KAZHDAN-LUSZTIG IMMANANTS III: TRANSITION MATRICES
BETWEEN CANONICAL BASES OF IMMANANTS

BRENDON RHOADES AND MARK SKANDERA

ABSTRACT. In [10] the authors define Kazhdan-Lusztig immanants via the Kazhdan-
Lusztig basis of C[S,,]. First, we use the dominance order to give results concerning
where these immanants vanish. The Kazhdan-Lusztig immanants are known to
form a basis for the vector space of immanants. Using this vanishing result, we
show that the transition matrix between this basis and another of Désarménien,
Kung, and Rota [2] may be taken to be unitriangular. We give some results on
the precise entries of this transition matrix. For a poset P, we define the notion
of a P—filtration and, using our triangularity result, endow the vector space of im-
manants with this structure. The position of certain classical immanants within
this structure is proven and we prove a grading result which generalizes results in
[12]. Finally, we give a condition for when Kazhdan-Lusztig immanants factor as
products of smaller Kazhdan-Lusztig immanants.

1. INTRODUCTION

The Kazhdan-Lusztig immanants (K-L immanants) defined in [10] are a collection
of immanants indexed by permutations in S, which specialize to the determinant
at the identity permutation. These immanants are defined using Kazhdan-Lusztig
polynomials, which in turn arose from studying representations of the Hecke algebra
H,.(q). These immanants are shown to satisfy several positivity properties and, when
combined with results in [11], the study of the cone which they generate leads to
combinatorial tests which determine when certain polynomials are totally nonnegative
or Schur nonnegative. Lam, Postnikov, and Pylyavskyy [7] have used these tests to
resolve several conjectures in Schur positivity.

One property of the K-L immanants which is of interest to us is that they form a
basis of the vector space of immanants. The main point of this paper is to compare
this basis with another basis of the vector space of immanants which may be deduced
from the work of Désarménien, Kung, and Rota [2]. The elements of this latter basis
are called standard bitableaux and are indexed by ordered pairs of standard Young
tableaux having the same shape. A fixed standard bitableau (U:T") corresponds to a
product of matrix minors, where the row and column sets involved are determined
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by the entries in the standard Young tableaux U and T'. Désarménien, Kung, and
Rota defined bitableaux in the context of combinatorial invariant theory, a subject
somewhat far afield from the motivation for K-L immanants.

Our main result in this paper is that these two bases are related by a unitriangular
transition matrix with respect to any appropriate ordering of the basis elements.
These appropriate orderings are realized as linear extensions of a partial order on
S, which is defined via the Schensted correspondence and an iterated version of the
dominance order. We show that this result extends from the finite dimensional space
of immanants to the full polynomial ring C[z11, ..., x,,]. In this context, our result
gives a unitriangularity relation between a basis of C[x11, ..., x,,| indexed by pairs
of semistandard Young tableaux and the dual canonical basis of the polynomial ring.
We give some conditions satisfied by the off-diagonal elements of these transition
matrices.

In [12] K-L immanants and pattern avoidance are used to define a filtration of the
vector space of immanants which is shown to be equivalent to a filtration which may
be defined via products of matrix minors. In this paper we generalize the results of
[12] by defining a pair of collections of subspaces of immanants indexed by partitions.
The inclusion partial orders on these collections are poset isomorphic to the domi-
nance order. As before, one of these collections is defined using K-L immanants and
the other is defined via bitableaux. Also as before, these collections of subspaces are
shown to be equivalent. The proof of this equivalence relies strongly on the previ-
ously mentioned triangularity results. We give this collection of subspaces a graded
structure corresponding to multiplication of immanants and determine where the ir-
reducible character immanants fit in this collection. Finally, we give a result which
characterizes when a K-L immanant factors as a product of smaller K-L. immanants.

2. BACKGROUND

For n € N, let * = (24;)1<ij<n be a matrix of n? variables. Denote by Z, ()
the subspace spanc{®1 (1) - - * Tnwm)|w € Sp} of the polynomial ring Clxyy, . .., Tpy).
Z,(z) is a vector space of dimension n! and its elements are called immanants. Given
any function f : S, — C, define the immanant induced by f to be the immanant
Immy(x) given by Immy(x) = > o f(w0)T1w1) " Tnwm)- Evidently, any immanant
is Imm (z) for an appropriate choice of f : S, — C.

Denote by Par(n) the set of all partitions of n. For any partition A, let " denote
its conjugate, whose diagram is obtained by reflecting the diagram of A across its
main diagonal. Given A = (A\; > -+ > \;) € Par(n), define the Young subgroup
Sy of S, to be the set of permutations which respect the partition of the letters in
[n] given by {1,..., M}, ..., {n— A+ 1,...,n}. The dominance order on Par(n) is
defined by A > pif and only if Ay + -+ X\; > pg + - - - + p; for every ¢ (appending an
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infinite string of zeros to the tails of A and p so that these sums are always defined).
The dominance order on Par(n) plays a key role in the representation theory of the
symmetric group and will be critical in our results, as well. Write P,, for the set
Par(n) endowed with dominance order.

