
High-order numerical solutions in
frequency-indep endent computational times for
scattering applications associated with surfaces with
comp osite roughness

Fernando Reitic hy and Catalin Turc z
y School of Mathematics, University of Minnesota, Minneapolis, MN 55455,USA
(reitich@math.umn .ed u)
z Applied and Computational Mathematics, California Institute of Technology, Pasadena,
CA 91125,USA (turc@acm.caltech.e du)

Abstract. We intro duce a new numerical scheme capable of producing, in frequency
independent computational times, high-order solutions to scattering problems associated
with surfaceswith composite roughness. The procedure can be interpreted as providing
a high-order version of the classical (low-order) two-scale method and, as such, it can
producesolutions of signi�can tly higher quality with comparablecomputational e�ort. The
basic strategy consistsof a suitable combination of 1) a high-order boundary perturbation
treatment [O. Bruno and F. Reitich, Numerical solution of di�r action problems: A method
of variation of boundaries I , J. Opt. Soc. Am. A 10, 1993,pp. 1168-1175]that views the
highly oscillatory components of the surfaceas a (possibly large) deformation of the slowly
varying portion; and 2) an accurate solution method ([O. Bruno, A. Sei and M. Caponi,
High-order high-frequencysolutions of roughsurface scattering problems, Radio Science37,
2002, 2/1-2/13], [F. Reitich and C. Turc, High-order solutions of three-dimensional rough-
surface scattering problemsat high frequencies. I: the scalar case, WavesRandom Complex
Media 15, 2005,1-16.]) for the sequenceof high-frequency scattering problems that results
from 1), which entails a �xed, frequency-independent computational cost. More precisely,
the boundary variation procedure in 1) allows for the representation of the �elds as a
convergent sum of terms which are recursively de�ned as solutions to scattering problems
on the slowly varying portion of the surface, with high frequency incidences that are
derived from its highly oscillatory components. To solve these latter problems, in turn, we
resort to recently intro duced schemesthat can be basedon integral-equation formulations
to identify the highly-oscillatory �elds (e.g. the current in electromagnetics, the normal
velocity in acoustics, etc) that are induced on the surface. The basic ideas here, relate
to the representation of these quantities in the form of unknown slow modulations of the
(known) incident radiation, and on the recursive evaluation of the slow envelopes through
the useof high-order versionsof the classicaltheory of oscillatory integrals. As we show, the
resulting numerical algorithms can deliver highly accurate results for a variety of pro�les
and incidences, and they provide very substantial improvements over existing, low-order
alternativ e methods.
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1. In tro duction

The di�culties associated with the design of numerical methods capable of simulating
accurately the acoustic or electromagneticscattering from rough surfacescan be largely
attributed to 1) the inherent intricacies (e.g. oscillations) of the �elds, which becomemore
pronouncedat high frequencies(regardlessof the geometry),and 2) the speci�c geometrical
details of the scatteringsurfaces,whosespectra can typically spana rangeof lengthscales.A
wide variety of rigorousnumerical solvers(e.g. basedon di�erential, variational and integral
equation formulations of the problem) have beendeveloped over the last thirt y yearswhich
have provided continuously improved capabilities for scattering simulations (seee.g. [1] and
the referencescited there). Indeed,current state-of-the-art algorithms and hardware can be
combined to deliver rather impressive results, in both accuracyand e�ciency (seee.g. [2{
4]), for an ever increasingrange of con�gurations. While this trend is certainly expected
to continue, this approach is fundamentally limited by the requirement to fully resolve the
oscillatory characteristics of the �elds and the details of the geometry, a limitation that
can prevent its use in a number of important applications. In this paper, we introduce a
numerical scheme that, in the context of multi-scale rough surfacescattering, can bypass
theseconstraints in the resolution of both �eld as well as geometricalvariations.

The recognition of the aforementioned limitations of rigorous approaches arose,of course,
rather early in the development of scattering solvers, and solutions have beensought since.
In every case,thesehave beenfound in the useof asymptotic theories which can provide a
meansto explicitly incorporate additional information to simplify numericalevaluations. For
the problem of high-frequencyscattering (cf. 1) above), for instance,thesetheoriesmay rely
on short-wavelength asymptotics; similarly, to deal with di�ering scalesin the scattering
geometry (cf. 2)), their separation has been basedon perturbation analyses. While the
asymptotic nature of thesemethodologieshas beencritical in allowing for their successful
application in caseswherein rigorous approaches fail, it is also the source of their own
restrictions.

Indeed, thesetheorieshave classicallybeenderived only to low order, e.g. as in the (zero-
th order) Kirchho� approximation (KA) [5,6] (or its next order correction [7{10]) or the
well-known \t wo-scale" method [6,11{15] which has limited their applicability. This low-
order nature of standard asymptotic approximations was largely due to the mathematical
and implementational complicationsthat arise in attempts at increasingtheir order. As we
have recently shown [16,17] (seealso [18]), however, these complexities can be e�ectively
dealt with in the context of high-frequencyapplications by resorting to integral-equation
formulations and high-order versions of the classical theory of oscillatory integrals [19].
In this manner, we have demonstratedthat high-frequencyproblemscan be resolved with
signicantly improved accuracyin computational times that are comparableto thoserequired
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by classicallow-order approaches. In this paper, we extend this approach to allow for the
treatment of multiple geometricalscales.

Our approach, initially suggested|though not pursuedto any extent| in [20],canbeviewed
as providing an extension of the two-scalemethod which can be carried out to arbitrary
order, and thus it greatly expandson the applicability of this classicalprocedure. As its
namesuggests,the two-scaleschemeis basedon the separationof the surfaceinto large and
small scales(relative to the wavelength of the incident radiation) and on the perspective of
viewing the latter as a perturbation of the former. In this manner, the scattering o� the
underlying long surfacescalesbecomesamenableto a treatment basedon high-frequency
asymptoticswhich is, in practice, addressedwith KA or its very next order correction. The
rough components of the surface,in turn, areaccounted for through a perturbative argument
that typically retainsonly the �rst [21]or, at most, the �rst two terms in a perturbation series
in the amplitude of the small-scalefeatures[6,22]. While this procedureallows for accurate
solutions in limiting cases,the natural restrictions due to the low-order, non-convergent
character of the approach signi�cantly con�ne its domain of applicability.

The method we present here overcomes these limitations by resorting to high order
expansionsin both wavelength, for the resolution of the long scales,and amplitude, for
the treatment of the small-scalecomponent of the scattering surfaces.As in the two-scale
approach, we make useof a dichotomy in wavenumbers that consistsof expressingthe multi-
scale surface as a (possibly large, in our case) perturbation of a slowly varying surface
obtained by truncating the original geometry above a cut-o� referencewavenumber [20].
In contrast with the standard low-order versions, however, here we systematically derive
a complete perturbation seriesfor the scattered �eld [23,24], and we identify each term
with the solution of a scattering problem o� the slow portion of the suface.Theseproblems
derive their incidencesfrom combinations of the high-frequencycomponents of the scattering
geometryand they are thereforeamenableto a treatment basedon (suitable extensionsof)
a classof high-order high-frequencysolvers that we have recently designed [16{18]. Indeed,
as we show, these solvers can be extended to allow for the e�cien t evaluation of high-
order derivatives of the solutions, as neededin the recursive calculation of successive terms
of the perturbation series. With this addition, the overall scheme enablesthe evaluation
of arbitrarily accurate solutions in computational times that remain independent of the
frequencyof radiation, and thus it constitutes a signi�cant improvement over the classical
two-scalemethods.

The developments we present here relate to the multi-scale solver as applied to two-
dimensionalscattering problems. For the sake of de�niteness we will considerthe problem
of acoustic scattering from sound soft surfaces (or, equivalently, HH polarization in
electromagnetics),although, as it will be clear, our method can be extendedto fully three-
dimensionalcon�gurations and boundariesof rather generalcharacteristics(see[17,25]). We
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begin, in x2, with a reviewof the basicideasbehind the central components of our approach,
namely, thoserelating to an appropriatehigh-orderperturbation scheme(x2.1) and to a high-
order methodology for the evaluation of high-frequencyscattering (x2.2). Thesecomponents
aresuitably combined in x3 wherewe detail the overall procedurefor the treatment of multi-
scalesurfaces. The presentation of the algorithm, in x3.1, highlights the need to design
an extension of the high-frequencysolver to allow for the stable evaluation of high-order
derivatives of the �eld, and an instance of such a scheme is presented in x3.2. Finally,
numerical results that exemplify the characteristicsof the method are presented in x4, and
our conclusionsare summarizedin x5.

