FINITENESS OF RELATIVE EQUILIBRIA
OF THE FOUR-BODY PROBLEM

MARSHALL HAMPTON AND RICHARD MOECKEL

ABSTRACT. We show that the number of relative equilibria of the Newtonian
four-body problem is finite, up to symmetry. In fact, we show that this number
is always between 32 and 8472. The proof is based on symbolic and exact
integer computations which are carried out by computer.

1. INTRODUCTION

The Newtonian n-body problem [34] is the study of the dynamics of n point
particles with masses m; > 0 and positions z; € R?, moving according to Newton’s
laws of motion:

i#j i

where r;; is the distance betweeen x; and x;.

A relative equilibrium motion is a solution of (1) in R? of the form =;(t) =
R(t)z;(0) where R(t) is a uniform rotation with angular velocity v # 0 around
some point ¢ € R2. Such a solution is possible if and only if the initial positions
x;(0) satisfy the algebraic equations

m; (.’El — :cj) .
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] t
where A = —12 < 0. It is easy to see that the center of rotation, ¢, must be

the center of mass. A solution of these equations is called a relative equilibrium
configuration or just a relative equilibrium. Each relative equilibrium actually gives
rise to a family of elliptical periodic motions ranging from rigid circular rotation
to homothetic collapse. They are also important in the study of the topology of
the integral manifolds [39, 5, 1, 27]. More generally, a solution of (2) with z; € R?
is called a central configuration; so a relative equilibrium is just a planar central
configuration. Equations (2) are invariant under under rotations, translations, and
dilations in the plane. Two relative equilibria are considered equivalent if they are
related by these symmetry operations.

The relative equilibria of the three-body problem have long been known. Up
to symmetry, there are always exactly five relative equilibria. Two of these are
Lagrange’s equilateral triangles [20] and the other three are collinear configurations
discovered by Euler [12].
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For the collinear case an exact count of the relative equilibria of n bodies was
found by Moulton [32]. There is a unique collinear relative equilibrium for any
ordering of the masses, so taking into account rotations in the plane, there are
n!/2 collinear equivalence classes. These can be thought of as generalizing Euler’s
collinear three-body relative equilibria. The equilateral triangle solutions of La-
grange also generalize to tetrahedra for the four-body problem [22] and to regular
simplices of n bodies in n — 1 dimensions [36], although these are central configu-
rations rather than relative equilibria.

However, already in the four-body problem there is sufficient complexity to pre-
vent a complete classification of the non-collinear relative equilibria. In fact, even an
exact count is known only for the equal mass case and for certain cases where some
of the masses are assumed to be sufficiently small [2, 45, 41]. The goal of this paper
is to show that the number is always finite and to give mass-independent bounds.
The finiteness problem for relative equilibria of the n-body problem was proposed
by Wintner [43] and was listed by Smale as problem 6 on his list of problems for
this century [40]. We will settle this problem for n = 4:

Theorem 1. If the masses are positive, then there are only a finite number of
equivalence classes of relative equilibria for the Newtonian four-body problem.

In fact, we will show that there are at least 32 at most 8472 such equivalence classes,
including the 12 collinear ones.

Finiteness of the number of relative equilibria had already been shown for generic
choices of the four masses (without explicit genericity tests) [19, 28, 30]. Previous
upper bounds, assuming finiteness, have been much larger [19, 28, 23]. Our bound
is probably still far from sharp; numerical experiments [38] suggest that number
of relative equilibria is always between 32 and 50 (the number attained for the
equal mass case [2]). A lower bound of 32 can be obtained by observing that in
addition to the 12 collinear relative equilibria there are always at least 6 convex
configurations and 14 configurations with one body inside the triangle formed by
the other three (see section 6). If negative masses are allowed in the planar 5-body
problem, a continuum of relative equilibria can exist [35]. It is not known whether
this is possible for n = 4.