Given a skew shape \/u, a A\/p—tableau is an assignment of a positive integer to
every node of the diagram of \/pu. A \/pu tableau is normal if g = (). Given a tableau
T, let sh(T) € Par(n) denote the shape of T'. Using English notation, a tableau 7' is
said to be (row) column (semistrict) strict if the entries of T' (weakly) strictly increase
(across rows) down columns. T is said to be semistandard if it is row semistrict and
column strict. A normal tableau T" with n nodes is said to be injective if every letter
in [n] appears exactly once in T'. T is said to be standard if it is both semistandard
and injective. Denote by SY7T,, the set of all standard tableaux with n boxes. If T’
is a tableau and S C N, let T" — S denote the diagram formed by deleting all of the
entries of T" which are in S. We record a classical result relating tableaux and the
dominance order.

Lemma 2.1. (The Dominance Lemma) Suppose T' and U are injective tableaux with
n nodes. If sh(T ) & sh(U) in the dominance order, then there are at least two elements
of the set [n] which are in the same column in U but in different columns of T

A proof of the Dominance Lemma may be found, for example, in [13].

A bitableau is an ordered pair (U:T') of tableaux satisfying sh(U) = sh(T"). Given
any property P on tableaux (such as injective, standard, ...), a bitableau is said to
have property P if both of its entries have property P.

Désarménien, Kung, and Rota [2] use bitableaux to get a basis of the polynomial
ring Clxy1, . . ., Tnp| as follows. If I, J are subsets of [n] satisfying |I| = |.J|, define the
I, J-minor of x, written A; ;(z), to be the determinant of the submatrix of x with
row set [ and column set J. Given any column strict bitableaux (U:T") with entries
drawn from [n], define a polynomial (U:T")(x) by

(U T)(2) = Apy () - - Ay g, (),

where Iy, ..., I are the columns of U and Ji, ..., J, are the columns of 7. Abusing
terminology, we will sometimes refer to the polynomials (U:T")(x) as bitableaux. For
example, if n = 3, we have that

(:1;21:313)(93):

As the above example shows, bitableaux are not in general immanants. It is easy
to see, however, that the following holds.

Observation 2.2. A bitableau (U:T)(x) is in I, (x) if and only if (U:T) is injective.

T12 T13

Tso T |1L”21||1'13| = T12713%21733 — ZE%3I21I32-
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It is easy to see that the set of all bitableaux spans the polynomial ring Clx11, . . ., Zpp).

In fact, any monomial {]' - - - 257" may be expressed as a bitableau. The remarkable

fact is that restricting to semistandard bitableaux leads to a basis of this ring.

Theorem 2.3 ([2]). The set of all semistandard bitableaux is a basis of the polynomial
ring Clzyy, ..., Tpy).

The authors in [2], in fact, give an explicit straightening algorithm by which one
can expand any monomial as a Z—linear combination of the above basis elements.
Combining their result with our observation, we get a basis of Z,, ().

Corollary 2.4. The set of all standard bitableauz is a basis of T, (x).

The Robinson-Schensted-Knuth (RSK) algorithm gives a bijection between the
symmetric group S,, and the set of all standard bitableaux with n nodes. An intro-
duction to this algorithm and its properties may be found, for example, in [15]. In
this paper,

w — (P(w) : Q(w))
will always mean that the permutation w maps to the bitableau (P(w):Q(w)) under
row insertion. For example, taking n = 5,

ot W

52413 —

ot N
B~ W
=~ N~

Two permutations w and v are said to belong to the same (right) left Knuth class
if (Q(w) =Q(v)) P(w)= P(v). Also, the shape of w, written sh(w), is defined to be
the shape of either P(w) or Q(w).

Given any ¢ € [n—1], let s; denote the adjacent transposition in \S,, whose left action
on a permutation w, using one-line notation, has the effect of switching positions i
and (i + 1) of w. Notice that this left action is the opposite of that used by Bjérner
and Brenti in [1] - this will have consequences when we consider interpretations of
Kazhdan-Lusztig cells as left or right Knuth classes. So, for example, s3 x 13245 =
13425. For 1 < ¢ < j < n, let Sj;; denote the subgroup of S,, which fixes all the
letters not contained in the interval [, j].

Given any pair of permutations u,v € S, we have a Kazhdan-Lusztig polynomial
P,.,(q) € Nlg]. In [6], Kazhdan and Lusztig define these polynomials as the (ap-
propriately normalized) coefficients of a basis of the Hecke algebra H,(¢) which is
invariant under the bar involution. Specializing this basis to ¢ = 1, we obtain a basis
{CL(D)|| we S,} of the symmetric group algebra C[S,] which satisfies

Cr(1) =Y Pou(l)v.

’UESn
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The basis {C!,(1)|| w € S,} is referred to as the Kazhdan-Lusztig basis. We record
some elementary facts about Kazhdan-Lusztig polynomials before continuing.

