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1 Introduction

The evaluation of the potential due to an infinite number of acoustic point
sources arranged periodically along a line in three space dimensions presents
numerical challenges. Knowledge of this potential is useful, for example, in the
design of line array loudspeakers. These are collections of speakers arranged in
a vertical or horizontal configuration; patterns of constructive and destructive
interference lead to more directionality and sound intensity compared to a
single speaker. The effects of increased directionality were documented in [1].
Another interesting feature of these speakers is that in certain limits, the
intensity of acoustic power varies inversely with the distance, rather than
inversely with the square of the distance as one might expect with a radiating
point source. Since the 1960s, such line array speakers have become popular
especially in large venues. Challenges arise with faithful sound reproduction in
the near field as well as in the high-frequency domain, and the ability to rapidly
and accurately compute the potential due to such an arrangement of sources is
key in the optimal design of such speakers. In this paper we introduce a novel
method for the evaluation of this potential (the Green function). The method
is applicable even in the regimes where existing methods are not competitive.

The general area of computing quasi-periodic Green functions has attracted
significant attention from engineers and mathematicians over the last 40 years
and has resulted in some novel methods, including the work in [2-5] for two-
dimensional problems with one-dimensional periodicity (i.e., a planar array of
line sources) and [6,7] for three-dimensional problems with two-dimensional
periodicity (i.e., a planar array of point sources). Indeed, while the present
paper describes an intermediate problem of one-dimensional periodicity in
three dimensions [8-10], part of the motivation is to use this method as a
building block for the full three-dimensional problem with two-dimensional
periodicity. A recent work by Linton [11] provides an excellent overview of
these problems.

The classical algorithms based on using spatial or spectral representations
may necessitate an inordinate amount of terms to be included for accurate
evaluations (especially at high-frequencies), while the Ewald transform [8-10]
results in unavoidable loss of accuracy in certain regimes. We shall show that
these algorithms develop problems especially in the extremely near-field, as
well as at high-frequencies.

The method we introduce can effectively provide solutions at very high-frequencies
or in the very near field, while remaining competitive with the optimal choices
of currently available schemes throughout their domain of applicability. Briefly,
the method begins with a new integral representation similar to one developed
in [5] for the case of a planar array of line sources. The method is based on the



spatial representation of the Green function, G, from which an integral repre-
sentation is derived. The integrand in the latter is an exponentially decaying
function f(x,y, z;u) for u > 0 where (z,y, z) denote the spatial variables and
the sources are placed along the z—axis. At low-frequencies and/or for small
values of the distance p = y/x? + y? the function f and its derivatives remain
bounded and a standard quadrature can provide an efficient means to evaluate
the integral. As the frequency increases, the integrand f displays progressively
larger and more rapid oscillations which cancel out to produce a significantly
smaller integrated value. In this case classical quadratures tend to be unstable
and inadequate. To overcome these difficulties our scheme is based on poly-
nomial expansions of quotients of f and suitably chosen functions to allow for
explicit evaluations, and on judicious integration by parts in order to improve
stability and reduce the computational cost.

The rest of the paper is organized as follows. First, and for the sake of com-
pleteness, in §2 we briefly review the most popular methods that have been
devised to compute G, including those based on spatial and spectral repre-
sentations, and on the Ewald transform. We discuss the problems that arise
with each of these, either as the observation point approaches the array or
as the frequency increases. In section §3 we derive a new integral representa-
tion, §4 is devoted to the presentation of our new high-frequency algorithm
and in §5 formulas for the partial derivatives of G are presented. Finally in
§6 we present numerical results that confirm that this method significantly
outperforms classical procedures. As we show, the method enables accurate
simulations even in the regimes where other methods fail.

2 Problem statement and review of existing algorithms

In this paper, we are concerned with the problem of evaluating the scalar
potential due to point sources arrayed along a line with equal spacing. These
sources are assumed to be operating with equal amplitude and with phases
that are allowed to vary linearly with the source location. In [1], the charac-
teristic features of such line arrays are described. For example, the directional
behavior of such an array is observed only within a range of frequencies. In or-
der to maintain directionality at high frequencies, it is known that the spacing
between the sources must be reduced.

We will be working in the frequency domain, and thus a time dependence of
e~ ™! has been factored out. The point sources are assumed to be located at
positions ndk for n € Z, d > 0. There is thus a natural periodicity with period
d in the z direction. We assume further that the line array is embedded in a
medium with background wave number £ € R, and we are interested in the
outgoing solution of the Helmholtz equation.



The problem can be rephrased in terms of the (outgoing) Green function
G(z,y, z): Find the solution of

AG(z,y,z) + kK*G(z,y,2) = — i 5(2)8(y)8 (= — nd)eiend,

n=—00
where the nth point source is located at R,, = ndk and o € R.

We shall now describe some popular representations of G(p, z) which are used
in some existing numerical strategies. We discuss the difficulties which arise
in the high-frequency (large k) and nearly-axial (small p) regimes. In each
case, these difficulties lead to an increase in computational cost and/or the
deterioration of the stability properties of these methods.

1. Spatial representation: The simplest method for evaluating G(p, ) fol-
lows from the explicit knowledge of the free-space Green function G, with a
eik\ /2422
dr/p? + 2%
For an array of such point sources, we can simply add these contributions. For

fixed o and wave number £ :

single point source located at the origin: Gs(z,y, 2) = Gs(p, z) =

1 [e’e) ikry

Gloz) = - 2. elomd— (1)

where

Tp = \/,02 + (2 — nd)2.

1
The terms of this series only decay as —, and the series does not converge
n

absolutely. Therefore, summation of this series is an inefficient technique at
best; the problems are independent of frequency. More precisely, for N large:

etkrn 1 ei(N+1)(k+a)d 1
G p’ o Z 6zomd ~ | — (2)
Tn 2r (N +1)d 2m(N + 1)d
and for ro small:
G 1 eik)ro

2. Spectral representation: Another approach for computing G relies on
its Fourier series representation [10]. Since G is a (quasi) periodic function,
one can easily use Poisson’s summation formula to obtain a “spectral repre-
sentation”:

> fnd) =5 > FCT

n=—oo q—foo



where

and

Indeed letting:

n

2m
an:a+7nandﬁn: k? — a2 (3)
this spectral representation becomes:

Glp,z) = Z e Hg" (Bup), (4)

where Hél) is the zeroth order Hankel function of the first kind:
Y (2) = Jo(2) + iYo(2)

and Jy(2), Yo(z) are the zeroth order Bessel functions of the first and second
kind respectively.

In contrast with the representation in (1) the series in (4) converges exponen-
tially for p > 0. If « is real and the medium is lossless (k is real), then for
a? < k? the 3, describe radially propagating waves, while for a? > k? the 3,
index waves attenuating in the p direction. The critical index is

\k\d—ad'
2T ’

N =

for |n| > N the terms in the series (4) decay exponentially, corresponding to
the attenuating modes. This is easily seen from the asymptotic behavior of
the Hankel function:

2 . .
HY(a) ~ \/76’(“4) for 1 < |a| [12, Eq. 9.2.3].
m™a

Clearly if 3, is complex-valued, which happens for |n| > N, H{"(B.p) is an
exponentially small term provided p > 0. The method does not converge if
p=0.

