxm � xm� 1j
�

xm+1 � xm

jxm+1 � xm j
= � m � m

for some� m . Since

1 =
xm � xm� 1

jxm � xm� 1j
�

xm � xm� 1

jxm � xm� 1j
= � 2

m + 2 � m
xm+1 � xm

jxm+1 � xm j
� � m + 1

we get

� m = � 2
xm+1 � xm

jxm+1 � xm j
� � m or � m = 0

completing the proof. ut

The derivations in Sect. 3 further demand the evaluation of the Hessians of the phase (A.1) at
the stationary points as derived in Lemma A.2. We note, however, that the conditions (A.5) and
(A.7) cannot hold under the no-occlusion and visibility assumptions. Our next result then provides
an expression for the Hessians at the points characterized by (A.4) and (A.6). It shows, in particular,
that

Rm
m =

�
xm � xm� 1

jxm � xm� 1j
� � m� 1

� � 1

jxm � xm� 1j Hm (A.8)

where Rm
m is de�ned as in (3.24) and, for m � 1, Hm 2 R2� 2 is given by

(Hm )pq =
1

jxm� 1
tm � 1
p

jj xm� 1
tm � 1
q

j

@2� (xm ; xm� 1)

@tm� 1
p @tm� 1

q
; (A.9)

equations (A.8)� (A.9), in turn, yield for m � 1

det Rm
m =

�
xm � xm� 1

jxm � xm� 1j
� � m� 1

� � 2

jxm � xm� 1j2 det(Hess[� (xm ; xm� 1)])
2Y

r =1

jxm� 1
tm � 1
r

j� 2 :

Remark A.1 Note that, since f xm
tm
m

gp=1 ;2 are the principal directions, we have

xm
tm
p tm

q
� � m = � (� m )pq jxm

tm
p

j j xm
tm
q

j :
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Theorem A.1 ((i) Hessians in �rst re
ections) For m = 0 , if (A.4) holds, then

H1 = 2 � 0 � 0 +
1

jx1 � x0j
U0 : (A.10)

((ii) Hessians in further re
ections) For m � 1, if (A.6) holds, then

Hm+1 = 2 � m � m +
�

1
jxm+1 � xm j

+
1

jxm � xm� 1j

�
Um �

1
jxm � xm� 1j2

Tm� 1H � 1
m T t

m� 1

provided that Hm is non-singular.

Proof Di�erentiating the identity
�

� �
x1 � x0

jx1 � x0j

�
� x0

t0
p

= 0

with respect to t0
q yields

@2� (x1; x0)
@t0p@t0q

=
�

� �
x1 � x0

jx1 � x0j

�
�x0

t0
p t0

q
+

jx0
t0
p
jj x0

t0
q
j

jx1 � x0j
(U0)pq = � 2

x1 � x0

jx1 � x0j
� � 0 x0

t0
p t0

q
� � 0+

jx0
t0
p
jj x0

t0
q
j

jx1 � x0j
(U0)pq :

Therefore (A.10) follows from Remark A.1.
To prove the result for further re
ections we need several additional lemmas. To state these, we

introduce Dm 2 R2� 2 by setting

(Dm )pq =
jxm� 1

tm � 1
p

j

jxm
tm
q

j

@tm� 1
p

@tmq
; m � 1:

Lemma A.3 For m � 1, if (A.6) holds, then

Hm+1 = 2
xm+1 � xm

jxm+1 � xm j
� � m � m +

�
1

jxm+1 � xm j
+

1
jxm � xm� 1j

�
Um �

1
jxm � xm� 1j

Tm� 1Dm :

Proof Di�erentiating the identity
�

xm � xm� 1

jxm � xm� 1j
�

xm+1 � xm

jxm+1 � xm j

�
� xm

tm
p

= 0

with respect to tm
q yields

@2� (xm+1 ; xm )
@tmp @tmq

=
�

xm � xm� 1

jxm � xm� 1j
�

xm+1 � xm

jxm+1 � xm j

�
� xm

tm
p tm

q
+

jxm
tm
p

jj xm
tm
q

j

jxm � xm� 1j
z

 
xm

tm
p

jxm
tm
p

j
;

xm
tm
q

jxm
tm
q

j
;

xm � xm� 1

jxm � xm� 1j

!

+
jxm

tm
p

jj xm
tm
q

j

jxm+1 � xm j
z

 
xm

tm
p

jxm
tm
p

j
;

xm
tm
q

jxm
tm
q

j
;

xm+1 � xm

jxm+1 � xm j

!

�
2X

r =1

jxm
tm
p

jj xm� 1
tm � 1
r

j

jxm � xm� 1j
z

 
xm

tm
p

jxm
tm
p

j
;

xm� 1
tm � 1
r

jxm� 1
tm � 1
r

j
;

xm � xm� 1

jxm � xm� 1j

!
@tm� 1

r

@tmq

Using (A.6), we therefore obtain

@2� (xm+1 ; xm )
@tmp @tmq

= � 2
xm+1 � xm

jxm+1 � xm j
� � m xm

tm
p tm

q
� � m +

jxm
tm
p

jj xm
tm
q

j

jxm � xm� 1j
z

 
xm

tm
p

jxm
tm
p

j
;

xm
tm
q

jxm
tm
q

j
;

xm+1 � xm

jxm+1 � xm j

!

+
jxm

tm
p

jj xm
tm
q

j

jxm+1 � xm j
z

 
xm

tm
p

jxm
tm
p

j
;

xm
tm
q

jxm
tm
q

j
;

xm+1 � xm

jxm+1 � xm j

!

