
KAZHDAN-LUSZTIG IMMANANTS AND PRODUCTS OFMATRIX MINORSBRENDON RHOADES AND MARK SKANDERAAbstra
t. We de�ne a family of polynomials of the formP f(�)x1;�(1) � � �xn;�(n)in terms of the Kazhdan-Lusztig basis fC 0w(1) jw 2 Sng for the symmetri
 groupalgebra C [Sn ℄. Using this family, we obtain nonnegativity properties of polynomialsof the form P 
I;I0�I;I0(x)�I;I0(x). In parti
ular, we show that the appli
ation of
ertain of these polynomials to Ja
obi-Trudi matri
es yields symmetri
 fun
tionswhi
h are equal to nonnegative linear 
ombinations of S
hur fun
tions.
1. Introdu
tionSin
e its introdu
tion in [22℄, the Kazhdan-Lusztig basis fC 0w(q) jw 2 Sng of theHe
ke algebra Hn(q) has found many appli
ations related to algebrai
 geometry, 
om-binatori
s, and Lie theory. One su
h appli
ation, due to Haiman [18℄, 
lari�es threenonnegativity properties of 
ertain polynomials whi
h arise in the representation the-ory of Hn(q). Years later, two of these nonnegativity properties were observed in afamily of polynomials whi
h arose in the study of inequalities satis�ed by minors oftotally nonnegative matri
es [9, 32℄. Building upon the arguments of Haiman [18℄,we will show that this family posesses the third nonnegativity property as well.The nonnegativity properties are as follows. Let x = (xij) be a generi
 squarematrix. For ea
h pair (I; I 0) of subsets of [n℄ = f1; : : : ; ng, de�ne �I;I0(x) to be the(I; I 0) minor of x, i.e., the determinant of the submatrix of x 
orresponding to rowsI and 
olumns I 0. A real matrix is 
alled totally nonnegative (TNN) if ea
h of itsminors is nonnegative. A polynomial p(x) = p(x1;1; : : : ; xn;n) in n2 variables is 
alledtotally nonnegative if for every TNN matrix A, the numberp(A) =def p(a1;1; : : : ; an;n)is nonnegative. Mu
h 
urrent work in total nonnegativity is motivated by problemsin quantum Lie theory. (See e.g. [12, 28, 41℄.)Other work in quantum Lie theory and the strong 
onne
tion between total non-negativity and symmetri
 fun
tions lead to more nonnegativity properties. SomewhatDate: O
tober 18, 2005. 1



2 BRENDON RHOADES AND MARK SKANDERAanalogous to TNN matri
es are Ja
obi-Trudi matri
es A = (h�i��j+j�i)ni;j=1, whoseentries are homogeneous symmetri
 fun
tions. By 
onvention we de�ne hm = 0 form < 0. (See [31, 35℄ for information on Ja
obi-Trudi matri
es, and [14℄ for 
onne
-tions to total nonnegativity.) We will 
all the polynomial p(x) S
hur nonnegative(SNN) if for every n � n Ja
obi-Trudi matrix A, the symmetri
 fun
tion p(A) isequal to a nonnegative linear 
ombination of S
hur fun
tions. We will also 
all su
ha symmetri
 fun
tion S
hur nonnegative. Mu
h 
urrent work in S
hur nonnegativityis motivated by problems 
on
erning the 
ohomology ring of the Grassmannian va-riety. (See e.g. [11℄.) In analogy to S
hur nonnegativity, we will 
all p(x) monomialnonnegative (MNN) if for every n � n Ja
obi-Trudi matrix A, p(A) is equal to anonnegative linear 
ombination of monomial symmetri
 fun
tions. We will also 
allsu
h a symmetri
 fun
tion monomial nonnegative. Sin
e ea
h S
hur fun
tion is itselfmonomial nonnegative, any SNN polynomial must also be MNN.Some nontrivial 
lasses of polynomials possessing the TNN, SNN and MNN proper-ties are 
ontained in the 
omplex span of the monomials fx1;w(1) � � �xn;w(n) jw 2 Sng.We will 
all su
h polynomials immanants. In parti
ular, for every fun
tion f : Sn ! Cwe de�ne the f -immanant (as in [36, Se
. 3℄) byImmf(x) =def Xw2Sn f(w)x1;w(1) � � �xn;w(n):Some familiar immanants are those of the form Imm��(x), where �� is an irredu
ible
hara
ter of Sn. Goulden and Ja
kson 
onje
tured [16℄ and Greene proved [17℄ theseimmanants to be MNN. Stembridge then 
onje
tured [39℄ these immanants to beTNN and SNN, and he [38℄ and Haiman [18℄ proved these two 
onje
tures. (See[18, 19, 37, 38, 39℄ for related 
onje
tures and results.) Other immanants of the form(1.1) �J;J 0(x)�J;J 0(x)��I;I0(x)�I;I0(x)
hara
terize the inequalities satis�ed by produ
ts of two minors of TNN matri
es.(Equivalently, these 
hara
terize the inequalities satis�ed by produ
ts of two entriesof the exterior power representation of TNN elements of GLn(C ).) Fallat, Gekhtmanand Johnson 
hara
terized [9℄ the TNN immanants of the form (1.1), in the prin
ipalminor 
ase (I = I 0, et
.) A 
hara
terization of the general 
ase followed in [32℄, asdid a proof that all su
h TNN immanants are MNN. More TNN, SNN and MNNimmanants related to the Temperley-Lieb algebra and Bruhat order were studied in[7, 8, 30℄.In Se
tion 2 we de�ne a family of immanants in terms of the Kazhdan-Lusztig basisof C [Sn ℄ and dis
uss its nonnegativity properties. We then show in Se
tions 3-5 thatthe Kazhdan-Lusztig immanants unify all 
lasses of TNN immanants mentioned in theprevious paragraph. In parti
ular, we prove that the immanants (1.1) are SNN, andapply this fa
t to problems 
on
erning S
hur fun
tions in Se
tion 5. In Se
tions 6-7



