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High-Order Runge-Kutta Multiresolution Time
Domain Methods for Computational

Electromagnetics
Qunsheng Cao, Ramdev Kanapady, and Fernando Reitich

Abstract— In this paper we introduce a class of “Runge-
Kutta Multi-Resolution Time Domain” (RK-MRTD) methods
for problems of electromagnetic wave propagation that can
attain an arbitrarily high order of convergence in both space
and time. The methods capitalize on the high-order nature of
spatial multi-resolution approximations by incorporatin g time-
integrators with convergence properties that are commensurate
with these. More precisely, the classical MRTD approach is
adapted here to incorporate mth-order, m-stage, low storage
Runge-Kutta methods for the time integration. As we show, if
compactly supported wavelets of orderN are used (e.g. the
DaubechiesDN functions), and m = N then the RK-MRTD
methods deliver solutions which converge with thisoverall order;
a variety of examples illustrate these properties. Moreover, we
further show that the resulting algorithms are well-suited to
parallel implementations, as we present results that demonstrate
their near-optimal scaling.

Index Terms— Multiresolution time-domain (MRTD), wavelets,
Runge-Kutta methods, high-order accuracy

I. I NTRODUCTION

T HE Multi-Resolution Time Domain (MRTD) method
for the numerical simulation of solutions to Maxwell’s

electromagnetic equations was initially introduced in [1]as
an alternative to the popular and, by now, classical Finite-
Difference Time Domain (FDTD) [2] approach. The basic idea
behind MRTD is rather simple, as it reduces to a Method
of Moments [3] (MoM) wherein the spatial basis functions
are chosen from a multiresolution analysis [4]. This choice
naturally results in the potential for highly resolved spatial
variations of the fields. However, in typical implementations,
the realization of this potential is hindered by a low-order
(leap-frog) time stepping procedure. In this paper, we show
how this limitation can be overcome by introducing a new
class of MRTD schemes that incorporate high-order Runge-
Kutta time integrators. We show that, with this addition, the
resulting algorithms can be made to converge with arbitrarily
high order in space and time, and that they consequently lead
to more efficient simulations. Moreover, we demonstrate that
these new numerical procedures retain the highly parallelizable
characteristics of standard MRTD methods [5], [6] as we
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present a variety of results from a fully-three dimensional
parallel implementation.

The original developments of MRTD [1] highlighted an im-
provement in the observed dispersion characteristics overclas-
sical FDTD. Since then, a variety of studies have concentrated
on the further analysis and application of these techniques,
including the investigation of their stability, accuracy and
dispersion properties (see e.g. [7]–[13]), the design of schemes
for the incorporation of boundary and radiation conditions
(e.g. [12], [14]–[16]), and the development of implementations
for use in a variety of specific configurations [17]–[20]; the
recent book [21] provides a good introduction to the subject.

The recent development of higher-order finite-difference
schemes for electromagnetic applications (see e.g. [22]–[26]),
on the other hand, has provided potential options over the
classical FDTD scheme that are alternative to MRTD-based
methodologies. Indeed, for instance, as noted in [27], the
improved dispersion characteristics of MRTD techniques are
attained at the cost of a larger stencil when compared to that
of the Yee scheme [2] and, in fact, it results in solutions
of a comparable quality to those produced by higher-order
differencing schemes. The simplicity of implementation of
standard as well as adaptive forms of MRTD procedures [13],
[28]–[30], on the other hand, have continued to provide further
impetus for the development of these methodologies. In fact,
it is arguably these characteristics that account for the present
popularity of the use of MRTD methods (e.g. over higher-order
finite difference schemes) for tackling problems of practical
relevance.

As we mentioned, our work provides a further step toward
the attainment of “optimal” and widely applicable MRTD pro-
cedures for computational electromagnetics. Our results,orig-
inally announced in [31], are related to the concurrent work
communicated in [32]. Both our and this latter work begin
with the basic realization that the low-order time-integration
strategy inherent in standard MRTD is rather contrary to their
high spatial resolution. The work in [32], however, further
advocates the use of a multi-resolution analysis (MRA) in
time to circumvent this limitation. In contrast, our current
work views the equations for the coefficients in the spatial
multi-resolution expansion as satisfying a system of linear
ordinary differential equations, to which some recently derived
mth-order, m-stage, low storage Runge-Kutta methods for the
time integration [33], [34] can be readily applied. We contend
that this latter choice may be preferable over a space-time
MRA [32] for a number of reasons. Most importantly, perhaps,
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this approach automatically chooses a minimal stencil to attain
an accuracy that is commensurate with the spatial resolution,
and it does so with minimal storage requirements. In addition,
as we explain in Section III-C, the implementation of the re-
sulting scheme is rather straightforward, necessitating only the
repeated application of “forward Euler” steps, and thus it can
be readily used to upgrade existing MRTD implementations.