�
2X

r =1

jxm
tm
p

jj xm� 1
tm � 1
r

j

jxm � xm� 1j
z

 
xm

tm
p

jxm
tm
p

j
;

xm� 1
tm � 1
r

jxm� 1
tm � 1
r

j
;

xm � xm� 1

jxm � xm� 1j

!
@tm� 1

r

@tmq
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Finally, using Remark A.1, we get

(Hm+1 )pq = 2
xm+1 � xm

jxm+1 � xm j
�� m (� m )pq+

�
1

jxm+1 � xm j
+

1
jxm � xm� 1j

�
z

 
xm

tm
p

jxm
tm
p

j
;

xm
tm
q

jxm
tm
q

j
;

xm+1 � xm

jxm+1 � xm j

!

�
1

jxm � xm� 1j

2X

r =1

z

 
xm

tm
p

jxm
tm
p

j
;

xm� 1
tm � 1
r

jxm� 1
tm � 1
r

j
;

xm � xm� 1

jxm � xm� 1j

!
jxm� 1

tm � 1
r

j

jxm
tm
q

j
@tm� 1

r

@tmq

or equivalently

(Hm+1 )pq = 2
xm+1 � xm

jxm+1 � xm j
� � m (� m )pq +

�
1

jxm+1 � xm j
+

1
jxm � xm� 1j

�
(Um )pq

�
1

jxm � xm� 1j

2X

r =1

(Tm� 1)pr (Dm )rq

as claimed. ut

Lemma A.4 For m � 1, we have

HmDm =
1

jxm � xm� 1j
T t

m� 1 :

Proof Di�erentiating the identity
�

� �
x1 � x0

jx1 � x0j

�
� x0

t0
p

= 0

with respect to t1
q yields

0 =
�

� �
x1 � x0

jx1 � x0j

�
�

 
2X

r =1

x0
t0
p t0

r

@t0r
@t1q

!

+
2X

r =1

jx0
t0
p
jj x0

t0
r
j

jx1 � x0j
z

 
x0

t0
p

jx0
t0
p
j
;

x0
t0
r

jx0
t0
r
j
;

x1 � x0

jx1 � x0j

!
@t0r
@t1q

�
jx1

t1
q
jj x0

t0
p
j

jx1 � x0j
z

 
x1

t1
q

jx1
t1
q
j
;

x0
t0
p

jx0
t0
p
j
;

x1 � x0

jx1 � x0j

!

so that

� 2
x1 � x0

jx1 � x0j
� � 0

 
2X

r =1

x0
t0
p t0

r

@t0r
@t1q

!

� � 0 +
2X

r =1

jx0
t0
p
jj x0

t0
r
j

jx1 � x0j
z

 
x0

t0
p

jx0
t0
p
j
;

x0
t0
r

jx0
t0
r
j
;

x1 � x0

jx1 � x0j

!
@t0r
@t1q

=
jx1

t1
q
jj x0

t0
p
j

jx1 � x0j
z

 
x1

t1
q

jx1
t1
q
j
;

x0
t0
p

jx0
t0
p
j
;

x1 � x0

jx1 � x0j

!

:

Remark A.1 then gives

2
x1 � x0

jx1 � x0j
� � 0

2X

r =1

(� 0)pr (D1)rq +
1

jx1 � x0j

2X

r =1

(U0)pr (D1)rq =
1

jx1 � x0j

�
T t

0

�
pq

proving the lemma for m = 1. For m > 1, we di�erentiate the identity
�

xm� 1 � xm� 2

jxm� 1 � xm� 2j
�

xm � xm� 1

jxm � xm� 1j

�
� xm� 1

tm � 1
p

= 0
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with respect to tm
q to get

0 =
�

xm� 1 � xm� 2

jxm� 1 � xm� 2j
�

xm � xm� 1

jxm � xm� 1j

�
�

 
2X

r =1

xm� 1
tm � 1
p tm � 1

r

@tm� 1
r

@tmq

!

+
2X

r =1

jxm� 1
tm � 1
p

jj xm� 1
tm � 1
r

j

jxm� 1 � xm� 2j
z

0

@
xm� 1

tm � 1
p

jxm� 1
tm � 1
p

j
;

xm� 1
tm � 1
r

jxm� 1
tm � 1
r

j
;

xm� 1 � xm� 2

jxm� 1 � xm� 2j

1

A @tm� 1
r

@tmq

+
2X

r =1

jxm� 1
tm � 1
p

jj xm� 1
tm � 1
r

j

jxm � xm� 1j
z

0

@
xm� 1

tm � 1
r

jxm� 1
tm � 1
r

j
;

xm� 1
tm � 1
p

jxm� 1
tm � 1
p

j
;

xm � xm� 1

jxm � xm� 1j

1

A @tm� 1
r

@tmq

�
2X

r =1

jxm� 1
tm � 1
p

jj xm� 2
tm � 2
r

j

jxm� 1 � xm� 2j
z

0

@
xm� 1

tm � 1
p

jxm� 1
tm � 1
p

j
;

xm� 2
tm � 2
r

jxm� 2
tm � 2
r

j
;

xm� 1 � xm� 2

jxm� 1 � xm� 2j

1

A @tm� 2
r

@tmq

�
jxm� 1

tm � 1
p

jj xm
tm
q

j

jxm � xm� 1j
z

0

@
xm

tm
q

jxm
tm
q

j
;

xm� 1
tm � 1
p

jxm� 1
tm � 1
p

j
;

xm � xm� 1

jxm � xm� 1j

1

A :