KAZHDAN-LUSZTIG IMMANANTS 3we 
onsider determinant-like properties of the Kazhdan-Lusztig immanants and someopen problems related to 
ones.2. Kazhdan-Lusztig immanants and their nonnegativity propertiesLet q be a formal parameter and de�ne the He
ke algebraHn(q) to be the C [q1=2 ; q�1=2℄-algebra generated by elements Ts1 ; : : : ; Tsn�1, subje
t to the relationsT 2si = (q � 1)Tsi + q; for i = 1; : : : ; n� 1;TsiTsjTsi = TsjTsiTsj ; if ji� jj = 1;TsiTsj = TsjTsi; if ji� jj � 2:For ea
h permutation w we de�ne the He
ke algebra element Tw byTw = Tsi1 � � �Tsi` :where si1 � � � si` is any redu
ed expression for w. Spe
ializing at q = 1 gives thesymmetri
 group algebra C [Sn ℄.The elements fC 0v(q) j v 2 Sng of the Kazhdan-Lusztig basis of Hn(q) have the form(2.1) C 0v(q) =Xu�v Pu;v(q)q�`(v)=2Tu;where the 
omparison of permutations is in the Bruhat order, andfPu;v(q) j u; v 2 Sngare 
ertain polynomials in q, known as the Kazhdan-Lusztig polynomials [22℄. Solvingthe equations (2.1) for Tv, we have(2.2) Tv =Xu�v(�1)`(v)�`(u)Pw0v;w0u(q)q`(u)=2C 0u(q);where w0 is the longest permutation in Sn [22, Thm. 3.1℄.For ea
h permutation v in Sn de�ne the fun
tion fv : Sn ! C byfv(w) = (�1)`(w)�`(v)Pw0w;w0v(1):Extending these fun
tions linearly to C [Sn ℄, we see that they are dual to the Kazhdan-Lusztig basis in the sense that(2.3) fv(C 0w(1)) = Æv;w:We will denote the fv-immanant by(2.4) Immv(x) =defXw�v fv(w)x1;w(1) � � �xn;w(n);and will 
all these immanants the Kazhdan-Lusztig immanants. In the 
ase that v isthe identity permutation, we obtain the determinant. Kazhdan-Lusztig immanants