The rest of the paper is organized as follows: first in
Section II we review the basic equations and concepts related
to MRTD schemes; the classical method is introduced in
Section II-A and its convergence properties are reviewed
in Section II-B. Our new algorithms are then presented in
Section III. The spatial discretization and its convergence
properties are described in Sections III-A and III-B respec-
tively; the time-integrator, in turn, is described in Section III-C.
Numerical results that demonstrate the overall high-orderac-
curacy of the resulting algorithm are presented in Section III-
D. Section III-E is devoted to the stability and dispersion
characteristics of the RK-MRTD procedures, and section III-F
to their computational cost and memory requirements. In both
cases, the properties of the new schemes are contrasted with
those of standard MRTD methods, a comparison that further
highlights the advantages of the proposed approach. Next, the
details of the parallel implementation for the treatment of
three-dimensional configurations are discussed in SectionIV-
A and results from this follow in Section IV-B. Finally, our
conclusions are summarized in Section V.

II. ELECTROMAGNETICS ANDMRTD

As we said, we shall be concerned with the numerical
solution of the (time-domain) Maxwell equations

∇× E = −
∂B

∂t
(1a)

∇× H = J +
∂D

∂t
(1b)

∇ · D = 0 (1c)

∇ ·B = 0. (1d)

whereE,H,D,B,J are the electric field, the magnetic field,
the electric displacement, the magnetic induction and the
current, respectively. We shall assume that the media are linear

D = εE

B = µH

J = σE

and will consider both initial-value problems, wherein initial
conditions

E(x, 0) = E0(x), H(x, 0) = H0(x)

are prescribed, and scattering problems where an unknown
scattered field(Escat,Hscat) arises in response to incident
radiation(Einc,Hinc) in such a way that the total field

E
total = E = E

inc + E
scat

H
total = H = H

inc + H
scat

satisfies equations (1). At material interfaces, the tangential
components of the (total) electromagnetic field must be con-
tinuous

n× (E+ − E
−) = 0 , n× (H+ − H

−) = 0

wheren denotes the normal vector to the interface and “±”
denotes the limiting values from either side of the correspond-
ing quantity. In the limiting case of a perfect electric conductor
(PEC) these conditions reduce to

n × E
+ = 0.

A. Multi-Resolution Time Domain (MRTD) Method

The original MRTD scheme [1] is based on a spatial multi-
resolution representation of the fields at each instant in time.
For instance if, for simplicity, only scaling functions areused
(“S-MRTD” [1]), this representation takes on the form

Ex(x, y, z, t) =

+∞
∑

n,i,j,k=−∞

φxE
n
i+ 1

2
,j,khn(t)φi+ 1

2

(x)φj(y)φk(z) (2a)

Ey(x, y, z, t) =

+∞
∑

n,i,j,k=−∞

φyE
n
i,j+ 1

2
,khn(t)φi(x)φj+ 1

2

(y)φk(z) (2b)

Ez(x, y, z, t) =

+∞
∑

n,i,j,k=−∞

φzE
n
i,j,k+ 1

2

hn(t)φi(x)φj(y)φk+ 1

2

(z) (2c)

Hx(x, y, z, t) =

+∞
∑

n,i,j,k=−∞

φxH
n+ 1

2

i+ 1

2
,j,k
hn+ 1

2

(t)φi(x)φj+ 1

2

(y)φk+ 1

2

(z)

(2d)

Hy(x, y, z, t) =

+∞
∑

n,i,j,k=−∞

φyH
n+ 1

2

i,j+ 1

2
,k
hn+ 1

2

(t)φi+ 1

2

(x)φj(y)φk+ 1

2

(z)

(2e)

Hz(x, y, z, t) =

+∞
∑

n,i,j,k=−∞

φzH
n+ 1

2

i,j,k+ 1

2

hn+ 1

2

(t)φi+ 1

2

(x)φj+ 1

2

(y)φk(z)