To simplify this equation, we apply the identity

xm � xm� 1

jxm � xm� 1j
=

xm� 1 � xm� 2

jxm� 1 � xm� 2j
+ 2

xm � xm� 1

jxm � xm� 1j
� � m� 1 � m� 1 (A.11)

and use Remark A.1 on the �rst term in the right-hand side; we use (A.11) to combine the second
and third terms; we divide the equation by the product jxm� 1

tm � 1
p

j j xm
tm
q

j; and �nally apply the chain rule

to @tm� 2
r =@tmq in the fourth term. These manipulations readily deliver the alternate equation

2
xm � xm� 1

jxm � xm� 1j
� � m� 1

2X

r =1

(� m� 1)pr (Dm )rq

+
�

1
jxm � xm� 1j

+
1

jxm� 1 � xm� 2j

�
�

2X

r =1

z

0

@
xm� 1

tm � 1
p

jxm� 1
tm � 1
p

j
;

xm� 1
tm � 1
r

jxm� 1
tm � 1
r

j
;

xm � xm� 1

jxm � xm� 1j

1

A

 
jxm� 1

tm � 1
r

j

jxm
tm
q

j
@tm� 1

r

@tmq

!

�
1

jxm� 1 � xm� 2j

2X

s=1

2X

r =1

z

0

@
xm� 1

tm � 1
p

jxm� 1
tm � 1
p

j
;

xm� 2
tm � 2
r

jxm� 2
tm � 2
r

j
;

xm� 1 � xm� 2

jxm� 1 � xm� 2j

1

A �

 
jxm� 2

tm � 2
r

j

jxm� 1
tm � 1
s

j

@tm� 2
r

@tm� 1
s

!  
jxm� 1

tm � 1
s

j

jxm
tm
q

j
@tm� 1

s

@tmq

!

=
1

jxm � xm� 1j
z

0

@
xm

tm
q

jxm
tm
q

j
;

xm� 1
tm � 1
p

jxm� 1
tm � 1
p

j
;

xm � xm� 1

jxm � xm� 1j

1

A

or, equivalently,

2
xm � xm� 1

jxm � xm� 1j
� � m� 1

2X

r =1

(� m� 1)pr (Dm )rq +
�

1
jxm � xm� 1j

+
1

jxm� 1 � xm� 2j

� 2X

r =1

(Um� 1)pr (Dm )rq

�
1

jxm� 1 � xm� 2j

2X

s=1

2X

r =1

(Tm� 2)pr (Dm� 1)rs (Dm )sq =
1

jxm � xm� 1j

�
T t

m� 1

�
pq

which completes the proof. ut
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B Appendix: Analysis of � ratios

Here we analyze the� ratios arising in the treatment of the ratios of � A in Sect. 4. To begin, we note
some simple geometrical consequences of the visibility andno-occlusion conditions.

(a) Visibility Condition: The visibility condition holds if and anly if there exists an angle
� v 2 (0; �= 2) with the property that given any three points � 1; � 2; � 3 2 @K such that the segments
[� 1; � 2] and [� 2; � 3] (a) have no point in common with the interior of the connected component of K
containing � 2, and (b) satisfy the law of re
ection at � 2, we have

� 1 � � 2

j� 1 � � 2j
� � (� 2) =

� 3 � � 2

j� 3 � � 2j
� � (� 2) � cos� v :

(b) No-occlusion Condition: Similarly, the no-occlusion condition holds if and only if there
exists an angle� no 2 (0; �= 2) with the property that given any two points � 1; � 2 2 @Ksuch that the
segment [� 1; � 2] has no point in common with the interior of the connected component of K containing
� 1, we have

� � � (� 1) =
� 1 � � 2

j� 1 � � 2j
� � (� 1) )

� 2 � � 1

j� 2 � � 1j
� � (� 1) � cos� no :

(c) Visibility and No-occlusion Bounds: Setting � = max f � v ; � nog, we thus have

1 � � m
j (x) � cos� > 0 and 1� � j � cos� v > 0 (B.1)

where � m
j (x) and � j are de�ned as in (3.20) and (4.3).

Remark B.1 In what follows, we denote by � max and � min the maximum and minimum principal
curvatures of K , and set

dmax = diam( K ) and dmin = min f dist(K � ; K � ) : �; � 2 I ; � 6= � g :

We also let

#v =
2dmax � max

cos� v
+

1
cos2 � v

�
1 +

dmax

dmin

�
; #no =

2dmax � max

cos� no
+

1
cos2 � no

�
1 +

dmax

dmin

�

and
# = max f #v ; #nog; � 2 = 1 + 2 dmin � min : (B.2)

The next results, Lemmas B.1{B.3, will be used to characterize the spectra of the matricesM m
j (x)

in (4.4) and M j in (4.7).

Lemma B.1 Let u; v; w 2 S2 be such thatu ? v. Then the spectrum of

U =
�

z (u; u; w) z (u; v; w)
z (v; u; w) z (v; v; w)

�

consists of [(u � v) � w]2 and 1.