It is worth examining the computational cost of this method. We would need
to retain, at a minimum, enough terms n in the series such that |3,|p >
1. For example, n > N must be chosen large enough such that |G,|p =

‘\/k’2 — (a+ %’rn)?‘ p > 1 or, equivalently

2
p%”(k:p + \/m) .

n>2N +

(5)



Clearly if k is large, or p/d is small, n must be chosen to be large enough to
provide accurate results.

3. Ewald transformation: The Ewald summation technique for this prob-
lem [8-10] is based on the integral representation:

Gikr 1 o 7T232+ﬁ
= — [ 452 d87
Arr  2mw3/2 Jo

to accelerate the convergence of the spatial representation series in (1). To
review this approach, let us begin with fixing F > 0, and defining;:

2

—r2s?
Gspectral(pa 27T\/_ Z ewmd/ e + 2d8

n=—0oo

and

1 jand [ 2t
nan —T’ S
Gspatial (,0, Z) Z € /E e 452 dS

where 7, = \/p2 + (2 — nd)? so that, from (1),

G(p, Z) = Gspectral(p, Z) + Gspatial(p; Z) (6)

Next we note that the series Ggpectral(p, 2) rewritten as:

1 [e%¢) iand ) k ]
Gspatial (s 2) = . ern [e"’“’"erfc(Ern - Zﬁ) + e*nerfe(Ery, +i——

n=-—o00

(7)
where erfc(a) is the complementary error function. The other series Gypectral,
in turn, can be written as:

1 - iQnz - (_1)m 2m ﬁQ
Gspectral(p> Z) - m e € 2::0 m) (pE) Em+1( 4E2) (8)

where the mth order exponential integral F,,(z) is defined by
E.(z) = / u e "du
1

and (3, defined in (3). Now, the combined exponential decay of the series (7)
and (8) make this into an efficient method for moderate values of k. In this
case, it can be shown that the optimal choice of E is

A
EN7= (9>

in which case both series converge at the same asymptotic rate [10]. However,
as also shown in [10,13], this choice of the parameter E leads to unstable eval-
uations for larger frequencies and must be modified to ensure the boundedness



of the terms in the series. More precisely, we have:
erfe(a) ~ e~ /y/ma and Ey(a) ~ e */a for |a| > 1,
so that, for large k:

k2 20,2 2
5 —E4(p*+(2—nd
Gspatial(p, Z) ~ e 4E2 (0% +( ) )’

n

and
4E2 k2 —(atnp)?

Gspectral(p7 Z) ~ Z k2 — (Oé + np)Qe i

Thus, for large k, a choice of E that is independent of frequency (such as
that in (9) leads to large values of the terms in the series (7) and (8) and
to inaccurate values of the G(p, z) as a result of cancelations. To avoid this
difficulty, one may choose:

S22
E = max {Espectral = Cl—\/E’ Espatial - CW} (10)

2Vp? + 22 2

for some constants C » which are related to the maximum allowable value of
the terms in (7) and (8).

As can be easily verified this choice will allow evaluations of Ggpatial(p, 2) With
a computational cost independent of frequency and will put the computational
burden on the calculation of Ggpectral(p, 2). In detail, we can approximate:

1 N ) o] (_ )m 2
Gs ectral ~ tan® E QmEm ——= 11
pectral 4A7d n:Z_:Ne mz::() m) (p ) +1< 4E2) ( )
to within an accuracy of € provided:
N > log(e)k,

and this, in turn, leads to a computational cost that is similar to that of
evaluation of standard spectral series (4).

Moreover, once E chosen as in (10), its stability properties deteriorate signif-
icantly for large k due to the correspondingly large values of

(pE>2m N (ka/ /ﬁp T )m (kp)Qm
——— ~ max (12)
' )

m! m! m!

in the inner sum (11), (see also [10, §4.2]) resulting an unavoidable loss of
accuracy in its evaluation.



3 A new integral representation of the Green function

In this section we will derive an alternative representation for the Green func-
tion for a line array. This representation will form the backbone of our com-
putational method. As in [5,9], the starting point for this derivation is the
spatial form (1), and the simple observation that:

00
2 : —ian fnv _ €

ev — e—la '

—ia

If F = L(f) is the Laplace transform of a function f, then we can use the
identity above to get:

o0

ia [ f(0)
zanF Q / : d .
Z 0 ev — e ta v

For our purposes, we use the identity [14, Eq. 4.15.19] for |arg 8| < m:

N/
LM g} = o+ 280) for R(m) > [(5)

to see that for n > 0, the sum in (1) becomes:

0o eikd

ikr
iand€ " _ o 1 —ikz+2v Uyo 9 v
Z € Tﬂn —/[\) m (de d Jo(p (g) 2/lkd)) dv.

We can use a similar argument for the remaining terms of the sum in (1):

—1 ikry P ik+/ (z4+nd)2+p?

wmd € —iand
P Z ¢ (z +nd)? +

i(k—a)d

1 ikz—Zv v LU
_/ o <de d J0<p (g)2 - 22k3d>> dv

Putting these expressions together, the Green function G(p, z) can be written
as:

1 eikro zkz z(k; a) . . ;

= — _7’0 v, T
G(p7 Z) 47]' 7"0 47Td/ d d Jﬂ(p (d) 2Zk’d>dv
_Zkz reld Zy (% LU

+ / et (o) — 20k,

Next, a change of variables v = kd(? (rather than the one v = kd( suggested
in [9, Eq. 44]) is applied to put this in a more convenient form:

Gl = | [T @i [T s

4T 1



with
kz(F¢2 i)

F0) = ¢y — Jo (ke¢ /2 — 24).

which provides the desired representation.

In what follows, and for the sake of the presentation, we shall assume o = 0,
and focus on the plane z = 0. The arguments for other values of a and z
follow largely along the same lines (see Appendix A for the general case). In
this case, we note that G(p,0) in (13) can be rewritten as:

Glp.0) = =+ [ 5 (14)

where

Jo(kp¢ VT = 21)

Q)= ckd(C2=i) _ 1

(15)

For a further manipulation of (14), we first expand the denominator of the
integrand in (15)

1 1 M
ckd((P—0) _ 1 o(M+Dkd(C—i) _ oMEd((Z—i) +j2=:1 oikd((2—i) (16)
to rewrite the integral in (14) as
o J()(]{J,OC\/ €2 - 2@
A Jac - JAA
(17)
/72— 5,
I Zeijkd /°° (kpC S 22) dc
= 0 JdeQ
where
Jo(kp¢v/C*—20)
() = e(MA1)kd((2—i) _ oMkd((Z—i) (18)

Finally G(p,0) in (14) can be rewritten:

G(p.0) = 4M T e

M o Jo(kpC /T2 (19)
2:1 Z]kd/ 0( pejdeQ Z) C

which provides a new representation of the Green function. As we show in the
next section this representation allows further manipulations that can provide
the basis for a robust algorithm especially at high-frequencies.