4 BRENDON RHOADES AND MARK SKANDERAbelong to the dual 
anoni
al basis of O(GLnC ) and play a fundamental role in thedes
ription of all the (in�nitely many) elements of this basis. Details will appear in[33℄.Results in [18, 38℄ imply that the Kazhdan-Lusztig immanants are TNN and SNN.To summarize these impli
ations in Propositions 2.1-2.3, we shall 
onsider the follow-ing elements of Hn(q). Given indi
es 1 � i � j � n, de�ne z[i;j℄ to be the elementof Hn(q) whi
h is the sum of elements Tw 
orresponding to permutations w in theparaboli
 subgroup of Sn generated by si; : : : ; sj�1.Proposition 2.1. Let z be an element of Hn(q) of the form(2.5) z = z[i1;j1℄ � � � z[ir;jr℄:Then we have z = Xw2Sn pz;w(q)C 0w(q);where the expressions pz;w(q) are Laurent polynomials in q1=2 with nonnegative 
oeÆ-
ients. In parti
ular, an element of the form (2.5) in C [Sn ℄ is equal to a nonnegativelinear 
ombination of the Kazhdan-Lusztig basis elements fC 0w(1) jw 2 Sng.Proof. Let s[i;j℄ be the longest permutation in the subgroup generated by si; : : : sj�1.Sin
e the one-line notation for s[i;j℄ avoids the patterns 3412 and 4231, one may
ombine a result of Lakshmibai and Sandhya [24℄ with another of Kazhdan andLusztig [23℄ to dedu
e that Pu;s[i;j℄(q) = 1 for all u � s[i;j℄. It follows that we havez[i;j℄ = q`(s[i;j℄)=2C 0s[i;j℄(q):A result of Springer [34℄ implies that for every pair (u; v) of permutations in Sn, wehave C 0u(q)C 0v(q) = Xw2Sn fwu;v(q)C 0w(q);where the expressions fwu;v(q) are Laurent polynomials in q1=2 with nonnegative 
oef-�
ients. (See [18, Appendix℄.) �Proposition 2.2. For ea
h permutation w in Sn, the Kazhdan-Lusztig immanantImmw(x) is totally nonnegative.Proof. For any 
omplex matrix A and any fun
tion f : Sn ! C we haveImmf (A) =Xz 
zf(z);where the sum is over elements z of C [Sn ℄ of the form (2.5), and the 
oeÆ
ients 
zdepend on A. If A is a totally nonnegative matrix, then these 
oeÆ
ients are realand nonnegative. (See, e.g., [30, Lem. 2.5℄, [38, Thm. 2.1℄.)



KAZHDAN-LUSZTIG IMMANANTS 5Let A be a TNN matrix. By Proposition 2.1 we haveImmw(A) =Xz 
zfw(z)=Xz 
zXv pz;v(1)fw(C 0v(1))=Xz 
zpz;w(1)� 0: �The following easy 
onsequen
e of [18, Thm. 1.5℄ implies the S
hur nonnegativity ofthe Kazhdan-Lusztig immanants. Following [18℄, we de�ne a generalized Ja
obi-Trudimatrix to be a �nite matrix whose i; j entry is the homogeneous symmetri
 fun
tionh�i��i, where � = (�1; : : : ; �n) and � = (�1; : : : ; �n) are weakly de
reasing nonnegativesequen
es, and by 
onvention hm = 0 if m is negative. Thus ea
h generalized Ja
obi-Trudi matrix is 
onstru
ted from an ordinary Ja
obi-Trudi matrix by repeating somerows and/or 
olumns.Proposition 2.3. For ea
h permutation w in Sn, and ea
h n�n generalized Ja
obi-Trudi matrix A, the symmetri
 fun
tion Immw(A) is S
hur nonnegative.Proof. By [18, Thm. 1.5℄, we haveXv2Sn a1;v(1) � � �an;v(n)v =Xu gu(A)C 0u(1);where fgu(A) j u 2 Sng are S
hur nonnegative symmetri
 fun
tions whi
h dependupon A. Applying the fun
tion fw to both sides of this equation, we haveImmw(A) =Xu gu(A)fw(C 0u(1))= gw(A): �3. Relation to Temperley-Lieb ImmanantsThe relationship of Kazhdan-Lusztig immanants to irredu
ible 
hara
ter immanants(3.1) Imm��(x) = Xw2Sn ��(w)x1;w(1) � � �xn;w(n)follows easily from [18, Lem. 1.1℄.



6 BRENDON RHOADES AND MARK SKANDERAProposition 3.1. Ea
h irredu
ible 
hara
ter immanant (3.1) is equal to a nonnega-tive linear 
ombination of Kazhdan-Lusztig immanants.Proof. By the duality of Kazhdan-Lusztig immanants and Kazhdan-Lusztig basiselements (2.3), we haveImm��(x) = Xw2Sn ��(C 0w(1)) Immw(x):By [18, Lem. 1.1℄, the expression ��(q`(w)=2C 0w(q)) is a polynomial in q with nonnega-tive integer 
oeÆ
ients. Spe
ializing at q = 1 gives the desired result. �Thus the irredu
ible 
hara
ter immannats are TNN and SNN. In order to similarlyprove the S
hur nonnegativity of other immanants in Se
tion 5, we will �rst relatethe Kazhdan-Lusztig immanants to Temperley-Lieb immanants introdu
ed in [30℄.Given a formal parameter �, we de�ne the Temperley-Lieb algebra TLn(�) to bethe C [�℄-algebra generated by elements t1; : : : ; tn�1 subje
t to the relationst2i = �ti; for i = 1; : : : ; n� 1;titjti = ti; if ji� jj = 1;titj = tjti; if ji� jj � 2:The rank of TLn(�) as a C [�℄-module is well known to be 1n+1�2nn �, and a naturalbasis is given by the elements of the form ti1 � � � ti`, where i1 � � � i` is a redu
ed wordfor a 321-avoiding permutation in Sn. (A permutation w is said to be 321-avoiding ifthere are no indi
es i < j < k for whi
h we have w(i) > w(j) > w(k).) We shall 
allthese elements the standard basis elements of TLn(�), or simply the basis elements ofTLn(�).The Temperley-Lieb algebra may be realized as a quotient of the He
ke algebra byHn(q)=(z[1;3℄) �= TLn(q1=2 + q�1=2);where the element z[1;3℄ of Hn(q) is de�ned as before Proposition 2.1. We will let �qbe the homomorphism Hn(q)! TLn(q1=2 + q�1=2)q�1=2(Tsi + 1) 7! ti:(See e.g. [10℄, [15, Se
. 2.1, Se
. 2.11℄, [40, Se
. 7℄.)Temperley-Lieb immanants are de�ned in terms of the homomorphism �1 as follows.For ea
h basis element � of TLn(2), let f� : Sn ! R be the fun
tion de�ned byf� (v) = 
oeÆ
ient of � in �1(Tv),