Lemma 2.5. P, ,(q) = 0 if and only if u & v in the (strong) Bruhat order. Also,
P,.(q) =1 always.

Using the Kazhdan-Lusztig polynomials, the authors define the K- immanants
[10]. Given a permutation w € S, define the w-Kazhdan-Lusztig immanant Imm,,(x) €
Z,(z) by the formula

Immw (LU) = Z (_1)5(0)_5@1) Pwov,wow(l)xl,v(l) o xn,v(n)-

’UGSTL

Here / is the length function on S, and w, is the long element of S,,. We have
that Imm;(x) = det(x), so K-L immanants are a generalization of the determi-
nant. It follows from the above Lemma that the transition matrix between the set
{Imm,,(z)|| w € Sy} of K-L immanants and the natural basis {21 1) - Tnwmw) || w €
Sn} of Z,,(x) may be taken to be triangular with 1’s on the diagonal. Therefore, K-L
immanants form a basis of Z,(z).

Melnikov [8] defines and Taskin [16] further studies a partial order on SY7,, which
we shall find useful. Given a skew tableau 7" which is row and column strict, let j(T')
denote the normal tableau obtained by playing jeu de taquin on 7. Given a standard
Young tableau T' € SY7,, and an interval 1 < < j < n, let T}; ; denote the element
of SYT;_;;+1 obtained by reducing all the entries of j(T'— ([1,7 — 1] U [j + 1,n])) by

1 3
(i —1). For example, if T'= 2 4 , we have that Ty 4 =
5 6
define the chain order on SY7 ,, by setting U < pq, T if and only if for every interval
4, j] in [n] we have that sh(U) < sh(T") in the dominance order.

1 . . .
3 . Using this notation,

3. VANISHING RESULTS

Given any square complex matrix A € Mat,(C) and function f : S, — C, we may
consider applying the f—immanant Imm(z) to the matrix A via the formula

Immf(A) = Z f(w)aLw(l) *Apw(n))

wWESy

where A = (a;;). Our first step in studying the transition matrix between the bases
of Z,,(z) introduced in the previous section will be to give conditions on matrices A
under which the immanants Imm,,(z) vanish on A for a given permutation w.

Our first lemma to this end relates restricted tableaux and RSK. For a permutation
w € Sy, let wy; ;) denote the permutation in S;_;; which is the normalized version of
the sequence w;w;;1 ... w;.
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Lemma 3.1. Suppose that w +— (P(w) : Q(w)). We have that sh(Q(w)y,;) =
sh(wy ;).

Proof. Omitted.
O

Next, we need a Lemma about the stability of certain subsets of C[S,,] under the
right and left actions of certain parabolic subgroups of .S,,.

Lemma 3.2. Let [i, j| be an interval in [n] and let X be a partition of j—i+1. Consider
C[S,] as a (C[Sy ;), C[Sy])-bimodule. Define the linear subspace Wy of C[S,] by

Wi = span{C,, (D]sh(Q(w); < A},

where < is dominance order. Then, W) is in fact a sub-bimodule of C[S,].

Proof. Define the two-sided, left, and right preorders <pr, <g, and <, on S, as in [4].
Identifying the cells of these preorders with two-sided and one-sided Knuth classes,
denote the induced orders on SY7T,, and Par(n) by <y g, <g, and <, as well.

Let X|; ;) be a set of distinguished Bruhat minimal right coset representatives for
Sii,j) iIn S,. Now any permutation w € S, may be expressed uniquely as ux for some
u € Sy  and x € X[ ;. Let Y denote the set {w|sh(Q(w); ;) < A} € S,. Given
ur and vy in S, factored as above with uxz € Y, suppose that C{)y(l) appears with
nonzero coefficient in 2Cj, (1) for some z € S j.

By the work of Geck on relative Kazhdan-Lusztig cells [4], we also have that u <pp v
when we consider < g on the parabolic subgroup Sj; j of S,,. By the Bruhat minimal-
ity of the coset representatives in X, ;;, it follows from Lemma 3.1 that sh(Q(ux) ;)

= sh(u) and sh(Q(vy)u,;) = sh(v).

Now, by the fact that the two-sided order <,z on Par(n) is the opposite of the
dominance order, we have that sh(v) < sh(u) < A in dominance, since uz was assumed
to be in Y. It follows that vy is also contained in Y, and therefore W) is stable under
the left action of C[S|; ;).

To complete the proof we must show that W) is also stable under the right action
of C[S,,]. It can be shown that the opposite of the < order on SY7T,, is weaker than
the chain order on SY7T,. That is, T' < U implies that T <_p.in U. The result now
follows from the definitions of the chain order and the right Kazhdan-Lusztig order
<g.

U

Next, we need a result about Bruhat maximal permutations in Young subgroups.
For any subset X C S, let [X] denote the formal sum ) _ .
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Lemma 3.3. Let A € Par(n) and let s, denote the unique Bruhat mazimal element
in the Young subgroup Sy of S,. We have that sh(sy) = X. Also, the Kazhdan-Lusztig
basis element C7 (1) is equal to [S)].