2. Preliminaries

As we have explained above our approach to the simulation of high-frequencyscattering
events that involve surfaceswith composite roughnessshall be basedon the framework of
high-order boundary perturbation methods [23{25] and on the useof somerecently derived
high-frequencyintegral-equation schemes[16{18]. For the sake of completeness,here we
brie
y review (and, in the caseof the high-frequency scheme, extend) these procedures
with a view towards the description of our approach to multi-scale surfacesin the following
sections.

2.1. The method of variation of boundaries[23{25]

The advantages of the use of boundary perturbation methods for calculating scattering
returns in problemsof electromagneticand acousticwave propagationhave beenrecognized
now for several decades,since the �rst order calculation of Rayleigh [26]. Besidesthe
simplicity of their implementations, perturbation approachesgenerallylead,quite e�cien tly,
to very accurate results within their domain of applicability. Indeed, it was these
characteristics that prompted a number of investigations in the last thirt y years, mainly
in the area of scattering by rough surfaces,and which resulted in a variety of low-order
theories[21,27{33]. The low-order nature of theseapproaches,of course,restricts their use
to the analysisof rather small perturbations of a basic scattering surface,and thus it can
severely limit their applicability. Attempts at extendingthe domain of applicability of these
methodsby simply raising their order encountered very limited successand led to substantial
confusionover the validit y of perturbation expansions[34{44].

These limitations were �nally overcomein practice in [23{25] (seealso [45,46]) basedon
theoretical developments that were originally presented in [47]. This latter work clari�ed
the precisedomain of validit y of perturbative expansionsand it led to the incorporation
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of ideasof analytic continuation [23{25] to signi�cantly extend the capabilitites of classical
methods basedon shape deformations. Speci�cally, in this context, the solution to the
generalscattering problem

8
><

>:

� u + k2u = 0 in S+ = f x = (x1; x2) : x2 > S(x1)g;
u = � exp(i� x1 � i� x2) on x2 = S(x1);
u satis�es a radiation condition (seee.g. [48]) as x2 ! 1 ;

(1)

o� a surface

x2 = S(x1) = S0(x1) + F (x1) (2)

is embeddedin a family f u(�; � )g0� � � 1 that solves(1) with S replacedby

S� (x1) = S0(x1) + � F (x1):

The original solution then is evaluated from the power seriesexpansion(or its analytic
extension[24])

u(x) = u(x; � )j� =1 =
1X

n=0

un (x)� n j� =1 (3)

wherein each term can be shown to itself solve a scattering problem, namely

8
>>>>>>><

>>>>>>>:

� un + k2un = 0 in S+
0 = f x = (x1; x2) : x2 > S0(x1)g ;

un (x1; S0(x1)) = �
F (x1)n

n!
(� i� )n exp(i� x1 � i� S0(x1))

�
n� 1X

m=0

F (x1)n� m

(n � m)!
(@n� m

y um )(x1; S0(x1)) ;

un satis�es a radiation condition as x2 ! 1 :

(4)

As wasshown in [23,24] the analyticit y resultsof [47]guaranteethat expansionsof increasing
order do converge and, in fact, that they do soeven beyond the radius of convergenceof the
series(3) provided the summation is suitably performed(e.g. through an appropriate useof
conformal maps[23] or Pad�e approximation [24]).

2.2. A high-frequencyintegral equation method [16{18]

The boundary-variation methodology described above providesan e�cien t scattering solver
that greatly improveson classicallow-order methodsbasedon shape perturbations and that,
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in fact, canoutperform alternative state-of-the-art techniques[46,49,50]. As is the casewith
any such procedurehowever, the schemedescribed in x2.1,by itself, is of limited applicability
at high frequencies(even if the function F is slowly oscillatory) as it demandsthe full
resolution of the wavelength of radiation. As we have explained,theseapplications demand
the useof di�erent schemesthat can explicitly account for the fast variations of the �eld.
Classicallythesemethods have relied on low-order asymptotic expansions,e.g. the Kirchho�
approximation, that possesstheir own limitations. Hereweshall reviewsomerecently derived
algorithms that avoid theselimitations by resorting to high-order approximations.

Speci�cally, we shall considerproblemsof the form (4) wherein the boundary data is highly
oscillatory. More precisely, we seeksolutions to

8
><

>:

� u + k2u = 0 in S+
0 = f x = (x1; x2) : x2 > S0(x1)g;

u(x1; S0(x1)) = H (x1)L(x1);
u satis�es a radiation condition as x2 ! 1 :

(5)

wherethe functions H and L oscillaterapidly (i.e. on the scaleof the wavelengthof radiation
� = 2� =k) and slowly, respectively. For instance,the choice

H (x1) = � exp(i� x1 � i� S0(x1)) = exp(ik sin(� )x1 � ik cos(� )S0(x1)) ; L(x1) � 1

would correspond to plane-wave incidenceand is the casethat was treated in [16{18]. The
arguments in that work, however, readily apply to more generalboundary data. Here, and
with a view towards its usewithin the multi-scale solver we introducebelow, we shall review
thesederivations as we extend the results in [18] to data of the form

H (x1) = � exp(ik sin(� )x1 � ik cos(� )S0(x1) + ik 
 x1); L(x1) �
1X

n= � N

� n (x1)k� n (6)

for arbitrary �xed numbers 
 and N and smooth functions � n ; the original results in [18]
correspond to 
 = N = 0 and � n (x1) � 0 for n � 1.

The starting point of the high-frequencysolver is the integral-equation formulation of the
scatteringproblem (5)-(6) whereinthe �eld u is sought in the form of a single-layer potential

u(x) =
Z 1

�1
� (x0; 
 ; k)Gk(x; x0)

q
1 + S0;x 0(x0)2 dx0

for an unknown surfacedensity � and where

Gk(x; x0) =
i
4

H (1)
0 (kr ); r =

p
(x1 � x0)2 + (x2 � S0(x0))2
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denotes the two-dimensional outgoing Green's function and S0;x 0(x0) =
@S0

@x0
(x0). The

scattering problem (5)-(6) then is equivalent to the (�rst kind) integral equation [6]

i
4

Z 1

�1
H (1)

0 (kr0)� (x0; 
 ; k)
q

1 + S0;x 0(x0)2 dx0 (7)

= � exp(ik sin(� )x � ik cos(� )S0(x) + ik 
 x)
1X

n= � N

� n (x)k� n

wherer0 =
p

(x � x0)2 + (S0(x) � S0(x0))2.

Our appraoch to the solution of equation (7) at high frequencies(k � 1) is basedon a
geometricaloptics (GO) ansatzthat factorsout the rapid oscillationsof the unknown density
� [6{10,16{18,51]. More precisely, we expressthe density as a slow, unknown modulation
of an exponential which varies in-sync with the boundary data

� (x0; 
 ; k) = exp(ik sin(� )x0 � ik cos(� )S0(x0) + ik 
 x0) � slow(x0; 
 ; k): (8)

This framework allows us to solve for the slowly varying envelope which, from (7) and (8),
clearly satis�es
Z 1

�1
exp[ik (sin(� )(x0 � x) � cos(� )(S0(x0) � S0(x)) + 
 (x0 � x)) ] (9)

� H (1)
0 (kr0)� slow(x0; 
 ; k)

q
1 + S0;x 0(x0)2 dx0 = 4i

1X

n= � N

� n (x)k� n :

To solve (9), and in the spirit of [16{18], we choosea seriesrepresentations of the slowly
varying envelope

� slow(x0; 
 ; k)
q

1 + S0;x 0(x0)2 =
1X

n= � N � 1

� n(x0; 
 )k� n ; (10)

consistent with the regularizing character of the single-layer potential. Using this
representation, equation (9) can be written as

1X

n= � N � 1

Jn (x; 
 ; k)k� n = 4i
1X

n= � N

� n (x)k� n (11)

where

Jn (x; 
 ; k) =
Z 1

�1
exp[ik (sin(� )(x0 � x) � cos(� )(S0(x0) � S0(x)) + 
 (x0 � x))] (12)