(2f)

where φvE
n
i,j,k and φvH

n
i,j,k, v = x, y, z, are the (constant,

unknown) field expansion coefficients. Here the functionφ is
the scaling function,

φl(v) = φ
( v

∆v
− l
)

for v = x, y, z,

h(t) is the “impulse function”

h(t) =







1 if |t| < 1/2,
1/2 if |t| = 1/2,
0 if |t| > 1/2,

,

and

hl(t) = h

(

t

∆t
− l

)

. (3)

The update equations then follow from the relations
∫ +∞

−∞

hi(t)hj(t) dt = δi,j∆t (4a)

∫ +∞

−∞

hi(t)
∂hj+ 1

2

(t)

∂t
dt = δi,j − δi,j+1 (4b)
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Fig. 1. The Daubechies scaling functionsDN , N = 1, 2, 3 and4.

∫ +∞

−∞

φi(v)φj(v) dv = δi,j∆v (4c)

∫ +∞

−∞

φi(v)
∂φj+ 1

2

(v)

∂v
dv =

+∞
∑

ν=−∞

a(ν)δi+ν,j (4d)

upon substituting the expansions (2) into (1) and integrating
againstφi(v), v = x, y, z, andhl(t). The non-zero coefficients
a(ν) are shown in Table I for the cases of the Daubechies
scaling functionsD2 throughD4 (see Figure 1).

TABLE I

THE NON-ZERO COEFFICIENTSa(ν) FOR THEDAUBECHIES SCALING

FUNCTIONSD2 THROUGHD4 .

D2 D3 D4

ν a(ν) ν a(ν) ν a(ν)
0 -0.0104166667 0 -0.0000080265 0 0.0000000041
1 0.0937500000 1 0.0034701413 1 -0.0000108999
2 -1.2291666667 2 -0.0287617723 2 -0.0008308695
3 1.229166666 3 0.1371343465 3 0.0086543236
4 -0.0937500000 4 -1.2918129281 4 -0.0419957460
5 0.0104166667 5 1.2918129281 5 0.1560100710

6 -0.1371343465 6 -1.3110340773
7 0.0287617723 7 1.3110340773
8 -0.0034701413 8 -0.1560100710
9 0.0000080265 9 0.0419957460

10 -0.0086543236
11 0.0008308695
12 0.0000108999
13 -0.0000000041

Explicitly, in a region of constant material properties, the
resulting scheme takes on the form (σ = 0)

φxE
n+1
i+ 1

2
,j,k

= φxE
n
i+ 1

2
,j,k (5a)

+
1

ε

∑

ν

a(ν)

(

φzH
n+ 1

2

i+ 1

2
,j+ν+ 1

2
,k

∆t

∆y
− φyH

n+ 1

2

i+ 1

2
,j,k+ν+ 1

2

∆t

∆z

)

φxH
n+ 1

2

i,j+ 1

2
,k+ 1

2

= φxH
n− 1

2

i,j+ 1

2
,k+ 1

2

(5b)

+
1

µ

∑

ν

a(ν)

(

φyE
n
i,j+ 1

2
,k+ν+1

∆t

∆z
− φzE

n
i,j+ν+1,k+ 1

2

∆t

∆y

)

and similarly for the remaining components of the electro-
magnetic field. A geometrical interpretation of the staggered
approximation (5) is given in Figure 2.
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Fig. 2. Geometrical representation of the classical MRTD discretization.

B. Convergence of MRTD solutions

As it follows from the decomposition (2) the standard
MRTD scheme is highly accurate in the spatial description
of the fields. The use of the impulse functions (3) and the
staggered approximations (see Figure 2), however, limit its
accuracy to second order, much as in the classical FDTD
scheme.
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Fig. 3. Convergence of the classical MRTD and FDTD schemes.

