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Abstract

We presentananalysisof a recentlyproposedntegral
equationmethodfor the solutionof high-frequeng elec-
tromagneticand acousticscatteringproblemsthat deliv-
erserrorcontrollablesolutionsin frequeng-indepenért
computationakimes. Within single scatterercon gura-
tions the methodis basedon the useof an appropriate
ansatzor the unknavn suriacedensitiesandon suitable
extensionsof the methodof stationaryphase.Extension
to multiple-scatteringcon gurations,in turn, is attained
through considerationof an iterative (Neumann)series
that successely accountdor multiple re ections. Here
we shawv thatthe corvergencepropertiesof this seriesin
the high-frequeng regime dependsolely on geometrical
characteristicsMoreover, for periodicorbits, we explic-
itly determinghecorvergenceratein thelimit of vanish-
ing wavelength,and we presentsomenumericalresults
thatcon rm it asanaccurateestimatefor nite frequen-
cies.

Intr oduction

Over the last two decadesaccurateand ef cient di-
rect numericalschemeshave beendevelopedand suc-
cessfullyappliedto thesimulationof electromagnetiand
acousticwave propagation.However, all of thesemeth-
ods require the resolution of wavelength, and this re-
strictstheir applicability to moderatelylow frequencies.
For higherfrequenciesaccordinglytheonly practicalre-
courseis to resortto asymptoticmethodg(e.g. ray trac-
ing) astheseby-passthe needfor frequeng-dependen
discretizationsThesamethodspntheotherhand,arenot
errorcontrollablesincethey solve anapproximatenodel
insteadof the original equationge.g. the eikonal equa-
tion insteadof the Helmholtz equationor the Maxwell
system).

Recently anintegral equationmethodfeaturingerror
controllability andfrequeng-independat discretizations
hasbeenproposedor surfacescatteringoroblemsin the
high-frequeng regime [1], [2]. Within single scattering
con gurationsthe methodis basedon the useof an ap-
propriateansatZor theunknavn surfacedensitiesandon
suitableextensionf themethodof stationaryphase Ex-
tensionto multiple-scatteringcon gurations, in turn, is

attainedthroughconsideratiorof aniterative (Neumann)
seriesthatsuccessiely accountdor multiple re ections.
Herewe shav thatthe corvergencepropertiesof this se-
ries in the high-frequeng regime dependsolely on ge-
ometricalcharacteristics.Moreover, for periodicorbits,
we explicitly determinethe convergenceratein the limit
of vanishingwavelength,andwe present variety of nu-
mericalresultsthatcon rm it asanaccurateestimatefor
nite frequencies.

Integral Equations and Multiple Scattering

We considetthe problemof evaluatingthe scatteringpf
anincidentplanewave u™ (x) = & X j j = 1, from
aboundedbstacle . Forthesale of brevity, we restrict
ourseles to the two-dimensionalcontet for which the
relevant frequeng-domain problemis modelledby the
Helmholtzequation

u(x) + kK2u(x) = 0; x2 R?n ; 1)

for de niteness,we assumeDirichlet boundarycondi-
tions(TE polarizationin electromagnetics)
ux)= u™x); x2@: (2)

An integral equatiorformulationof (1), (2) is givenby

R =2@™=@, on@ : 3)
Here istheoutwardunitnormalto @, = @=@ is
the surfacecurrent and
@ x;y)
R (x)= 2 —_— ds|
() o @0y VW)
where is theradiatingfree-spacé&reenfunction.
When = ( j)i=1:-=N IS @ nite union of disjoint
sets,equation(3) takeson the coordinatdorm
X
i Rii i Rij j = f (4)
jgi
where i = jg.,fi = Q@A™ =@)je ;, andon @ ;
@ x;y)

Rij j(x)= 2 o @ i (Y)ds(y):



The diagonaloperatorsR;; correspondpreciselyto the
scatteringproblemsfor each isolated sub-suréce and
arethereforeinvertible (away from internalresonances).
Then,with = [ 1 2:: n]', A = [Aj] andg =
[0 & ik O ]T , equation(4) canbewrittenas

(I A =g on@ ()
whereAij = (| Rii) 1Rij ifi 6 j,Aii = 0, and
g = (I R;) ;. Theseriessolutionto (5) is givenby

p S
= AMg on@ :
m=0

At this stagewe notethat[A%g)i = g, andform 1

Am . = X A A .
[ g]l - Im 17 m 1Jm 2

jm 16i

Aj1joGio:

Here the summationis taken over all obstaclepaths

iov jiv o jm 1 Whereno two consecutie objects
are the same. Evidently then, the total surface current

is the superpositiorover all nite obstaclepathsof the
iteratedcurrentsarisingfrom multiple re ections. Thus,
givenanobstacleath thatisasequenc¢ ), oWwhere
no two consecutie objectsare the same,one needsto
solve theintegral equations

on @ o (6)

o Rooo=fo
andinductively form = 1; 2;

on@m: (7)

m Rmm m=Rmm 1m 1;

The signi cance of this interpretationstemsfrom the
fact that it guaranteeshat eachof the problemsin (6),
(7) entailsthe solutionof problemswithin singlescatter
ing con gurationsfor whichthemethodsiescribedn [1],
[2] provide anerrorcontrollableschemeawith x edcom-
putationalcompleity.

Convergenceof the Iterated Series
Supposthattheobstacleg );-;. . arecornvex, and
arevisiblein the sensghatno ; meetswith the corvex
hull of ary otherpair of obstacles.Fora x edm, anda
X edXm 2 @ m, (Xo; Xm 1) 2 @ o @m 1
will denoteheuniquesetof pointsdeterminedy thege-
ometricalopticssolution15Nealsoset m = (Xm),and

"m="m(Xm) = xo+ Motixisa  Xij. Our rst re-
sultstateghat,in thehigh-frequeng regime,thebehaior
of thecurrentsthatis thesolutions o; 1, , m. of

(6), (7), dependsolelyonthegeometricatharacteristics
of thesurfaces@ ; ontheopticalray paths.

Theorem (AsymptoticRepesentation®f the Iterated
Currenty At eachre ection m = 0;1; , theasymp-
totic representationf theiteratedcurrents ,, = i (Xm)
aregiven, on propercompactsubsetof the illuminated
regions,by

m 1+0 k1 =2k( )mek'm
where ¢ = o, andform = 1;2;
|
yn . 1=2
o= Xm Xm 1 Ai :

Xm  Xm 1) i1

Herethe A;'sarede nedrecursvely as

2 ojX Xol
Ap=1+ 7)3] Xi )
jx1 xoj O
andfori = 1; m 1
A = 10 Zpba X P Xy L
e Xi X4 Aj
Xi+1  Xj]

Moreover, at eachre ection m, the iteratedcurrent
vanishego rst orderon propercompactsubsetof the
shadevedregion.

The proof of this theoremis basedon the classical
methoddor theevaluationof oscillatoryintegrals.

We now consideran orbit (@ m)m o With periodp,
thatis @ m = @ m+p for all m. Let (ag; ;ap) 2
@ 1 @ p be the unique p-f:yple minimizing the
phasé (x1; iXp) = jXp Xaj* PiiXmer  Xmj,
(X1; " Xp) 2 @ 1 @ p. Ournext result(whose
proofis basedon a detailedanalysisof ray pathsandthe
useof thetheoryof “limit p-periodiccontinuedractions”
[3]) shavsthatthe periodicratio of iteratedcurrentscon-
vemes exponentiallyand uniformly to a quantity deter
minedonly by thepoints(ai;  ;ap).

Theorem (Rateof Cornvergenceover Periodic Orbits)
As thenumberof re ectionsm tendsto in nity ,

P

m(X) rm=p

gniformly for x in ary proper compact subset of

P_L @ where@ | arethe limiting illuminated re-
gions. Herer, dependonly andexplicitly on the dis-
tancejam+1 amj, thecunatures , atthe pointsan,



of the surfaces@ n, andthescalarproductsjgzj zgj
(am). In particular for p = 2, 154
r _
1 1=2
r{ = 1+ 1 = (8) ok
whered = ja, ajjand = (1+ d)(1+ »d).

Numerical Examples

Herewe provide two numericalexperimentsaxempli-
fying our theoremon the rate of corvergenceover pe-
riodic orbits, andwe shaw that this rate can provide an
accurateestimateor nite frequencies.

Firstwe consideratwo-periodiccon gurationconsist-
ing of two ellipsesilluminatedfrom the left (seeFigure
1). Figure2 shaws thattherateof corvergencein (8) is,
indeed,a very goodapproximationeven at very low fre-
guencies.
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Figure2: Logarithmicplot of theerrorjr;  ryj where
'k = m+2= m for thecorrespondingvavenumbeik
Finally we considerathree-periodicon gurationcon-

sistingof threeellipsesilluminatedfrom thetop (seeFig-

ure 3). As we mentionedan explicit formulaanalogous
to (8) (thoughsigni cantly complicated)canbe derived

in this case.A comparisorof this ratewith thatattained
at nite frequenciesn this caseis displayedn Figure4.
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