Proof. The assertion about the shape of s, is easy to verify from the definition of the
Robinson-Schensted-Knuth algorithm.

Since sy avoids the patterns 4231 and 3412, the Schubert variety I's, corresponding
to s, is smooth and the Kazhdan-Lusztig polynomials P, s, (¢q) are all identically 1
for any u € 5.

It follows that

Cii(e) =) Pus(qu

UESn

- Z Pu75>\(Q)u

u€eSH

=> u

u€eSH

::[SAL
as desired. O

In analogy to the vanishing of the determinant on any matrix with two equal rows,
we define a family functions which record repetition of rows in certain submatrices
of a matrix. Specifically, for any interval [i,j] in [n], we define a function py ;) :
Mat, (C) — Par(j — i+ 1) by letting pp; j1(A) list the number of occurrences of each
distinct row in rows ¢ through j of A in weakly decreasing order. For example, if
n =6 and

1 0 340 2
2 1 131 4
3 2 756 0
A:211314’
0 -1 316 0
0 -1 316 0

we have that pp5(A4) = (2,1,1).
We now state our vanishing result for K-L immanants.

Proposition 3.4. Let A be an n x n complex matriz and let [i,j| be an interval in
[n]. Suppose w € S, satisfies the condition pj ;(A) £ sh(Q(w)p;) in dominance.
Then, Imm,,(A) = 0.
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Proof. As before, we consider C[S,] as a (C[Sy; |, C[S,])-bimodule. Define the ele-
ment [A] by
[A] = a10) - Gnpmv-
VESH

Let H denote the subgroup of S}; ;; which permutes the equal rows of A which occur
in rows ¢ through 5. We have that

[A] = [H]g
= x[Sﬂ[i,y‘] (A)]g/7

where S, () is a Young subgroup, g and g' are elements of C[S,] which depend on
A, and z is an element of Sj; ;. By the duality of the Kazhdan- Lusztig basis of C[S,,]
and the K-L immanants we may also express [A] as

A = 5 Tmm, (A)CY(1).

UESn

In the notation of Lemma 3.2, mod out by W, . ay and let 6 : C[S,] — C[S,]/W,,, ,
be the canonical projection of bimodules. By the Lemma 3.3, 6 kills [A]. So, we have
that

0 = 0([A])
= Dves, 1mm, (A)0(C; (1))
= 2=, Imm, (A)0(C (1)),
where the last sum is over those permutations v in S,, which do not satisfy sh(Q(v) ;1)
< pp)(A) in dominance. By the Lemma 3.2, the collection {0(C;(1))} for all such
permutations v is linearly independent, so Imm,(A) = 0 for each such permutation
v.

U

While the previous proposition was formulated by considering equal rows of A, we
could just as well have considered equal columns. Specifically, for any interval [z, j] in
[n], define v j; : Mat,, (C) — Par(n) by letting v}; ;(A) list the number of occurances
of distinct equal columns in columns ¢ through j of A in decreasing order.

Corollary 3.5. Suppose that A € Mat,(C) andw € S, satisfy v; j(A) £ sh(P(w)y ;)
in dominance. Now, Imm,,(A) = 0.

Proof. From [10] we get that Imm,,(A) = Imm,,-1(AT). A standard property of the
RSK correspondence is that w maps to (P(w) : Q(w)) if and only if w™' maps to
(Q(w) : P(w)). Combining these two facts with the above proposition yields the
corollary. 0

(A
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Specializing the above corollary somewhat, we recover an earlier result of the au-
thors.

Corollary 3.6 ([12]). If A has k equal rows and w has no decreasing subsequence of
length k, then Imm,,(A) = 0.

Proof. Combine the previous Proposition with ¢ = 1 and 7 = n with the fact that the
length of the first column of sh(w) is the length of the longest decreasing subsequence
of w. ]

A further specialization to the case w = 1 yields the familiar linear algebra fact
that det(A) = 0 whenever A has 2 equal rows. Extrapolating from linear algebra,
one might suspect that a basis-free analogue of the above results would also hold.
For example, Imm,,(A) might vanish if some condition on the matroid formed by
considering the rows of A is satisfied. However, these basis-free conjectures typically
fail due to the fact that the K-L immanants corresponding to permutations other
than 1 are not basis independent, as can be readily checked.

An example of the failure of the obvious basis-free generalization of the preceding
Corollary is that for n =4

—_ = =

=2-140-0=1#0,

Immgyi0

O R =
— == O
— N DN =

0

although the rowspace of the above matrix has dimension 2 < 4 - 2 and 3412 has no
decreasing subsequence of length 3.

4. MAIN TRIANGULARITY RESULTS

With the vanishing results of the previous section in hand, we are equipped to prove
that the transition matrices between the bases of Z,,(x) developed in the introduction
are unitriangular with respect to certain orderings of the basis elements. To realize
these orderings, we define a partial order on .S,, as follows.

