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Abstract— In this paper we introduce a class of “Runge-
Kutta Multi-Resolution Time Domain” (RK-MRTD) methods
for problems of electromagnetic wave propagation that can
attain an arbitrarily high order of convergence in both space
and time. The methods capitalize on the high-order nature of
spatial multi-resolution approximations by incorporating time-
integrators with convergence properties that are commensate
with these. More precisely, the classical MRTD approach is
adapted here to incorporate mth-order, m-stage, low storage
Runge-Kutta methods for the time integration. As we show, if
compactly supported wavelets of order N are used (e.g. the
Daubechies Dy functions), and m = N then the RK-MRTD
methods deliver solutions which converge with thisverall order;
a variety of examples illustrate these properties. Moreove we
further show that the resulting algorithms are well-suited to
parallel implementations, as we present results that demasirate
their near-optimal scaling.

Index Terms— Multiresolution time-domain (MRTD), wavelets,
Runge-Kutta methods, high-order accuracy

I. INTRODUCTION

T

electromagnetic equations was initially introduced in §

present a variety of results from a fully-three dimensional
parallel implementation.

The original developments of MRTD [1] highlighted an im-
provement in the observed dispersion characteristics@asf
sical FDTD. Since then, a variety of studies have concesdrat
on the further analysis and application of these techniques
including the investigation of their stability, accuracyda
dispersion properties (see e.g. [7]-[13]), the design béstes
for the incorporation of boundary and radiation conditions
(e.g.[12], [14]-[16]), and the development of implemeiuias
for use in a variety of specific configurations [17]-[20]; the
recent book [21] provides a good introduction to the subject

The recent development of higher-order finite-difference
schemes for electromagnetic applications (see e.g. [28]:[
on the other hand, has provided potential options over the
classical FDTD scheme that are alternative to MRTD-based
methodologies. Indeed, for instance, as noted in [27], the
improved dispersion characteristics of MRTD techniques ar
attained at the cost of a larger stencil when compared to that
of the Yee scheme [2] and, in fact, it results in solutions

HE Multi-Resolution Time Domain (MRTD) method of 5 comparable quality to those produced by higher-order
for the numerical simulation of solutions to Maxwell'sgifferencing schemes. The simplicity of implementation of

standard as well as adaptive forms of MRTD procedures [13],

an alternative to the popular and, by now, classical Finit?zg]_[go], on the other hand, have continued to provideferrt
Difference Time Domain (FDTD) [2] approach. The basic idefpetus for the development of these methodologies. In fact
behind MRTD is rather simple, as it reduces to a Methqglis arguably these characteristics that account for tiesent
of Moments [3] (MoM) wherein the spatial basis functiongopylarity of the use of MRTD methods (e.g. over higher-orde

are chosen from a multiresolution analysis [4]. This choiGgite difference schemes) for tackling problems of prattic
naturally results in the potential for highly resolved splat (qjevance.

variations of the fields. However, in typical implementaso

As we mentioned, our work provides a further step toward

the realization of this potential is hindered by a low-ordefe attainment of “optimal” and widely applicable MRTD pro-

(leap-frog) time stepping procedure. In this paper, we shq@qures for computational electromagnetics. Our resoilig;
how this limitation can be overcome by introducing a neyhajly announced in [31], are related to the concurrent work
class of MRTD schemes that incorporate high-order Runggsmmunicated in [32]. Both our and this latter work begin
Kutta time integrators. We show that, with this additiore thyith the basic realization that the low-order time-inteigna
resulting algorithms can be made to converge with arbiyrarisyrateqy inherent in standard MRTD is rather contrary tarthe

high order in space and time, and that they consequently l§agdh spatial resolution. The work in [32], however, further
to more efficient simulations. Moreover, we demonstrate thagyocates the use of a multi-resolution analysis (MRA) in

