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Abstract

We present a high-frequency, high-order solver for the numerical solution of problems of electro-
magnetic or acoustic scattering by bounded surfaces. This algorithm, which combines the use of an
ansatz for the unknown density in a boundary integral formulation with an extension of the ideas of
the method of stationary phase,can resolve problems of arbitrarily high-frequencies with a prescriked
accuracy and in a frequency-indegndent computational time. In the preser Part | of a two-paper
serieswe describe such an O(1) solver for surface-scatteringproblemsby corvex obstacles;in the com-
panion paper Part 11, in turn, we discussextensionsthat are neededto deal with non-corvex surfaces
and multiple scattering con gurations. The algorithm discussedin the presert Part | is basedon a
combination of three main elemerns: 1) A high-frequencyansatzthat captures,with coarsediscretiza-
tions, the rapidly oscillatory progressionof the surface currents, 2) A novel numerical integration
method basedon localization and use of the method of stationary phase,and 3) A changeof variables
around shadav boundaries, that producesneededcorrections of the phaseextraction ansatzin these
regions, and thus allows our method to accourt accurately for di raction e ects and creepingwaves.
We presert a variety of numerical results, demonstrating the high order convergenceof our algorithms
as well astheir asymptotically bounded computational cost asthe frequencyincreases.

1 Intro duction

However e cien t, direct numerical methods for the solution of scattering problems require a xed
number of discretization points per wavelength , and thus exhibit a computational complexity of at
least O(k") for an n-dimensional discretization (wherek = 2 = isthe wave number). Thus, although
impressive calculations have been performed (seee.g.[2,16]) a variety of high-frequency military and
civilian applications are still beyond the reach of the simulation capabilities of the most advanced
numerical methods for the solution of full-wave models [14]. It is therefore desirable to produce
numerical methods which remain e cien t asthe frequency (and, thus, the sizeof the problem) grows.
If accurate high-frequency solvers are made available with a bounded computational complexity as
the frequencytendsto in nit y (that is, methods with an asymptotic O(1) computational complexity),
then one can envision the dewelopment of a computational capability allowing to solve essetially
arbitrary scattering problems.

Current state-of-the-art simulation technology for high-frequency scattering relies on approximate
methods, that is on methods that are basedon approximations at the level of the wave model (the
Helmholtz equation, the Maxwell system, etc). Among these, the most sophisticated numerical al-
gorithms to date rely on geometrical optics {GO{ (ray-tracing) [1,13] and therefore are not error-
controllable, asthe most accurate solution will still exhibit an error on the order of the wavelength
(as a result of replacing the full-wave model by the eikonal equation). On the other hand, a most
attractiv e feature of these proceduresis that they can bypassthe resolution of the wavelength (taken
to approximately vanish) and work with frequency independert discretizations (at least in the ray-
tracing stage). An \ideal" simulator for the high-frequency regime then will be onethat retains this
feature without compromising error-controllabilit .



The recert work [7{9] hasdemonstratedthe feasibility of such numerical schemes.Indeed, we have
shown that it is possibleto designa rigorous, convergent solver for the integral-equation formulation
of the scattering problem with the capability to resolve problems at arbitrarily high-frequencies with
a prescrited accuracy and in a frequency-indegndent computational time. Further, the algorithm
exhibits high-order (spectral) convergencewhich minimizes the computational e ort to achieve a given
error.

In the presert Part | of a two-paper serieswe describe such an O(1) solver for surface-scattering
problems by corvex obstaclesor, more generally, for scattering con gurations that do not give rise
to multiple scattering. This algorithm is basedon a combination of three main elemerns: 1) A high-
frequency ansatz that captures, with coarsediscretizations, the rapidly oscillatory progressionof the
surfacecurrents, 2) A novel numerical integration method basedon localization and use of the method
of stationary phase,and 3) A change of variables around shadov boundaries, that producesneeded
corrections of the phaseextraction ansatz in these regions, and thus allows our method to accourt
accurately for diraction e ects and creepingwaves. In addition to these main elemerts, our solver
useshigh order discretization schemesfor accuracy: the Nystrom method described in [11] in two
dimensions,and the method described in [5,6] in three dimensions. In all casesthe high-order nature
of the high-frequency solver is achieved through use of Fourier interpolation and the trap ezoidal rule
for integration of periodic functions: seex6.