4 A new algorithm

In this section we provide a derivation of a new procedure based on the new
integral representation described in the previous section. More precisely, it re-
lies on further manipulation of the integrals in (19) in a manner so as to reduce
the integration problem to one where the application of classical quadrature
formulas becomes simultaneously stable and efficient.

To begin with we analyze the truncation of the integrals given in (14) and
(19) and show that the latter, with a proper choice of M, can be accurately
approximated with a smaller integration interval than the former.

Lemma 4.1 Given € > 0, there exists a C' € R such that:

oo C ﬁ
[, r@dc = [ el < el

where C' satisfies:

oknC . p+/p? — 4d1<l>€g(6)
racT = € 0T equivalently, C' = 5 (20)
To see (4.1), we will use:
| Jo(a)| < Pl for all a [12, Eq. 9.1.62] ,
R 2 -2 = —<min ,1} for all ¢ >0,
(V& =20 = ¢ g < min{C. 1} for all ¢ >
and
Cekpmin{Gll < k¢ for all ¢ > 0.
From these it follows:
Jo (’fPC /CT =2 21) Ce kpCy/2/(C34+/¢2+4) Cekpmin{1} okpC
| okd(CF—i) _ | <] ckd(CP—i) _ 1 | < k(=) _ 1! = ‘ekd iy _ 1|'
Finally
™
d</ d<2/ ’“f’“dfd<e\/_
ARG Old¢ (<ot
since ]
|€kd(<2_i)_1|_|kd \foru>C'1fe<1
and

kpC e ekpv—deC’v

/ ez 46 = k:d2/ kdo? dvge\/_
c ekds ekdC ekdv Ak

5

10



provided C'is chosen as in (20).

On the other hand, to establish an appropriate truncation for the integral in
(19) we begin by noting that for a given e the first integral in (19) can be
truncated to [0, Cy] where

ekpCM P + p2 —

RMACE e or, equivalently, Cy; = YT

4Mdlog(e)
k

The last integral in (19), in turn, can be truncated to [0, Cj] where

kPG B Calently. 1 — p+/p?— 4dj1}2g(e)
ekTCjQ = € or, equivalently, C; = 2]

for the same value of €. Note that:

Cu < Cforl < Mand Oy < C for 1 <.

To design an efficient way to evaluate the representation given in (19) we need
to deal with both the integral involving fy(¢) and those involved in the last
term of the representation. Regarding the fyi(¢) we first note that:

o0 1
] (Ol ~ i as k= o0

ekp®/(4Md) dfu ko2
max ~ ————— and max ~ @IMd, 21
(Ol ~ S RG] 1)

To see (21) we look at the behavior of the integrand given in (19). For ¢ ~ 0

we have that:
kpCy/C? =i~ kp((1 — 1),

/2 _ ikp((1—i)—i %
JolkpCy/ 2 =) \/ WkpC (1-— z)e B

¢ 2 kpC(14+i)—i T
Fu(€) ~ kM — kM| ThoC(1 — 1) !
- 2( ekpC(1+i)—ig
~ f(C) kMd(C2—4)
wkp(l—1) e

and

and for fixed kp

Therefore:

(22)

and for large k:
ekp?/(4Md)

Q)| ~ Nk

max ‘
0<¢<oo

11



Thus a canonical quadrature provides a stable and efficient way to evaluate
(19) accurately with a computational complexity independent of the wave
number provided:

ekr?/(AMd)  onstant

<
mkMd kEMd

where the integrand does not oscillate rapidly within the range [0, Cyl. In
Figure 1, we display plots of fy(¢) near ¢ = 0 and of its logarithm in a larger
region for values that satisfy (23).

(23)

x10™

—sob

« log(Re(f,,(€))

-2501

7 -300f

- Re(f,,@)

-450 1

B N 7 %% 0005 001 o015 00z
0=<{< p/d x10® 0<Z< 12p/d

Fig. 1. The integrand fy(¢) in (18) Left: R(fm(¢)) and (fm(¢)), Right:
log(R(fm(¢))),with M = 0, k = 10° + 0.2, d = 27, (p,z) = (0.015,0) and
kp?/(4d) = 0.89.

On the other hand and as we anticipated, for large values of %, the integrand

fu(¢) in (19) displays large and fast oscillations which cancel out to produce
a significantly smaller integrated value, see Figure 2. Indeed, choosing;:

ehot /(M)

i T N 24
kM d KMd (24)

leads to difficulties in attempting to accurately determine the integral value
in finite precision arithmetic since a canonical quadrature will lead to a loss
of A significant digits in the value of the integral. For the sake of definiteness
we shall take:

A=5
in double precision arithmetic.
There remains then to design an effective way to evaluate the integral that
involves fy(¢) in (19) for values of k and p that fall in the regime (24).

Fortunately, the first integral in (19) can be treated similarly to its analogue
in the case of line arrays [15-17]. Indeed we first note that choosing:

allows us to capture all significant contributions to the integral. With this

12



x
25

05

— Re(f,,(2)

~ Re(fy, @/, @)

0<Z< pid 0=Z< p/d

Fig. 2. The integrand fy(¢) in (18) and its approximation f(¢) as defined in (22).
Left: R(fu(¢)), Right: R(fni(¢)/F(C)), with k = 105+0.2, d = 2r, (p, z) = (0.15,0),
and kp?/(4d) = 89.

choice of M large variations can be avoided since (see Figure 3):

|f(Q)] < 1£(Q)] and | £, (O] < | £/ (),

and a canonical quadrature can be applied to evaluate the integral:

Cm
| h(Q)dc
accurately with a computational complexity independent of the wave number.

xxxxx

— Re(f,,(2)

— Re(f,@)

oot ot 002 ooz © 0s E 18 2 25 3
0=<l< pd 0=Z< pd x1o

Fig. 3. Real part of the integrand fy(¢) in (18). Left: M = 0, Right: M = 18 with
kE=10°40.2,d=2m 2=0, p=0.15.

To complete the prescription of our algorithm we need only to device appro-
priate quadratures in the integrals for the last term of the right hand side of
(19). This analysis however cannot proceed as in [15,16]. There the basic idea
was to construct a quotient of the form:

Jo(kp¢ T —2i) &
=h(() = anC"
=g MO =G (25)

13



to allow for the representation of the integral as:

PRl S Py e U S RICTERL
0 CikdC? o7 (ke - i) eI

_ Z / e Jo(kp(1 )Od( (26)

eikd(?
_Za" n+1J

where I ) is defined by

egdeQ

However, in contrast when compared to the case treated in [15,16], here this
procedure is numerically stable only for a much smaller region:

kp?/(2d) < 1

which does not offer any further improvement over the case where classical
quadratures are effective. The difficulty arises from the size of the coefficients
in (26) when n is small for large kp. Indeed:

kp
Aon ~ (?

a9n1 = 0 for n > 0.