� H (1)
0 (kr0)� n (x0; 
 ) dx0:
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At this point we recognizethat the functions Jn in (12) are given by oscillatory integrals,
which can be evaluated asymptotically as k ! 1 to any desired order. As in [16,17],
assumingthe absenceof shadowing e�ects, the valuesof theseintegrals are dominated by
contributions from points x0 in the vicinit y of the \target point" x. To evaluate these
contributions, we begin by separatingthe integral into Jn = J �

n + J +
n where

J �
n (x; 
 ; k) =

Z x

�1
exp[ik (sin(� )(x0 � x) � cos(� )(S0(x0) � S0(x)) + 
 (x0 � x)) ]

� H (1)
0 (kr0)� n (x0; 
 ) dx0:

J +
n (x; 
 ; k) =

Z 1

x
exp[ik (sin(� )(x0 � x) � cos(� )(S0(x0) � S0(x)) + 
 (x0 � x))]

� H (1)
0 (kr0)� n (x0; 
 ) dx0:

Equivalently, we can write

J �
n (x; 
 ; k) =

Z 1

0
exp[ik (� sin(� )t � cos(� )(S0(x � t) � S0(x)) � 
 t)] (13)

� H (1)
0 (k� � (x; t)) � n(x � t; 
 ) dt

where � � (x; t) =
p

t2 + (S0(x � t) � S0(x))2. Away from shadowing, the functions u =
� � (x; �) can be shown to be invertible [18] and therefore(13) can be written as

J �
n (x; 
 ; k) =

Z 1

0
e� �

n (x; u; 
 )H (1)
0 (ku) exp(� ik  � (x; u; 
 )) du

where

e� �
n (x; u; 
 ) = � n (x � (� � )� 1(x; u); 
 )

�
d� �

dt

�
x; (� � )� 1(x; u)

�
� � 1

and

 � (x; u; 
 ) = (S0(x � (� � )� 1(x; u)) � S0(x)) cos(� ) � (� + )� 1(x; u)(sin(� ) + 
 ):

Next, expanding e� �
n (x; u; 
 ) and  � (x; u; 
 ) in series in powers of u about u = 0

(corresponding to x0 = x)

e� �
n (x; u; 
 ) =

1X

m=0

e� �
n;m (x; 
 )um ;  � (x; u; 
 ) =

1X

m=0

 �
m (x; 
 )um ;

we �nd that

J �
n (x; 
 ; k) =

1X

q=0

J �
n;q(x; 
 )

kq+1

with

J �
n;q(x; 
 ) =

qX

l=0

e� �
n;q� l (x; 
 )

 
lX

j =0

a�
j;l (x; 
 )

j !
C � (q+ j ; x; 
 )

!
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and wherethe coe�cien ts a�
j;l and C � are de�ned by

 

i
X

l � 1

 �
l+1 (x; 
 )ul

! j

=
X

l � j

a�
j;l (x; 
 )ul

and

C � (p; x; 
 ) =
Z 1

0
vpH (1)

0 (v)e� i �
1 (x;
 )vdv:

Using obvious symmetries,we seethat necessarily

e� �
n;m (x; 
 ) = (� 1)m e� +

n;m (x; 
 );  �
l (x; 
 ) = (� 1)l  +

l (x; 
 ) and a�
l ;j (x; 
 ) = (� 1)l+ j a+

l ;j (x; 
 );

and hencethe completeasymptotic expansionof J n takeson the explicit form

Jn (x; 
 ; k) =
1X

q=0

Jn;q(x; 
 )
kq+1

(14)

with

Jn;q(x; 
 ) =
qX

l=0

e� +
n;q� l (x; 
 )

 
lX

j =0

a+
j;l (x; 
 )

j !
C(q+ j ; x; 
 )

!

(15)

and

C(q; x; 
 ) =
Z 1

0
vqH (1)

0 (v)(e� i +
1 (x;
 )v + (� 1)pei +

1 (x;
 )v) dv: (16)

Expression (16) can be simpli�ed if we use analytic continuation of moments of Hankel
functions [52]

C(q; x; 
 ) =

8
><

>:

2q+1
P 1

j =0
[2 +

1 (x;
 )]2j

(2j )! (� 1)j � ( q+2 j +1
2 )

� ( 1� q� 2j
2 ) for q even;

� i2q+1 P 1
j =0

[2 +
1 (x;
 )]2j +1

(2j +1)! (� 1)j � ( q+2 j +2
2 )

� ( � q� 2j
2 ) for q odd:

(17)

The seriesin (17) can be easily seento be convergent for j +
1 (x; 
 )j < 1, and the valuesof

C(q; x; 
 ) can be explicitly computedas

C(q; x; 
 ) = C(q) ( +
1 (x; 
 ))(1 �  +

1 (x; 
 )2)� 2q+1
2 (18)
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where C(q) are explicitly computable polynomials of degreeq if q is even and 2[q=2] + 1 if
q is odd; the �rst few are given by C(0) (x) = 2, C(1) (x) = 2ix , C(2) (x) = � 2 � 4x2, and
C(3) (x) = � 18ix � 12ix 3.

Finally, using the (14), (15) in (11) we derive the explicit recursionfor the seriescoe�cien ts
� n in (10)

� � N � 1(x; 
 ) =
4i

p
1 + S0;x (x)2

C(0; x; 
 )
� � N (x)

� n(x; 
 ) =

p
1 + S0;x (x)2

C(0; x; 
 )

"

4i� n+1 (x) �
N + n+1X

q=1

 
qX

l=0

e� +
n� q;q� l(x; 
 )

�
lX

j =0

a+
j;l (x; 
 )

l !
C(q+ j ; x; 
 )

! #

; for n � � N;

where,from (18), the function C(0; x; 
 ) is given by

C(0; x; 
 ) =
2
p

1 + S0;x (x)2

(cos2 � + S0;x (x)2 sin2 � + 2S0;x (x) cos� sin� � 
 2 � 2
 sin� + 2S0;x (x)
 cos� sin� )
1
2

:

3. The multi-scale solver

In this section we present the details of our new multi-scale solver. As we have explained,
the algorithm is basedon a combination of the perturbative schemedescribed in x2.1 and
the high-frequencymethod of x2.2. In x3.1 we derive the basicformulas that arisefrom this
integration and which allow for the evaluation of scattering returns with arbitrary accuracy.
As we show there, the scheme necessitatesan extension of the high-frequency solver of
x2.2 to allow for the stable calculation of the high-order derivatives of the �eld that arise
on application of the boundary-variation procedureof x2.1. In x3.2 we present method to
enablesuch computations which is, again, basedon integral representations and high-order
asymptotic evaluation of oscillatory integrals.

3.1. The basic algorithm

Our approach relies on the use of a dichotomy in the frequencycontent of the scattering
surfacewhich amounts to viewing the original surfaceas a superposition of a component
that contains small wavenumbers(relative to the wavenumber of the incident radiation), and
thus is slowly oscillatory or \smooth", and a \rough" part comprisedof the complementary,
large wavenumbers. This decomposition is mathematically expressedas in (2) where S0
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and F correspond to the smooth and rough components respectively. The use of the
boundary-variation procedure of x2.1 then reducesthe original (multi-scale) problem (1)
to the sequenceof scattering problems (4) whosesolutions can be found recursively. The
fundamental property of these latter problems is that they are posedon a domain with
a slowly varying boundary (x2 = S0(x1)) and with high-frequencyboundary data derived,
by design, from the highly oscillatory nature of the rough component (x2 = F (x1)) of the
surface(cf. (4)). As we show below, this characteristic allows, in this case,for the solution
of the problems(4) to be e�ected through suitable extensionsof the methods described in
x2.2.

In detail, the �rst step in our approach is to choosea �nite representation of the rapidly
oscillatory component F (x) in the form of a superposition of highly oscillatory exponentials

F (x) =
MX

p=1

hpeik 
 p x +
MX

p=1

�hpe� ik 
 p x ; with �hp = � hp (19)

in the spirit of the classicalrepresentation of the wavenumber spectrum of rough surfaces[6].
From (19), the powers of F then can be expressedusing generalizedbinomial coe�cien ts

F (x)n =
X

p1+ ��� + p2M = n

�
n

p1; � � � ; p2M

�
hp1

1 � � � hpM
M

�hpM +1
1 � � � �hp2M

M exp

(

ik

"
MX

j =1

(pj � pj + M )
 j

#

x

)

and the recurrence(4) takeson the form

8
>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>:

� un + k2un = 0 in S+
0 = f x = (x1; x2) : x2 > S0(x1)g ;

un (x1; S0(x1)) = �
(� ik cos(� ))n

n!

