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Abstract
We presentananalysisof a recentlyproposedintegral

equationmethodfor thesolutionof high-frequency elec-
tromagneticandacousticscatteringproblemsthat deliv-
erserror-controllablesolutionsin frequency-independent
computationaltimes. Within singlescatterercon�gura-
tions the methodis basedon the useof an appropriate
ansatzfor theunknown surfacedensitiesandon suitable
extensionsof themethodof stationaryphase.Extension
to multiple-scatteringcon�gurations,in turn, is attained
throughconsiderationof an iterative (Neumann)series
that successively accountsfor multiple re�ections. Here
we show that theconvergencepropertiesof this seriesin
thehigh-frequency regimedependsolelyon geometrical
characteristics.Moreover, for periodicorbits,we explic-
itly determinetheconvergenceratein thelimit of vanish-
ing wavelength,andwe presentsomenumericalresults
thatcon�rm it asanaccurateestimatefor �nite frequen-
cies.

Intr oduction
Over the last two decades,accurateand ef�cient di-

rect numericalschemeshave beendevelopedand suc-
cessfullyappliedto thesimulationof electromagneticand
acousticwave propagation.However, all of thesemeth-
ods require the resolutionof wavelength, and this re-
stricts their applicability to moderatelylow frequencies.
For higherfrequencies,accordingly, theonly practicalre-
courseis to resortto asymptoticmethods(e.g. ray trac-
ing) as theseby-passthe needfor frequency-dependent
discretizations.Thesemethods,ontheotherhand,arenot
error-controllablesincethey solve anapproximatemodel
insteadof the original equations(e.g. the eikonal equa-
tion insteadof the Helmholtz equationor the Maxwell
system).

Recently, an integral equationmethodfeaturingerror-
controllabilityandfrequency-independent discretizations
hasbeenproposedfor surfacescatteringproblemsin the
high-frequency regime [1], [2]. Within singlescattering
con�gurationsthe methodis basedon the useof an ap-
propriateansatzfor theunknown surfacedensitiesandon
suitableextensionsof themethodof stationaryphase.Ex-
tensionto multiple-scatteringcon�gurations, in turn, is

attainedthroughconsiderationof aniterative (Neumann)
seriesthatsuccessively accountsfor multiple re�ections.
Herewe show that theconvergencepropertiesof this se-
ries in the high-frequency regime dependsolely on ge-
ometricalcharacteristics.Moreover, for periodicorbits,
we explicitly determinetheconvergenceratein the limit
of vanishingwavelength,andwe presenta varietyof nu-
mericalresultsthatcon�rm it asanaccurateestimatefor
�nite frequencies.

Integral Equationsand Multiple Scattering
Weconsidertheproblemof evaluatingthescatteringof

an incidentplanewave uinc (x) = eik � �x , j� j = 1, from
aboundedobstacle
 . For thesake of brevity, we restrict
ourselves to the two-dimensionalcontext for which the
relevant frequency-domain problemis modelledby the
Helmholtzequation

� u(x) + k2u(x) = 0; x 2 R 2n
 ; (1)

for de�niteness,we assumeDirichlet boundarycondi-
tions(TE polarizationin electromagnetics)

u(x) = � uinc (x); x 2 @
 : (2)

An integralequationformulationof (1), (2) is givenby

� � R� = 2@uinc =@� , on @
 : (3)

Here� is theoutwardunit normalto @
 , � = @u=@� is
thesurfacecurrent, and

R� (x) = � 2
Z

@


@�( x; y)
@� (x)

� (y)ds(y)

where� is theradiatingfree-spaceGreenfunction.
When 
 = (
 i ) i =1 ;:::;N is a �nite union of disjoint

sets,equation(3) takeson thecoordinateform

� i � Rii � i �
X

j 6= i

Rij � j = f i (4)

where� i = � j@
 i , f i = (2@uinc =@� )j@
 i , andon@
 i

Rij � j (x) = � 2
Z

@
 j

@�( x; y)
@� (x)

� j (y)ds(y):



The diagonaloperatorsR ii correspondpreciselyto the
scatteringproblemsfor each isolated sub-surface and
arethereforeinvertible (away from internalresonances).
Then, with � = [� 1 � 2 ::: � N ]T , A = [A ij ] and g =
[g1 g2 ::: gN ]T , equation(4) canbewrittenas

(I � A)� = g on @
 (5)

whereA ij = (I � Rii )� 1Rij if i 6= j , A ii = 0, and
gi = (I � Rii )� 1f i . Theseriessolutionto (5) is givenby

� =
1X

m=0

Am g on @
 :

At thisstage,wenotethat[A0g]i = gi , andfor m � 1

[Am g]i =
X

j m � 16= i

A ij m � 1 A j m � 1 j m � 2 � � � A j 1 j 0 gj 0 :

Here the summationis taken over all obstaclepaths

 j 0 ; 
 j 1 ; � � � ; 
 j m � 1 whereno two consecutive objects
are the same. Evidently then, the total surfacecurrent
� is thesuperpositionover all �nite obstaclepathsof the
iteratedcurrentsarisingfrom multiple re�ections. Thus,
givenanobstaclepath,thatis asequence(
 m )m� 0 where
no two consecutive objectsare the same,one needsto
solve theintegral equations

� 0 � R0;0� 0 = f 0; on @
 0 (6)

andinductively for m = 1; 2; � � �

� m � Rm;m � m = Rm;m � 1� m� 1; on @
 m : (7)

The signi�cance of this interpretationstemsfrom the
fact that it guaranteesthat eachof the problemsin (6),
(7) entailsthesolutionof problemswithin singlescatter-
ing con�gurationsfor whichthemethodsdescribedin [1],
[2] provide anerror-controllableschemewith �x edcom-
putationalcomplexity.