these new numerical procedures retain the highly parzdiele {ime to circumvent this limitation. In contrast, our curten
characteristics of standard MRTD methods [5], [6] as Wgork views the equations for the coefficients in the spatial
multi-resolution expansion as satisfying a system of linea
ordinary differential equations, to which some recentlyicd
mth-order, m-stage, low storage Runge-Kutta methods for the
time integration [33], [34] can be readily applied. We comte
that this latter choice may be preferable over a space-time
MRA [32] for a number of reasons. Most importantly, perhaps,
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this approach automatically chooses a minimal stencilteirat satisfies equations (1). At material interfaces, the tatiglen
an accuracy that is commensurate with the spatial resaluticomponents of the (total) electromagnetic field must be con-
and it does so with minimal storage requirements. In additiotinuous
as we explain in Section 111-C, the implementation of the re- _ _
sulting scheme is rather straightforward, necessitatimyg the x(E' -E7)=0, nx(H'-H")=0
repeated application of “forward Euler” steps, and thusait c wheren denotes the normal vector to the interface ade *
be readily used to upgrade existing MRTD implementationgienotes the limiting values from either side of the correspo
The rest of the paper is organized as follows: first iing quantity. In the limiting case of a perfect electric cantbr
Section Il we review the basic equations and concepts tela{@®EC) these conditions reduce to
to MRTD schemes; the classical method is introduced in
Section 1I-A and its convergence properties are reviewed
in Section 1I-B. Our new algorithms are then presented in
Section Ill. The spatial discretization and its convergené. Multi-Resolution Time Domain (MRTD) Method
properties are described in Sections llI-A and IlI-B respec The original MRTD scheme [1] is based on a spatial multi-
tively; the time-integrator, in turn, is described in Seatlll-C.  resolution representation of the fields at each instantnie i
Numerical results that demonstrate the overall high-oeter For instance if, for simplicity, only scaling functions ansed
curacy of the resulting algorithm are presented in Sectibn |(*S-MRTD"” [1]), this representation takes on the form
D. Section llI-E is devoted to the stability and dispersion
characteristics of the RK-MRTD procedures, and sectioif |l ‘ ,
to their computational cost and memory requirements. Ih botE o9, 20) Zm i+ Jk n(0)0i13 ()9 (9)0x(2) (22)
cases, the properties of the new schemes are contrasted with
those of standard MRTD methods, a comparison that furth
highlights the advantages of the proposed approach. Next, t%r =4 %) ZM Ly alin(D0:(@)051 4 W)k (2) (2D)
details of the parallel implementation for the treatment of
three-dimensional configurations are discussed in Setdon p_(z y, 2, t) Z¢Z i th )i (), (y)¢k+%(2) (2¢)
A and results from this follow in Section IV-B. Finally, our
conclusions are summarized in Section V.

nx ET =0.

n,i,j,k=—o0
n,i,j,k=—o0

n,i,j,k=—o0

I yYs 2, t Z¢F + J]( ()¢7( )¢ 1(y)¢k+%(z)

[l. ELECTROMAGNETICS ANDMRTD s k=—00 (2d)
As we said, we shall be concerned with the numerical
n+
solution of the (time-domain) Maxwell equations Hy(z,y,2,1) Zdw ”+21 o (¢ )¢¢+%(I)¢j (y)¢k+%(z)
v E OB 1 n,i,j,k=—o0
=—— a
X o (1a) (2e)
— oD b n+2
VxH=J+ o (D) H.(x,y,21) Z¢z iy 1Pt s 0)0ir 1 (2)051 1 (1)or(2)
V-D=0 (1c) k= ee 2
V-B=0. (1d)
where 4, E,; . and 4, H]'; , v =y, are the (constant,

whereE, H, D, B, J are the electric field, the magnetic field unknown) fleld expansmn coeff|C|ents Here the functjois
the electric displacement, the magnetic induction and thige scaling function,

current, respectively. We shall assume that the mediarzeari v
¢l(v):¢(A__l) forv:xay7za
D=cb () is the “impulse function”
B = uH (t) is the “impulse function
_ 1 if < 1/2,
J=0E
7 hey =4 1/2 i [t =1/2,
and will consider both initial-value problems, whereintiili 0 if |¢] >1/2,
conditions and t
E(x,0) = Eo(z), H(z,0) = Ho(x) hi(t) =nh <A_t — l) (3)

are prescribed, and scattering problems where an unknowrThe update equations then follow from the relations
scattered field(Esc**, H5¢') arises in response to incident

—+oo
radiation (E™™¢, H"¢) in such a way that the total field / hi(t)h;(t) dt = 6; ;At (4a)
Etotal —F = Einc + Escat +oo athrl (t)
Htotal —H=- Hinc + Fpscat / hi (t)thdt = 5i7j - 5i7j+1 (4b)



) Dy (v) 1 Do(v) and similarly for the remaining components of the electro-
magnetic field. A geometrical interpretation of the stagder
15 1 approximation (5) is given in Figure 2.
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Fig. 1. The Daubechies scaling functiofsy, N = 1, 2,3 and 4.
Fig. 2. Geometrical representation of the classical MRT&rwitization.