KAZHDAN-LUSZTIG IMMANANTS 7and let Imm� (x) = Xw2Sn f� (w)x1;w(1) � � �xn;w(n)be the 
orresponding immanant. By [30, Thm. 3.1℄, the Temperley-Lieb immanantsare TNN. Furthermore, the following result shows that the Temperley-Lieb immanantsare Kazhdan-Lusztig immanants. To prove this, we de�ne for ea
h 321-avoiding per-mutation w in Sn an element Dw(q) of Hn(q) as follows. For any redu
ed word i1 � � � i`for w, de�ne Dw(q) =def q�1=`(Tsi1 + 1) � � � (Tsi` + 1):(This element does not depend upon the parti
ular redu
ed word.) The elementDw(q) satis�es �q(Dw(q)) = ti1 � � � ti`;and it follows that the setf�q(Dw(q)) jw a 321-avoiding permutation gis equal to the standard basis of TLn(q1=2 + q�1=2).Proposition 3.2. Let w be a 321-avoiding permutation and de�ne � = �1(Dw(1)).Then the Temperley-Lieb immanant Imm� (x) is equal to the Kazhdan-Lusztig im-manant Immw(x).Proof. Let v be any permutation in Sn. Then we havev =Xu�v(�1)`(v)�`(u)Pw0v;w0u(1)C 0u(1):The 
oeÆ
ient of x1;v(1) � � �xn;v(n) in Imm� (x) is equal to f� (v), whi
h is the 
oeÆ
ientof � in(3.2) �1(v) =Xu�v(�1)`(v)�`(u)Pw0v;w0u(1)�1(C 0u(1)):A result of Fan and Green [10, Thm. 3.8.2℄ implies that we have�q(C 0w(q)) = (�q(Dw(q)) if w is 321-avoiding;0 otherwise:(See also [3, Thm. 4℄.) We may therefore assume that ea
h permutation u appearingin (3.2) is 321-avoiding, and we may rewrite the sum as�1(v) =Xu�v(�1)`(v)�`(u)Pw0v;w0u(1)�1(Du(1)):The 
oeÆ
ient of � = �1(Dw(1)) in this expression is fw(v), as desired. �



8 BRENDON RHOADES AND MARK SKANDERAThus the Temperley-Lieb immanants are pre
isely the Kazhdan-Lusztig immanants
orresponding to 321-avoiding permutations.4. Relation to the Bruhat orderThe Bruhat order on Sn may be de�ned by setting u � v whenever some (equiv-alently, ea
h) redu
ed expression for v 
ontains a subexpression whi
h is a redu
edexpression for u. (See referen
es of [7, 8℄ for other de�nitions.) Three more de�nitions
on
ern nonnegativity properties of immanants [7, Thm. 2℄, [8, Thm. 2℄.Theorem 4.1. The following 
onditions on two permutations in Sn are equivalent:(1) u � v in the Bruhat order.(2) x1;u(1) � � �xn;u(n) � x1;v(1) � � �xn;v(n) is MNN.(3) x1;u(1) � � �xn;u(n) � x1;v(1) � � �xn;v(n) is SNN.(4) x1;u(1) � � �xn;u(n) � x1;v(1) � � �xn;v(n) is TNN.To relate these de�nitions to the Kazhdan-Lusztig immanants, we o�er one more.Theorem 4.2. We have u � v in the Bruhat order if and only if the immanant(4.1) x1;u(1) � � �xn;u(n) � x1;v(1) � � �xn;v(n)is equal to a nonnegative linear 
ombination of Kazhdan-Lusztig immanants.Proof. Solving the equations (2.4) for the monomials, we havex1;v(1) � � �xn;v(n) =Xw�v Pv;w(1)Immw(x):Thus the 
oeÆ
ient of Immw(x) in (4.1) is Pv;w(1)� Pu;w(1). This is 
learly nonneg-ative whenever u 6� w, so assume that u � w.If v 6� u, then we have Pv;u(1)� Pu;u(1) = �1. Suppose therefore that v � u � w.By a result of Irving [21, Cor. 4℄ (see also [4, Cor. 3.7℄) the polynomial Pv;w(q)�Pu;w(q)has nonnegative integer 
oeÆ
ients. Thus, Pv;w(1)� Pu;w(1) is nonnegative. �5. Appli
ations to Produ
ts of Matrix MinorsStudying inequalities satis�ed by produ
ts of prin
ipal minors of TNN matri
es,Fallat, Gekhtman and Johnson [9, Thm. 4.6℄ 
hara
terized all TNN immanants of theform �J;J(x)�J;J(x)��I;I(x)�I;I(x);(where I = [n℄r I, J = [n℄rJ) and more generally, all TNN polynomials of the form�J;J(x)�L;L(x)��I;I(x)�K;K(x);