We start by defining a new partial order on standard Young tableaux called iter-
ated dominance order and denoted <;gom. Specifically, for U, T € SYT,, say that
U <itgom T if for every i € [n| we have that sh(Up ;) < sh(7h,) in dominance.
Observe that, since U and T are assumed to be standard, the restricted tableaux
U—1[i+1,n] and T — [i + 1,n| are normal tableaux, so the games of jeu de taquin
required to produce Uy and Tj;; are empty. Also notice that iterated dominance
order is stronger than the chain order, i.e., U < puin T implies U <;14om 1. Dipper
and James [3] consider a partial order which is similar to iterated dominance order.
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Iterated dominance order induces a partial order on bitableaux by restricting the
canonical induced order on the Cartesian product SY7, x SY7T,. Pulling back via
RSK yields a partial order on S,,. Abusing terminology somewhat, we shall also call
this partial order iterated dominance order and denote it by <;igom-

We shall need an analogue of the vanishing results of the previous section which
gives conditions for bitableaux vanishing. This task is much easier.

Lemma 4.1. Suppose A is an n x n matriz and (U : T)(z) is a bitableau. If
p ) (A) Laom sh(Up ), we have that (U : T)(A) = 0.

Proof. This immediately reduces to the case j = n, which is a consequence of Lemma
2.1. [

We record one final ingredient of our proof of triangularity. It is well known that
the length of the first column of sh(w) is equal to the length of the longest decreasing
subsequence of w. To get more information about w from its shape, recall that a
k-decreasing subsequence of w is a disjoint union of k-decreasing subsequences of w.
We now have the following result of Greene.

Theorem 4.2. ([5]) (Greene’s Theorem) The length of the longest k-decreasing sub-
sequence of w is equal to the sum of the lengths of the first k columns of sh(w).

Theorem 4.3. Let (wy < - -+ < wy) be any linear extension of the iterated dominance

order on S,,. The transition matriz between the ordered bases (Imm,, (x), ..., Imm,,  (z))
and ((Q(wr)" = P(wy)")(z), ..., (Q(wn) : Plwy) (z)) of T,(x) is triangular with 1’s
on the diagonal.

Proof. Fix a bitableau (U : T')(x) and let (U : T')(A) denote the result when it is
applied to a complex matrix A. Since the K-L immanants form a basis of Z,(z), we
can find numbers d,, € C so that

(T":U)(x) = Y dylmm, ().

We show by induction that d, is zero unless w <;;4om v, Where v is the unique
permutation which maps to (U : T') under RSK.

Fix an integer 7 in [n]. Fix a positive integer k, as well and put

= sh(Q(v)p,q); + -+ sh(Q(V)1,4)-

For any positive integer ¢, define

Te ={w € Splsh(Q(w)pn)i + -+ + sh(Q(w)pa)y = c}-
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Fix ¢t such that M < t < n. Suppose by induction that for any c satisfying
t < ¢ < n, we have that d, = 0 for each w € T,.. Give the elements in T; a total

ordering {w; < --- < wy} which is a linear extension of their Bruhat ordering (not
C,). Fix r € [h] and assume by induction that d,, = 0 for every m such that
1<m<r.

Now associate an n X n complex matrix B to the permutation w, as follows. Since
w, is in T}, by Greene’s theorem and Lemma 3.1 we must have that the subsequence
Wy, ... w,, must contain a k-decreasing subsequence o of length t. Express o as

oc=01d---WHop
for some decreasing subsequences oy, ..., 0 of the first ¢ letters of w,. Without loss
of generality we may assume that |oq| > -+ > |o|, where | ® | denotes the length of
a sequence. Let P be the permutation matrix of w,. Let B be the matrix formed by
replacing the submatrices of P with row sets w (), ..., w *(0x) and column sets
o1,...,0, with matrices of 1’s. It is clear that

,U[l,z](B) = (|O’1|, ey |Uk|> 1, ey 1)
If J <tandw € T}, we have that

pa(B)r+ -+ g (B)y = |ou| + - + |ok]
= sh(Q(wy) )] + - + sh(Q(wy) )k
=t
> J
= sh(Q(w)pa)) + - -+ sh(Q(w)p )

By the vanishing result of Proposition 3.4, this implies that Imm,,(B) = 0.

By the results on Kazhdan-Lusztig polynomials in Lemma 2.4 and the definition
of our matrix B, we have that

Imm,, ,(B) = --- =Imm,, (B) = 0.
Also by Lemma 2.4 and the construction of B, we have that Imm,,, (B) = 1.

Finally, by a pigeonhole argument, it is easy to check that two of the equal rows
of B fall into one of the minors in the product (7" : U’)(z), which implies that
(T": U')(B) = 0. Putting all of this together, we get that d,, = 0.