“+o0
/ ¢1(v)¢J (’U) dv = (Sid‘AU (4C)
oo 96,1 (v) +00 B. Convergence of MRTD solutions
JT3 _ ) .
/ﬂo $i(v)— g ——dv = _Z: a()disv.; (4d)  As it follows from the decomposition (2) the standard

MRTD scheme is highly accurate in the spatial description
upon substituting the expansions (2) into (1) and integ@atiof the fields. The use of the impulse functions (3) and the
againstp; (v), v = z,y, z, andh(t). The non-zero coefficients staggered approximations (see Figure 2), however, lirsit it

a(v) are shown in Table | for the cases of the Daubechiggcyracy to second order, much as in the classical FDTD
scaling functionsD, through D, (see Figure 1). scheme.

TABLE |

THE NON-ZERO COEFFICIENTSCL(Z/) FOR THEDAUBECHIES SCALING

(a) 1D Example

(b) 3D Example

| — FDTD method
— MRTD method (BL)

— FDTD method
— MRTD method (BL)

FUNCTIONS D2 THROUGH Dy.

. MRTD method (CDF)
-- MRTD method (D)

rd
N

~ MRTD method (CDF)

§ | imomenssioy, R et 2
| D | D3 | Dy | Iy 55 - MRTD method (Coif.? W 51 6]~ MRTD method (C
v a(v) v a(v) v a(v) & :4 ]
0 | -0.0104166667| 0 | -0.0000080265] O | 0.0000000041 2 =222
1 | 0.0937500000| 1 | 0.0034701413| 1 | -0.0000108999 e
2 | -1.2291666667| 2 | -0.0287617723| 2 | -0.0008308695 5 226
3| 1.229166666 | 3 | 0.1371343465| 3 | 0.0086543236 55l > = ! o 55 2
4 | -0.0937500000| 4 | -1.2918129281| 4 | -0.0419957460 logyo(2X) log1o(x)
5 | 0.0104166667| 5 | 1.2918129281| 5 | 0.1560100710
6 | -0.1371343465| 6 | -1.3110340773
; _%%%%1(;]671121% ; _%i%%%i%%éi% Fig. 3. Convergence of the classical MRTD and FDTD schemes.
9 | 0.0000080265| 9 | 0.0419957460
}(1) ’g'ggggg’gg’égg An example of the effect of these limitations is provided
12 | 0.0000108999 in Figure 3. There we display the results corresponding to
13 | -0.0000000041 one- and three-dimensional examples wherein a compactly

supported pulse propagates in free space. More precisely, i
Explicitly, in a region of constant material propertiese thone space dimension, Maxwell’s equations reduce to (cj. (1)
resulting scheme takes on the form=£ 0)

E7l+1

e T2 A (52) eOE — 0,H =0 (6a)
1 n+3 At n+ At /.LafH — 87-E =0 (Gb)
+-)_a(v) <¢ZHi+%2,j+u+%,kA_y ol ki A
V+l i where (E, H) are the transverse components of the total
MH;LJ»f; ol = ¢mej+2; f 1 (5b) electromagnetic field. The propagation of a pulse= u(z)
5 2 3 ’ 2> 2

in free spaced = (ue)~'/2 = 1 in dimensionless form)
can be simulated, in this context, by imposing exact rauiati
conditions at the boundary of the computational domain.