KAZHDAN-LUSZTIG IMMANANTS 9where the index sets need not be 
omplementary. This result was generalized furtherin [32, Thm. 3.2℄ to apply to polynomials of the form(5.1) �J;J 0(x)�L;L0(x)��I;I0(x)�K;K0(x);in whi
h the minors need not be prin
ipal, i.e. I need not be equal to I 0. We will showin Theorem 5.2 that 
onditions on the sets I; : : : ; L, I 0; : : : ; L0 whi
h are equivalentto the total nonnegativity of (5.1) are suÆ
ient to imply the S
hur nonnegativity of(5.1). One 
hara
terization of TNN polynomials of this form is the following [32,Thm. 4.2℄. (See also [30, Thm. 5.2, Cor. 5.5℄.)Proposition 5.1. Let I, J , K, L be subsets of [n℄ and let I 0, J 0, K 0, L0 be subsetsof [n0℄, and de�ne the subsets I 00, J 00, K 00, L00 of [n+ n0℄ by(5.2) I 00 = I [ fn+ n0 + 1� i j i 2 K 0g;J 00 = J [ fn+ n0 + 1� i j i 2 L0g;K 00 = K [ fn+ n0 + 1� i j i 2 I 0g;L00 = L [ fn+ n0 + 1� i j i 2 J 0g:Then the polynomial(5.3) �J;J 0(x)�L;L0(x)��I;I0(x)�K;K0(x)is totally nonnegative if and only if the sets I; : : : ; L, I 0; : : : ; L0 satisfy(5.4) I [K = J [ L;I \K = J \ L; I 0 [K 0 = J 0 [ L0;I 0 \K 0 = J 0 \ L0;and for ea
h subinterval B of [n + n0℄ the sets I 00; : : : ; L00 satisfy(5.5) maxfjB \ J 00j; jB \ L00jg � maxfjB \ I 00j; jB \K 00jg:The proof in [32℄ shows that these polynomials are MNN as well. (See [30, Cor. 6.1℄.)The 
hara
terization of these polynomials [32, Cor. 5.5℄ repla
es the equalities (5.2)and the inequalities (5.5) with 
onditions stated in terms of TLn(2). This alternative
hara
terization plays a 
ru
ial role in the proof of the following result.Theorem 5.2. Let I, J , K, L be subsets of [n℄, let I 0, J 0, K 0, L0 be subsets of [n0℄,and suppose that these satisfy the 
onditions of Proposition 5.1. Then the polynomial(5.6) �J;J 0(x)�L;L0(x)��I;I0(x)�K;K0(x)is S
hur nonnegative.Proof. De�ne r = jIj+ jKj, and let k1 � � � � � kr be the nonde
reasing rearrangementof the elements of I andK, in
luding repeated elements. De�ne k01; : : : ; k0r analogously,and let y be the r�r matrix whose i; j entry is the variable xki;k0j . Thus y is the matrixobtained from x by dupli
ating rows whose indi
es belong to I\K and 
olumns whoseindi
es belong to I 0 \K 0.