X

p1+ ��� + p2M = n

�
n

p1; � � � ; p2M

�
hp1

1 � � � hpM
M

�hpM +1
1 � � � �hp2M

M

� exp
n

ik
h
�( x1) +

� P M
j =1 (pj � pj + M )
 j

�
x1

io

�
n� 1X

m=0

1
(n � m)!

X

r 1+ ���+ r 2M = n� m

�
n � m

r1; � � � ; r2M

�
hr 1

1 � � � hr M
M

�hr M +1
1 � � � �hr 2M

M

� exp

(

ik

 
MX

j =1

(r j � r j + M )
 j

!

x1

)
@n� m um

@yn� m
(x1; S0(x1)) ;

un satis�es a radiation condition as x2 ! 1

(20)

where

�( x) = sin(� )x � cos(� )S0(x)

denotesthe phaseof the original incidence.
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As described in x2.2, the application of the high-frequencymethod to the problems (20)
requires the factorization of the boundary data into slow and fast oscillating components
(cf. (5)). Now, from (20) it is easyto see(e.g. by induction and using the fact that the
derivativesof um on the boundary must vary as um itself there, seex3.2) that

un(x) =
X

p1+ ���+ p2M = n

un;p1;��� ;p2M (x) (21)

wherethe functions un;p1;��� ;p2M (x) satisfy a scattering problem on S+
0 with boundary data of

the form

un;p1;��� ;p2M (x; S0(x)) = exp

(

ik

"

�( x) +

 
MX

j =1

(pj � pj + M )
 j

!

x

#)

uslow
n;p1;��� ;p2M

(x; k): (22)

Moreover, the boundary values of the derivatives of un;p1;��� ;p2M (x) also possessa similar
representation, which we write as

@m un;p1 ;��� ;p2M

@ym
(x; S0(x)) = exp

(

ik

"

�( x) +

 
MX

j =1

(pj � pj + M )
 j

!

x

#)

uslow
n;m;p 1;��� ;p2M

(x; k): (23)

Thus, equation(20) canbe thought of asproviding a de�nition for the function uslow
n;p1;��� ;p2M

=
uslow

n;0;p1;��� ;p2M
,

uslow
n;p1;��� ;p2M

(x; k) = �
(� ik cos(� ))n

n!

X

p1+ ��� + p2M = n

�
n

p1; � � � ; p2M

�
hp1

1 � � � hpM
M

�hpM +1
1 � � � �hp2M

M

�
n� 1X

m=0

1
(n � m)!

X

r 1+ ��� + r 2M = n� m

�
n � m

r1; � � � ; r2M

�
(24)

� hr 1
1 � � � hr M

M
�hr M +1

1 � � � �hr 2M
M uslow

m;n � m;p1 � r 1 ;��� ;p2M � r M
(x; k):

in terms of the functions
�

uslow
m;s;p 1;��� ;p2M

(x; k)
	 n� 1

m=0
. In particular, if

uslow
m;s;p 1;��� ;p2M

(x; k) =
1X

q= � (m+ s)

um;s;p 1;��� ;p2M ;q(x) k� q for m � n � 1

it follows from (24) that

un;p1;��� ;p2M ;q(x) = � � n;q
(� i cos(� ))n

n!

X

p1+ ��� + p2M = n

�
n

p1; � � � ; p2M

�
hp1

1 � � � hpM
M

�hpM +1
1 � � � �hp2M

M

�
n� 1X

m=0

1
(n � m)!

X

r 1+ ��� + r 2M = n� m

�
n � m

r1; � � � ; r2M

�
(25)

� hr 1
1 � � � hr M

M
�hr M +1

1 � � � �hr 2M
M um;n � m;p1 � r 1 ;��� ;p2M � r M ;q(x)
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where� n;q denotesthe Kronecker delta.

The algorithm then can be inductively described as follows:

1. For n = 0, solve (20) usingthe high-frequencymethod asdescribed in x2.2. The boundary
data is simply given by

u0(x; S0(x)) = � exp(ik �( x))

and

uslow
0;0;��� ;0(x; k) = � 1:

As a result, we obtain a density � slow
0 = � slow

0 (x; 
 = 0;k) and, from it, the complete
solution

u0(x) =
Z 1

�1
� slow

0 (x0; 0;k) exp[ik �( x0)] Gk(x; x0)
q

1 + S0;x 0(x0)2 dx0:

2. Assume that the boundary data uslow
m;p1;��� ;p2M

(x; k) = uslow
m;0;p1 ;��� ;p2M

(x; k) and the
corresponding densities� slow

m = � slow
m (x; 
 =

P M
j =1 (pj � pj + M ); k) have beencomputed

for p1 + � � � + p2M = m and m < n, where(cf. (21))

um (x) =
X

p1+ ���+ p2M = m

um;p1;��� ;p2M (x) =
X

p1+ ��� + p2M = m

Z 1

�1
� slow

m (x0;
MX

j =1

(pj � pj + M ); k)

� exp

(

ik

"

�( x0) +

 
MX

j =1

(pj � pj + M )

!

x0

#)

Gk(x; x0)
q

1 + S0;x 0(x0)2 dx0: (26)

Then,

(a) Usethe densities� slow
m (x;

P M
j =1 (pj � pj + M ); k) to �nd the derivativesuslow

m;s;p 1;��� ;pM
(x; k),

for m < n; 0 < s.
(b) From knowledgeof uslow

m;s;p 1;��� ;pM
(x; k), for m < n and 0 < s, use (24) to evaluate

uslow
n;p1;��� ;pM

(x; k) = uslow
n;0;p1;��� ;pM

(x; k) and (25) to �nd its expansion

uslow
n;0;p1;��� ;p2M

(x; k) =
1X

q= � n

un;0;p1;��� ;p2M ;q(x) k� q (27)

in inversepowers of the wavenumber.
(c) For each �xed p1; � � � ; p2M with p1 + � � � + p2M = n , use(27) in (22) to de�ne the

(asymptotic expansionof the) boundary data for un;p1;��� ;p2M (x), and usethe high-
frequencyalgorithm to �nd the corresponding density � slow

n (x;
P M

j =1 (pj � pj + M ); k).

Note that 2.(b), (c) deliver the valuesof uslow
n;p1;��� ;pM

(x; k) and � slow
n (x;

P M
j =1 (pj � pj + M ); k),

respectively, which is precisely the information neededto proceedto the next iteration of
step2., and thus the algorithm is completelyde�ned by this description. Moreover, this and
the precedingdiscussionsclearly delineatethe details of each step, with the only exception
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of 2.(a) which demandsthe calculation of high-order spatial derivatives of the successive
solutions (cf. (23)). A procedurefor the stable evaluation of thesederivativesand of their
completeasymptotic expansionsis presented in the next section.

3.2. Calculation of the spatial derivatives

Our approach to the determination of the derivatives of the computed �elds is basedon
the iterated calculation of the densitiesin their single-layer potential representation. More
precisely, if the boundary values in (23) of the m-th derivative of a component un;p1;��� ;p2M

are known together with the density entering its single-layer potential representation

@m un;p1 ;��� ;p2M

@ym
(x; S0(x)) =

Z 1

�1
� m;slow

n (x0;
MX

j =1

(pj � pj + M ); k)

� exp

(

ik

"

�( x0) +

 
MX

j =1

(pj � pj + M )

!

x0

#)

Gk(x; S0(x); x0)
q

1 + S0;x 0(x0)2 dx0 (28)

we seekto evaluate the next order, m + 1st, derivative and corresponding density, starting
with m = 0. In fact, we shall assumethat we have found the high-frequencyexpansions(cf.
(23))

exp

(

� ik

"

�( x) +

 
MX

j =1

(pj � pj + M )
 j

!

x

#)
@m un;p1;��� ;p2M

@ym
(x; S0(x))

= uslow
n;m;p 1;��� ;p2M

(x; k) =
1X

q= � (n+ m)

un;m;p 1;��� ;p2M ;q(x) k� q (29)

and

� m;slow
n (x0;

MX

j =1

(pj � pj + M ); k) =
1X

q= � (n+ m+1)

� n;m;p 1 ;��� ;p2M ;q(x) k� q

and shall derive similar representations for the functions uslow
n;m +1 ;p1;��� ;p2M

(x; k) and
� m+1 ;slow

n (x0;
P M

j =1 (pj � pj + M ); k).