Here is an outline of the finiteness proof. The relative equilibrium equations can
be expressed as polynomials in the six mutual distances r;;, 1 < i < j < 4 with
coefficients depending on the parameters m;. This choice of variables eliminates
the rotation and translation symmetry and, after further normalizing the scale to
eliminate dilations, the problem is to show that the resulting system of polynomial
equations has finitely many solutions such that r;; # 0 for all 7, j. Some interesting
ideas from algebraic geometry give testable criteria for this. These criteria are
expressed in terms of the Newton polytopes of the polynomials. Essentially, the
original system of equations is replaced by many simpler “reduced systems” for
which one would like to show that there are no solutions with all the variables
nonzero. To find all of the reduced systems and analyze them, we must resort to
computer calculations. However, these computations are all of a kind which can
be carried out exactly using arbitrary precision integer arithmetic. Namely, we
perform algebraic operations on integer vectors and polynomials with integer and
symbolic coefficients, and we need to find the convex hulls of polytopes defined by
points in the integer lattice. A Mathematica notebook giving more details about
the computations can be found at [15].
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2. MUTUAL DISTANCE EQUATIONS FOR RELATIVE EQUILIBRIA

In this section we describe two sets of algebraic equations satisfied by the mu-
tual distances 7;; of every relative equilibrium configuration. The first set, due to
Albouy and Chenciner [3], already contains (%) equations for the (%) distances. It
seems probable that these equations already determine a finite number of non-zero
solutions, but we are unable to show this with our methods. So it is necessary to

append a second set of equations, due to Dziobek [9].

2.1. The Albouy-Chenciner Equations. We begin with the Cartesian equa-
tions (2) for central configuration equations of n points in R%. Multiplying the j-th
. . . n n .
equation by m; and summing gives mc = ijl m;x; where m = ijl m;. We will
always assume that m # 0. Then after setting A = mJ)’, the central configuration

equations become:

(3) Zmisij(l’i*xj)zo 1<5<n
i=1
where
1
(4) Sij=—=5 +X (i#]) Sii = 0.

ij
Introduce a d x n configuration matrix X whose columns are the position vectors
x;. This can be viewed as representing a linear map from a non-physical space of
dimension n (n being the number of bodies) to the physical space R? where the
points are located. Then (3) is equivalent to the equation:

(5) XA=0
where A is the n X n matrix with entries:
i#j

The idea of Albouy and Chenciner is to replace X by some quantity which is
invariant under rotations and translations of the position vectors z; in R¢. Any
such quantity can be expressed as a function of the mutual distances r;;. Now
translation of all the positions z; by a vector v € R¢ transforms X to X + uL
where L is the 1 X n vector whose components are all 1. It follows that one can
achieve translation invariance simply by restricting the linear map defined by X to
the plane P = {v € R": Lv = v1 4+ --- + v, = 0}. By definition, the column sums
of A are all zero. It follows that A : R™ — P and it restricts to A : P — P. So
XA in (5) can be viewed as a linear map of P into R

Rotation invariance is obtained by passing to Gram matrices. For any configu-
ration matrix X, the Gram matrix G = X'X is the n x n matrix whose entries are
the Euclidean inner products x;-x;. G is obviously rotation invariant. To maintain
translation invariance, one can view G as representing a symmetric bilinear form
Bw,w) = v!Gw on P. The form § on P determines and is determined by the
mutual distances r;;. To see this, note that for any constants k;, adding the vector
k;L to the i-th row of G and the vector k;L! to the i-th column produces a new
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matrix representing 3. Choosing k; = —3|z;|? shows that /3 is represented by the
matrix, B, whose entries are

102 _ 1. 12 1,2
(7) Bij:x,;~xjf§|xi| 7§|£17j‘ :757”14]4.

Multiplying both sides of (5) by X' gives GA = 0. The matrix GA can be
viewed as representing a (non-symmetric) bilinear form on P, in which case it
is permissible to replace G by B. Taking the symmetric part gives the Albouy-
Chenciner equations for central configurations:

(8) BA+ A'B =0.

Let e; denote the standard basis vectors in R” and define e;; = e; — e;. Then (8)
is equivalent to the equations

(9) ej(BA+A'B)e;; =0  1<i<j<n

To see this let (v, w) = v*Cw be the symmetric bilinear form on P associated to
the matrix C' = BA + A'B. Then (9) means that v(e;j,¢;;) =0for 1 <i<j<n.
To show that v = 0 it suffices to show that v vanishes on the basis e1;,2 <i < n
of P. By the polarization identity

2v(e1q, e15) = v(eij, €ij) — Y(e1i, e1i) — v(erj, e1;),

this follows from (9).

Equations (9) provide (g) constraints on the (g) mutual distances r;; of a cen-
tral configuration. Conversely, it can be shown that if the quantities r;; are the
mutual distances of some configuration in some R? and if they satisfy (10), then
the configuration is central [3]. It is remarkable that the equations themselves are
independent of d, so they determine the central configurations in all dimensions at
once.