10 BRENDON RHOADES AND MARK SKANDERABy Proposition 5.1, the polynomial (5.6) is TNN, and by [30, Cor. 5.5℄ we have�J;J 0(x)�L;L0(x)��I;I0(x)�K;K0(x) =X� Imm� (y);where the sum is over a subset of basis elements of TLr(2). By Proposition 3.2 thisis a sum of Kazhdan-Lustig immanants,(5.7) �J;J 0(x)�L;L0(x)��I;I0(x)�K;K0(x) =Xw Immw(y);where the sum is over an appropriate set of 321-avoiding permutations w in Sr.Now let A be an arbitrary n�n0 Ja
obi-Trudi matrix, and let B be the generalizedJa
obi-Trudi matrix whose i; j entry is aki;k0j . Then the evaluation of the left-handside of (5.7) at x = A is equal to the evaluation of the right-hand side at y = B.By Proposition 2.3, the resulting symmetri
 fun
tion on the right-hand side is SNN.Thus the polynomial �J;J 0(x)�L;L0(x)��I;I0(x)�K;K0(x) is SNN. �Of 
ourse it is also true that any linear 
ombination of produ
ts of matrix minorswhi
h 
an be expressed asXi 
i�Ii;I0i(x)�Ki;K0i(x) =Xw dwImmw(y);where y is obtained from x as in the pre
eding proof, is SNN if the 
oeÆents dw areall nonnegative. Theorem 5.2 is a spe
ial 
ase of this. On the other hand, while the
onditions of Proposition 5.1 are suÆ
ient to ensure the S
hur nonnegativity of thepolynomial (5.3), it is not 
lear that they are ne
essary.Question 5.3. Is Proposition 5.1 a 
hara
terization of the S
hur nonnegative di�er-en
es of produ
ts of matrix minors?Theorem 5.2 provides new ma
hinery for proving that 
ertain symmetri
 fun
tionsare SNN. In parti
ular, various spe
ial 
ases of the following question have appearedin the literature.Question 5.4. What 
onditions on the integer partitions �, �, 
, Æ, �, �, �, � implythe S
hur nonnegativity of the symmetri
 fun
tion s�=�s�=� � s
=�sÆ=�?We will provide some simple examples.Proposition 5.5. Given an integer n, de�ne the partitions �, �0 by� = (dn2 e � 1; dn2e � 2; : : : ; 1)�0 = (bn2 
 � 1; bn2
 � 2; : : : ; 1):Let � = (�1; : : : ; �n) be a partition. Then for any k in [n℄ the symmetri
 fun
tions(�1;�3;::: )=�s(�2;�4;::: )=�0 � s(�1;:::;�k)s(�k+1;:::;�n)



KAZHDAN-LUSZTIG IMMANANTS 11is S
hur nonnegative.Proof. Let J be the set of odd integers in [n℄, and let I = [k℄. By Proposition 5.1,the polynomial �J;J(x)�J;J(x)��I;I(x)�I;I(x)is SNN, and its evaluation at the Ja
obi-Trudi matrix (h�i+j�i)ni;j=1 gives the sym-metri
 fun
tion (5.5). �For instan
e, we may 
hoose n = 7, k = 4, � = 5444333 to prove the S
hurnonnegativity of the symmetri
 fun
tions8643=432s653=32 � s5444s333:Proposition 5.6. Let � = (�1; : : : ; �2k) and 
 = (
1; : : : ; 
2k) be partitions and de�ne� = (�1 � 
k; : : : ; �k � 
k);� = (�k+1; : : : ; �2k);� = (�1 + k; : : : ; �k + k);� = (�k+1 � 
k � k; : : : ; �2k � 
k � k);� = (
1 � 
k; : : : ; 
k � 
k);� = (
k+1; : : : ; 
2k):Then the symmetri
 fun
tion(5.8) s�=�s�=� � s�=�s�=�is S
hur nonnegative.Proof. Let n = 2k and let J = [k℄. By Proposition 5.1, the polynomial�J;J(x)�J;J(x)��J;J(x)�J;J(x)is SNN, and its evaluation at the Ja
obi-Trudi matrix H�=� gives the symmetri
fun
tion (5.8). �For instan
e, we may 
hoose k = 3, � = (13; 11; 8; 8; 7; 5), 
 = (3; 2; 1; 1; 1) andapply the above proposition to the Ja
obi-Trudi matrix (h�i�
j+j�i)6i;j=1 to prove theS
hur nonnegativity of the symmetri
 fun
tions(12;10;7)=(2;1)s(8;7;5)=(1;1) � s(16;14;11)=(1;1)s(4;3;1)=(2;1):More answers to Question 5.4 have re
ently been provided by Lam, Postnikov andPylyavskyy [25℄. In parti
ular they have applied Theorem 5.2 to prove 
onje
tures oftheir own [26℄, of Las
oux, Le
ler
 and Thibon [27, Conj. 6.4℄, of Fomin, Fulton, Liand Poon [11, Conj. 2.8℄, of Okounkov [29, p. 269℄, and of Bergeron and M
Namara [2,Conj. 5.2℄. It would be interesting to use these methods to settle [11, Conj. 5.1℄ andthe stronger [1, Conj. 2.9℄.