At

1 n n At
+ 0 zﬂ: a(v) (4)3/Ei,j+%,k+u+l N ¢ZEi,j+u+1,k+% A_y)



Indeed, in one space dimension, these conditions take on with those of standard MRTD implementations, and we show

simple (local) form that the enhanced accuracy of the new procedures translates
in fact, in higher quality solutions and lower computatibna
E+H=0 ate—a (7a) oo gher quality P
E—H=2u(x—t) atzx=—a. (7b)

The example in Figure 3 corresponds to a smooth, compactly Spatial discretization

supported pulse with an initial form The expansion of the fields that we shall use is largely as

E(z,t=0)=u(z), =€ (-a,a) (8a) _that in equati_ons (2) _in Section II-A, except for the use of
impulse functions in time. Instead, we let the actual wavele

H(z,t=0)=—u(z), z€(-aa) (80)  coefficients befunctions of this variable, which are to be
where determined. More precisely, we let
r+b
u(z) = w( ), 9) Z o)
E I yYs 25 t ¢T z+2 k ¢1+ ¢ Yy ¢k 4 (113)
w(y) = (y— )%y + 1)1 for |y| <1 (10) i oo & ’
y 0 otherwise
anda =12, b =0 ando = 1 (see Figure 4). Ey(,y,2,1) Z¢y :JJszk t) 9i(2)¢;+ ( )o1(2) (11D)
i,j,k=—00
‘ E.(z,y,2,1) an i1 (8) 9i(2) 0 () dpy 1 () (L1c)
0.8 i,j,k=—00
o8 Hy(2,y,2,t) Zm i1 (D) Gi(@)j 1 (1) bps 1 (2)
04 4,4, k=—00
(11d)
0.2
Hy(z,y,2,t) Zdﬂ/ ij+1, k() Dy ( 7)p;(y )¢k+%(z)

i,,k=—00
(11e)
Fig. 4. Solution to the one-dimensional problem correspuntb the results
in Fi 3(a).
in Figure 3(a) H,(z,y,2,1) Z¢Z ik 1+%(x)¢j+%(y)¢k(z)
. . . . . k=—oc0
In this case, of course, the exact solution is simply given " (11f)
by
) ( ) and derive the equations
EY (e, t) = wu(rx—t
exact 8¢5EEi+%,j,k(t) 1
H (r,t) = —u(x—1t). — 2 L= T (12a)
ot €
Similar considerations apply to a spherical pulse propagat ’ 1 I ’ 1
in three-dimensions. The results in Figure 3 correspontédo tz: iy otk (t) Ay ¥ i+ 3kt (0) Az

v

mean squared error over the support of the pulse attimé.

Note that the order of convergence is approximately equal ?od’mHi’j*%!’“*%(t) — 1 (12b)

two, regardless of the specific wavelet basis chosen for the ot M

simulation. 1 1
ZG(V) (byEi,j+;,k:+u+1(t) A _¢ZEi,j+u+1,k:+%(t) A_y)

v

[1l. RUNGE-KUTTA MULTI-RESOLUTION TIME DOMAIN
(RK-MRTD) METHOD

In this section we present the details of our new algorith
First in Section IlI-A we describe the wavelet expansiort th
we use for the spatial discretization; in Section 1lI-B we As we stated, the use of a spatial multi-resolution analysis
recall the convergence properties of these expansions and(@ simply that of appropriate scaling functions) provides
motivate the need to incorporate a higher order time integra the potential for accurate spatial representations, whiely
One such scheme is presented in Section 1II-C, and numeriganverge with high order. The basic reason can be traced to a
results that confirm the attainment of an overall order dé@ther fundamental result (see e.g. [35]) which statesttieat
convergence that respects the spatial resolution are shrowrollowing are equivalent properties for any integer
Section 1lI-D. Moreover, the stability and dispersive @dm@ar « Smooth functions can be approximated with error
teristics of the methods are discussed in Section IlI-E and, O(AzP) at every scaledz = 277, that is
finally, their computational cost is analyzed in SectiorRllIn T
both cases, as we mentioned, we contrast these characserist IIf - ZCW(E — k)|l < C(Az)P||fP)]

analogous to (5).

. Convergence in space



for suitablec;, (cx Az = [ f(2)¢(& — k)dx for or-

x

thonormal families, cf. (4c)); At = (Ax)? y At = (Ax)®

« The polynomials{1,z,...,2P~!} are linear combina- -2 - - e -~~~ -
i —k): —~ gl—FBTD- — _"°—FpTD
tions .of the translateg(z — k); _ S - SRt ey = 2| SR EL
« The firstp moments of the wavelep vanish £ 4 S, ;
L -
m \-/9 5 _ =3 \é -3
x"p(x)de =0 form=0,1,...,p—1; and D 6 /A__//,“,,,./,’--"' D a5 A
_ . g T A ey
 The wavelet coefficients of a smooth function decay as =~ s
-15 14 13 12 -11 -1 ~-0.8 -0.7 -0.6 -0.5
/f m<0@@ log, ,(AX) log,,(Ax)

For the Daubechies scallng functlod[sN for instance, we
havep = N [35]. As a result the spatial representation of ankig. 6. Convergence of the MRTD approach for time-steps déofAz)?