Since r, t, k, and [1,i] were all arbitrary, we get that unless Q(w) <igom Q(v),
d, = 0. Now, by giving an identical argument with Corollary 3.5 used in the place
of Proposition 3.4, we may conclude that unless P(w) <;igom P(v), one has d,, = 0.
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Putting these facts together with the definition of the iterated dominance order yields
that unless w <;149om v, We have that d,, = 0.

This result implies that the transition matrix between any of the orders described
in the claim is triangular. It remains to show that this matrix has 1’s on the diagonal.
This argument is far easier.

Let A be the n! x n! triangular matrix with respect to one of the orders in the claim
whose columns list the Kazhdan-Lusztig basis elements expressed in the bitableaux
basis. By [2] we may conclude that the entries of A are all integers. It is easy
to show via inverse Kazhdan-Lusztig polynomials that the entries of A~! are all
nonnegative integers. Since A and A~! are both triangular matrices, these conditions
force det(A) = det(A™1) =1 and all the diagonal entries of A to be 1.

U

Theorem 4.3 states that any linear extension of <;4,, leads to a triangular tran-
sition matrix between the K-L immanant and standard bitableaux bases with 1’s on
the diagonal. It would be interesting to see if there are weaker partial orders on S,
(having possibly more linear extensions) under which this result goes through. In
addition to the tightening effect this would have, such a result would also allow us to
determine more of the entries of the transition matrix since all of the entries which
are not compatible with any linear extension must be 0. The authors have checked
that the no such weaker order exists for n < 4.

One way to get a partial order on S,, which is weaker than <;;4,, would be to
define a partial order on SY7,, which is weaker than the iterated dominance order
and induce a partial order on S,, as before. However, it is easy to check that even for
n = 3 the chain order proves too weak for this task.

The authors do not know a complete description of the entries of the transition
matrix in Theorem 4.3. However, it is possible to obtain some information about the
expansion of row superstandard bitableaux in the K-L immanant basis. Recall that,
given a shape A in Par(n), the row superstandard tableau RSS) of shape A is the
tableaux obtained by filling the letters in [n] in reading order into the shape A. For
example, RSS(3 ) is the tableau

1 2 3

4 5

Proposition 4.4. Let X\ be in Par(n). Write the bitableauzr (RSSy:RSS))(x) as
(RSSy: RSSy)(z) = Z d,Imm,, (z)

for some numbers d,,. We have that d,, € P for every w satisfying sh(w) <gom A.
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Proof. Omitted. O

5. EXTENSION TO THE DUAL CANONICAL BASIS

While our results so far appear to be tied to the finite dimensional vector space
Z,(zx), in this section we show that they may be extended with ease to the ambient
polynomial ring C[x11, ..., x,,]. Specifically, we naturally extend the bitableaux and
K-L immanants bases of Z,(x) to (countably infinite) bases of the full polynomial
ring. For the case of bitableaux, this extension is trivial in light of Theorem 2.2: we
just require our bitableau to be merely semistandard (with entries drawn from [n], of
course). In the extension of the K-L immanant basis, however, something far more
interesting happens.

Given two multisets M and N with entries drawn from [n], such that |M| = |N|,
we may define the generalized submatriz xp;y of x corresponding to (M, N) to be
the |M| x | M| array formed by listing the rows of x in M and the columns of z in N
in weakly increasing order. For example, if n = 3, M = 1123, and N = 2233, then
we have that

Ti12 Ti2 T13 T13
T12 Ti2 T13 T13
To2 T2 T23 T23
T3z T32 T33 T33

TMN =

So, generalized submatrices of x are formed by repeating or deleting rows and
columns of z. We may now consider the set {Imm,(x); )} where M and N range
over all weakly increasing multisets with the same size and entries from [n] and w
ranges over all permutations in the symmetric group Sy = S|nj. It is not at all
clear that this set spans Clxyy,...,Zn,). Since det(xp n) = 0 whenever any entry
of [n] occurs in M or N with multiplicity greater than 1, this set cannot be a basis.
Surprisingly, Skandera [14] proved that the nonzero elements of this set are precisely
the elements of a famous basis of Clz1y,...,zp,] called the Dual Canonical Basis.
The Dual Canonical Basis had been defined more abstractly in the work of Lusztig,
and this elementary characterization makes the following result trivial.

Theorem 5.1. The (countably infinite) transition matriz between the Dual Canonical
Basis and the basis of semistandard bitableauz may be taken to be a direct sum of finite
triangular matrices with 1’s on the diagonal.

Proof. Apply Theorem 4.2 with repeated and deleted rows and columns. U

The Dual Canonical Basis and the semistandard bitableaux basis had very different
motivations; the former being a ¢ = 1 specialization of a quantum generalization of the



14 BRENDON RHOADES AND MARK SKANDERA

Kashiwara Crystal bases and the Lusztig canonical bases and the latter developed in
combinatorial invariant theory. This result suggests an intimate relationship between
these two objects.