)22 for small n and kp > 1,

and, as shown below (cf. (39)), the integrals behave like:

- 2n 2
(0) Lp ke
In—l—l,j ~ We 27d for kp >1 and n Z 1,
so that:
kp?
n[(O) 2n—2
a n+1 J ( 2d )

As we shall show however a modification of this scheme can be used to derive
a stable representation of J (kpC V(% — 22’). More precisely, since:

JC2—2i~ 1 —ifor ( ~0

14



we can expand:

Jo(kpCy/¢? = 2i) = Jo<<1 —i)kpC + [kpCy/¢? — 20— (1~ z‘)kpd)

o [¢/CT=2i — (1 —d)|"
:ZO{C ¢ n!( <] (D"Jo>((1—i)kpC) (28)

_ 2 (o2 Tmcm]n (D”JO> (1= i)kp)

n!
where -
V2 =2i=(1—i)+ Y rou(® for ( < V2
m=1
and the coefficients r5,, can be easily evaluated via the recursive formula:

(2m — 3) (—1)m*!
2m 21

ro=1—1 and ry,, = Tom—2, M =1,2, ...

Next, using:

D<J0(a)> = —Jy(a) and D! (Jl(a)> = Jo(a) — la)

a

the decomposition in (28) can be rewritten as:

Jo(kpC\/¢? = 2i) = Jo(kp(1 = i)C)ho(C) + i (kp(1 = i) )ha(C)  (29)

where - -
hO(C) = Z ann and hl(C) = Z Cngn‘
n=0 n=0
The coefficients b,, and ¢,, are explicitly given by
1 ifn=0,
by, = { 0 ifn=1,2,
slg) (0" (0= 2m = Din = 2m)! (1 — Dkp)™ oS g
M=l on+m (n—=3m)!l(n—m)l  m!im—1)! -
and
0 ifn=0,
Cont1 = ZL%”H (=) m=tn —2m+ 1)l(n —2m + 1! ((1 — i)kp)?™1 > 1
m=l tm (n—=3m+2)(n—m+1)! (m—1)2 -
with

bopt1 =con =0forn>1
and where the “floor function” is defined by |z| = max{n € Z | = < n}.

15



This decomposition provides a more stable way to compute Jj (k’p( V(2 — 22’)
since the coefficients b,, and ¢, are smaller than the a,’s in (25)

b (L= i)kp)?ls!
2n ™ (2?71)[247#3

for kp > 1 and n > 3, (30)

((1 = i)kp)2ls I+
Con+1 ™ T\ 1odn
(Bt

for kp > 1 and n > 1. (31)

Then, substituting (29) into (17) we obtain:

¢ Jo(kpCv/(* =2t il c L Jo(kp(1 =)
| < ( e )dcznz_%bnlfo g1 ol ZWZ))CK]

= [0 Alkp(l— i)
n+1“1
+3e [ | ¢ i
=Y bn[r(gzl,j +> Cn]r(zizl,j
n=0 n=0

00 0 0 1
— Z b2n12(n)+1’j + Z 02n+1]§n)+2,j

n=0 n=1

(32)

where

and 17(1?])- is as in (27).

The evaluation of the integrals IQ(%LJ- and 12(}2]- in (32) is clearly preferable
to that in (14), on account of the diminishing values and faster decay of the
former as j increases. Moreover, as we show next, 152)“73. and 15712]- can be
computed explicitly, with the use of Hankel’s formula [18]:

o (@) T e/ 11 @
p—1 de — 2”3l Folipt—pval — 2

/0 g & Tt 1) grtgmv =g
(33)

where 1 F7 denotes the confluent hypergeometric function of the first kind.

To this end we will first consider the evaluation of Iég{rl’j and let:

Jo (kp(l - Z)C) dc

00
V(O) o CZTL—‘,—I
2n+1,7 — 0 ek’du2
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Then from (33) (with v =0 and p = 2n + 2):

(0) . F(n + 1) . ika
Vont1j = Wlpl(n +1,1; E) (34)
where for fixed b the hypergeometric function ; F}(n, b; Zgg;) can be evaluated

through the recursive formula [12, Eq. 13.4.1]

(c+2a—Db) (b—a)

F 1,b,¢c) =
1 1<(l+ ) ,C) a

lFl(a7 b7 C) +

1F1((l— ]_,b,C), (35>

with

(c+b)
b

1F1(b,b;¢) = e and 1 F1(b+ 1,b;¢) = (36)

and with b = 1. Alternatively | Fi(n, 1; %) can be evaluated explicitly as:

Zk‘p2 o2 I
E + b, b —) = e 2d §
1 l(n s Uy 2d] ) € =

n! (ik‘ﬁ
ml(n —m)l(n—m+b—1)" 2dj

)n—m

As we shall see 1/'2(,‘3114 provides a good approximation to 12(%17]- for n small.
For n large, on the other hand, it follows from (34) that:

0
Vz(nll’j — 00 as n — 00

and these values do not provide a good estimate of Ié?lrl’j. However, in this
case, we can simply estimate:

|]7(10J)| < eC™t for n > N,

where € is as in (20), provided:

kp*  log(e)  kp 4dlog(e)
N=" fp | 2008le)
sd 2 2\’ K

Given such N then we have:

\I,(Bj)- — Vn(g-)| < eC" for n < N.

A similar argument delivers:
\I,(fj)] < eC" for n > N,

and

|]7%)' - Vn(,lj)| < eC™ for n < N,
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where ( )
‘/2(5)] - /0 ¢ ohdu? dg
As before, from (33) (v =1 and p = 2n + 3), we have:

_ D(n+2)(kp(1 — 1))
A(kdj)+2

zkp
" 2dj

where 1 F}(n, 2; ;fd ) can again be calculated through (35) and (36) (with b =
2).

Finally using (34) and (37) the Green function G(p,0) can be written as:

Cm
G(pa O) - fM C

47Tp
ikjd kp2
+= Ze Zb2n kd 11F1(n+1717@) (38)

k & ikjd (n+ 1)!(kp(1 — 1)) ikp®
;Z Z_:ICQnJrl 4(kdj)n2 1Fi(n+2,2; 2d; —)

To see that (38) improves on the stability of a direct application of (14) we
first note that:

02
n! 1 A2 o i5

k‘ 2]d
11F1(n+1,1, p ) Zp c

(ki \n+1 for k landn >1
2(kdj)n+ 2dj n+1k(dj)2n L or kp>landn >1, (39)

and using (30), the terms in the first inner sum decay as:

n! ikp?
o1 F L1 ——
s pgyr L L5 as)

1 k?p 2n/3
"~ 2kdj (8\/§(dj)3> (2n/3)! forn = 1.
(40)

A similar argument applies to the second inner sum in (38). In this case:

2
ikp? (1+4)p* Leigha

(n+ D!(kp(1 — i)
11 2dj )~ 2n 1k (dj)2n

4(kdj)n+?

(n+2,2;

for kp>1and n > 1,

and, using (31), we see that:

(n+ (k1 Z))1F1<n+2 2; ihp )|~ 1 ( - . > orn =

T (kdj 2dj | ™ 2(kp)2/3 \ 164553
(41)
Finally we note that, for stability, (40) and (41) demand only that:
4
d—pg < constant
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which significantly improves upon (14); see Tables 5- 8.