Proof Setting a = u � w and b = v � w, we compute

det(�I � U) = � 2 �
��

1 � a2�
+

�
1 � b2��

� +
�
1 � a2� �

1 � b2�
� a2 b2

so that the eigenvalues satisfy

2� =
�
1 � a2�

+
�
1 � b2�

�
q

[(1 � a2) + (1 � b2)]2 � 4 [(1 � a2) (1 � b2) � a2 b2]

=
�
1 � a2�

+
�
1 � b2�

�
�
a2 + b2�

which immediately delivers the result. ut
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Lemma B.2 Given w 2 S2, let Pw be a plane orthogonal tow, and � w : R3 ! Pw the usual (orthog-
onal) projection. For u1; u2; v1; v2 2 S2, the identity

T :=
�

z (u1; v1; w) z (u1; v2; w)
z (u2; v1; w) z (u2; v2; w)

�
=

�
� w(u1) � � w(v1) � w(u1) � � w(v2)
� w(u2) � � w(v1) � w(u2) � � w(v2)

�

holds, and
det T = [( u1 � u2) � w] [(v1 � v2) � w] :

Proof Let w1; w2 be an orthonormal basis onPw with w1 � w2 = w. Writing

up = up � w w + up � w1 w1 + up � w2 w2 and vq = vq � w w + vq � w1 w1 + vq � w2 w2; (B.3)

a direct computation yields

z (up; vq; w) = up � vq � up � w vq � w = � w(up) � � w(vq)

and thus the given identity holds. Another direct computati on using the decompositions (B.3) yields

det T = [ u1 � w1 u2 � w2 � u1 � w2 u2 � w1] [v1 � w1 v2 � w2 � v1 � w2 v2 � w1]

which completes the proof upon utilizing the vector identity

(a � b) � (c � d) = a � c b� d � a � d b� c :

ut

As an immediate consequence of Lemma B.2, we get that, under the visibility and no-occlusion
conditions, the matrices Tm

j (x) and Tj are invertible, and the spectra of the real symmetric positive
de�nite matrices Tm

j (x)Tm
j (x)t and Tj T t

j are bounded independently ofx; m; j and distances and
curvatures.

Corollary B.1 Under the visibility and no-occlusion conditions, there exists a constant Cv;no inde-
pendent of x; m; j and distances and curvatures such that




 Tm

j (x)Tm
j (x)t




 � Cv;no and




 Tj T t

j




 � Cv;no :

Lemma B.3 Let A; B; C; D be real symmetric non-negative de�nite matrices. Denotingthe maximum
and minimum eigenvalues by� and � , suppose that� (D ) � � (C). Then the spectrum of X = A +
B + C � D satis�es

specX � [� (A) + � (B ) + � (C) � � (D ) ; � (A) + � (B ) + � (C) � � (D )] :

Proof One just notes that, for any real symmetric non-negative de�nite matrix Y 2 Rd� d and x 2 Rd,

� (Y )



 x




 2 � h Y x; xi � � (Y )




 x




 2

with equalities holding separately for the corresponding eigenvectors. ut

We shall assume from now on that

1
cos4 �

Cv;no � � 2 (B.4)

which, considering for instance the case of two convex obstacles, intuitively means that the local
geometry around the distance minimizing points does not tooclosely resemble that of two parallel
planes.
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Lemma B.4 For any m � 1 and x 2 K , we have

specM m
j (x) �

�
� 2 ; #

�
and specM j �

�
� 2 ; #v

�
: (B.5)

Thus, in particular,
� 2 <




 M m

j (x)



 � # and � 2 <




 M j




 � #v

and
1
#

<



 M m

j (x)� 1



 �

1
� 2 and

1
#v

<



 M � 1

j




 �

1
� 2 :

Proof First note that � m
j (x) are real symmetric positive de�nite matrices. On the other hand, by their

very de�nition, Um
j (x) are real symmetric, and Lemma B.1 gives

spec
�
� m

j (x)� 2 Um
j (x)

�
=

�
1; � m

j (x)� 2	
(B.6)

for 0 � j � m � 1, so that they are also positive de�nite. Next, since the inverse of a symmetric matrix
is symmetric, a simple induction shows thatM m

j (x) are real symmetric, and this, in turn, implies that
M m

j (x) have real spectra. Now, inclusion (B.5) forM m
1 (x) follows at once from (B.6) and Lemma B.3

taking C = D = 0. On the other hand, if (B.5) holds for M m
j � 1(x), then Sylvester's law of inertia

implies that the spectrum of the real symmetric matrix Tm
j � 2(x)M m

j � 1(x)� 1Tm
j � 2(x)t is positive, and

hence its maximum eigenvalue coincides with its spectral norm which we estimate as



 Tm

j � 2(x)M m
j � 1(x)� 1Tm

j � 2(x)t



 = sup

kzk=1
hTm

j � 2(x)M m
j � 1(x)� 1Tm

j � 2(x)t z; zi

= sup
kzk=1

hM m
j � 1(x)� 1Tm

j � 2(x)t z; Tm
j � 2(x)t zi

�



 M m

j � 1(x)� 1



 sup

kzk=1
hTm

j � 2(x)t z; Tm
j � 2(x)t zi

=



 M m

j � 1(x)� 1



 sup

kzk=1
hTm

j � 2(x)Tm
j � 2(x)t z; zi

=



 M m

j � 1(x)� 1








 Tm

j � 2(x)Tm
j � 2(x)t






�
Cv;no

� 2

where we used that the real symmetric matrix Tm
j � 2(x)Tm

j � 2(x)t is, by Lemma B.2, positive de�nite.
Therefore assumption (B.4) implies that the largest eigenvalue of the symmetric positive de�nite matrix
� m

j � 1(x)� 2� m
j � 2(x)� 2Tm

j � 2(x)M m
j � 1(x)� 1Tm

j � 2(x)t is bounded above by 1 which is the smallest eigenvalue
of � m

j � 1(x)� 2 Um
j � 1(x). Thus inclusion (B.5) for M m

j (x) follows from Lemma B.3. The proof for M j is
entirely analogous. ut

We continue with a recursive estimate of the quantities

Am;n
j (x) =




 M m+ n

j (x)M m
j (x)� 1 � I




 ;

B m;n
j (x) =




 M m+ n

j + n (x)M m
j (x)� 1 � I




 ;