6. P,-FILTRATIONS

Given a vector space V and a poset P, a P-filtration is a collection C of subspaces
of V' such that the inclusion partial order on C is isomorphic to P as a poset. For
example, if V' = C" and B, is the Boolean lattice, then {span{e;|s € S}|S C [n]}
is a B,-filtration. In the case where P is a chain, P-filtrations reduce to ordinary
filtrations.

We restrict ourselves to the case V' = Z,(x) and P = P, and define two P,-
filtrations of Z,(x). The first of these is defined using products of matrix minors.
Specifically, for a partition A\ € Par(n), put

Un(x) = span{ (U : T)(x)},
where (U : T')(x) ranges over all injective bitableaux (U : T') such that sh(U) = sh(T)
< Ain P,. Since we are not requiring (U : T') to be standard, the generators of U, (x)
shown above do not in general form a basis for this space.

The second P,-filtration which we shall consider is defined using K-L immanants.
Given a partition A\ of n, set

V() = span{Imm,,(z)},

where w ranges all permutations in S,, satisfying sh(w) > X in the dominance order.
It is easy to verify that the collections {Uy(x)|| A €Par(n) } and {Vi(z)| A €Par(n) }
are both P,-filtrations of the space Z,(x). Establishing their equivalence is our first
goal.

Proposition 6.1. For any partition A € Par(n) we have that Uy(z) = V().

Proof. Given a partition A, it is easy to check that the set
{TH T e SyTn, Sh(T) Sdominance )\}

is a lower order ideal in <;jgo;,. From Theorem 4.2 we may conclude that V) (x) is
equal to the span of all standard bitableaux with shapes weakly dominated by A. It
follows that V) (z) C Uy (z).

To show the opposite inclusion, let (U : T) be an injective bitableau of shape A
and expand (U : T')(z) in the basis of K-L immanants:

(U:T)(x) =" dy,Jmm,(z)



KAZHDAN-LUSZTIG IMMANANTS III 15

for some d,, € C. Let p be a maximal partition in the dominance order such that
some d,, # 0 for some w of shape p/. Suppose that it were not the case that u < A in
dominance. This means that there is an integer k£ such that gy +- -« -+ pp > A+ -+ .
Without loss of generality assume that p/ maximizes the quantity pq + - -+ + uy for
partitions whose associated permutations w do not all have d,, = 0. Choose w’ Bruhat
minimal such that sh(w’) = p’ and d,y # 0. So, by Greene’s theorem, there exists
a k-decreasing subsequence oy & - - - W o of w’ such that |oy| + - -+ + |ok| is equal to
|pa] + -+ + |px]. Form a matrix B by replacing the submatrices of the permutation

matrix of w’ with row sets w'~!(oy),...,w'"1(0}) and column sets oy,...,0, with
matrices of 1’s. Plugging B into the above equation yields 0 on the left hand side
and d,s on the right hand side, which is a contradiction. O

In light of this result, from now on we use the notation Z,(x) to denote either of
the spaces Uy(x) or Vy(z). Our first task is to show that this P,-filtration equality
implies the ordinary filtration equality which was proven in [12].

For any k € N, define S, to be the set of permutations in \5,, having no decreasing
subsequence of length k + 1. So, for example, S3o = {123,213,132,231,312}. It is
obvious that S, C -+ C S, = S,. For any k, we let V, ;(x) denote the subspace
of Z,(x) given by span{Imm,(x)|| w € S,;}. The above chain of inclusions gives
rise to a filtration V, ;(z) C --- C V,n(x) = Z,(z). Following [12] we call this the V
filtration; it is the analogue of the P,-filtration by the subspaces V) (z).

We now define an analogue of the P,-filtration by the subspaces U, (x). For any
k, we set U, x(x) equal to the span of all bitableaux (U : T')(z) such that sh(U); =
sh(T); < k. That is, U, (z) is the linear span of all products of k£ complementary
matrix minors.

In [12] it is shown somewhat laboriously that for any n and k, U, ,(z) = V, x(2),
i.e., the U and V filtrations are equivalent. This is, however, an easy corollary of
P,-filtration equality. To see this, one need only observe that U, ;(x) = Up.1,..1)()
and Vy, 1 (2) = Vg 1,..1)(2)-

For any immanant Imm¢(x) corresponding to a function f : S, — C, we shall
say that Immg(z) fits in X if Imms(z) € Zy(z) but for any g <gom A we have
Immy(z) ¢ Z,(x). Following [12] further, it would be interesting to determine where
the irreducible character immanants Imm, () fit in our P,-filtration. Although this
problem is more easily analyzed using symmetric function theory (see [9]), we shall
follow a different strategy here.

First we prove a lemma which gives a test to determine when a given immanant is
contained in Z,(z).

Lemma 6.2. Let f : S, — C be any function and Imm¢(x) be the corresponding
immanant. Then, Immg(x) € Zy(x) if and only if for every n x n matriz A satisfying
L (A) £ A in dominance, we have that Immy(A) = 0.
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In the proof of this Lemma we shall find it useful to apply the U, (z) characterization
of Z,(x) in one direction and the V) (x) characterization in the other.