To find the equations explicitly, note that

’7(61']', 61']') = QQZBA €ij = Q(BA” —+ BAjj — BA” — BA]l)
where BA;; denotes the entries of the matrix BA. From (6) and (7) we find

n
(10) ka [Sik(rjz‘k - ri?k - 7‘1'23') + Sjk(Tz'Qk - 7‘32'k - T?j)} =0
k=1

for 1 <1i < j <n, where S, S, are given by (4).

At this point we can normalize the equations to eliminate the dilation symmetry.
In fact, if we scale all the distances by setting 7;; = cr;; where ¢ # 0 is a constant,
and if we further set N = ¢ =3\, we obtain another solution. We will choose ¢ to
achieve the normalization

N =-1.

2.2. Dziobek’s Equations. For planar central configurations of n = 4 bodies,
there is another set of equations which we will find useful. In this case, each of
the equations in (2) contains three nonzero terms and the vectors z; — x; which
appear there are two-dimensional. Taking wedge products of the i-th equation
with one of the vectors x; — xy, yields an equation relating two of the areas of
the triangles containing the point z; (the term involving z; — x drops out). Let
A; denote the oriented (signed) area of the triangle not containing x;, where we
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consider A; > 0 if and only if the subscripts of the three bodies at the vertices
occur in counterclockwise order and let A; = (—1)"*14;. Then the equations are

(11) mpSi A = mySuly

where 4, k, [ are any three distinct indices in {1, 2, 3,4}.

It is important to note that for a non-collinear relative equilibrium, the four
triangles detemined by the bodies have nonzero areas. Otherwise, we would have
three bodies along a line not containing the fourth. However, this contradicts the
perpendicular bisector theorem [29]. Using this, it follows easily from (11) that

(12) S12834 = 513524 = S5145023.

These will be called Dziobek’s equations [9]. Because of the assumptions, they
hold only for planar, non-collinear configurations. However, the collinear relative
equilibria are already well understood.

Although we will devote most of our effort to the Albouy-Chenciner and Dziobek
equations described above, another interesting set of equations will be needed to
establish an upper bound for the number of relative equilibria. It is not difficult
to show that the mutual distances r;; and areas A; of any configuration of four
non-collinear points in the plane satisfy a system of equations

A +As+A3+As=0
Ao+ 1Ay + 13 Az +1r3 Ay =0
Ao+ 71 A+ 135 A3+ 715, Ag =0
Ao +1i3 A1+ 133 A0 + 173, Ay =0
Ao+ 713 A+ 13, Ao +713, A3 =0
for some constant Ag [2, 30]. In fact the A; are determined by these equations up

to a common factor. For a relative equilibrium configuration it follows from (11)
that

for some constant u # 0. If we define new variables z;, k such that m;z; = \/uA;
and k = /i1 Ag then we obtain a solution of the following system of 11 equations
in 11 unknowns:

fo=m1z1 +maoza +m3zz3 +myzs =0

f1 = mazariy + mazaris + myzariy + k=0
(13) fo = myz17r]y + m3zaras +myzara, + k=0
f3 = mlzlrfg + m222r§3 + m4Z4r§4 +k=0
f1=myz1r}, + mozers, +mazzra, + k=0
Sij =ziz; 1<i<j<4
If r;; are the mutual distances of any non-collinear, relative equilibrium, there exist
2;, k such that (13) hold. Since we are interested in non-collinear relative equlibria,

the argument about areas sketched above shows that we are justified in looking
only at solutions of (13) with z; # 0.
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3. BKK THEORY

In a remarkable paper [4], D.N. Bernstein considers the basic problem of solving a
system of n equations in n variables. Related work of Khovanskii and Kushnirekno
appeared around the same time and the resulting circle of ideas is often referenced
by the initials BKK [17, 18]. For us, the most important part of this theory is
that it provides testable criteria for determining whether or not a given system of
polynomials has finitely many solutions. These criteria also apply to the case where
the number of equations differs from the number of unknowns. We will begin by
formulating a theorem based on these ideas which is sufficient for the applications
we have in mind.

Consider a system of m polynomial equations in n complex variables:

(14) fi(xl,...,xn):chxlfl...xﬁ":O i=1,....m
k

where the exponent vector k = (ki,...,ky,) runs over a finite set S; C Z™ (called
the support of f;). We want to study solutions such that z; # 0 for all i, i.e.,
x = (1,...,2,) € T where T or T" denotes the “algebraic torus” (C\ 0)". With
this restriction, we can even allow the f; to be Laurent polynomials, i.e., some of the
exponents k; could be negative. On the other hand, the denominators of Laurent
polynomials can always be cleared without introducing new solutions in T.