The numerical method is then completed through use of a matrix-free Krylov subspacelinear al-
gebra solver. The result is a high-order convergent algorithm that can solve accurately scattering
problems throughout the electromagnetic spectrum, and can deliver error-controllable solutions in
computational times that are independent of frequency We illustrate the e ciency of this algorithm
through a seriesof computational results in x7; in particular, we demonstrate the high order corver-
genceof the solver aswell asits asymptotically bounded computational complexity asthe frequency
increases:seetable 2. Thus, our algorithm combinesthe advantagesof rigorous scattering simulators
(i.e. error-controllabilit y) with those of approximate solvers (i.e. frequency-independert discretiza-
tions) and, as sud, it has the potential to signi cantly enhancethe applicability and reliability of
thesefor engineeringpurposes.

2 Integral Equations

We consider the problem of ewvaluating the scattering of an incident plane wave u™(r) = ek T,
j j = 1, from a corvex impenetrable obstacle . For the sake of simplicity we restrict ourselves
to the two-dimensional context for which the relevant frequency-domain problem is modeled by the
Helmholtz equation

u(r) + K2u(r) = O; r2R%n; (1)
for de niteness, we assumeDiric hlet boundary conditions (TE polarization)
ury= u™(r); r2@ )

modeling the responseto an incident plane wave with direction (j j = 1). A \combined eld"
integral equation formulation of (1), (2) is given by [9]
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k(r;r9 is the radiating free-spaceGreen function, and is a coupling constart.



3 Ansatz and high-frequency integral equation

As mertioned above, our high-frequency approadc is basedon a high-frequency ansatz for the un-
known (5) of the problem. For a convex scatterer, our ansatz reads

(r) =" siow(r) ek " (6)

where the new unknown ¢, IS assumedto be a slowly oscillatory function of r 2 @the  validity
of (6) in a portion of the scattering surfaceindicates that, on that portion, the unknown oscillates
alongwith the incident eld. As discussedn [9], only the solution of certain typesof integral equations
can be represerted through an ansatz of this type. As a rule, an integral equation whoseunknown is
a physial quantity can be represerted by an ansatz of this form|the unknown in (3) is the normal
derivative of the solution, and it therefore admits such a represenation. For non-corvex scatterers
(or, more generally, in presenceof multiple re ections), a more elaborate ansatz can be constructed
using ray-tracing (GO) techniques;see[10].
Introducing the ansatz (6) in (3) and dividing by e ', we obtain

% slow (I) (K-O sow)(r) 1 (S siow)(r) =i k+i; r2@; (7)
where S and K ° denote the integral operators
Z
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As we shall show, except for certain oscillatory behavior of ¢, at the shadonv boundaries (see
x5), the kernelsin equations (8) and (9) are the only highly-oscillatory functions in the boundary
integral formulation (7). Since gow is a slowly varying function away from the shadov boundaries,
this density can be represerted, to within any prescribed tolerance, by a xed set of discretization
points, independert of frequency

4 Stationary phase and localized integration

Despite the fact that the unknown in the modi ed boundary integral formulation (7) is a slowly
oscillating function, a direct numerical evaluation of the integrals (8) and (9) would still require a
number of quadrature points proportional to the wave number k. In this section we show that an
extension of the method of stationary phase[3] can be usedto produce a convergent method which
requiresa xed number of quadrature points for prescribed accuraciesand arbitrary wave numbers.
To incorporate ideasimplicit in the method of stationary phasewe rst obtain the critical points of
the integrals in (8) and (9). The details of such an evaluation depend on the particular kernelsunder
consideration, but in the presen case,for r 6 r% both kernelsin (8) and (9) behave asymptotically as

eik[jr %+ (0] = gk ; (10)

i.e., asthe kernel of a generalizedFourier integral with phase . The critical points are thus