An example of the effect of these limitations is provided
in Figure 3. There we display the results corresponding to
one- and three-dimensional examples wherein a compactly
supported pulse propagates in free space. More precisely, in
one space dimension, Maxwell’s equations reduce to (cf. (1))

ε∂tE − ∂xH = 0 (6a)

µ∂tH − ∂xE = 0 (6b)

where (E,H) are the transverse components of the total
electromagnetic field. The propagation of a pulseu = u(x)
in free space (c = (µε)−1/2 = 1 in dimensionless form)
can be simulated, in this context, by imposing exact radiation
conditions at the boundary of the computational domain.
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Indeed, in one space dimension, these conditions take on the
simple (local) form

E +H = 0 at x = a (7a)

E −H = 2u(x− t) at x = −a. (7b)

The example in Figure 3 corresponds to a smooth, compactly
supported pulse with an initial form

E(x, t = 0) = u(x), x ∈ (−a, a) (8a)

H(x, t = 0) = −u(x), x ∈ (−a, a) (8b)

where

u(x) = w(
x + b

δ
), (9)

w(y) =

{

(y − 1)10(y + 1)10 for |y| < 1
0 otherwise

(10)

anda = 12, b = 0 andδ = 1 (see Figure 4).

�-3 �-1 1 3

0.2

0.4

0.6

0.8

1

x

E(x,t)E(x,0)

Fig. 4. Solution to the one-dimensional problem corresponding to the results
in Figure 3(a).

In this case, of course, the exact solution is simply given
by

Eexact(x, t) = u(x− t)

Hexact(x, t) = −u(x− t).

Similar considerations apply to a spherical pulse propagating
in three-dimensions. The results in Figure 3 correspond to the
mean squared error over the support of the pulse at timet = 1.
Note that the order of convergence is approximately equal to
two, regardless of the specific wavelet basis chosen for the
simulation.

III. RUNGE-KUTTA MULTI -RESOLUTION TIME DOMAIN

(RK-MRTD) METHOD

In this section we present the details of our new algorithm.
First in Section III-A we describe the wavelet expansion that
we use for the spatial discretization; in Section III-B we
recall the convergence properties of these expansions and we
motivate the need to incorporate a higher order time integrator.
One such scheme is presented in Section III-C, and numerical
results that confirm the attainment of an overall order of
convergence that respects the spatial resolution are shownin
Section III-D. Moreover, the stability and dispersive charac-
teristics of the methods are discussed in Section III-E and,
finally, their computational cost is analyzed in Section III-F. In
both cases, as we mentioned, we contrast these characteristics

with those of standard MRTD implementations, and we show
that the enhanced accuracy of the new procedures translates,
in fact, in higher quality solutions and lower computational
times.

A. Spatial discretization

The expansion of the fields that we shall use is largely as
that in equations (2) in Section II-A, except for the use of
impulse functions in time. Instead, we let the actual wavelet
coefficients befunctions of this variable, which are to be
determined. More precisely, we let

Ex(x, y, z, t) =

+∞
∑

i,j,k=−∞

φxEi+ 1

2
,j,k(t)φi+ 1

2

(x)φj(y)φk(z) (11a)

Ey(x, y, z, t) =

+∞
∑

i,j,k=−∞

φyEi,j+ 1

2
,k(t)φi(x)φj+ 1

2

(y)φk(z) (11b)

Ez(x, y, z, t) =

+∞
∑

i,j,k=−∞

φzEi,j,k+ 1

2

(t)φi(x)φj(y)φk+ 1

2

(z) (11c)

Hx(x, y, z, t) =

+∞
∑

i,j,k=−∞

φxHi+ 1

2
,j,k(t)φi(x)φj+ 1

2

(y)φk+ 1

2

(z)

(11d)

Hy(x, y, z, t) =

+∞
∑

i,j,k=−∞

φyHi,j+ 1

2
,k(t)φi+ 1

2

(x)φj(y)φk+ 1

2

(z)

(11e)

Hz(x, y, z, t) =

+∞
∑

i,j,k=−∞

φzHi,j,k+ 1

2

(t)φi+ 1

2

(x)φj+ 1

2

(y)φk(z)

(11f)

and derive the equations

∂φxEi+ 1

2
,j,k(t)

∂t
=

1

ε
× (12a)

∑

ν

a(ν)

(

φzHi+ 1

2
,j+ν+ 1

2
,k(t)

1

∆y
−φyHi+ 1

2
,j,k+ν+ 1

2

(t)
1

∆z

)

∂ φxHi,j+ 1

2
,k+ 1

2

(t)

∂t
=

1

µ
× (12b)

∑

ν

a(ν)

(

φyEi,j+ 1

2
,k+ν+1(t)

1

∆z
−φzEi,j+ν+1,k+ 1

2

(t)
1

∆y

)

analogous to (5).