12 BRENDON RHOADES AND MARK SKANDERA6. Determinant-like properties of Kazhdan-Lusztig immanantsIn the following propositions, we use < to denote the Bruhat order on Sn, `(w)to denote the length of a redu
ed expression for w 2 Sn, and �(u; v) to denote thenonnegative integer whi
h is the 
oeÆ
ient of q(`(v)�`(u)�1)=2 in Pu;v(q). (See [20℄ formore information.)Lemma 6.1. Let u, v be permutations in Sn. Then we havePu;v(q) = Pu�1;v�1(q) = Pw0uw0;w0vw0(q);(6.1) �(u; v) = �(u�1; v�1) = �(w0uw0; w0vw0):(6.2)Proof. Kazhdan and Lusztig's R-polynomials fRu;v(q) j u; v 2 Sng, introdu
ed in [22℄,satisfy Ru;v(q) = Ru�1;v�1(q) = Rw0uw0;w0vw0(q)by [22, Se
. 2℄ and [20, Se
. 7.6℄.Applying these fa
ts to the re
ursive de�nition of the Kazhdan-Lusztig polynomialsin [22, Eq. (2.2.b)℄ and using indu
tion on `(v)� `(u) we obtain (6.1). The equations(6.2) follow immediately. �Proposition 6.2. For any permutation w in Sn we haveImmw(xT ) = Immw�1(x);where xTi;j = xj;i.Proof. By Lemma 6.1 we havefw�1(v�1) = (�1)`(v�1)�`(w�1)Pw0v�1;w0w�1(1)= (�1)`(v)�`(w)Pw0v;w0w(1)= fw(v):Thus, Immw(xT ) = Xv2Sn fw(v)xv(1);1 � � �xv(n);n= Xv2Sn fw�1(v�1)xv(1);1 � � �xv(n);n= Xv2Sn fw�1(v)x1;v(1) � � �xn;v(n)= Immw�1(x): �



KAZHDAN-LUSZTIG IMMANANTS 13Let P be the n�n permutation matrix 
orresponding to the adja
ent transpositionsi in Sn, so that the matri
es A and PA di�er by a transposition of their ith and(i+ 1)st rows. Re
alling that the determinant satis�esdet(PA) = � det(A);we will prove similar properties of the Kazhdan-Lusztig immanants.Proposition 6.3. Let A be an n � n matrix and let P be the permutation matrix
orresponding to the adja
ent transposition si of Sn. Then we haveImmw(PA) = 8<:�Immw(A); if siw > w;Immw(A) + Immsiw(A) + Xsiz>z�(w; z) Immz(A) if siw < w:Immw(AP ) = 8<:�Immw(A); if wsi > w;Immw(A) + Immwsi(A) + Xzsi>z�(w; z) Immz(A) if wsi < w:Proof. By the duality of Kazhdan-Lusztig immanants and Kazhdan-Lusztig basiselements (2.3), we haveXw2Sn a1;w(1) � � �an;w(n)w = Xw2Sn Immw(A)C 0w(1):Thus Immw(PA) is equal to the 
oeÆ
ient of C 0w(1) inXv2Sn a1;siv(1) � � �an;siv(n)v = si Xv2Sn a1;v(1) � � �an;v(n)v= Xv2Sn Immv(A)siC 0v(1):One 
an show (see e.g. [6, Eq. (1.6)℄, [13, Thm. 2.1℄) that the Kazhdan-Lusztig basiselements satisfysiC 0v(1) = 8<:C 0v(1) if siv < v;C 0siv(1)� C 0v(1) + Xsiy<y�(y; v)C 0y(1) if siv > v:Thus the 
oeÆ
ient in question is that of C 0w(1) inXsiv<v Immv(A)C 0v(1) + Xsiv>v Immv(A) C 0siv(1)� C 0v(1) + Xsiy<y �(y; v)C 0y(1)! :If siw > w, this 
oeÆ
ient is �Immw(A); if siw < w, it isImmw(A) + Immsiw(A) + Xsiz>z �(w; z) Immz(A);