Let V be the algebraic variety in T defined by the system of equations. From the
algebraic character of the equations, it follows that the projection of V onto each
coordinate axis is either a finite set or the complement of a finite set (see the proof
of proposition 1 below). In the latter case, the projection is said to be dominant.
If V is infinite, at least one such projection must be dominant and so there is at
least an algebraic curve of solutions. The idea behind Bernstein’s finiteness test is
to replace this geometrical condition by an algebraic one involving fractional power
series (Puiseux series). It turns out that if the projection of V onto the z;-axis is
dominant then after setting ; = ¢, one can find Puiseux series x;(t), j # [, which
satisfy the given system equations identically in ¢. To prove finiteness, we need to
show that no such series can exist.

To describe these ideas in more detail, let P = P(t) denote the field of convergent,
complex Puiseux series in a variable ¢. More precisely, let ¢4, ¢ = 1,2,3,... be new
variables and let M(t,) be the field of all Laurent series in ¢, which are convergent in
some punctured neighborhood of ¢ = 0 (i.e., local meromorphic functions). We want
tq to represent te so define injective maps i : M(t;) — M(ty.) by setting t, =t
for all natural numbers ¢, 7. Then P is the direct limit of this collection of fields and
maps. Less formally, take the union of all these fields with the identification maps i
understood. These identifications justify the use of fractional exponent notatation

where tfl is written ¢a. An element of P will then be a complex series of the form

z(t) = Z aiti
i=ip
for some ¢, where the leading index iy could be negative. If two such series are
given, belonging to M(t,), M(t,), they can each be identified with elements of the
field M(t,,.). Performing the algebraic operations there, it follows that P is a field.
It is also important to note that P is algebraically closed [21, Ch.V.2] . We then
have:



FINITENESS OF RELATIVE EQUILIBRIA 7

Proposition 1. Suppose that a system of m polynomial equations f;(x) = 0 de-
fines an infinite variety V. C T. Then there is a nonzero rational vector a =
(a,...,a0), a point a = (ai1,...,a,) € T, and Puiseuz series x;(t) = a;jt* + ...,
j =1,...,n, convergent in some punctured neighborhood U of t = 0, such that
filz1(t),...,zn(t)) = 0 in U, i = 1,...,m. Moreover, if the projection from V
onto the x;-axis is dominant, there exists such a series solution with x;(t) =t and
another with x;(t) =t~ .

Proof. Let S C C™ be the affine algebraic variety defined by the equations. We
are interested in V= S N T. Since T is the complement of the affine variety
x1...z, = 0, V is the difference set of two affine varieties, i.e., a quasi-projective
variety [37]. By hypothesis, V' = S N T is infinite. It follows that there is at least
one coordinate, x;, such that the projection m;(V) onto the z; axis is dominant
(or Zariski dense), i.e., there are no polynomials in z; alone which vanish on V.
For otherwise there would be only finitely many possible values for each of the
coordinates and V itself would be a finite set. It follows that m; (V') is also dense in
the classical topology of C and even that m;(V') omits at most a finite subset of C.

After reindexing, one may assume that [ = n. Set z,(t) =t or z,(t) = 1/t and
let Fj(z1,...,2p-1) = fj(x1,...,2n—1,2(t)). Then after clearing denominators
if necessary, F; can be viewed as an element of the ring R = Plz1,...,2,—1] of
polynomials in n — 1 variables with coefficients in P (in fact, the coefficients will
be polynomials in t). The equations F; = 0 define an affine variety in the space
P71 and it must be shown that this variety contains at least one point with all
coordinates nonzero (a “point” of P"~! is really a vector of convergent Puiseux
series). To get the coordinates to be nonzero, introduce another variable xy and
another equation

Fo(xo,.’ﬂl, . ,iL’n_l) = Tox1...Tp—-1 — 1=0.

Now it suffices to show that the variety W C P™ defined by Fy = ... = F, =0
is nonempty, for if (zq,...,2,—1) € W then z;(t) € P, i = 1,...,n — 1, are the
required nonzero series solutions.