B. Convergence in space

As we stated, the use of a spatial multi-resolution analysis
(or simply that of appropriate scaling functions) provides
the potential for accurate spatial representations, whichmay
converge with high order. The basic reason can be traced to a
rather fundamental result (see e.g. [35]) which states thatthe
following are equivalent properties for any integerp:

• Smooth functions can be approximated with error
O(∆xp) at every scale∆x = 2−j , that is

||f −
∑

ckφ(
x

∆x
− k)|| ≤ C(∆x)p||f (p)||



5

for suitableck (ck ∆x =
∫

f(x)φ( x
∆x − k) dx for or-

thonormal families, cf. (4c));
• The polynomials{1, x, . . . , xp−1} are linear combina-

tions of the translatesφ(x− k);
• The firstp moments of the waveletψ vanish

∫

xmψ(x)dx = 0 for m = 0, 1, . . . , p− 1; and

• The wavelet coefficients of a smooth function decay as
∫

f(x)ψ(
x

∆x
) dx ≤ C(∆x)p.

For the Daubechies scaling functionsDN , for instance, we
havep = N [35]. As a result the spatial representation of any
(smooth) function in terms of these (cf. (11)) converges with
orderN ; see Figure 5.
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Fig. 5. Convergence of the projection onto the span of the scaling functions
at varying scales∆x. The order of convergence of the projection is two, three
and four when usingD2, D3 andD4 respectively.

This high-order convergence, however, is limited in stan-
dard MRTD implementations by the low (second) order time
integration strategy and the choice

∆t = α
∆x

c
(α ≤ 1) (13)

to satisfy the CFL stability condition. Indeed, with this choice,
the overall error is bounded by

MRTD Error≤ A∆xN +B∆t2 ≤ A∆xN +B

(

α
∆x

c

)2

≤ C∆x2 (14)

and thus limited to second order. This estimate is confirmed in
Figure 6 where we further show that the higher spatial order
can be recovered in the overall solution by simply setting

∆t = α
∆xp

c

with p > 1. More precisely, in these figures we show that
fourth and sixth order can be attained in space-time using, for
instance, the Battle-Lemarie scaling functions and time steps
proportional to∆x2 and∆x3 respectively.
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Fig. 6. Convergence of the MRTD approach for time-steps of order (∆x)2

and(∆x)3. Note that the order of convergence for the MRTD results on the
left and right panels are approximately four and six, respectively.

C. Higher order time integration

The system of ordinary differential equations (12) (and its
version for the remaining components of the field) can be
symbolically written as

∂Eφ

∂t
= LHH

φ

∂Hφ

∂t
= LEE

φ

If sources are included, then the system can be put into the
form

∂F

∂t
= LF + S(t) (15)

where

F =

{

E
φ

H
φ

}

and

L =

[

0 LH

LE 0

]

.

To achieve the same order of convergence as that in Figure 6
without resorting to unduly small time steps, we propose to
discretize the system (15) with an mth-order, m-stage, strong
stability preserving Runge-Kutta (SSP-RK) with low stor-
age storage requirements. The scheme, originally introduced
in [33] for homogeneous systems and extended to systems
such as (15) in [34] has the form

F
(0) = Fn

F
(i) = F

(i−1) + ∆tLF
(i−1) + ∆tS(i), i = 1, . . . ,m

Fn+1 =
m
∑

k=0

αm,kF
(k) (16)

where

Fn = F(tn),

S
(i) =

(

I + ∆t
∂

∂t

)i−1

S(tn)
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andI denotes the identity operator. The coefficientsαm,k are
given by [33], [34]

α1,0 = 1

αm,k =
1

k
αm−1,k−1, k = 1, . . . ,m− 2,

αm,m =
1

m!
, αm,m−1 = 0, αm,0 = 1 −

m
∑

k=1

αm,k.

D. Convergence in space-time

In this section, we present results that confirm the expected
rate of convergence of the RK-MRTD approach. To this
end, we evaluate the errors incurred by the approximation of
the problem described in equations (6)-(10). The expansion
coefficientsEi(t = 0) andHi(t = 0) for the initial data in
(8) are computed by projecting onto the corresponding set of
scaling functions (DN , N = 2, 3, 4), i.e.

E(x, 0) =
∑

i

Ei(0)φi(x);

(see Section III-B), and the error is measured in the mean
square

RK-MRTD L2-error=

(

∑

i

(

Eexact
i − Ei

)2
∆x

)
1

2

.