To evaluate uslow
n;m +1 ;p1;��� ;p2M

(x; k) we �rst note that

@m+1 un;p1;��� ;p2M

@ym
(x; S0(x)) =

@
@y

@m un;p1;��� ;p2M

@ym
(x; S0(x))

= n2(x)
@

@n
@m un;p1;��� ;p2M

@ym
(x; S0(x)) � n1(x)

@
@�

@m un;p1;��� ;p2M

@ym
(x; S0(x)) (30)

wheren = n(x; S0(x)) = (n1(x); n2(x)) and � denotethe normal and tangent vectors to the
surfacex2 = S0(x1). Computing tangential derivativesis straightforward since,from (29),
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@
@�

@m un;p1;��� ;p2M

@ym
=

d
dx

 

exp

(

ik

"

�( x) +

 
MX

j =1

(pj � pj + M )
 j

!

x

#)

�
1X

q= � (n+ m)

un;m;p 1;��� ;p2M ;q(x) k� q

1

A :

The normal derivativeof u, on the other hand, canbereadily derived from the representation
(28). Indeed,the classicaljump relationsfor the derivativesof the single-layer potential imply
that
@

@n
@m un;p1;��� ;p2M

@ym
(x; S0(x)) =

�
1
2

� m;slow
n (x;

MX

j =1

(pj � pj + M ); k)
q

1 + S0;x (x)2 exp

(

ik

"

�( x) +

 
MX

j =1

(pj � pj + M )

!

x

#)

+
Z 1

�1
� m;slow

n (x0;
MX

j =1

(pj � pj + M ); k) exp

(

ik

"

�( x0) +

 
MX

j =1

(pj � pj + M )

!

x0

#)

�
@Gk

@n
(x; S0(x); x0)

q
1 + S0;x 0(x0)2 dx0 (31)

and the ideas of x2.2 can then be applied to determine the asymptotic expansionof the
integral in the right-hand side of (31). In detail, letting this integral be denoted by
I n;m;p 1 ;��� ;p2M (x; k), we have

I n;m;p 1 ;��� ;p2M (x; k) = exp

(

ik

"

�( x) +

 
MX

j =1

(pj � pj + M )

!

x

#)

I slow
n;m;p 1 ;��� ;p2M

(x; k)

where

I slow
n;m;p 1;��� ;p2M

(x; k) =
1X

q= � (n+ m)

I n;m;p 1 ;��� ;p2M ;q(x) k� q

and the coe�cien ts I n;m;p 1 ;��� ;p2M ;q(x) can be determined recursively. Explicitly , as in the
derivation of (15), the recursionreads

I n;m;p 1 ;��� ;p2M ;q(x) =
i
4

qX

r = � (n+ m)

q� rX

s=0

e� +
n;m;p 1;��� ;p2M ;r � 1;q� r � s(x)

�

 
sX

j =0

a+
j;s (x;

P M
j =1 (pj � pj + M ))

j !
D(q+ j � r ; x;

MX

j =1

(pj � pj + M ))

!

where

e� n;m;p 1;��� ;p2M ;q(x) =
� n;m;p 1;��� ;p2M ;q(x)
p

1 + S0;x (x)2
;
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g(x; x0) =
S0(x) � S0(x0) � (x � x0)S0;x (x)

r 2
0

;

g
�
x; x + (� + )� 1(x; u)

�
�

d� +

dt

�
x; (� + )� 1(x; u)

�
� � 1

e� n;m;p 1;��� ;p2M ;q

�
x + (� + )� 1(x; u)

�

=
1X

m=0

e� +
n;m;p 1;��� ;p2M ;q;r (x)ur ;

and the coe�cien ts D are given by

D(p;x; 
 ) =
Z 1

0
vp+1 H (1)

1 (v)(e� i +
1 (x;
 )v + (� 1)pei +

1 (x;
 )v)dv:

Closedform formulas for the latter can be derived in a manner analogousto that usedto
obtain (17) and (18).

The above derivations deliver the asymptotic expansionof the m + 1st derivative in (30)
which, �nally , we useto obtain the corresponding expansionfor � m+1 ;slow

n . To this end, we
simply note that the latter is related to the (now, known) boundary valuesthrough a single-
layer representation as in (28) (with m replacedby m + 1), which we can view asan integral
equation for the density � m+1 ;slow

n that canbe solved with the high-frequencymethod of x2.2.

4. Numerical results

*** THERE IS AN OBVIOUS EXPERIMENT MISSING HERE, RELA TED
TO THE MUL TIPLE SCA TTERING EXAMPLE YOU ARE LOOKING FOR,
NAMEL Y: WE NEED TO SHO W CONVER GENCE IN THE ORDER OF
THE HF EXP ANSIONS! THA T IS, WE NEED SIMILAR TABLES WHERE
THE ORDER OF THE PER TURBA TION IS FIXED (E.G. AT 18) AND WE
INCREASE THE ORDER OF THE HF EXP ANSION, STAR TING WITH
KIR CHHOFF. EVEN IF KIR CHHOFF CONVER GES (E.G. IF THERE IS
NO MUL TIPLE SCA TTERING), AT LEAST HIGHER ORDER IN k WILL
IMPR OVE ON THE A CCURA CY, W ON'T IT? ***

In this section we present numerical results of an application of the method described in
the previous section to the treatment of periodic surfaces.As explained in x3.1 the overall
scheme relies on the iterated evaluation of the slow envelopes � slow

n in (26) and of their
derivativeswhich, in the periodic case,are themselvesperiodic. Thus, in this case,a spectral
approach is particularly well-suited for the numerical realization of the procedureand we
have therefore implemented a schemebasedon representations on equispacedgrids and on
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their dual Fourier expansions. For the repeated application of the high-frequencysolver
of x2.2 (to solve for � slow

n at each order, and to evaluate their spatial derivatives) we have
followed the prescriptions delineatedin [18] for the stable manipulation of \T aylor-Fourier
series".

For the results that follow we have consideredscattering problems for the pro�les (see
Figure 1)

*** FOR CONSISTENCY h1 ! 2h1? ***

S(i )
1 (x) = S(i )

0 (x) + h1 cos(50� x) = Si
0(x) + F1(x); i = 1; 2; 3 (32)

and for the pro�les

S(i )
2 (x) = S(i )

0 + h1 cos(100� x) = S(i )
0 (x) + F2(x); i = 1; 2; 3 (33)

wherethe functions S(i )
0 are de�ned as

S(1)
0 (x) =

h
2

cos(2� x)

S(2)
0 (x) =

h
2

(cos(2� x) + cos(4� x))

S(3)
0 (x) =

h
2

(� cos(2� x) + 0:35cos(4� x) � 0:035cos(6� x))

so that the pro�les can be consideredto be periodic with period d = 1.

The �rst set of results, in Tables1{3, consistof scattering experiments for the pro�les (32)
under normal incidencewith wavelength � = 0:00204and a comparableheight h = 0:001.
The small scalefeatureshereare of the form (19) with M = 1 and 
 1 = 0:051,and their size
wasset to h1 = 0:0004. The tablesdisplay the relative errors incurred by our approximation
schemein computing the energyer scatteredin somerepresentativ e directions (0 � r � 5);
the r -th order \e�ciency" er is de�ned as [53]

er =
jB r j2� r

�

whereB r is the amplitude of the wave scatteredin the direction

(� r ; � r ) = (� + (2� =d)r;
p

k2 � � 2
r ) = (k cos(� r ); k cos(� r )) ; (34)
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Figure 1. Pro�les for the examplesof application of the multi-scale solver. Top: smooth
component of the surfaces.Middle and Bottom: composite surfaces.

that is,

u(x) =
1X

r = �1

B r exp(i� r x1 + i� r x2) for x2 > S(i )
j (x1):
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Table 1. Results for the pro�le (32), i = 1, with h = 0:001, h1 = 0:0004, � = 0:00204,
� = 0o, � = 1:8e � 10.