(smooth) function in terms of these (cf. (11)) Convergeshwmand(A:c . Note that the order of convergence for the MRTD results @n th
order N: see Flgure 5. ft and rlght panels are approximately four and six, respely.

L2 projection . L2 projection
— Daubechies basis with N=2 — Daubechies basis with N=3

C. Higher order time integration

The system of ordinary differential equations (12) (and its
version for the remaining components of the field) can be

(Error)

log,,(Error)
o
N

vo 39 3j symbolically written as
30 4 OE?
4.5 _ LHH‘b
-3.4 -5 - - - - 8t
-1.8 Io-g1.6(Ax-)1 4 -1.2 1.8 1.;509 ‘l(gx) 1.2 8
10 L2 projection 10 oH — L~E®
E
-3 — Daubechies basis with N= ot
5 85 If sources are included, then the system can be put into the
s form
545 OF
5 — =LF + S(¢t 15
s EW) a2 - where
log,o(Ax) é
10 F { I]-_BI¢ }
Fig. 5. Convergence of the projection onto the span of théngc&unctions
at varying scaleg\z. The order of convergence of the projection is two, three d
and four when usingD2, D3 and D4 respectively. an
A S . 0 Ly
This high-order convergence, however, is limited in stan- L = L 0 .
dard MRTD implementations by the low (second) order time e
integration strategy and the choice To achieve the same order of convergence as that in Figure 6
At — Ax <1 13 without resorting to unduly small time steps, we propose to
e (@ <1) (13) discretize the system (15) with an mth-order, m-stagengtro

to satisfy the CFL stability condition. Indeed, with thisoate, ~Stability preserving Runge-Kutta (SSP-RK) with low stor-
the overall error is bounded by age storage requirements. The scheme, originally intrediuc

in [33] for homogeneous systems and extended to systems

MRTD Error< AAzY + BA2 < AAzN + B ( Al) such as (15) in [34] has the form
Cc

< CAz? 14 FO = F,

. . . ) . Cp@ = (i—1) (i—1) (1) -
and thus limited to second order. This estimate is confirmed i F = F + AtLF +ASY, i=1,...,m

Figure 6 where we further show that. the h|gher spatla.I ordef\wrl _ ZamkF(k) (16)
can be recovered in the overall solution by simply setting —
AxP
At =« - where
with p > 1. More precisely, in these figures we show that F, =F(tn),

fourth and sixth order can be attained in space-time usorg, f
instance, the Battle-Lemarie scaling functions and tinepst g0 _
proportional toAx? and Az® respectively. -



and/ denotes the identity operator. The coefficients , are
given by [33], [34]

TABLE Il

CONVERGENCE OFRK-MRTD FOR DIFFERENT VALUES OFm AND N.

Ds, SSP-RK2
aro=1 Az L2-error Order
’ ] 1.000000e-01] 3.342552e-02
_ 2 _ _ 3.333333e-02| 3.436956e-03] 2.07
U = 7Om-1k-1, k=1....m=2, 2.0000006-02| 1.2177926-03 2.03
1 m 1.428571e-02 6.170588e-04] 2.02
Unm = 75 Qmm—1 =0, amo =1— Z k- 1.111111e-02| 3.717976e-04] 2.02
m:
k=1
D3, SSP-RK3
D. Convergence in space-time Az L?-error | Order
. . _ 1.000000e-01] 6.746640e-03
In this section, we present results that confirm the expected 3.333333e-02| 2.911401e-04] 2.86
rate of convergence of the RK-MRTD approach. To this i-gggggge-gg g-ggiggge-gg g-gg
. . . . e- . e- .
end, we evaluate t_he errors mcu_rred by the apprOX|mat|on_ of 111111602 1.0940036-052.99
the problem described in equations (6)-(10). The expansion
coefficientsE; (t = 0) anc_i Hi_(t = 0) for the initial da_tta in D1 SSPRKG
(8) are computed by projecting onto the corresponding set of Az T2 error Order
scaling functions Dy, N = 2,3,4), i.e. 1.000000e-01| 2.054775e-03
3.333333e-02| 2.641036e-05 3.96
E(z,0) =Y Ei(0)¢i(x); 2.000000e-02| 3.2771836-06] 4.09
p 1.428571e-02| 8.300989%-07| 4.08
) ) i 1.111111e-02] 3.020184e-07| 4.02
(see Section IlI-B), and the error is measured in the mean
square Dy, SSP-RK2
1 Az L2-error Order
) act 2 1.000000e-01] 1.214359¢-03
RK-MRTD L*-emor= (Z (Bt — E;) AJ?) : 3.3333336-02| 1.4429956:04| 1.04
i 2.000000e-02| 5.307721e-05] 1.96
. : 1.428571e-02| 2.723436e-05] 1.98
These errors and respective estimates of convergencesorder 1111111602 1653033605 199