These errors and respective estimates of convergence orders
are presented in Table II. The results demonstrate that a
uniform overall order can be attained with the use of the
proposed scheme. This, of course, results from the easily
derivable estimate

RK-MRTD L2-error≤ Cx∆xN + Ct∆t
m (17)

which, for reasons of stability, holds provided (13) is satisfied
for a suitable CFL constantα (see section III-E).

We also note that these results, together with (13), demon-
strate that high-order convergence can be achieved with time
steps whose size is justlinearly proportional to that of the
spatial discretization (compare with Figure 6). Moreover,the
last sub-table provides further evidence that a refinement in
space (e.g. using the —fourth order— scaling functionD4)
does not translate into significant gains if not accompaniedby
a commensurate treatment of the time variable. In fact, as it
follows from (17), if (13) holds then the overall orderp of the
algorithm can be summarized as

p = min(m,N).

In particular, ifm = N , then

RK-MRTD L2-error≤ CN∆xN . (18)

E. Dispersion and stability

As we have argued, the use of RK-MRTD schemes can
be extremely beneficial from an accuracy standpoint. And
this, of course, translates, in particular, into a more accurate
satisfaction of the exact dispersion relation by the correspond-
ing numerical solutions; see e.g. [36]. An example of this is

TABLE II

CONVERGENCE OFRK-MRTD FOR DIFFERENT VALUES OFm AND N .

D2; SSP-RK2
∆x L2-error Order

1.000000e-01 3.342552e-02
3.333333e-02 3.436956e-03 2.07
2.000000e-02 1.217792e-03 2.03
1.428571e-02 6.170588e-04 2.02
1.111111e-02 3.717976e-04 2.02

D3; SSP-RK3
∆x L2-error Order

1.000000e-01 6.746640e-03
3.333333e-02 2.911401e-04 2.86
2.000000e-02 6.352483e-05 2.98
1.428571e-02 2.321555e-05 2.99
1.111111e-02 1.094003e-05 2.99

D4; SSP-RK4
∆x L2-error Order

1.000000e-01 2.054775e-03
3.333333e-02 2.641036e-05 3.96
2.000000e-02 3.277183e-06 4.09
1.428571e-02 8.300989e-07 4.08
1.111111e-02 3.020184e-07 4.02

D4; SSP-RK2
∆x L2-error Order

1.000000e-01 1.214359e-03
3.333333e-02 1.442995e-04 1.94
2.000000e-02 5.307721e-05 1.96
1.428571e-02 2.723436e-05 1.98
1.111111e-02 1.653033e-05 1.99

TABLE III

CFL NUMBERS FORRK-MRTD

N = m α
2 0.50
3 0.33
4 0.25

presented in Fig. 7 where we have plotted the result of a long-
time propagation experiment for the pulse in Fig. 4. While
almost no dissipation is visible in any of the implementations,
the effects of dispersion are rather pronounced forN = m =
2. These effects get mollified when we setN = m = 3;
when N = m = 4 the approximate solution is almost
indistinguishible from the exact solution.

However, these significant accuracy gains are obtained at
a cost of a more stringent stability requirement [37]. Indeed,
the result of some simple numerical experiments demonstrate
that, for the RK-MRTD methods introduced here, the maximal
time step for which the method remains stable is inversely
proportional tom; see Table III. Within a typical simulation,
these requirements, of course, translate into the need to
effect a larger number of time steps. As we explain below,
however, these additional demands are largely compensated
for by the higher space-time accuracy, resulting in anoverall
computational effort to attain any given accuracy that can
be substantially lower than that required by standard MRTD
implementations.
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Fig. 7. Long-time evolution of the pulse in Fig. 4 using the RK-MRTD
scheme withN = m = 2, 3, 4. For reference, the solid line depicts the exact
solution.