1. the target (obsenation) point r itself, where the kernelis singular;

2. the stationary points, i.e., the points wherethe phase in the integrals hasa vanishing gradiert.
(Note that thesestationary points vary as a function of the target point, and that both the rst
and secondderivativ es of the phasevanish at the shadav boundaries).

The stationary points, which are given by the solution of a nonlinear system of equations, can be
evaluated easily by meansof Newton's method.

In view of the method of stationary phasewe know that, asymptotically, the only signi cant
contributions to the integrals (8) and (9) arisefrom valuesof the slow integrandsand their derivativesat



Figure 1: Real part of functions f 5 (x)€*" and f(x)ek** with upper envelopesf a(x) and f(x), respec-
tively, p= 2.

the critical points. In orderto construct a convergent method for arbitrary frequenciesweintroducean
integration procedurebasedon localization around thesecritical points. Physically, for an obsenation
point located away from the scatterer's surface,the critical points correspond to the points of specular
re ection: there is only onesud critical point on the surfaceof a corvex scatterer. The critical points
mertioned above constitute a generalization of this conceptto the casein which the obsenation point
lies on the scatterer's surface.

To introduce our concept of localized integration let us consider the problem of integration of
the one-dimensionalsmooth function f A (x)e**" depicted in gure 1. This discussionapplies to the
integrals (8) and (9) rather directly, since,via expansionof the phase in Taylor series,the oscillatory
behavior of the integration kernelsaround their critical points is well captured by an exponertial of
the form €¥*” with p = 1 (around the kernel singularity), p = 2 (around the stationary points other
than the shadav boundaries), or p = 3 (around the shadov boundary stationary points, provided the
curvature doesnot vanish).

To state our main result concerningsmooth-cuto high-frequencyintegration we intro duce, for real
numbersA > 0,0< "< Aand 0< c< 1, wedenotehby f(x) and f-(x) the upper erveloping curves
in gure 1. Our result now readsas follows.

Lemma 1. Letrealnumbersp 1, A>0,0< "< A and0< c< 1 begiven. Then we have
Z 4 Z.

fa()e dx=  f x)e**dx + 0o kP "

8n 1 (12)
A

That is, under certain conditions on the product k"P, the integral between " and " of f- (x)e¥*" is a
gaod approximation of the integral of f A (x)ek** between A and A.

A proof of this Lemma can be found in [9]. Error estimatesfor the integrals (8) and (9), similar to
that of Lemma 1, which can be obtained by Taylor-expanding the phase in (10) around the critical
points, provide our criteria for the localized integration. For ead target point the corresponding set
of distinguished points is covered by a number of small regions, as indicated in what follows:

1. the target point is covered by a region U, of radius proportional to the wavelength (p = 1);

2. the "-th stationary point is covered by a region U, of radius proportional to =~ (p= 2) or °
(p = 3, at the shadawv boundaries).

A partition of unity [5,6] is usedto smoothly split the integral over @ into a number of integrals
over subsetsof @. This partition of unity is taken to be subordinated to the covering by open sets
U; and Ug and the complement V of a closed set which is cortained in and closely approximates
the union of the set Uy [ U. (In other words, the set where ead of the functions making up the
partition of unity is not zerois contained in one of the setsU or V.) The integral over all of @ is
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Figure 2: Circular scatterer under plane wave incidence: target point T ( o = 0) and stationary phase
points S;, S; and Ss.

k N " Error
1000 2100 1.0 1:5e
2000 2100 05 4:8e
4000 2100 025 1:2e
8000 2100 0:125 98e

16000 2100 0:0625 1:5e

O NN

Table 1: Localizedintegrator, sinusoidal slow density. Error on 1 ( o = 0) using N integration points.

then split asa sum of integrals over V and ead one of the U sets, with integrands which include the
corresponding partitions of unity. The integral in the outside region V is neglected. Note that, for
su cien tly small wave numbers,the U intervals cover the scatterer completely, and our high-frequency
integral formulation reducesseamlessiyto the original integral equation.