Cm;n
j (x) =




 M m+ n

j + n (x)M � 1
j � I




 :

(B.7)

Lemma B.5 There exists a constantC = C(K; � ) such that

Am;n
1 (x) �

C
�

1X

l=0

jX m+ n
l (x) � X m

l (x)j (B.8)
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and, for 2 � j � m, we have

Am;n
j (x) �

C
�

2X

l=0

jX m+ n
j � l (x) � X m

j � l (x)j +
cm

j (x)

� 2 Am;n
j � 1(x) (B.9)

and

B m;n
j (x) �

C
�

2X

l=0

jX m+ n
j + n� l (x) � X m

j � l (x)j +
cm

j (x)

� 2 B m;n
j � 1(x) (B.10)

and

Cm;n
j (x) �

C
�

2X

l=0

jX m+ n
j + n� l (x) � aj � l j +

cj

� 2 Cm;n
j � 1 (x) (B.11)

where cm
j (x) and cj are de�ned as in (3.21) and (4.3).

Proof For the sake of brevity, we shall only prove (B.9) (see also [10, Lemma B.2]); the inequalities
(B.9), (B.10) and (B.11) can be derived in a similar fashion.To this end, writing M m

j = M m
j (x), etc.,

a simple computation yields

(M m+ n
j

�
M m

j

� � 1 � I ) M m
j = M m+ n

j � M m
j

= 2 dm+ n
j � 1

�
� m+ n

j � 1

� � 1 �
� m+ n

j � 1 � � m
j � 1

�
+ 2

�
dm+ n

j � 1 � dm
j � 1

� �
� m+ n

j � 1

� � 1
� m

j � 1

� 2dm
j � 1

�
� m+ n

j � 1 � m
j � 1

� � 1 �
� m+ n

j � 1 � � m
j � 1

�
� m

j � 1

+
�

1 + cm+ n
j � 1

� �
� m+ n

j � 1

� � 2 �
Um+ n

j � 1 � Um
j � 1

�
+

�
cm+ n

j � 1 � cm
j � 1

� �
� m+ n

j � 1

� � 2
Um

j � 1

�
�
1 + cm

j � 1

� �
� m+ n

j � 1 � m
j � 1

� � 2 �
� m+ n

j � 1 + � m
j � 1

� �
� m+ n

j � 1 � � m
j � 1

�
Um

j � 1

�
�

cm+ n
j � 1 � cm

j � 1

� �
� m

j � 1� m
j � 2

� � 2 Tm+ n
j � 2

h
M m+ n

j � 1

i � 1 h
Tm+ n

j � 2

i t

+ cm+ n
j � 1

�
� m

j � 1� m
j � 2� m+ n

j � 1

� � 2 �
� m+ n

j � 1 + � m
j � 1

� �
� m+ n

j � 1 � � m
j � 1

�
Tm+ n

j � 2

h
M m+ n

j � 1

i � 1 h
Tm+ n

j � 2

i t

+ cm+ n
j � 1

�
� m

j � 2� m+ n
j � 1 � m+ n

j � 2

� � 2 �
� m+ n

j � 2 + � m
j � 2

� �
� m+ n

j � 2 � � m
j � 2

�
Tm+ n

j � 2

h
M m+ n

j � 1

i � 1 h
Tm+ n

j � 2

i t

� cm
j � 1

�
� m

j � 1� m
j � 2

� � 2 Tm+ n
j � 2

h
M m+ n

j � 1

i � 1
� h

Tm+ n
j � 2

i t
�

�
Tm

j � 2

� t
�

� cm
j � 1

�
� m

j � 1� m
j � 2

� � 2
�

Tm+ n
j � 2 � Tm

j � 2

� h
M m+ n

j � 1

i � 1 �
Tm

j � 2

� t

+ cm
j � 1

�
� m

j � 1� m
j � 2

� � 2 Tm
j � 2

�
�
M m

j � 1

� � 1 �
h
M m+ n

j � 1

i � 1
�

�
Tm

j � 2

� t

At this point, we note that (a) dm
j and cm

j are bounded independently ofx; m; j ; (b)



 � m

j




 � � max ; (c)



 Um
j




 = 1 by Lemma B.1; (d)




 Tm

j




 and




 [Tm

j ]t



 are bounded independently ofx; m; j by Lemma B.2;

and (e)



 [M m

j ]� 1



 are bounded independently ofx; m; j by Lemma B.4. Thus, multiplying the above

identity from the left by [ M m
j ]� 1, taking norms, and using (B.1) gives




 M m+ n

j

�
M m

j

� � 1 � I



 � C1

� 


 � m+ n

j � 1 � � m
j � 1




 +




 Um+ n

j � 1 � Um
j � 1




 +




 Tm+ n

j � 2 � Tm
j � 2





�

+ C1

�
jdm+ n

j � 1 � dm
j � 1j + jcm+ n

j � 1 � cm
j � 1j + j� m+ n

j � 1 � � m
j � 1j + j� m+ n

j � 2 � � m
j � 2j

�

+ cm
j � 1

�
� m

j � 1� m
j � 2

� � 2 


 Tm

j � 2

�
�
M m

j � 1

� � 1 �
h
M m+ n

j � 1

i � 1
�

�
Tm

j � 2

� t 







 �

M m
j � 1

� � 1 
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for some constantC1 = C1(K; � ). It is straightforward to see that