F. Computational cost and memory requirements

In this section we discuss the computational cost and
memory requirements of our new numerical procedures, and
we contrast them with those of classical MRTD. The issue of
memory, in fact, is rather simple: if the values of the fields are
needed for a period of time, then the memory requirements are
the same, as the time-series of the fields needs to be stored in
both cases. If, however, only the fields at a final time are of
interest, the memory needs of the new schems are twice that
of the standard MRTD. Indeed, while for the latter only the
values ofEn andH

n−1/2 (cf. (5)) need to be stored at each
time step, the RK-MRTD procedure demands that bothF

(i)

andFn+1 (cf. (16)) be stored as the latter is evaluated.
The issue of computational cost, on the other hand, is a

bit more subtle. For a single time step, the cost (number of
operations) of standard MRTD is (cf. (5))

MRTD Cost Per Time Step= 2 × (Nr. of grid points)

×(Size of stencil)= 2(n2)
d(4N − 2), (19)

if the scaling functionDN is used. Hered is the number of
dimensions (1, 2 or 3) andn2 denotes the number of points
in a single direction, that is,

n2 =
1

∆x2
(20)

for a domain of unit size, where∆x2 denotes the grid spacing.
The RK-MRTD scheme, on the other hand, demands that for
each time step we performm stages in which we must

1. evaluateLF
(i−1); and

2. add the resultFn+1.

Clerly, step 1 costs2(nm)d(4N − 2) operations, while step 2
involves2(nm)d, where

nm =
1

∆xm
(21)

and ∆xm is the grid spacing for the order-m method. As a
result, a single time step of the RK-MRTD procedure calls for

RK-MRTD Cost Per Time Step= 2(nm)dm(4N − 1).

In particular, ifm = N (cf. Table II), we have

RK-MRTD Cost Per Time Step= 2(nN )dN(4N − 1). (22)

On the other hand, as described in section III-E, if∆t2
denotes the maximal stable time-step for MRTD, the time step
∆tN for RK-MRTD (m = N ) must be chosen as

∆tN =
2∆t2
N

Collecting these results, we obtain

MRTD Cost to time 1= 2(n2)
d(4N − 2)

1

∆t2
(23)

and

RK-MRTD (m = N ) Cost to time 1 (24)

= 2(nN)dN(4N − 1)
1

∆tN

= (nN )d(4N − 1)N2 1

∆t2
. (25)

In order to compare the efficiency of these alternative
schemes we must now choose appropriate values ofn2 and
nN . It is here then where the higher order convergence
properties of RK-MRTD manifest themselves as, for any given
accuracy, a larger grid spacing can be taken when compared
to that required by standard MRTD. Indeed, the estimates
(14) and (18) suggest that similar accuracies between standard
(second-order accurate) MRTD and higher order RK-MRTD
evaluations should be attainable provided

∆x2

(∆xN )N/2
= Qd,N (26)

for some constantsQd,N , dependingonly on the dimension
and on the order of approximation (i.e. independent of the
grid spacing). Using (20), (21) and (26) we conclude that
comparable errors can be obtained provided

nN = (Qd,Nn2)
2/N

.

Then, from (24) we get

RK-MRTD (m = N ) Cost for a given accuracy

= (Qd,Nn2)
(2d)/N (4N − 1)N2 1

∆t2

=

(

2(n2)
d(4N − 2)

1

∆t2

)

× (Qd,N)
(2d)/N

n
−(1−2/N)d
2

(4N − 1)N2

2(4N − 2)

< γ × (MRTD Cost for thesame accuracy)

provided
(

Qd,N

(n2)N/2−1

)(2d)/N
(4N − 1)N2

2(4N − 2)
< γ. (27)

The key feature of equation (27) is, of course, that the first
ratio in the left-hand side can be made arbitrarily small as the
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number of points in a single direction is increased. Moreover,
this ratio is raised to a power that increases with increasing
dimension, providing a further mechanism for the reductionof
the magnitude of the left-hand side. To provide a numerical
example, we consider the most unfavorable case of the one
dimensional example of Table II. In Fig. 8 we have plotted
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Fig. 8. Log-log plot of the errors from table II, and best fits to lines with
slopes given by the order of the method.

the results in this table in logarithmic scales, together with the
best linear fits to the data that have slopes prescribed by the
order of convergence (m = N ). These plots clearly convey the
effect of higher order convergence and, moreover, the linear
fits allow us to extrapolate to a plot of the necessary grid
spacing to attain any given accuracy, by simply interchanging
the axes; see Fig. 9(a). From this, in turn, the constantsQ1,N
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3
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(b)

Fig. 9. (a) Log-log plot of the size of the spatial grid as a function of
the desired accuracy (“L2 Error”; from Fig. 8). (b) Values of the quotients
∆x2/(∆x3)3/2 and∆x2/(∆x4)2 as functions of the desired accuracy, as
derived from the left plot.

in (26) can be estimated by equating the error in standard
MRTD to that ofm = N = 2 and evaluating the quotients
in the left-hand side of (26). The results of this exercise are
displayed in Fig. 9(b) which shows that, forN = 3, 4,

Q1,N =
2N − 3

2
. (28)

In these cases then, equation (27) translates to

6.49

n
1/3
2

< γ if N = 3

and
13.55

n
1/2
2

< γ if N = 4.