14 BRENDON RHOADES AND MARK SKANDERAas desired.Applying Proposition 6.2 to this result and using (6.2), we obtain the stated ex-pression for Immw(AP ). �Corollary 6.4. Let A be an n � n matrix in whi
h rows i and i + 1 are equal, andlet w be a permutation in Sn. If si is a left as
ent for w (siw > w) then we haveImmw(A) = 0:If si is a right as
ent for w (wsi > w) then we haveImmw(AT ) = 0:To generalize the identitydet �B C0 D� = det(B) det(D)
on
erning blo
k-upper-triangular matri
es, we introdu
e the following operation onpermutations. Given permutationsw1 = si1 � � � sik 2 Sn;w2 = sj1 � � � sj` 2 Sm;de�ne the permutation w1 � w2 in Sn+m byw1 � w2 = si1 � � � siksn+j1 � � � sn+j`:It is 
lear that a permutation w 2 Sn+m de
omposes as w1�w2 with w1 2 Sn, w2 2 Smif and only if no redu
ed expression for w 
ontains the transposition sn.Proposition 6.5. Let v be an element of Sn+m and let A be an (n +m) � (n +m)blo
k-upper-triangular matrix of the formA = �B C0 D� ;with B an n� n matrix and D an m�m matrix. Then we have(6.3) Immv(A) = (Immv1(B)Immv2(D) if v = v1 � v2 for some v1 2 Sn; v2 2 Sm;0 otherwise.Proof. The blo
k-upper-triangular form of A implies thata1;w(1) � � �an;w(n) = 0whenever w does not de
ompose as w = w1 � w2 with w1 2 Sn, w2 2 Sm. Thus wehave Immv(A) = Xw1�w2�v fv(w1 � w2)b1;w1(1) � � � bn;w1(n)d1;w2(1) � � �dm;w2(m):



KAZHDAN-LUSZTIG IMMANANTS 15If some redu
ed expression for v 
ontains the transposition sn, then the above sum isempty and the immanant is equal to zero. Suppose therefore that v de
omposes asv = v1 � v2. Then we haveImmv(A) = Xw1�v1 Xw2�v2 fv1�v2(w1 � w2)b1;w1(1) � � � bn;w1(n)d1;w2(1) � � �dm;w2(m):Let w00 and w000 be the longest elements of Sn and Sm respe
tively. A result ofBrenti [5, Thm. 4.4℄ 
on
erning the fa
torization of Kazhdan-Lusztig polynomialsimplies that we havePw0(w1�w2);w0(v1�v2)(1) = Pw00w1;w000 v1(1)Pw00w2;w000 v2(1):Thus we have fv1�v2(w1 � w2) = fv1(w1)fv2(w2)and our result follows. �7. Cones of immanantsWork on immanants related to representations of Sn has led to the study of 
ertainelements of C [Sn ℄ asso
iated to total nonnegativity. Following Stembridge [38℄, wede�ne the 
one of total nonnegativity to be the smallest 
one in C [Sn ℄ 
ontaining theset fXw2Sn a1;w(1) � � �an;w(n)w jA TNN g:We shall denote this 
one by CTNN . (We omit the number n from this notation,although the 
one obviously depends upon n.) Dual to CTNN is the 
one of TNNimmanants, whi
h we shall denote by �CTNN ,�CTNN = fImmf(x) j f(z) � 0 for all z 2 CTNNg:No simple des
ription of the extremal rays of these 
ones is known. However, Stem-bridge showed [38, Thm. 2.1℄ that CTNN is 
ontained in the 
one whose extremal raysare elements of C [Sn ℄ of the form (2.5). We shall denote this third 
one by CINT .Furthermore, Stembridge showed that this 
ontainment CTNN � CINT is proper forn � 4.De�ne CKL to be the 
one whose extremal rays are the Kazhdan-Lusztig basiselements fC 0w(1) jw 2 Sng. By Proposition 2.1 ([18, Prop. 3.1℄), CINT is 
ontained inCKL. It is not diÆ
ult to show that this 
ontainment is proper for n � 4. Thus wehave the proper 
ontainment of the dual 
ones�CKL � �CINT � �CTNN :For small n, many of the Kazhdan-Lusztig immanants seem to be extremal rays in�CTNN .



16 BRENDON RHOADES AND MARK SKANDERAAn interesting related fa
t 
on
erns TNN immanants in the variables x1;1; : : : ; x4;4.Writing su
h an immanant asImmf (x) = Xw2S4 dwImmw(x);It is straightforward to show that dw must be nonnegative if w 62 f3412; 4231g. Thissuggests the following question.Question 7.1. Let Immf (x1;1 : : : ; xn;n) be a totally nonnegative immanant and writeImmf (x) = Xw2Sn dwImmw(x):Must dw be nonnegative when the S
hubert variety �w is smooth? (i.e. when w avoidsthe patterns 3412; 4231?)In analogy to the dual 
one of nonnegativity, one may de�ne 
ones �CSNN and �CMNNof S
hur nonnegative immanants and monomial nonnegative immanants. While these
ones are not known to di�er from one another, or from �CTNN , we do have the
ontainments �CKL � �CINT � �CSNN � �CMNN :This suggests the following problem.Problem 7.2. Des
ribe the pre
ise 
ontainment relationships between the 
ones �CMNN ,�CSNN , and �CTNN . 8. A
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