5 Extension to partial derivatives of G(p, 2)

Beyond that of G(p, z) the solution of the scattering problem typically necessi-
tates the evaluation of its normal derivatives (e.g. in connection with integral
equations that rely on double layer potential —or derivatives of single layer
potential— representations). In this section we show that the derivations in §2
and §3 largely extend to this latter case resulting in efficient mechanisms for
the numerical evaluation of the partial derivatives of G(p, z). More precisely,
we have the representations:

1. Spatial representation: By taking the partial derivatives of the basic
representation in (1), one can easily derive:

8G p o) dezkrn ' 1
el - ian o 4
9 (p2) = PO k== (42)
and . N
1 - 7jomd€Z " . 1

1
An analysis similar to that in (2) above shows that terms in (42) decay as —
n

1
while those in (43) decay as —. For N large, we thus have:
n

%( z)—ﬁ N emdezm Zk:—i zpkw
80 P, 471— n=—N /r'n Tn 27T (N-'- )2d2 (44)
S
2m(N + 1)2d2
and
0, - 1§ (o papoenat? (g 1| [
ap p’ 47T ——N ’I"2 Tn ~ 27T <N+1)d
kK
2n(N + 1)d’

2. Spectral representation: Using the spectral representation given by (4),
one can derive:

oG

S0 = 50 X A (o),

n=—oo
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and 00
0=y > e H (B

n—foo

the series here can be truncated exactly as in (5).

3. Integral representation: Finally, partial derivatives for the new integral
representations are given by

0G .y _ P LY R ™ pen * )
5,02 =1 <m_r0>_ﬂ[/0 Qe+ [ FI (O

n f: eikz+i(k+a)dj/ QQF (kpC V¢ - 22) dc

= 0 ek (dj+2)
Mo . kpCV/C = 2i)
—ikz+i(k—a)d (

+]Zle a]/o Cye - e e d]

where
() 6:tikze¥kzc2
2 2

FENO =¢ V- eim(Mﬂ)de(MH) d(CP—i) _ gtiaMdoMkd(C2—i) (’fPCVC - 21)
and

oG z etkro 1 k[ oo o0
tal N S A A (+2) (=
5. )= 1 (zk TO) %[/0 FEAQac+ [ 1

A tkz+1 a)dy ° . (kpC C2_2Z)
+ Z eikzti(k+ )dJ/O k(z _ CQ)C ekg;@ﬂ ¢

h 178 m) ]

M o
+Z€_lkz+z(k—0‘)dj/o k(=i +¢*)¢ dl ke (d—2)

Jj=1
where
:I:zkzeqikzﬁ

+2) _ . 2 /
.f( (C) - (:Flkikc )Ceiia(M+1)de(M+l) kd(C2—i) _ eizaMdeMkd(CQ B) JO (kfpc CQ — 22)

Here the integrals can be truncated exactly as those corresponding to G(p, 2)
n (20).

6 Set of numerical results

In this section, we provide three sets of numerical experiments where we com-
pare the values and computational times associated with the Green function
G(p,z) = G(x,y, z) and its partial derivatives obtained from the new integral
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representation (38), the classical spatial and spectral representations (cf. (1),
(4)), and the Ewald’s transform (6). More precisely the first two of these sets
correspond to the Green function itself when kp?/(4d) < 1 and 1 < kp?/(4d),
respectively, and the last set to its partial derivatives.

The implementation of every scheme is largely straightforward, as it entails
evaluations of standard special functions and simple sums and products. For
the Ewald method the necessary evaluations of the complementary error func-
tion — for complex arguments — are performed using the algorithm in [19]. The
method introduced in §4 and §5, on the other hand, relies on the evaluation
of integrals (cf. I’ in (18)) with integrands that display exponentially small

(odd order) derivatives at the boundary of the integration domain and are
thus amenable to very accurate evaluations via the trapezoidal rule.

For comparison purposes, and to enhance accuracy, all calculations were per-
formed in double precision arithmetic. For the evaluation of the relative error
of the Green function:

Err — |GExa'<,0, Z) - GEva. (p’ Z)|

: 46
G (o, o
and that of its partial derivatives:
O Exa. OHGEva- O(GExa. HGEva
|——(p,2) = ——(p, 2| |——(p, z) — ———(p, 2)|
B dp Op 0z 0z
T, = oy and EI‘I‘Z = Fxa.
% (p,2) % (p,2)
TR 5 (P
(47)
Exa. Exa.
an ‘“exact solution” for G®(p, z), Tp(p, z) and P (p, z) was com-

puted in quadruple precision arithmetic (using the spectral representation to
avoid biases). The tables confirm the expected behavior of each methodology,
as discussed above.

In Tables 1-10, the sums in the spatial representation were truncated at N5 =
10° and Ng = 10° to display the first order convergence demonstrated in (2).
Truncation for the spectral representation, on the other hand, is based on the
exponential convergence of the method. The Ewald transformation, on the
other hand, displays a stronger instability, enhanced for increasing p, as the
values of the wave number exceed the ratio max{y/p? + z2/p* 1/p} (cf. (12)).
The cases where this method does not converge (“dnc”) are labeled as such.

In Tables 11-14, on the other hand, the sum in the spatial representation for
p derivative are truncated for N; = 10 and Ny = 102, since as we explained in
(44) the convergence here is quadratic. Sums in the spatial representation for
the z derivatives are again truncated at N5 = 10° and Ng = 10° as convergence
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for these is only linear (45), similar to that of G(p, z) itself. Truncation for the
spectral representation is again based on the exponential convergence of the
method.

In the first set of the numerical experiments Tables 1-4, we consider the case
where z = 0.1 for p = 0.001 and p = \/al/7 leading to values kp*/(4d) < 1.
Here oo = 0, in Tables 1-2 and o = ksin(%), in Tables 3-4. In the second set,
we let « = 0, z = 0 for p = 0.01,0.1,0.3 and p = 0.5, in Tables 5-8, and
we let (p,z) = (0.1,0.1) for o = k/sin (3) and a = k/sin (%), in Tables 9-10,
all of which lead to values 1 < kp?/(4d). In the third set Tables 11-14, we
consider the case where, z = 0.1 for p = 0.001 and p = \/ﬂ In all numerical
experiments we let the period d = 2.

As the tables show, the schemes introduced here can be seen to consistently
outperform the alternative procedures within its domain of applicability, where
it delivers higher accuracy in shorter computational times.

Table 1
Error (46) and computational times (¢) for evaluation of G(p,z) with o = 0, k =
10" + 0.2, (p,z) = (0.001,0.1).

Ns
Spa.

Ng

n Spa. t Spa.