 � m+ n

j � 1 � � m
j � 1




 � C2 jX m+ n

j � 1 � X m
j � 1j




 Um+ n

j � 1 � Um
j � 1




 � C2

�
jX m+ n

j � X m
j j + jX m+ n

j � 1 � X m
j � 1j

�




 Tm+ n

j � 2 � Tm
j � 2




 � C2

�
jX m+ n

j � 1 � X m
j � 1j + jX m+ n

j � 2 � X m
j � 2j

�

and

jdm+ n
j � 1 � dm

j � 1j � C2

�
jX m+ n

j � X m
j j + jX m+ n

j � 1 � X m
j � 1j

�

jcm+ n
j � 1 � cm

j � 1j � C2

�
jX m+ n

j � X m
j j + jX m+ n

j � 1 � X m
j � 1j + jX m+ n

j � 2 � X m
j � 2j

�

j� m+ n
j � 1 � � m

j � 1j � C2

�
jX m+ n

j � X m
j j + jX m+ n

j � 1 � X m
j � 1j

�

j� m+ n
j � 2 � � m

j � 2j � C2

�
jX m+ n

j � 1 � X m
j � 1j + jX m+ n

j � 2 � X m
j � 2j

�

for some constantC2 = C2(K; � ). On the other hand, Tm
j � 2

� h
M m

j � 1

i � 1
�

h
M m+ n

j � 1

i � 1
� h

Tm
j � 2

i t
being

real symmetric, we have




 Tm

j � 2

�
�
M m

j � 1

� � 1 �
h
M m+ n

j � 1

i � 1
�

�
Tm

j � 2

� t 


 = sup

kzk=1

�
�
�
�


Tm

j � 2

�
�
M m

j � 1

� � 1 �
h
M m+ n

j � 1

i � 1
�

�
Tm

j � 2

� t z; z
�
�
�
�
�

= sup
kzk=1

�
�
�
�



�
�
M m

j � 1

� � 1 �
h
M m+ n

j � 1

i � 1
�

�
Tm

j � 2

� t z;
�
Tm

j � 2

� t z
�
�
�
�
�

�



 �

M m
j � 1

� � 1 �
h
M m+ n

j � 1

i � 1 







 �

Tm
j � 2

� t 


 2

=



 �

M m
j � 1

� � 1 �
h
M m+ n

j � 1

i � 1 







 Tm

j � 2

�
Tm

j � 2

� t 




�



 M m+ n

j � 1

�
M m

j � 1

� � 1 � I










h
M m+ n

j � 1

i � 1 







 Tm

j � 2

�
Tm

j � 2

� t 




where we used that the real symmetric matrix Tm
j � 2

h
Tm

j � 2

i t
is, by Lemma B.2, positive de�nite. Ac-

cordingly, assumption (B.4) yields

cm
j � 1

�
� m

j � 1� m
j � 2

� � 2 


 Tm

j � 2

�
�
M m

j � 1

� � 1 �
h
M m+ n

j � 1

i � 1
�

�
Tm

j � 2

� t 







 �

M m
j � 1

� � 1 




� cm
j � 1

�
� m

j � 1� m
j � 2

� � 2 


 M m+ n

j � 1

�
M m

j � 1

� � 1 � I










h
M m+ n

j � 1

i � 1 







 �

M m
j � 1

� � 1 







 Tm

j � 2

�
Tm

j � 2

� t 




�
cm

j � 1

� 2

Cv;no

� 2 cos4 �




 M m+ n

j � 1

�
M m

j � 1

� � 1 � I



 �

cm
j � 1

� 2




 M m+ n

j � 1

�
M m

j � 1

� � 1 � I



 ;

and the result follows upon choosingC = 7C1C2� . ut

Next we recall some classical results from the theory of dispersing billiard 
ows (see [10] and the
references therein) to obtain the �nal estimates for the quantities in equation (B.7).

Lemma B.6 (Properties of broken rays) There exist constantsC1 = C1(K ) and � 1 = � 1(K ) < 1
with the property that, given any sequencef K � j gj =0 ;:::;m of obstacles with� j � 1 6= � j (j = 1 ; : : : ; m),
and any two sequencesf � j gj =0 ;:::;m and f � j gj =0 ;:::;m in @K� 0 � : : : � @K� m satisfying the conditions

(a) the segments[� j � 1; � j ] and [� j ; � j +1 ] (resp. [� j � 1; � j ] and [� j ; � j +1 ]) satisfy the law of re
ection at � j
(resp. � j ) ( j = 1 ; : : : ; m � 1), and
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(b) neither of the segments[� j � 1; � j ] nor [� j � 1; � j ] have a point in common with the interior of K
(j = 2 ; : : : ; m � 1)

we have
j� j � � j j � C1(� j

1 + � m� j
1 ) (0 � j � m):

Moreover
� 0 = � 0 ) j � j � � j j � C1� m� j

1 (0 � j � m);

and
� m = � m ) j � j � � j j � C1� j

1 (0 � j � m):

If, in addition, � 2 S1 = f � 2 R2 : j� j = 1g is such that the no-occlusion condition is satis�ed,
then there exist constantsC2 = C2(K; � ) and � 2 = � 2(K; � ) < 1 with the property that, for any two
sequencesf � j gj =0 ;:::;m and f � j gj =0 ;:::;m satisfying the conditions above, the additional conditionthat
these sequences correspond to broken rays with initial direction � implies

j� j � � j j � C2� m� j
2 (0 � j � m) :

In what follows, we will use Lemma B.6 without any further reference. When this result is combined
with Lemma B.5 we obtain the following three-dimensional version of [10, Lemma B.4].

Lemma B.7 There exists a constantC = C(K; � ) such that

Am;n
j (x) � C � m� j ; 1 � j � m ;

and
B m;n

j (x) � C � j ; [m=2] � j � m ;

and
Cm;n

j (x) � C
�
� j + � m� j �

; 2 � j � m :

The relevance of Lemma B.7 for the analysis of� ratios is now clearly described in the next result.