Convergenceof the Iterated Series
Supposethattheobstacles(
 i ) i =1 ;��� ;N areconvex, and

arevisible in thesensethatno 
 i meetswith theconvex
hull of any otherpair of obstacles.For a �x ed m, anda
�x edxm 2 @
 m , (x0; � � � ; xm� 1) 2 @
 0 � � � � � @
 m� 1

will denotetheuniquesetof pointsdeterminedby thege-
ometricalopticssolution.We alsoset� m := � (xm ), and
' m = ' m (xm ) = � �x0+

P m� 1
i=0 jx i +1 � x i j. Our�rst re-

sultstatesthat,in thehigh-frequency regime,thebehavior
of thecurrents,thatis thesolutions� 0; � 1, � � � , � m , � � � of

(6), (7), dependssolelyon thegeometricalcharacteristics
of thesurfaces@
 i on theopticalraypaths.

Theorem (AsymptoticRepresentationsof the Iterated
Currents) At eachre�ection m = 0; 1; � � � , the asymp-
totic representationof theiteratedcurrents� m = � m (xm )
aregiven, on propercompactsubsetsof the illuminated
regions,by

� m
�
1 + O

�
k� 1��

= 2ik (� 1)m eik ' m � m

where� 0 = � � � 0, andfor m = 1; 2; � � �

� m =
xm � xm� 1

jxm � xm� 1j
� � m

 
mY

i =1

A i

! � 1=2

:

HeretheA i 's arede�ned recursively as

A1 = 1 +
2� 0 jx1 � x0j

x1 � x0
jx1 � x0 j � � 0

andfor i = 1; � � � ; m � 1

A i +1 = 1 +
2� i jx i +1 � x i j

x i +1 � x i
jx i +1 � x i j

� � i
+

jx i +1 � x i j
jx i � x i � 1j

�
1 �

1
A i

�
:

Moreover, at eachre�ection m, the iteratedcurrent� m

vanishesto �rst orderon propercompactsubsetsof the
shadowedregion.

The proof of this theoremis basedon the classical
methodsfor theevaluationof oscillatoryintegrals.

We now consideran orbit (@
 m )m� 0 with period p,
that is @
 m = @
 m+ p for all m. Let (a1; � � � ; ap) 2
@
 1 � � � @
 p be the unique p-tuple minimizing the
phase' (x1; � � �; xp) = jxp � x1j +

P p� 1
m=1 jxm+1 � xm j,

(x1; � � � ; xp) 2 @
 1 � � � � � @
 p. Ournext result(whose
proof is basedon a detailedanalysisof ray pathsandthe
useof thetheoryof “limit p-periodiccontinuedfractions”
[3]) shows thattheperiodicratio of iteratedcurrentscon-
vergesexponentiallyand uniformly to a quantity deter-
minedonly by thepoints(a1; � � � ; ap).

Theorem (Rateof Convergenceover Periodic Orbits)
As thenumberof re�ectionsm tendsto in�nity ,

� m+ p(x)
� m (x)

= r1 + O
� p

m
r m=p

�

uniformly for x in any proper compact subset ofS p
n=1 @
 I

n where @
 I
n are the limiting illuminated re-

gions. Herer 1 dependsonly andexplicitly on the dis-
tancesjam+1 � am j, thecurvatures� m at the pointsam



of thesurfaces@
 m andthescalarproducts am +1 � am
jam +1 � am j �

� (am ). In particular, for p = 2,

r1 =
�



�
1 +

r

1 �
1



�� � 1=2

(8)

whered = ja2 � a1j and
 = (1 + � 1d)(1 + � 2d).

Numerical Examples
Herewe provide two numericalexperimentsexempli-

fying our theoremon the rate of convergenceover pe-
riodic orbits, andwe show that this ratecanprovide an
accurateestimatefor �nite frequencies.

Firstweconsidera two-periodiccon�gurationconsist-
ing of two ellipsesilluminatedfrom the left (seeFigure
1). Figure2 shows that therateof convergencein (8) is,
indeed,a very goodapproximationevenat very low fre-
quencies.
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Figure1: A two-periodiccon�guration
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Figure2: Logarithmicplot of theerrorjr 1 � r k j where
r k = � m+2 =� m for thecorrespondingwavenumberk

Finally weconsiderathree-periodiccon�gurationcon-
sistingof threeellipsesilluminatedfrom thetop(seeFig-
ure3). As we mentioned,anexplicit formulaanalogous
to (8) (thoughsigni�cantly complicated)canbe derived
in this case.A comparisonof this ratewith thatattained
at �nite frequenciesin thiscaseis displayedin Figure4.
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Figure3: A three-periodiccon�guration
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Figure4: Logarithmicplot of theerrorjr 1 � r k j where
r k = � m+3 =� m for thecorrespondingwavenumberk
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