are presented in Table Il. The results demonstrate that a
uniform overall order can be attained with the use of the
proposed scheme. This, of course, results from the easily
derivable estimate

RK-MRTD L2-error< C,Az"™ + C,At™ (17)

which, for reasons of stability, holds provided (13) is Sid
for a suitable CFL constant (see section IlI-E).

We also note that these results, together with (13), demon-
strate that high-order convergence can be achieved witl tim
steps whose size is jusinearly proportional to that of the

TABLE Il

CFL NUMBERS FORRK-MRTD

N=m a
2 0.50
3 0.33
4 0.25

spatial discretization (compare with Figure 6). Moreovtke

last sub-table provides further evidence that a refinenent

space (e.g. using the —fourth order— scaling function)

does not translate into significant gains if not accompahied
a commensurate treatment of the time variable. In fact, as’|

follows from (17), if (13) holds then the overall ordeof the
algorithm can be summarized as

p = min(m, N).
In particular, ifm = N, then
RK-MRTD L2-error< CyAz?. (18)

E. Dispersion and stability

presented in Fig. 7 where we have plotted the result of a long-
time propagation experiment for the pulse in Fig. 4. While
almost no dissipation is visible in any of the implementasio
the effects of dispersion are rather pronouncedNoe m =

2., These effects get mollified when we sdt = m = 3;
when N = m = 4 the approximate solution is almost
indistinguishible from the exact solution.

However, these significant accuracy gains are obtained at
a cost of a more stringent stability requirement [37]. Irdtlee
the result of some simple numerical experiments demomestrat
that, for the RK-MRTD methods introduced here, the maximal
time step for which the method remains stable is inversely
proportional tom; see Table Ill. Within a typical simulation,
these requirements, of course, translate into the need to
effect a larger number of time steps. As we explain below,

As we have argued, the use of RK-MRTD schemes céowever, these additional demands are largely compensated
be extremely beneficial from an accuracy standpoint. Ardr by the higher space-time accuracy, resulting inogerall
this, of course, translates, in particular, into a more esteu computational effort to attain any given accuracy that can

satisfaction of the exact dispersion relation by the cqpues-

be substantially lower than that required by standard MRTD

ing numerical solutions; see e.g. [36]. An example of this implementations.



N=m=3

and Az, is the grid spacing for the orden- method. As a
result, a single time step of the RK-MRTD procedure calls for

RK-MRTD Cost Per Time Step- 2(n,,)*m(4N — 1).

In particular, ifm = N (cf. Table Il), we have

RK-MRTD Cost Per Time Step- 2(nx )N (4N —1). (22)

On the other hand, as described in section IlI-EAif,
denotes the maximal stable time-step for MRTD, the time step
Aty for RK-MRTD (m = N) must be chosen as

458 459 460 461 462 463 458 459 460 461 462 463

2At
Aty = N2
Collecting these results, we obtain
) 1
MRTD Cost to time 1= 2(ny)%(4N — 2)5 (23)
2
458 459 460 461 462 463 and
Fig. 7. Long-time evolution of the pulse in Fig. 4 using the RIRTD RK-MRTD (m = N) Cost to time 1 1 (24)

scheme withV = m = 2, 3, 4. For reference, the solid line depicts the exact
solution.