Spa. t Spe. tspe. Ewa. tEwa. NA tNA

1 1.4e-7 | 0.3s 1.4e-8 3s 3.8e-15 5s 1.9e-16 0.1s 1.9e-16 | 0.2s

2 2.2e-7 0.3s 2.2e-8 3s 6.9e-15 5s 5.8e-14 0.2s 1.1e-15 | 0.2s

3 2.4e-7 | 0.3s 2.4e-8 3s 9.5e-15 5s 1.1e-13 2s 4.6e-15 | 0.2s

4 1.4e-7 | 0.3s 1.4e-8 3s 2.0e-13 5s 4.8e-13 40s 2.0e-13 | 0.2s

5 2.5e-7 0.3s 2.5e-8 3s 7.5e-13 17s dnc 6.7e-12 | 0.2s
6 2.7e-7 0.3s 2.7e-8 3s 9.1e-12 163s dnc 3.4e-11 | 0.2s
7 2.6e-7 0.3s 2.6e-8 3s 1.2e-10 | 1648s dnc 2.3e-10 | 0.2s
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Table 2

Error (46) and computational times (¢) for evaluation of G(p,z) with o = 0,

10"+ 0.2, (p,2) = (\/d/k,0.1).
n Spa. tha. Spa. tgsa_ Spe. tspe. Ewa. tEwa. NA tNA
1 9.9e-7 | 0.3s 9.9e-8 3s 1.3e-15 0.1s 1.1e-13 0.1s 2.0e-15 | 0.2s
2 6.6e-7 | 0.3s 6.6e-8 3s 3.4e-15 0.1s dnc 1.0e-15 | 0.2s
3 2.9e-7 0.3s 2.9e-8 3s 1l.1e-14 0.2s dnc 5.6e-15 | 0.2s
4 1.5e-7 | 0.3s 1.5e-8 3s 1.3e-13 1.6s dnc 1.8e-13 | 0.2s
5 || 2.5e-7 | 0.3s 2.5e-8 3s 1.2e-12 16s dnc 1.2e-12 | 0.2s
6 2.7e-7 | 0.3s 2.7e-8 3s 1.0e-11 163s dnc 3.1e-11 | 0.2s
7 2.6e-7 | 0.3s 2.6e-8 3s 1.0e-10 | 1645s dnc 3.3e-10 | 0.2s

Table 3

Error (46) and computational times (¢) for evaluation of G(p,z) with «

ksin(%), k=10"+0.2, (p,z) = (0.001,0.1).
n Spa. tg}fa_ Spa. tgp?a. Spe. tspe. Ewa. tEwa. NA tNA
1 7.1e-07 | 0.5s 7.6e-08 5s 1.0e-14 7s 2.1e-14 0.1s 1.8e-15 | 0.2s
2 1.1e-06 | 0.5s 1.1e-07 5s 2.0e-14 s 2.9e-12 0.4s 6.7e-16 | 0.2s
3 1.7e-05 | 0.5s 1.7e-06 5s 5.5e-13 7s 5.6e-13 4s 6.3e-13 | 0.2s
4 1.7e-07 | 0.5s 4.3e-09 5s 1.2e-13 7s 9.3e-13 | 110s 1.8e-13 | 0.2s
5 3.4e-07 | 0.5s 3.5e-08 5s 2.6e-12 30s dnc 2.6e-12 | 0.2s
6 2.0e-07 | 0.5s 2.2e-08 5s 1.6e-11 275s dnc 1.2e-11 | 0.2s
7 2.1e-06 | 0.5s 2.5e-07 5s 5.6e-10 | 2900s dnc 2.8e-10 | 0.2s

Table 4

Error (46) and computatlonal times ()
ksin(%), k=10"+0.2,

= (V/d/k,0.1).

for evaluation of G(p,z) with «

n Spa. gém Spa. ggi Spe. tspe. Ewa. tEwa. NA tNA
1 6.2e-06 | 0.5s 6.6e-07 5s 1.1e-14 0.1s 1.4e-13 0.2s 1.8e-14 | 0.2s
2 2.6e-06 0.5s 2.7e-07 5s 3.1e-15 0.1s dnc 5.7e-15 | 0.2s
3 2.4e-05 | 0.5s 2.4e-06 5s 8.2e-13 0.3s dnc 9.2e-13 | 0.2s
4 1.7e-07 | 0.5s 4.4e-09 5s 1.5e-13 3s dnc 2.6e-13 | 0.2s
5 3.3e-07 | 0.5s 3.4e-08 5s 1.1e-12 27s dnc 7.1le-12 | 0.2s
6 2.0e-07 | 0.5s 2.0e-08 5s 1.9e-11 278s dnc 2.1e-11 | 0.2s
7 2.2e-06 | 0.5s | 2.3e-07 5s 5.7e-10 | 2850s dnc 2.6e-10 | 0.2s
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Table 5
Error (46) and computational times (¢) for evaluation of G(p,z) with a = 0,k =
10" + 0.2, (p, z) = (0.01,0).

N5
Spa.

n Spa. t Spa. tgga Spe. tSpe. Ewa. tEwa. NA tNA

1 2.7e-08 0.3s 2.7e-09 3s 4.1e-15 0.5s 1.1e-15 0.1s 1.1e-16 | 0.2s

2 2.7e-08 | 0.3s 2.7e-09 3s 1.2e-15 | 0.5s 2.8e-12 0.2s 1.1e-16 | 0.2s

3 2.7e-08 0.3s 2.7e-09 3s 4.8e-15 0.5s 1.3e-10 2s 9.0e-16 | 0.2s

4 2.7e-08 0.3s 2.7e-09 3s 1.2e-14 1s dnc 9.8e-15 | 0.2s

5 2.7e-08 0.3s 2.6e-09 3s 1.0e-13 9s dnc 8.4e-14 | 0.2s

6 2.7e-08 0.3s 2.5e-09 3s 1.5e-12 89s dnc 5.6e-12 | 0.2s

7 2.7e-08 0.3s 2.5e-09 3s 1.5e-12 | 890s dnc 5.6e-12 | 0.2s
Table 6

Error (46) and computational times (¢) for evaluation of G(p,z) with a = 0,k =
10" + 0.2, (p, 2) = (0.1,0).

Ns
Spa.

n Spa. t Spa. tgg& Spe. tspe. Ewa. tEwa. NA tNA

1 2.6e-07 0.3s 3s 2.6e-08 8.9e-16 | 0.5s 2.0e-14 0.1s 4.3e-16 | 0.2s

2 2.7e-07 | 0.3s 3s 2.7e-08 1.4e-15 | 0.5s 1.7e-12 0.1s 1.6e-15 | 0.2s

3 2.8e-07 0.3s 3s 2.8e-08 4.2e-15 0.5s dnc 3.4e-15 | 0.2s

4 2.6e-07 0.3s 3s 2.6e-08 5.7e-13 1s dnc 8.7e-14 | 0.2s

5 2.7e-07 0.3s 3s 2.7e-08 1.4e-12 9s dnc 7.1e-13 | 0.2s

6 2.7e-07 0.3s 3s 2.4e-08 3.9e-11 85s dnc 1.5e-10 | 0.4s
Table 7

Error (46) and computational times (¢) for evaluation of G(p,z) with a = 0,k =
10" +0.2, (p, 2) = (0.3,0).