Letting γ = 1 we obtain that the cost of RK-MRTD is less
than that of standard MRTD provided

n2 >

{

272 , if N = 3,
183 , if N = 4.

Similarly, if γ < 1/2, equation (27) implies that the cost is
half that of standard MRTD if

n2 >

{

2183 , if N = 3,
734 , if N = 4.

IV. PARALLEL IMPLEMENTATION AND RESULTS

In this section we present performance results for a parallel
implementation of the RK-MRTD formulation. The details of
the implementation are first reviewed in Section IV-A. Then,in
Section IV-B we present some speed-up results that highlight
the almost optimal scalability of the algorithm.

A. Parallel implementation

The implementation is based on “coarse grained paralleliza-
tion” using the Message Passing Interface (MPI). We recall
that coarse grained parallelization is based on a division of
the computational domain into subdomains which are mapped
onto individual processors. In general, the parallel performance
of the algorithm depends on the parallel overhead, which is
mainly a function of the collective communication overhead
between processors and the communication between neigh-
boring processors. Since the method is based on explicit time
discretizations, the communication overhead is restricted to
nearest neighbors.

B. Numerical examples

The parallel performance of the implementation on an IBM
SP parallel machine is illustrated in Figures 10 and 12.
Figure 10 corresponds to parallel implementations of the
one-dimensional example in (6)-(10), showing almost optimal
speed-up with decreasing grid spacing.
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Fig. 10. Parallel speedup for a one-dimensional example of application of
the RK-MRTD formulation.

The three-dimensional example in Figure 12, on the other
hand, corresponds to a simple scattering problem for a hexahe-
dral PEC as depicted in Figure 11. The scatterer, with dimen-
sions 10m× 30m× 10m, is illuminated by a Gaussian pulse at
θinc = 900, φinc = 900 andψinc = 450 with increasing center
frequencies from5MHz to 10MHz. A Perfectly Matched Layer
(PML) is used to truncate the computational domain as shown
in Figure 11. Figure 12 shows a parallel speed-up which is,
again, close to ideal as the number of degrees of freedom is
increased.
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Fig. 11. Problem description for the parallel performance study of the RK-
MRTD formulation, and schematic of subdomain partitioning.
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Fig. 12. Parallel speedup for a three-dimensional example (see Figure 11)
of application of the RK-MRTD formulation.

V. CONCLUSIONS

In this paper we have presented a new method for the
numerical simulation of electromagnetic wave propagationthat
is based on the classical MRTD procedure. The basic premise
relies on the observation that this scheme produces high-order
accurate approximations in space, to which, for instance, its
improved dispersion characteristics over the standard finite-
difference method (FDTD) can actually be attributed. As we
have shown, however, the high quality of the spatial approxi-
mations in standard MRTD is severely impaired by the typical
leap-frog time-integrator associated with it. A possible remedy
could rely on the use of much reduced time steps to bring the
time-integration error in line with that of the spatial approxi-
mations (cf. Figure 6), or on the use of space-time MRA [32].
Here, in contrast, we propose a significantly more efficient
strategy that relies on the replacement of the second-order
leap-frog scheme with a high-order Runge-Kutta procedure to
approximate the time evolution while retaining the accurate
multi-resolution treatment in space. We demonstrated thatthe
resulting method provides solutions wherein the errors from
both discretizations are comparable and, thus, that it realizes
the full potential of spatial multi-resolution decompositions.
Moreover, we have also shown that the enhanced accuracy
of the new numerical schemes results in correspondingly
reduced numerical dispersion, and that it also leads (beyond
a relatively low threshold) to a significant decrease in com-
putational effort to attain a prescribed accuracy. Finally, we
have also demonstrated that this new approach can be easily
and efficiently parallelized, and we presented a number of fully
three-dimensional calculations that illustrate its almost optimal
scalability.
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