Proof. The forward implication is easy: by the dominance Lemma every generator
(U : T)(x) of Uy(x) vanishes on any matrix A satisfying i1 n(A) £ A

For the other direction, suppose Immy(x) satisfies the latter condition and ex-
pand Immy(z) in Kazhdan-Lusztig immanants as Immy(z) = > ¢ d.Imm,(z). If
Imm(z) were not in V(x), we could choose some w Bruhat minimal such that d,,
is nonzero and sh(w) #? X in dominance. So, there is some number k such that
M = sh(w)] + -+ + sh(w), > A\ + --- M. Using Greene’s theorem, choose a k-
decreasing subsequence of w of length M. Form a matrix A by replacing the rows
and columns of the permutation matrix of w corresponding to this subsequence with
matrices of 1’s. Plugging in A to the above equation yields 0 on the left hand side
and d,, on the right hand side, which is a contradiction. 0

Proposition 6.3. The irreducible character immanant Immy(x) fits in \.

Proof. We first show that for any u € Par(n) we have that ZwESH xM(w) = 0 if and
only if A <gom p. To see this, observe that

> XM w) =M L)
weSy,
= (11
= K,u,)\v

where K,  is a Kostka number. The first equality is the definition of a character inner
product, the second is Frobenius reciprocity, and the third is a standard result which
may be found, for example, in [13]. The result follows. In particular, if 1 <gom A, one
can use this to construct a 0,1-matrix A which by the preceding Lemma gives that

Imm)(z) ¢ Z,,(x).

We now extend this result to show that for any permutations x,y € S, we have
Y e s, YM(zwy) = 0. In fact, we do this in a much more general setting. Given any
finite group G with subgroup H, suppose that M is a finite dimensional G-module
with character x such that ), . x(h) = 0. Consider the linear operator ‘—;I' Yonen P
It is routine to check that this operator is projection onto the submodule N of M
which is fixed pointwise by every element of H. As such, its trace is equal to the
dimension of N. This forces the dimension of N to be 0, so the above operator must
be 0, as well. So, for any g and ¢’ in G, the operator ), . ghg' is also 0 and thus
has trace 0.

Now let A = (a;;) be any n x n matrix such that g ,(A) £4om A. We have that
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Imm, (z) = Z XM W) a1 (1)« - G ()
wESy
= > xXMawy)M
weSy,
= (]7
where z and y are appropriately chosen permutations in S,, and M is a quantity

which depends on A. Since A was arbitrary, by the preceding Lemma we have that
Imm)(A) € Z)(x).

(1,n](A)

O

We now give our P,-filtration a graded structure. Call two square submatrices x;
and x5 of x complementary if their row sets and column sets each partition [n]. Given
complementary square submatrices x; of x of size n; and functions f; : S,, — C for
i = 1,2, we obtain immanants Immy,(z;) on these smaller submatrices as before. We
wish to obtain an immanant on the larger matrix = from these smaller immanants.
This is easy to do: one checks that the polynomial Immy, (z1)Immy,(z2) in fact belongs
to the linear span of the monomials {1 (1) Tnwml w € Sy}, and is therefore
contained in Z,(x). This gives rise to a linear map @ : Z,,, (z1) ® Z,,, (z2) — Z,(2),
where ®(Immy, (21)®@Immy, (z2)) = Immy, (z1)Immy, (z2). We consider how ® behaves
with respect to our P, -filtration.

Proposition 6.4. The space I,(x) is graded with respect to ® in the sense that ®
maps Iy, (z1) @ Ly, (x2) into Iy, 1, (T).

Proof. Using the U description of our P,-filtration, it suffices to show that ® maps
Uy, (1) @ Uy, (x2) into Uy, 1x,)(x). Thus, it suffices to prove that, given generators
(Ui T;)(x;) for i = 1,2, the product (Uy:T1)(x1)(Us:T5)(x2) is contained in Uy, 1z, (T).
This latter statement holds because the product in question is in fact a generator for
this space.

U

A direct proof of the previous result using the )V description of our P,-filtration of
Z,(x) would have involved solving a system of equations with coefficients given by
products of various Kazhdan-Lusztig polynomials evaluated at 1. Such a proof would
seem very difficult, in contrast to the simple proof presented above.

Having considered the effect of multiplying together K-L. immanants of comple-
mentary submatrices of x, we now turn to the problem of factoring K-L immanants.

Proposition 6.5. Let w € S,, and let x1 and x5 be complementary submatrices of x.
Then, Imm,,(x) factors as Imm,,(x) = Imm,,, (z1)Imm,,, (xs) if and only if x1 and xo



18

BRENDON RHOADES AND MARK SKANDERA

are block antidiagonal submatrices of x and w has permutation matriz equal to the
block antidiagonal matriz with the permutation matrices of wy, and wy in the blocks
corresponding to xy and x4, respectively.

Proof. Omitted. O
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