F. Computational cost and memory requirements

=2(ny)?N(4N — 1)A—tN

= (nn)?(4N — 1)N? (25)

Aty

: . . , In order to compare the efficiency of these alternative
In this section we discuss the computational cost andy.mes we must now choose appropriate values,odnd

memory requirements of our new numerical procedures, and

we contrast them with those of classical MRTD. The issue B
memory, in fact, is rather simple: if the values of the fields a

the same, as the time-series of the fields needs to be store

. It is here then where the higher order convergence
operties of RK-MRTD manifest themselves as, for any given

X X ) accuracy, a larger grid spacing can be taken when compared
needed for a period of time, then the memory requirements ¥ethat required by standard MRTD

Indeed, the estimates

% and (18) suggest that similar accuracies between atdnd

both cases. If, however, only the fields at a final time are of . 4.order accurate) MRTD and higher order RK-MRTD

interest, the memory needs of the new schems are twice t
of the standard MRTD. Indeed, while for the latter only the
values ofE"” and H"~'/2 (cf. (5)) need to be stored at each
time step, the RK-MRTD procedure demands that bBth
andF,, ., (cf. (16)) be stored as the latter is evaluated.

luations should be attainable provided

AJ,‘Q

W =QanN (26)

for some constant§), v, dependingonly on the dimension

_The issue of computational cost, on the other hand, is;dq on the order of approximation (i.e. independent of the
bit more subtle. For a single time step, the cost (number Qﬁd spacing). Using (20), (21) and (26) we conclude that

operations) of standard MRTD is (cf. (5))

MRTD Cost Per Time Step- 2 x (Nr. of grid points)
x (Size of stencil)= 2(n2)4(4N — 2),

if the scaling functionDy is used. Herel is the number of
dimensions (1, 2 or 3) and, denotes the number of points
in a single direction, that is,
1
o A{L‘Q
for a domain of unit size, wherAz, denotes the grid spacing.
The RK-MRTD scheme, on the other hand, demands that for
each time step we perform stages in which we must

1. evaluateLF(—1; and
2. add the resulf,,, ;.

(20)

n2

comparable errors can be obtained provided

nN = (Qd,an)Q/N

(19) Then, from (24) we get

RK-MRTD (m = N) Cost for a given accuracy

— (Qunz) VY (4N — N2
’ At

_ (2(n2)d(4N - 2)%@)

@2d)/N _—(1—2/N)d (4N — 1)N?
X (Qa,w) = (AN — 2)
< v x (MRTD Cost for thesame accuracy

provided

Clerly, step 1 cost&(n,,)%(4N — 2) operations, while step 2 Qa,Nn @d)/N (4N — 1)N? _ 27)
involves2(n,, )¢, where (na)N/2—1 24N —2) -
1 The key feature of equation (27) is, of course, that the first

(21)

Nim =

Az,

ratio in the left-hand side can be made arbitrarily smallres t



number of points in a single direction is increased. Moreové.etting v+ = 1 we obtain that the cost of RK-MRTD is less
this ratio is raised to a power that increases with incrgpsithan that of standard MRTD provided

dimension, providing a further mechanism for the reductibn 279 if N =3,

the magnitude of the left-hand side. To provide a numerical ng > { 183: N =4

example, we consider the most unfavorable case of the one

dimensional example of Table II. In Fig. 8 we have plottegiMilarly, if v < 1/2, equation (27) implies that the cost is
half that of standard MRTD if

2183, if N =3,
2 734,  if N =4.

IV. PARALLEL IMPLEMENTATION AND RESULTS

In this section we present performance results for a paralle
implementation of the RK-MRTD formulation. The details of
the implementation are first reviewed in Section IV-A. Thian,
Section IV-B we present some speed-up results that highligh
the almost optimal scalability of the algorithm.

log,, (L% Error)

A. Parallel implementation

Fig. 8. Log-log plot of the errors from table II, and best fitslines with The implementation is based on “coarse grained paralteliza
slopes given by the order of the method. tion” using the Message Passing Interface (MPI). We recall
that coarse grained parallelization is based on a division o
the results in this table in logarithmic scales, togethehwhie the computational domain into subdomains which are mapped
best linear fits to the data that have slopes prescribed by theo individual processors. In general, the parallel penémce
order of convergencer{ = N). These plots clearly convey theof the algorithm depends on the parallel overhead, which is
effect of higher order convergence and, moreover, the finaaainly a function of the collective communication overhead
fits allow us to extrapolate to a plot of the necessary grlsbtween processors and the communication between neigh-
spacing to attain any given accuracy, by simply interchaggiboring processors. Since the method is based on expliait tim
the axes; see Fig. 9(a). From this, in turn, the constgnts  discretizations, the communication overhead is restitte
nearest neighbors.