Let us exemplify this localized integration schemeby computing the following integral on a circle
of unit radius, certered at the origin (see gure 2):

Z3 h , i
(o) = Ho(kir( o) r()pe* O 1) cog )d ; (12
0

with r( ) = (cos ;sin ). Equation (12) correspondsto the two-dimensionalsingle layer potential in
the integral equation (3), with the unknown density substituted by cos(). Table 4 demonstratesthe
xed accuracy of the integrator for ¢ = 0and = (1;0) throughout the frequency spectrum, using a
xed number of integration points for all valuesof k.

5 Shadow boundaries

Shadowv boundaries(where = 0) require special consideration. Indeed, in order to represen sjow
within a xed error tolerance by meansof a frequency-independert discretization density, a cubic root
singularity inherert in the slow density around such boundariesneedsto be accourted for appropriately.
This can be done by meansof changesof variables which compensatefor the k=2 increaseof the slopes
of the slow density phases = ( ) around the shadov boundariesask increases;see[9] for detalils.

6 Spectral implemen tation

In view of the discussionof x3 and 5, sow in (7) can be obtained, within a prescribed error tolerance,
through interpolation from a xed (independert of frequency) number of discretization points. In our
implemertation, thesepoints are assaiated with the nodesof Cartesian grids discretizing one or more
(overlapping) patchescovering the scatterer surface,as proposedby [5,6]. Fast interpolations of very
high order can then be obtained using re ned FFTs and polynomial o -grid interpolation [4]:



1. Using one- or two-dimensional FFTs (in two and three dimensions, respectively), construct a
Fourier seriesfor eadh interpolation patch. Thanks to the partition of unity subordinated to
these patches, the densitiesare smooth and vanish on the patch boundariesand the convergence
of theseFourier seriesis high-order;

2. Use FFTs to ewaluate the Fourier series(and possibly their derivatives) on much re ned, but
still equispacedgrids. The actual choice of the re nement factor is basedon a trade-o between
computational times and accuracy;

3. Usethe density valueson the re ned grids to construct one or more local interpolation polyno-
mials per original grid interval.

In our numerical exampleswe useda 32-fold re nement of the original grids and cubic splinesfor
the local polynomial interpolation. Clearly the convergenceof this algorithm is only only fourth order
in the sub-grid spacing, but the error it intro duces(comparedto an explicit evaluation of the Fourier
series)is seweral orders of magnitude smaller than the overall error on the solution of the problemswe
considered(seex7). If true super-algebraicconvergenceis required one could replacethe cubic splines
by Chebyshevinterpolation, or even, at the expenseof signi cantly slower numerics, by an unequally
spacedFFT algorithm [12].

Note that, for practical problems (where the geometrical description of the scatterer is not known
analytically), a high order surface represeration (such as that described in [8]) is also required to
presene the high-order corvergenceof the method.

The integral in the region U; (seex4), which cortains the kernelsingularity, is evaluated by meansof
a discretization with a mesh-sizeproportional to . Our choice of singular integrator is that described
by [11]in the two-dimensionalcaseand by [5, 6] in the three-dimensionalcase. Thesemethods provide
high-order quadrature for the singular integrandsarising in the integral equationsunder consideration.