n Spa. tg{;’a' Spa. tls\lpﬁa' Spe. tsSpe. Ewa. tEwa. NA tNA
1 7.8e-07 | 0.3s 7.8e-08 3s 2.2e-16 | 0.1s 4.5e-14 0.1s 1.1e-15 | 0.2s
2 8.8e-07 | 0.3s 8.8e-08 3s 4.8e-15 | 0.1s dnc 4.7e-15 | 0.2s
3 8.9e-07 | 0.3s 8.9e-08 3s 2.8e-14 | 0.1s dnc 5.0e-14 | 0.2s
4 || 7.7e-07 | 0.3s 7.7e-08 3s 2.4e-12 1s dnc 3.9e-13 | 0.2s
5 8.3e-07 | 0.3s 8.1e-08 3s 3.1e-11 10s dnc 3.5e-11 | 0.6s
6 7.5e-07 | 0.3s 8.2e-08 3s 4.6e-10 | 100s dnc 1.0e-02 2s
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Table 8
Error (46) and computational times (¢) for evaluation of G(p,z) with a = 0,k =
10" +0.2, (p, 2) = (0.5,0).

n Spa. tgga_ Spa. tgga_ Spe. tsSpe. Ewa. tEwa. NA tNA
1 1.6e-06 | 0.3s 1.6e-07 3s 2.1e-16 | 0.1s 3.4e-14 0.1s 1.2e-15 | 0.2s
2 1.6e-06 | 0.3s 1.6e-07 3s 7.7e-15 | 0.1s dnc 1.6e-14 0.2s
3 1.2e-06 | 0.3s 1.2e-07 3s 3.5e-14 | 0.1s dnc 9.4e-14 | 0.2s
4 1.3e-06 | 0.3s 1.3e-07 3s 6.1e-12 1s dnc 2.5e-12 | 0.2s
5 1.5e-06 0.3s 1.4e-07 3s 8.4e-11 9s dnc 1.3e-03 0.6s
6 1.2e-06 | 0.3s 1.2e-07 3s 8.5e-10 95s dnc 3.7e4-07 s
Table 9

Error (46) and computational times (¢) for evaluation of G(p,z) with k = 10" +
0.2, = k/sin (%), (p,2) = (0.1,0.1).

N5
Spa.

n Spa. t Spa. ggm Spe. tSpe. Ewa. tEwa. NA tNA

1 1.8e-006 | 0.5s 1.8e-007 5s 4.1e-016 | 0.2s 1.6e-014 0.5s 1.6e-015 | 0.4s

2 4.0e-007 | 0.5s 4.4e-008 5s 4.3e-015 0.2s 3.4e-013 2s 1.1e-014 | 0.4s

3 3.3e-007 0.5s 4.0e-008 5s 2.2e-014 0.4s dnc . 6.4e-014 | 0.4s

4 1.0e-006 0.5s 1.0e-007 5s 6.7e-013 2.5s dnc e 6.8e-013 | 0.4s

5 3.9e-007 0.5s 4.2e-008 5s 3.4e-012 24s dnc e 1.1e-011 | 0.4s

6 1.2e-006 0.5s 1.2e-007 5s 1.9e-011 | 250s dnc .. 2.0e-010 | 0.4s
Table 10

Error (46) and computational times (¢) for evaluation of G(p,z) with k = 10" +
0.2, = k/sin (%), (p,2) = (0.1,0.1).

Ns
Spa.

n Spa. t Spa. tls\l‘j& Spe. tSpe. Ewa. tEwa. NA tNA

1 1.0e-007 | 0.5s 1.0e-008 5s 1.0e-015 | 0.2s 1.5e-014 0.5s 4.8e-016 | 0.4s

2 1.9e-007 | 0.5s 1.9e-008 5s 4.0e-015 | 0.2s 3.5e-013 2s 8.2e-015 | 0.4s

3 || 3.0e-007 | 0.5s 3.2e-008 5s 6.7e-015 | 0.4s dnc .. 2.9e-014 | 0.4s
4 1.0e-007 | 0.5s 1.2e-008 5s 2.1e-012 | 2.5s dnc ... 1.6e-012 | 0.4s
5 2.4e-007 | 0.5s 9.6e-008 5s 1.1e-012 27s dnc e 5.3e-012 | 0.4s
6 || 3.6e-007 | 0.5s 3.5e-006 5s 9.0e-011 | 272s dnc .. 4.0e-010 | 0.4s
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Table 11
Error (46) and computational times (¢) for evaluation of %(p, z) with a = 0,k =
10" + 0.2, (p, z) = (0.001,0.1).

N
Spa.

n Spa. t Spa. tgsa' Spe. tspe. NA tNA

1 1.4e-006 | <0.001s 1.5e-008 | <0.001s 1.0e-012 5s 6.1e-016 | 0.2s

2 3.1e-006 | <0.001s || 3.5e-008 | <0.001s 1.8e-013 5s 1.4e-015 | 0.2s

3 3.3e-006 | <0.001s || 3.7e-008 | <0.001s || 1.0e-013 5s 1.2e-014 | 0.2s

4 2.0e-006 | <0.001s 2.3e-008 | <0.001s 2.0e-013 5s 2.1e-013 | 0.2s

5 3.6e-006 | <0.001s || 4.0e-008 | <0.001s || 2.0e-012 21s 4.8e-013 | 0.2s

6 3.8e-006 | <0.001s || 4.2e-008 | <0.001s || 1.7e-012 | 2105s || 9.7e-012 | 0.2s

7 3.6e-006 | <0.001s 4.0e-008 | <0.001s || 3.3e-011 | 2125s 1.3e-011 | 0.2s

Table 12
Error (46) and computational times (t) for evaluation of %—f(p, z) with a = 0,k =
10" + 0.2, (p, z) = (0.001,0.1).

Ns
Spa.

Ng

Spa. tSpaA

n Spa. t Spe. tSpe. NA tNA

1 1.6e-007 0.3s 1.6e-008 3s 2.9e-014 5s 4.8¢-016 | 0.2s

2 1.5e-007 | 0.3s 1.5e-008 3s 1.6e-014 5s 1.3e-015 | 0.2s

3 1.3e-007 | 0.3s 1.3e-008 3s 1.4e-014 5s 1.0e-014 | 0.2s

4 2.3e-007 | 0.3s 2.3e-008 3s 6.8e-014 5s 2.1e-013 | 0.2s

5 8.8e-008 | 0.3s 9.0e-009 3s 4.8e-013 21s 7.0e-013 | 0.2s

6 3.5e-009 | 0.3s 8.5e-010 3s 1.9e-012 210s 8.9e-012 | 0.2s

7 8.4e-008 0.3s 1.0e-008 3s 3.6e-011 | 2125s 9.9e-011 | 0.2s

Table 13
Error (46) and computational times (¢) for evaluation of %—f(p, z) with « = 0,k =

10" 4 0.2, (p, z) = (1/d/k,0.1).

tN1

N
Spa. ta 2 Spe. tspe. NA tNA

n Spa. Spa. Spa.