E�ciency Scatteredenergy Order 0 Order 3 Order 7 Order 11 Order 18
0 0.7125785050439515e-041.14e+03 3.04e+02 6.70e-01 1.54e-03 3.25e-10
1 0.8302078889595598e-041.15e+03 3.04e+02 6.70e-01 1.53e-03 1.28e-10
2 0.2060899176821211e-031.15e+03 3.04e+02 6.71e-01 1.54e-03 1.30e-10
3 0.9084840392300477e-041.15e+03 3.05e+02 6.71e-01 1.53e-03 5.05e-10
4 0.1775672463729350e-041.14e+03 3.05e+02 6.70e-01 1.54e-03 1.06e-09
5 0.2005842496375083e-051.15e+03 3.05e+02 6.71e-01 1.53e-03 1.80e-09

Each table caption also includesthe value of the defect in energybalance

� = j1 �
X

r propagating

er j;

incurred at the last displayed order of summation, which can be interpreted as providing a
certain measureof the accuracyof the remaining propagating modes(i.e. those for which
k2 � � 2

r ) that are not displayed.

The tables show the errors that arise on using approximations to (3) obtained by retaining
1; 4; 8; 12 and 19 terms in the expansioncomputed from (20) as described in x3.1. At each
stageof the recursionthe expansion(27) of (the slow envelopesof) the boundary data (22)
wasapproximated by retaining only 6 terms. *** IS THIS CORRECT? More precisely ,
at the n-th stage of the recurrence, the series in k � 1 were tak en from � n to 6 � n
for the calculation of uslow

n;p1;��� ;p2M
, from � m � n to 6� m � n for uslow

n;m;p 1;��� ;p2M
, and from

� 1� n to 5� n for � slow
n ; the decision to e�ect the truncation at these orders stems

from extensiv e exp erimen tation, whic h suggests that (here, and in the examples
that follo w) the use of higher order expansions translates in to only minimal
accuracy gains. *** . The errors were calculated using a referencesolution obtained
from an application of the high-order perturbative method of x2.1 to the solution of the full
problem (that is, with S(i )

0 replacedby S(i )
1 ) which, in this case,can be shown to provide

answerswith doubleprecisionaccuracy. *** IS THIS CORRECT? *** The tablesclearly
show the bene�cial e�ect of high-order approximations. In fact, the relative large sizeof the
small-scaleperturbations, which here reach 80% of the height of the underlying long-scale
surfaces,result in low-order approximations with no accuracyat all.

Similar resultscanbe obtained for the moreoscillatory pro�les (33), even if the amplitude of
the rapidly oscillatory component of the surfaceis decreasedto h1 = 0:0002(seeFigure 1).
In tables 4-6 we present results corresponding to each of the three instancesof this type of
surface,illuminated at a higher frequency(� = 0:00102)so as to retain the samevalue for
the ratio h1=� and for 
 1 = 0:051as in the previousexamples.



High-order solutions for surfaces with composite roughness 20

Table 2. Results for the pro�le (32), i = 2, with h = 0:001, h1 = 0:0004, � = 0:00204,
� = 0o, � = 3:9e � 10.

E�ciency Scatteredenergy Order 0 Order 3 Order 7 Order 11 Order 18
0 0.7703719607123411e-041.14e+03 3.04e+02 6.70e-01 1.54e-03 3.37e-10
1 0.2085591998781614e-051.15e+03 3.04e+02 6.69e-01 1.53e-03 3.74e-09
2 0.1330672394083418e-031.14e+03 3.04e+02 6.70e-01 1.54e-03 2.42e-10
3 0.4201899407415448e-041.15e+03 3.05e+02 6.71e-01 1.54e-03 3.12e-09
4 0.1226934955328155e-041.14e+03 3.03e+02 6.68e-01 1.53e-03 1.41e-09
5 0.7292080782334352e-041.14e+03 3.03e+02 6.69e-01 1.53e-03 2.30e-09

Table 3. Results for the pro�le (32), i = 3, with h = 0:001, h1 = 0:0004, � = 0:00204,
� = 0o, � = 3:8e � 10.

E�ciency Scatteredenergy Order 0 Order 3 Order 7 Order 11 Order 18
0 0.2321315509610210e-031.15e+03 3.04e+02 6.70e-01 1.54e-03 3.25e-10
1 0.5614717586397124e-041.14e+03 3.04e+02 6.70e-01 1.53e-03 1.01e-10
2 0.8281482315464451e-041.15e+03 3.04e+02 6.71e-01 1.54e-03 6.14e-10
3 0.9098525464968133e-041.15e+03 3.05e+02 6.71e-01 1.53e-03 2.88e-10
4 0.5586539410176244e-041.15e+03 3.04e+02 6.71e-01 1.54e-03 4.04e-10
5 0.2326632299430769e-041.15e+03 3.05e+02 6.71e-01 1.54e-03 1.38e-09

Table 4. Results for the pro�le (33), i = 1, with h = 0:001, h1 = 0:0002, � = 0:00102,
� = 0o, � = 3:9e � 10.

E�ciency Scatteredenergy Order 0 Order 3 Order 7 Order 11 Order 18
0 0.3220194019274500e-041.15e+03 3.04e+02 6.70e-01 1.53e-03 2.99e-10
1 0.5117382229887928e-041.14e+03 3.05e+02 6.47e-01 1.54e-03 2.39e-10
2 0.6395079226503710e-041.16e+03 3.04e+02 6.71e-01 1.54e-03 3.75e-10
3 0.3843679338877258e-051.15e+03 3.04e+02 6.70e-01 1.58e-03 7.25e-10
4 0.9811658223497998e-041.14e+03 3.05e+02 6.48e-01 1.51e-03 1.44e-10
5 0.1188681563981649e-031.14e+03 3.04e+02 6.70e-01 1.60e-03 2.97e-10

Table 5. Results for the pro�le (33), i = 2, with h = 0:001, h1 = 0:0002, � = 0:00102,
� = 0o, � = 4:8e � 10.

E�ciency Scatteredenergy Order 0 Order 3 Order 7 Order 11 Order 18
0 0.6921078334453966e-041.15e+03 3.04e+02 6.70e-01 1.54e-03 8.59e-09
1 0.4081769864172771e-051.14e+03 3.05e+02 6.70e-01 1.54e-03 2.08e-07
2 0.1584856041118052e-041.14e+03 3.04e+02 6.70e-01 1.53e-03 1.62e-07
3 0.5751503076918858e-051.14e+03 3.04e+02 6.70e-01 1.64e-03 8.24e-08
4 0.5766846771318473e-041.14e+03 3.04e+02 6.70e-01 1.53e-03 3.08e-08
5 0.3564528238052267e-041.14e+03 3.04e+02 6.70e-01 1.54e-03 3.79e-09
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Table 6. Results for the pro�le (33), i = 3, with h = 0:001, h1 = 0:0002, � = 0:00102,
� = 0o, � = 5:8e � 10.

E�ciency Scatteredenergy Order 0 Order 3 Order 7 Order 11 Order 18
0 0.1723266914079195e-031.14e+03 3.04e+02 6.70e-01 1.52e-03 1.52e-10
1 0.5118549971262311e-041.15e+03 3.04e+02 6.70e-01 1.54e-03 3.38e-10
2 0.6144808283856077e-041.14e+03 3.05e+02 6.71e-01 1.55e-03 3.87e-10
3 0.2860834316644127e-041.14e+03 3.04e+02 6.70e-01 1.64e-03 3.76e-10
4 0.2267246175277595e-051.14e+03 3.04e+02 6.69e-01 1.54e-03 1.62e-09
5 0.1690514661574384e-041.14e+03 3.04e+02 6.70e-01 1.65e-03 1.22e-09

Table 7. Results for the pro�le (32), i = 1, with h = 0:001, h1 = 0:0002, � = 0:00102,
� = 30o, � = 1:9e � 11.