The integral in the region Ug, in tbrn, isyevaluated by means of the trapezoidal rule with a
discretization mesh-sizeproportional to or

In all cases,the values of the slow densities at the integration points are obtained through in-
terpolation from the xed discretization mesh mentioned above. Note that, becauseof the smooth
cuto s used,all integrands are smooth periodic functions|for which the trap ezoidalrule givesrise to
high-order corvergence. Also note that a special procedure is necessaryto guarantee that the non-
empty intersections occurring between the various U sets de ned above do not causedi culties: if
the setshave identical discretizations, they are simply mergedand the corresponding elemeris of the
partition of unity are summed; otherwise, in a recursive manner, the integral on the set having the

ner discretization is computed completely, and its partition of unity subtracted from the other sets.

7 Numerical results

A matrix free iterativ e solver has beenimplemented by utilizing the two-dimensional version of the
high-frequency integrator described in the precedingsectionsin conjunction with the GMRES algo-
rithm [15]. Table 2 shows results produced by meansof this two-dimensionalsolver on a 1:5GH z PC,
applied to a circular cylinder of radius a. Errors were computed by comparisonwith an exact solution
for the integral equation, and de ned as

z 1=2, Z 1=2
J St (1) siow(r)j? ds(r) j Sow(ni?ds(r) 1 (13)
@

This example illustrates the asymptotically bounded complexity of our approach: the error for k =
1000is almost identical to that for k = 100000,using the samenumber of unknowns and the same
number of integration points. The high-frequency solver is well conditioned and requiresa small num-
ber of GMRES iterations for arbitrarily large wave numbers, leading to nearly identical computation
times for all valuesof k > 1000.

The results given in the upper half of table 2 were obtained using 25 discretization points for the
slow density 0w and a local integration interval size",¢f = 600(a) !, with 800 integration points



Table 2: Scattering of an incident plane wave on a circular cylinder of radius a

25 unknowns, " = "¢
ka GMRES iterations Error CPU time
1 9 1.0e 12 < 1s
10 11 1l.6e 4 <l1s
100 13 9:3e 4 3s
1000 13 83e 3 5s
10000 15 1.0e 2 6s
100000 14 1:le 2 6s
100 unknowns, " = 5" ¢
ka GMRES iterations Error CPU time
1 9 1:.0e 12 < 1s
10 17 3.0e 11 5s
100 22 15e 5 11s
1000 25 3le 5 2m30s
10000 27 84e 5 3ml2s
100000 30 88e 5 3m43s

per interval. As can be seenin the table these parameters led to a maximum error of about 1%
throughout the frequency spectrum, in total computational times of 6 seconds.

In order to obtain two more digits of accuracy the number of discretization points was increased
by a factor of 4 and the size of the integration intervals multiplied by 5 (seebottom half of table 2).
In this case,using 4200integration points per interval led to an error smaller that 1:e 4, in lessthan
4 minutes CPU time.

Thanks to the very accurateinterpolation schememertioned in x6, the overall error of the algorithm
is dominated by two independert sources:on the one hand, the discretization error of ¢ and, on
the other hand, the error introduced by the local integrator. To obtain a given error tolerance with
the smallest computational cost, a compromisehasto be found betweenthe number of unknowns and
the size of the local integration intervals. For example, with " = " numerical tests showed that
increasingthe number of unknowns beyond 25 doesnot improve the accuracy of the solution beyond
the values shown in table 2, whereas,with " = 5", using only 25 instead of 100 unknowns would
result in a global error of 7e 3 (instead of 8:8e 5).

As a comparison, the computational time required by the direct algorithm described in [11, p.
66] to yield an error of 4:8e 3 for ka = 1000is 36 minutes|using the samelinear algebra solver as
our high-frequency solver and the same computer; our solver producesa comparable accuracyin a 5
secondcalculation. Sincethe computational time for the direct solver grows quadratically with the
wavenumber, that method would require 250 days to produce a solution for ka = 100000with the
sameerror. The corresponding solution presered in the upper portion of table 2 was obtained in a
mere 6 secondcalculation.
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