1 1.2e-004 | <0.001s 1.3e-006 | <0.001s || 5.3e-016 0.2s 1.7e-015 | 0.2s

2 2.3e-005 | <0.001s 2.5e-007 | <0.001s || 4.3e-015 0.2s 6.9e-015 | 0.2s

3 5.4e-006 | <0.001s || 6.0e-008 | <0.001s || 7.2e-015 0.3s 3.4e-015 | 0.2s

4 || 2.2e-006 | <0.001s || 2.4e-008 | <0.001s || 1.4e-013 1.7s 1.8e-013 | 0.2s

5 3.6e-006 | <0.001s 4.0e-008 | <0.001s || 4.4e-013 21s 5.3e-013 | 0.2s

6 3.8e-006 | <0.001s || 4.2e-008 | <0.001s || 3.2e-012 213s 1.5e-012 | 0.2s

7 || 3.6e-006 | <0.001s || 4.0e-008 | <0.001s || 1.3e-010 | 2131s || 3.6e-011 | 0.2s
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Table 14
Error (46) and computational times (t) for evaluation of 8G( p,z) with a =0,k =

10" 4 0.2, ( (v/d/k,0.1).

N5
Spa.

Ng

n Spa. t Spa.

Spa. t Spe. tSpe. NA tNA

1 8.3e-006 0.3s 8.3e-007 3s 2.9e-015 0.2s 9.7e-015 | 0.2s

2 1.0e-006 | 0.3s 1.0e-007 3s 6.6e-015 0.2s 4.7e-015 | 0.2s

3 2.1e-007 | 0.3s 2.1e-008 3s 9.2e-015 0.3s 4.5e-015 | 0.2s

4 2.4e-007 | 0.3s 2.4e-008 3s 1.2e-013 1.7s 1.9e-013 | 0.2s

5 8.9e-008 | 0.3s 8.8e-009 3s 4.7e-013 21s 7.3e-013 | 0.2s

6 3.8e-009 | 0.3s 4.2e-010 3s 1.7e-012 213s 1.8e-012 | 0.2s

7 8.8e-008 0.3s 9.2e-009 3s 2.9e-011 | 2131s 9.6e-011 | 0.2s

Appendix A: Formulation of the new algorithm for arbitrary inci-
dence and evaluation points

In this appendix we provide the details on the extension of the formulas (19)—
(38) to the most general case o € R and —d/2 < z < d/2. For this we look at
the integral representation given by (13):

ikrg %) [e'e]
Glo) = = [ [T e [T

4m 1

where

ikz ,—kz¢?
n o erre 2 _ o
f (g) - Ceiadekd(CQ*’i) — 1JO (k’PCM)dQ
ikz  kz(?

Q)= Ce_mfl;kd(gi—i) _ 1‘]0 (k,oC\/@)dC,

note that for « = 0 and z = 0, we have f*(¢) = f({). For the evaluation of
the Green function to the most general case we proceed as in (16)-(32), and
truncate the integrals to intervals:

ot _ o+ \/p 4(d:tz 4(d=£z) log(e)
2(d £ z)
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to derive:

ct c=* eiikze:FkZCQ
+ . —
/0 f (C)dC - /(; Ceiiadekd(<27i) — 1J0 (k‘pcm)dc
o= eiikzeq:kzé |

= /0 Ceim(Mﬂ)d (M+1)kd(¢2—i) _ oFiaMdgMkd(¢2—i) Jo (kaM)dC

M :tzkz Tkz¢?

(&
! Z:1/0 Ceimdﬂekdj ¢2—i) JO (kPC\/CTQZ>dC
]:

etikz :Fk:z(2

c*
- /o Ceim(MH)de(MH) kd(C2—i) _ pEiaMdpMkd(¢2—i) (kPC\/CTQZ)
Jo(kpC\/CT=2i)

- (kFa)dj [
ikz+i(kFa)dj
+ ]Z_‘: € /0 @

d¢

Moreover from this:

c* c* etikz e;kzgz’
+ _
/0 fH(Qd¢ = 0 Ceiz‘a(Mﬂ)de(MH) kA(CZ—1) _ priaMdgMkd(CP—i) (kpCv 2 - 22)
Mot Illpl1 1))
ikz+i(kFa)d, n+1J0o\RP
+j§_je (kFa)dj an[/o e dg]

M ’LZZ o n J k C
_i_jz: ikz+i(kF dgzc [/ ¢l 16k€g(d]iz)) )dC]

:I:zkze¥kzg“

c*
2 _
/0 Cej“d(M“)d (M+1)kd(¢2—i) _ e:l:zaMdeMk:d (C2—) (kpgm)

ikz+i(kFa)dj (0,2,%) ikz+i(kFa)dj (1,2,%)
+Ze ZbInJrlJ +Ze Z In+1j

ct izkz Tkz(?
‘ kpCrJC? — 2i)d
:/0 Cej:ioz(M—&-l)d (M1 D)kd(C—i) _ e:l:zaMdeMkd(§2—z JO( PGy C* — 22) ¢

:I:zkz (kFa)dj (0,2,%) +ikz i(kFa)dj )
S S} oY
7=1

where

c* nJI k?p(]_ — Z)C
¢ <ek(djiz)(2 )dC‘

ﬂW¢M:/@'(h@M1—UO
0

7,3 eh(dj+2)¢?

d{and[lZi) /
0

Again rather than calculating the integrals Ié?f’i) and [,(i]’-z’i) directly, Han-
kel’s formula [18] will be used as in (33) to approximate them. More precisely:

—i)()

<uit_Aw@MAQM1—de

0 2,%) 2n +1
n+1J / ¢ ek dj:l:z)Cz d¢ and V, k(& £2)
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are good approximations for [T(L?]’-Z’i) and Ir(:jiz’i). For

kp*  log(e) N kp |, 4dlog(e)

8d 2 T\’ 2
we have:
L) = varal < eCF and 1550 — V0o | < O

We will use Hankel’s formula to evaluate V" flj; and V%i Jflij)

Ozi) _ ['(n+1) P - ikp?
) L M T E
e D(n + 2)(kp(1 = 1)) ki
(Lad) _ n—+ pl —1 r 9 9. kp
Vonj A(k(dj + 2))+2 ! in+2 ’Q(djiz))'

Finally, as in (38), G(p, z) can be expressed in the form:

G(p, 2) = Z:r + 2]; /0% $ adi oI Did (;jif)iimd]emd(@ 5o (ke CM) ds
+ 2]; / " Ce lad]e(MJrl)kdfC;kj) izi iadj o Mkd(C?—1) JO (kp C\/QTZO &
o3 e S b A i)
i 2]; é cikid gikzti(k—a dé czn+1 k(c)l](—llf—pz()l)’;z)) 151 (” +2,2; (dkfz))
Qijjzw‘ielkjd ki k+adéb n' ))n+11F1(n+ 1,1;2(;;6{22))

kI ikjd y—ikz-ti(k-+o) al (n+ 1) (kp(1 —1)) ikp?
(2 —lKz Z Oé n F 2 2
Pk 'L e g - e P 22 g)

where the integrals are truncated to [0, CZ | with:

new

o+ \/p 4(Mdiz log(c)
2(Md+ z)

Chi =
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