B. Numerical examples

cTTTssssssnenenee>  The parallel performance of the implementation on an IBM
SP parallel machine is illustrated in Figures 10 and 12.
-enxj/(ax,)* | Figure 10 corresponds to parallel implementations of the
>axj(ax)*?| one-dimensional example in (6)-(10), showing almost optim
> speed-up with decreasing grid spacing.

-8 -6 2—4 -2 % -6 2—4
IoglO (L Error) Ioglo (L Error)

(a) (b) 30

Fig. 9. (a) Log-log plot of the size of the spatial grid as adiion of
the desired accuracy L2 Error”; from Fig. 8). (b) Values of the quotients = 2°
Aza/(Az3)3/? and Axa/(Az4)? as functions of the desired accuracy, as+ 15
derived from the left plot. 10

5

—+ Ny= 217 — Ny= 217
30l o Ny=218
a—+ Ny= 219
250 Ny=220
e—a Ny= 221
200 5y Ny = 222
24 Ny= 223

. . . . FDTD MRTD
in (26) can be estimated by equating the error in stande 55 % % 2 e

MRTD to that ofm = N = 2 and evaluating the quotients Number of processors Number of processors
in the left-hand side of (26)' The results of this exercise ar:ig. 10. Parallel speedup for a one-dimensional exampleppfiGation of

displayed in Fig. 9(b) which shows that, fof = 3, 4, the RK-MRTD formulation.
Oy = 2N -3 28) The three-dimensional example in Figure 12, on the other
LN T hand, corresponds to a simple scattering problem for a feexah

dral PEC as depicted in Figure 11. The scatterer, with dimen-
sions 10mx 30mx 10m, is illuminated by a Gaussian pulse at
6.49 ginc = 90°, ¢inc = 90° andwy™® = 45° with increasing center

In these cases then, equation (27) translates to

F <y HFN=3 frequencies fronsMHz to 10MHz. A Perfectly Matched Layer
(PML) is used to truncate the computational domain as shown
and in Figure 11. Figure 12 shows a parallel speed-up which is,
13.55 < ifN =4 again, close to ideal as the number of degrees of freedom is

nl/? increased.



Fig. 11. Problem description for the parallel performaneelg of the RK-
MRTD formulation, and schematic of subdomain partitioning

E ———e Ideal f ——Ideal
[ ----—-e Tot. DOF=0.69M [ -—--+Tot. DOF=0.69M
[ ~Tot. DOF=0.86M / —Tot. DOF=0.86M
25F .. Tot. DOF=0.95M s 25- __.._.Tot. DOF=0.95M
[ —.—Tot. DOF=1.30M," A -« Tot. DOF=1.07M /" -
20F — —v Tot. DOF=1.43M - o 20f — - —» Tot. DOF=1.3Q¢"" -~
e f P c [ ——Tot. DOF=1AM "
£ S £ 2
= 150 ,////,;»,v' = 15¢ Y
/,///:-/' A4
10f i 10F f
ny” 4 ’
sk 74 s A
£ FDTD b MRTD
\\%\\\\1b\\\\1‘5,\\\\2‘0\\\\2‘5\\\\‘\ w.wf\,wHw1\0wmw1\5mm2\0mm2\5wmw\w
Number of processors Number of processors
Fig. 12. Parallel speedup for a three-dimensional exang#e Figure 11)

of application of the RK-MRTD formulation.

V. CONCLUSIONS

In this paper we have presented a new method for the

numerical simulation of electromagnetic wave propagétian

is based on the classical MRTD procedure. The basic premise
relies on the observation that this scheme produces hidéror 2]

accurate approximations in space, to which, for instartse,
improved dispersion characteristics over the standardefini

difference method (FDTD) can actually be attributed. As we®
have shown, however, the high quality of the spatial approxias)
mations in standard MRTD is severely impaired by the typical

leap-frog time-integrator associated with it. A possild@medy
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