Corollary B.2 There exists a constantC = C(K; � ) such that
�
�
�
�
�

det M m
j (x)

det M m+ n
j (x)

� 1

�
�
�
�
�

� C � m� j ; 1 � j � m ;

and �
�
�
�
�

det M m
j (x)

det M m+ n
j + n (x)

� 1

�
�
�
�
�

� C � j ; [m=2] � j � m ;

and �
�
�
�
�

det M j

det M m+ n
j + n (x)

�
�
�
�
�

� C
�
� j + � m� j �

; 2 � j � m :

Proof Follows immediately from Lemmas B.4 and B.7 via an application of Lemma B.8. ut

Lemma B.8 Given a pair of real symmetric positive de�nite matrices A; B 2 R2� 2 and denoting their
smallest and largest eigenvalues by� and � , we have

�
�
�
�
det A
det B

� 1

�
�
�
� �

�
det A
det B

+
1

� (B ) � (A)

� 


 BA � 1 � I




 :
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Proof First note that � (A) =



 A




 , � (B ) =




 B




 and 1=� (A) =




 A � 1




 , 1=� (B ) =




 B � 1




 . Now

�
�
�
�

1
� (B )

�
1

� (A)

�
�
�
� =

�
�



 B � 1




 �




 A � 1





�
� �




 B � 1 � A � 1




 �




 B � 1









 BA � 1 � I






so that
j� (B ) � � (A)j � � (B ) � (A)




 B � 1









 BA � 1 � I




 = � (A)




 BA � 1 � I




 :

On the other hand,

j� (B ) � � (A)j =
�
�



 B




 �




 A






�
� �




 B � A




 �




 A � 1









 BA � 1 � I




 = � (A)� 1




 BA � 1 � I






Therefore
�
�
�
�
det A
det B

� 1

�
�
�
� �

� (A)
� (B )� (B )

j� (B ) � � (A)j +
1

� (B )
j� (B ) � � (A)j

=
�

det A
det B

+
1

� (B ) � (A)

� 


 BA � 1 � I






as claimed. ut

We then use Corollary B.2 exactly as we have used its two-dimensional version [10, Lemma B.2] in
the proof of [10, Lemma B.4] to obtain:

Lemma B.9 There exists a constantC = C(K; � ) such that with p = [ m=2]
�
�
�
�
�
�

p� 1Y

j =1

det M m
j (x)

det M m+ n
j (x)

� 1

�
�
�
�
�
�

� C� m=2

and �
�
�
�
�
�

mY

j = p

det M m
j (x)

det M m+ n
j + n (x)

� 1

�
�
�
�
�
�

� C� m=2

and �
�
�
�
�
�

p+ n� 1Y

j = p

det M j � n

det M m+ n
j (x)

� 1

�
�
�
�
�
�

� C� m=2� n

provided n < m= 2.

Lemma B.10 The limits

M r := lim
q!1

M r + qn for 0 � r � n � 1

exist and are all real symmetric positive de�nite. More precisely

specM r �
�
� 2 ; #v

�
: (B.12)

Moreover, for any m > 2n,
�
�
�
�
�
�

p� 1Y

j = p� n

1
p

det M j
�

n� 1Y

r =0

1
p

det M r

�
�
�
�
�
�

�
C
� m

where p = [ m=2] and the constantC = C(K ) is independent of the given periodic orbit.
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Proof By the very de�nition of the sequence M j , we have

M j + n � M j = cj � 1 (� j � 1� j � 2)� 2 Tj � 2

�
M � 1

j � 1 � M � 1
j + n� 1

�
T t

j � 2

for j � 2, and this, in turn, yields

M j + n M � 1
j � I = cj � 1 (� j � 1� j � 2)� 2 Tj � 2

�
M � 1

j � 1 � M � 1
j + n� 1

�
T t

j � 2M � 1
j ;

so that, arguing as in the proof of Lemma B.5, we get



 M j + n M � 1

j � I



 � cj � 1 (� j � 1� j � 2)� 2 



 Tj � 2

�
M � 1

j � 1 � M � 1
j + n� 1

�
T t

j � 2








 M � 1

j






� cj � 1 (� j � 1� j � 2)� 2 


 M � 1

j + n� 1









 M � 1

j









 Tj � 2T t

j � 2









 M j + n� 1M � 1

j � 1 � I





�
cj � 1

� 2




 M j + n� 1M � 1

j � 1 � I



 :

A further appeal to Lemma B.4 yields




 M 1+ n M � 1

1 � I



 �




 M � 1

1









 M 1+ n � M 1




 �

2#v

� 2 ;

so that, for j � 2,



 M j + n M � 1

j � I



 �

2#v

� 2j

j � 1Y

`=1

c` � 1 �
dmax

dmin

2#v

� 2j :=
C
� 2j :

Accordingly,



 M j + n � M j




 �




 M � 1

j









 M j + n M � 1

j � I



 �

C
� 2(j +1)

which implies, for j � 1 and p � 1,




 M j + pn � M j




 �

p� 1X

s=0




 M j +( s+1) n � M j + sn




 �

p� 1X

s=0

C
� 2(j + sn+1)

�
C

� 2 � 1
1

� 2j :=
C0

� 2j : (B.13)