E�ciency Scatteredenergy Order 0 Order 3 Order 7 Order 11 Order 18
0 0.8885549833399981e-044.48e+01 1.31e-01 3.72e-02 5.53e-05 4.50e-13
1 0.2630310908320908e-024.45e+01 1.46e-01 3.70e-02 5.49e-05 3.89e-12
2 0.9270391685422687e-044.42e+01 1.60e-01 3.68e-02 5.45e-05 5.33e-11
3 0.1970560010679330e-024.40e+01 1.74e-01 3.66e-02 5.41e-05 1.16e-11
4 0.3565510968529941e-024.37e+01 1.88e-01 3.64e-02 5.38e-05 9.28e-13
5 0.2041506981776900e-024.35e+01 2.02e-01 3.62e-02 5.34e-05 8.09e-12

The next set of results, in tables 7{12, concernscattering experiments for the six pro�les
under oblique incidence,� = 30o. Here, the sizeof the fast oscillations and the wavelength
werechosensoas to maintain the samelevel of roughnessas in the previousexperiments as
measuredby the Rayleighparameterh1 cos� =� . Again, the referencesolutionswereproduced
by direct implementations of the method of variations of boundariesof x2.1 whenever this
could be trusted to producevery accurateresults. This was actually the casefor every one
of these experiments except for those in Tables 11 and 12; for these the accuracy that is
attainable with a direct application of this procedurecannot exceedsingle precision. This
is due to the increasedcomplexity of these latter con�gurations, which can translate into
cancellationerrors within numerical proceduresbasedsolelyon shape deformation [?, ?]. In
fact, the complexnature of thesegeometricalarrangements, coupled to the high frequency
of oscillation of the incident radiation, presents signi�cant challengesfor every alternative
state-of-the-art solver (e.g. that in [2], with which we compareother results below), and
it renders these unable to resolve the problem in practical computational times. For this
reasonthe errorspresented in Tables11and 12werecomputedin relation to a highly resolved
solution (Order 18) as producedby the current multi-scale method. In the latter case,and
for comparison,we also include in Table 13 the errors obtained when comparedto a direct
solution via boundary variations (cf. x2.1) which, in this case,can be only guaranteed to
possess7 digits of accuracy.
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Table 8. Results for the pro�le (32), i = 2, with h = 0:001, h1 = 0:0002, � = 0:00102,
� = 30o, � = 7:2e � 11.

E�ciency Scatteredenergy Order 0 Order 3 Order 7 Order 11 Order 18
0 0.2196490278049946e-033.98e+01 3.03e-01 3.53e-02 5.24e-05 2.08e-10
1 0.5082460374969916e-034.77e+01 3.07e-02 3.82e-02 5.68e-05 1.53e-09
2 0.1421290694952387e-024.20e+01 2.38e-01 3.60e-02 5.32e-05 4.70e-10
3 0.3629288948636560e-035.05e+01 7.65e-02 3.88e-02 5.74e-05 1.79e-09
4 0.2524857334133189e-036.63e+01 7.09e-01 4.35e-02 6.46e-05 1.76e-09
5 0.3386699737820342e-023.63e+01 4.26e-01 3.32e-02 4.88e-05 2.94e-10

Table 9. Results for the pro�le (32), i = 3, with h = 0:001, h1 = 0:0002, � = 0:00102,
� = 30o, � = 1:9e � 11.

E�ciency Scatteredenergy Order 0 Order 3 Order 7 Order 11 Order 18
0 0.1999444889329398e-024.48e+01 1.32e-01 3.73e-02 5.53e-05 1.40e-11
1 0.3482870139291976e-024.45e+01 1.46e-01 3.71e-02 5.49e-05 1.95e-12
2 0.9312287660659891e-034.43e+01 1.60e-01 3.69e-02 5.46e-05 1.40e-11
3 0.4426354000069988e-044.40e+01 1.75e-01 3.67e-02 5.42e-05 2.01e-10
4 0.5340069488986556e-034.38e+01 1.89e-01 3.65e-02 5.38e-05 5.20e-11
5 0.1410308180715168e-024.35e+01 2.03e-01 3.63e-02 5.34e-05 3.24e-11

Table 10. Results for the pro�le (33), i = 1, with h = 0:001, h1 = 0:0001, � = 0:00051,
� = 30o, � = 1:9e � 11.

E�ciency Scatteredenergy Order 0 Order 3 Order 7 Order 11 Order 18
0 0.1057625632013217e-024.48e+01 1.31e-01 3.73e-02 5.53e-05 2.06e-10
1 0.2930030362936720e-034.46e+01 1.39e-01 3.72e-02 5.51e-05 9.96e-10
2 0.8684902826984089e-034.45e+01 1.46e-01 3.70e-02 5.49e-05 1.24e-09
3 0.7916708314714082e-034.44e+01 1.53e-01 3.69e-02 5.47e-05 4.74e-10
4 0.1904719643869867e-034.43e+01 1.60e-01 3.68e-02 5.45e-05 2.79e-09
5 0.1486308594726963e-024.41e+01 1.67e-01 3.67e-02 5.44e-05 4.51e-10

Table 11. Results for the pro�le (33), i = 2, with h = 0:001, h1 = 0:0001, � = 0:00051,
� = 30o, � = 1:9e � 11.

E�ciency Scatteredenergy Order 0 Order 3 Order 7 Order 11 Order 17
0 0.4516187423114953e-034.48e+01 1.32e-01 3.73e-02 5.53e-05 3.28e-10
1 0.2027235633240862e-034.47e+01 1.37e-01 3.71e-02 5.52e-05 3.27e-10
2 0.2279372386925942e-034.45e+01 1.48e-01 3.70e-02 5.49e-05 3.25e-10
3 0.7643647924649606e-034.44e+01 1.53e-01 3.69e-02 5.47e-05 3.24e-10
4 0.2582220221076261e-034.43e+01 1.59e-01 3.68e-02 5.46e-05 3.22e-10
5 0.4690562318953122e-034.42e+01 1.67e-01 3.67e-02 5.44e-05 3.21e-10
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Table 12. Results for the pro�le (33), i = 3, with h = 0:001, h1 = 0:0001, � = 0:00051,
� = 30o, � = 6:3e � 11. Errors computed with respect to a highly resolved solution (Order
18) obtained with the present scheme.

E�ciency Scatteredenergy Order 0 Order 3 Order 7 Order 11 Order 17
0 0.2024725121616445e-024.48e+01 1.31e-01 3.72e-02 5.53e-05 3.28e-10
1 0.2558417218609767e-024.46e+01 1.38e-01 3.71e-02 5.51e-05 3.27e-10
2 0.2078244901063298e-034.45e+01 1.46e-01 3.70e-02 5.50e-05 3.25e-10
3 0.4709095153227742e-034.44e+01 1.53e-01 3.69e-02 5.47e-05 3.24e-10
4 0.7539238536010719e-034.42e+01 1.60e-01 3.68e-02 5.46e-05 3.22e-10
5 0.1366988401673538e-034.41e+01 1.67e-01 3.67e-02 5.44e-05 3.21e-10

Table 13. Results for the pro�le (33), i = 3, with h = 0:001, h1 = 0:0001, � = 0:00051,
� = 30o, � = 6:3e � 11. Errors computed with respect to a solution obtained from a direct
application of the method of variation of boundariesof x2.1.

E�ciency Scatteredenergy Order 0 Order 3 Order 7 Order 11 Order 18
0 0.20247256e-02 4.48e+01 1.31e-01 3.72e-02 5.56e-05 2.79e-07
1 0.25584178e-02 4.46e+01 1.38e-01 3.71e-02 5.53e-05 2.49e-07
2 0.20782455e-03 4.45e+01 1.46e-01 3.70e-02 5.52e-05 3.34e-07
3 0.47090996e-03 4.44e+01 1.53e-01 3.69e-02 5.57e-05 9.52e-07
4 0.75392400e-03 4.42e+01 1.60e-01 3.68e-02 5.47e-05 1.95e-07
5 0.13669892e-03 4.41e+01 1.67e-01 3.67e-02 5.49e-05 5.85e-07

In tables 14{16 we present results for more complexpro�les, namely

S(i )
3 (x) = S(i )

0 + h1(cos(50� x) + cos(100� x)) = S(i )
0 (x) + F3(x); i = 1; 2; 3:(35)

whereinthe high-frequencycomponent contains morethan onescale.The resultscorrespond
to h = 0:001,h1 = 0:0001,� = 0:00102and M = 2, 
 1 = 0:0255and 
 2 = 0:0510in (19); the
referencesolution is again that provided by direct application of the high-orderperturbative
method described in x2.1. Again here we seethat high-order expansionsare necessaryto
attain accuratesolutions.

The last set of tables, tables 17{19, correspond to exampleswherethe height-to-wavelength
ratio h=� is signi�cantly increasedwith respect to the previouscases.Speci�cally, weconsider
the pro�les (32) wherethe parametersh aretaken to be thosefrom the examplesin [18]. The
wavelength is �xed at � = 0:00204,resulting in height-to-wavelengthratios of approximately
12:25,4:9 and 9:8 for i = 1; 2 and 3, respectively; the height of the rapidly oscillatory function
F1 is h1 = 0:0004,and the incidenceis normal. Thesecon�gurations lie outsideof the domain
wheresolutionsbasedon direct application of the method of x2.1areaccurate,and therefore
our referencesolutions were produced with an alternative approach. This recently derived
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Table 14. Results for the pro�le (35) with i = 1, h = 0:001, h1 = 0:0001, � = 0:00102,
� = 0o, � = 1:7e � 08.