The �rst implication of (B.13) is that, for 0 � r � n � 1 and p; q � 1, we have




 M r +( p+ q)n � M r + qn




 �

C0

� 2(r + qn)

so that the sequencesf M r + qngq� 1 converge. SinceM j are real and symmetric, so are the limitsM r ;
therefore M r have real spectra. That spec(M r ) satisfy (B.12) so that, in particular, M r are positive
de�nite, follows from writing

hM r x; x i = h(M r � M r + qn)x; x i + hM r + qnx; x i ;

using Lemma B.4, and taking the limit as q ! 1 . On the other hand, denoting the maximum and
minimum eigenvalues by� and � , the fact that M j are positive de�nite combined with (B.13) gives

j� (M j + pn) � � (M j )j =
�
�



 M j + pn




 �




 M j






�
� �




 M j + pn � M j




 �

C0

� 2j

and
�
�
�
�

1
� (M j + pn)

�
1

� (M j )

�
�
�
� =

�
�
�



 M � 1

j + pn




 �




 M � 1

j






�
�
� �




 M � 1

j + pn � M � 1
j






�



 M � 1

j + pn









 M j + pn � M j









 M � 1

j




 �

1
� 4

C0

� 2j <
C0

� 2j :
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Combining these two estimates, simple manipulations yield
�
�
�
�
det(M j + pn)

det(M j )
� 1

�
�
�
� �

C00

� 2j

with C00= 2C0#v=� 4, so that
�
�
�
�
�
�

q+ n� 1Y

j = q

1
p

det(M j + pn)
�

q+ n� 1Y

j = q

1
p

det(M j )

�
�
�
�
�
�

=

�
�
�
�
�
�
�

0

@
q+ n� 1Y

j = q

det(M j + pn)
det(M j )

1

A

1=2

� 1

�
�
�
�
�
�
�

q+ n� 1Y

j = q

1
p

det(M j + pn)

�

�
�
�
�
�
�

q+ n� 1Y

j = q

det(M j + pn)
det(M j )

� 1

�
�
�
�
�
�

q+ n� 1Y

j = q

1
p

det(M j + pn)

�

2

4exp

0

@
q+ n� 1X

j = q

C00

� 2j

1

A
q+ n� 1X

j = q

C00

� 2j

3

5 1
� 2n

� exp
�

C00� 2

� 2 � 1

�
C00� 2

� 2 � 1
1

� 2(q+ n)
:=

C000

� 2(q+ n)
:

Since det is a continuous function, letting p ! 1 , we obtain
�
�
�
�
�
�

n� 1Y

r =0

1
p

det(M r )
�

q+ n� 1Y

j = q

1
p

det(M j )

�
�
�
�
�
�

�
C000

� 2(q+ n)
:

Finally, letting q = p � n delivers the result. ut

C Appendix: Analysis of � ratios

In this appendix, we prove Lemma 4.2. For this, we need the following result from [10].

Lemma C.1 ([10]) Let f A j gj 2 SA and f B j gj 2 SB be two sets of complex numbers withjSA j = jSB j.
Then �

�
�
�
�
�

Y

j 2 SA

A j

Y

j 2 SB

B j � 1

�
�
�
�
�
�

� � exp(� )

where
� =

X

j 2 SA

jA j � 1j +
X

j 2 SB

jB j � 1j :

Proof of Lemma 4.2 For 0 � j � m � 1, writing � m
j = � m

j (x), X m
j = X m;j (x), � m

j = � (X m;j (x)), etc.,
we have

� m+ n
j � � m

j =
X m+ n

j +1 � X m+ n
j

jX m+ n
j +1 � X m+ n

j j
�
�

� m+ n
j � � m

j

�
+

�
X m+ n

j +1 � X m+ n
j

�
�

�
X m

j +1 � X m
j

�

jX m+ n
j +1 � X m+ n

j j
� � m

j

�
jX m+ n

j +1 � X m+ n
j j � jX m

j +1 � X m
j j

jX m+ n
j +1 � X m+ n

j j

X m
j +1 � X m

j

jX m
j +1 � X m

j j
� � m

j

so that
j� m+ n

j � � m
j j � j � m+ n

j � � m
j j +

2
dmin

�
jX m+ n

j +1 � X m
j +1 j + jX m+ n

j � X m
j j

�
;
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therefore
C � 1 j� m+ n

j � � m
j j � jX m+ n

j +1 � X m
j +1 j + jX m+ n

j � X m
j j

for some constantC = C(K ). Accordingly, by Lemma B.6, we obtain

j� m+ n
j � � m

j j � CC2(� m� (j +1) + � m� j ) = CC2(1 + � )� m� (j +1)

which yields �
�
�
�
�

� m
j

� m+ n
j

� 1

�
�
�
�
�

� C0� m� (j +1)

where upon settingC0 = C maxf C1; C2g(1 + � )=cos� no.
Similarly, it can be shown that

�
�
�
�
�

� m
j

� m+ n
j + n

� 1

�
�
�
�
�

� C0� j and

�
�
�
�
�

� j

� m+ n
j

� 1

�
�
�
�
�

� C0(� m� (j +1) + � j ) :

Therefore, choosingp = [( m � n)=2] and setting

A j =

8
>>>>><

>>>>>:

� m
j

� m+ n
j

for 0 � j � p � 1

� m
j

� m+ n
j + n

for p � j � m � 1

and

B j =
� j

� m+ n
j

for p � j � p + n � 1

we obtain, from Lemma C.1, �
�
�
�

� � m

� m+ n
� 1

�
�
�
� � � exp(� )

where
�
C0 =

p� 1X

j =0

� m� (j +1) +
m� 1X

j = p

� j +
p+ n� 1X

j = p

(� m� (j +1) + � j ) :

Since
(1 � � )�=C 0 � � m� p + � p + � m� (p+ n) + � p � 2(� p + � m� (p+ n) ) � 4� p

the result follows. ut
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