E�ciency Scatteredenergy Order 0 Order 3 Order 6 Order 9 Order 12
0 0.7809673857438551e-023.73e+00 4.65e-01 2.54e-02 6.32e-04 3.02e-06
1 0.1241103893438373e-013.73e+00 4.65e-01 2.54e-02 6.32e-04 3.02e-06
2 0.1551086664560946e-013.73e+00 4.65e-01 2.54e-02 6.33e-04 3.02e-06
3 0.9323641198672753e-033.73e+00 4.65e-01 2.54e-02 6.33e-04 3.03e-06
4 0.2380403565078734e-013.73e+00 4.65e-01 2.54e-02 6.32e-04 3.01e-06
5 0.2884446608927802e-013.73e+00 4.65e-01 2.54e-02 6.32e-04 3.03e-06

Table 15. Results for the pro�le (35) with i = 2, h = 0:001, h1 = 0:0001, � = 0:00102,
� = 0o, � = 2:4e � 08.

E�ciency Scatteredenergy Order 0 Order 3 Order 6 Order 9 Order 12
0 0.1620350090640221e-013.90e+00 4.85e-01 2.58e-02 6.81e-04 1.50e-05
1 0.9807023136707068e-033.78e+00 3.70e-01 2.95e-02 5.20e-04 3.84e-05
2 0.3593958390013861e-024.06e+00 5.30e-01 2.49e-02 6.97e-04 6.50e-05
3 0.1914610747999278e-022.45e+00 3.50e-01 1.86e-02 4.04e-04 1.98e-05
4 0.1578480386178771e-013.19e+00 3.77e-01 2.45e-02 4.65e-04 5.07e-05
5 0.1052572875412128e-012.89e+00 5.78e-01 1.21e-02 6.93e-04 2.42e-05

Table 16. Results for the pro�le (35) with i = 3, h = 0:001, h1 = 0:00011, � = 0:00102,
� = 0o,� = 1:8e � 08.

E�ciency Scatteredenergy Order 0 Order 3 Order 6 Order 9 Order 12
0 0.4179247717389074e-013.73e+00 4.65e-01 2.54e-02 6.35e-04 2.51e-05
1 0.1241412009345886e-013.73e+00 4.65e-01 2.54e-02 6.33e-04 2.65e-05
2 0.1490315383075556e-013.73e+00 4.65e-01 2.54e-02 6.24e-04 3.56e-05
3 0.6941016570048612e-023.73e+00 4.65e-01 2.53e-02 6.31e-04 2.84e-05
4 0.5494977435238026e-033.74e+00 4.64e-01 2.54e-02 6.73e-04 1.44e-05
5 0.4109507007508514e-023.72e+00 4.66e-01 2.53e-02 6.02e-04 5.75e-05
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Table 17. Results for the pro�le (32), i = 1, with h = 0:025, h1 = 0:0004, � = 0:00204,
� = 0o, � = 3:5e � 09.

E�ciency Scatteredenergy Order 0 Order 3 Order 7 Order 11 Order 17
0 0.7318582656363349e-045.22e+01 2.45e+02 5.06e-01 1.10e-03 1.53e-08
1 0.7367172206066630e-023.99e-01 2.14e-01 8.87e-03 2.85e-05 9.38e-09
2 0.1402077277268780e-017.37e-01 5.42e-01 9.72e-03 2.53e-05 1.73e-09
3 0.1875966512975140e-021.58e+00 6.62e+00 6.63e-02 1.73e-04 2.25e-08
4 0.9770168586492420e-032.13e+00 8.63e-01 5.67e-03 6.49e-06 1.37e-08
5 0.4898861375663570e-021.58e-01 3.82e+00 4.88e-02 1.32e-04 7.13e-09

Table 18. Results for the pro�le (32), i = 2, with h = 0:01, h1 = 0:0004, � = 0:00204,
� = 0o, � = 3:6e � 09.

E�ciency Scatteredenergy Order 0 Order 3 Order 7 Order 11 Order 17
0 0.7177866272135938e-028.13e-01 5.61e-01 1.46e-02 4.44e-05 5.50e-09
1 0.7380037563008497e-028.64e-01 7.63e-02 5.43e-03 1.79e-05 4.34e-09
2 0.6452135098915328e-022.61e-01 1.21e+00 1.20e-02 3.98e-05 1.09e-08
3 0.4915495200946559e-031.54e+01 9.15e-01 1.82e-02 6.35e-05 9.90e-09
4 0.2250692885973962e-032.76e+01 8.80e+00 5.90e-03 1.81e-05 1.03e-08
5 0.2594523160923045e-024.43e-01 1.21e+00 1.33e-02 3.33e-05 1.41e-08

approach [2] is basedon a novel procedurefor the fast and accuratesolution of the integral
equation formulation of the scattering problem (1); the scheme relies on techniques that
acceleratethe (slow) convergenceof the periodized Green'sfunction while still allowing for
its accuratecomputation, and on high-order quadrature rules that are well-adapted to the
evaluation of the resulting integrals. The comparisonwith this method, which is perhaps
the most advancedrigoroussolver that hasbeendeveloped to date, highlights the bene�ts of
our proposedstrategy for the treatment of multi-scale surfaces.Indeed,even in theserather
moderate examples,the computational times of a most straightforward implementation of
our new procedureentail only a small fraction (of approximately 1=56) of that necessaryto
producecomparablyaccuratesolutionswith the methodology of [2].

Finally, in Figure 2 we further exemplify the multi-scale e�ects in the solution of the
scattering problems (1). The �gure displays the far-�eld data for the con�gurations of
tables 17{19 (grey outer curves) together with that corresponding to the samearrangement
but with the multi-scalepro�les replacedby their low-frequency, smooth components Si

0; i =
1; 2; 3 (black inner curves; cf. Figure 1(a)-(c)). More precisely, the �gure shows the polar
plots of the e�ciencies er corresponding to the propagating directions � r = tan� 1(� r =� r )
(cf. (34)), and it demonstratesthat the small-scalecomponent of the surfacestranslate
preciselyinto signi�cantly more di�use scattering crosssections.
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Table 19. Results for the pro�le (32), i = 3, with h = 0:02, h1 = 0:0004, � = 0:00204,
� = 0o, � = 9:2e � 08.

E�ciency Scatteredenergy Order 0 Order 3 Order 7 Order 11 Order 17
0 0.3546428035456250e-021.99e+01 6.03e+00 4.82e-02 1.28e-04 2.95e-09
1 0.4028515289161730e-021.09e+01 5.89e+00 4.71e-02 1.23e-04 1.35e-08
2 0.3891251974368090e-026.94e+00 5.87e-01 3.45e-02 8.06e-05 8.24e-09
3 0.1914080223760730e-023.20e+00 1.62e-01 4.00e-02 1.08e-04 1.29e-09
4 0.1808123980030230e-029.93e-01 1.01e-01 8.70e-03 3.05e-05 3.28e-08
5 0.5935632599128700e-025.78e-02 6.59e-01 1.48e-02 3.48e-05 2.33e-08
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Figure 2. Polar plots of the e�ciencies corresponding to the propagating modes: the inner
contours correspond to the distributions of the scatteredenergyfor the unperturb ed pro�les
S( i )

0 , and the outer curvesto that for the multi-scale pro�les S( i )
0 + F1 for the con�gurations

in tables 17{19.

5. Conclusions

In conclusion,we have derived, implemented and exempli�ed the performanceof a novel
schemefor the numerical solution of scattering problemso� surfacesthat display multiple-
scalecharacteristics. The procedurecan be interpreted as providing a high-order version
of the classicaltwo-scalemethod [11,13] in both the order of the perturbation and of the
high-frequencyasymptotic expansions.We have shown that this new approach can provide
very accurate solutions in instanceswhere the standard low-order versionsfail and, thus,
that it greatly expandson their domain of applicability. Moreover, we have further shown
that the high-order nature of the approach allows for calculations in a regimethat overlaps
that wherestate-of-the-art direct solvers(e.g. basedon integral equations[2]) are applicable
and that, in this case,the current procedurecan deliver quality solutions in a small fraction
of the time necessaryto producesimilar results with theseadvancedalgorithms.
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