By the weak Nullstellensatz (which applies in any algebraically closed field), W
is empty if and only if an equation of the form

(15) 1=FGy+FG +...+F,G,

holds in R. However, since 7, (V) is dense in C, we have that for almost every
t € C, there exist x; € C, 1 <14 < n—1, with &; # 0 such that f;(z1,...,2,-1,t) =
0 for j = 1,...,n. Choose such a t in a common neighborhood of convergence
of all the Puiseux series occuring as coefficients in (15). Substituting ¢ and the
corresponding values of x; into (15) makes all the F; = 0, j = 1,...,n. Setting
29 = (2129 - x,_1)" ! € C also makes Fy = 0 and gives a contradiction. So W # ()
and the required nonzero series x;(t) exist. QED

A vector of nonzero Puiseux series z(t) = (z1(t),...,2z,(t)) as in proposition 1
will be said to have order & = (a1,...,,). Then to prove that V is finite, it
suffices to show that for every nonzero rational vector « there is no Puiseux series
solution of order c. The next result shows that we can further restrict the normal
vectors « to a half-space in R™.
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Proposition 2. Let H be the half-space ¢ - o > 0 where ¢ = (c1,...,¢,) is an
arbitrary, nonzero integer vector. If system (14) has no Puiseux series solutions of
order a for all « € H, then it has finitely many solutions in T.

Proof. Suppose, for the sake of contradiction, that there are infinitely many solu-
tions in T. First consider the special case ¢ = (0,...,0,1). Either the projection of
the solution set onto the x,-axis is dominant or it is not. If it is, then by proposi-
tion 1, one can find Puiseux series z;(t) = a;t* +...,1 <j<n—1,and z,(t) =t
which solve the equations and the exponent vector o = («q,...,a,_1,1) satisfies
c-a =1 > 0. On the other hand, if the projection onto the z,-axis is not dominant,
then it consists of finitely many points. In this case, the Puiseux series solution
guaranteed by proposition 1 will have z,(t) = a, constant. The corresponding
exponent vector « = (ay,...,a,-1,0) satisfies ¢ -« = 0. In either case, we get
c-a>0.

To complete the proof we will reduce the general case to the one just considered
by a trick which can also be found in Bernstein’s paper. We make a change of

variables of the form z; = ylcly2C % .ySr where y; are new variables and Cj;
are integers. If the matrix C' with entries Cj; is unimodular, there will be an

integer inverse matrix D and y; = xPvgP?% . zDPri. These formulas define an
isomorphism of the algebraic tori in the x and y variables which we will denote
by writing x = y“,y = 2P. Let g;(y1,...,yn) be obtained from f;(x1,...,z,) by
this change of variables, 1 < ¢ < m. A monomial x’fl xﬁ" in f;(x) becomes
a monomial yil ...yl in g;(y) where the exponent vectors k and [ are related by
| = Ck. If y(t) is a convergent Puiseux series of order 3, then z(t) = y(t)¢ will be
a convergent Puiseux series of order a where 3 = aC.

Now suppose a nonzero integer vector ¢ = (cy, ..., ¢,) is given. Assume without
loss of generality that the components ¢; have no nontrivial common factors. Then
there is a unimodular integer matrix C' whose n-th column is ¢ [24, Sec.21]. Making
the transformation above we get a systems of Laurent polynomial equations g; (y) =
... = gm(y) = 0 which also has infinitely many solutions in T. By the special case
considered at the beginning of the proof, this new system has a Puiseux series
solution of order 8 with 3-(0,...,0,1) > 0. It follows that x(t) = y(t) € T is a
Puiseux solution of the original equations of order o where 8 = aC'. Finally, by
choice of the matrix C, we have a- ¢ = aC - (0,...,0,1) = 3-(0,...,0,1) > 0 as
required. QED

To apply this test we need a way to show that Puiseux solutions of a given order
do not exist. Bernstein provides a simpler test by focusing on the leading terms of
the solutions. Substituting x;(t) into equations (14) and reading off the coefficients
of the lowest order terms in ¢ gives a reduced system

(16) fialar, ... an) = Z et k=0 i=1,...,m
a-k=p;

where p; = minjeg, o - I

The equation a-k = p; which determines which terms of f; appear in the reduced
equation has a beautiful geometrical interpretation. Let P; be the Newton polytope
of f;, i.e., the convex hull of the support S;. Then « -k = p; defines a supporting
hyperplane of P; for which « is an inward normal vector. The hyperplane defines
a face of the Newton polytope and the exponent vectors k£ which appear in the
reduced equation are the vertices of P; which lie on this face.
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Since the coefficients of the leading terms of any series solution must vanish, we
have a simple test for nonexistence of a solution of order a:

Proposition 3. Let a be a nonzero rational vector. If the reduced system (16)
has no solutions in T then there does not exist a Puiseuz series solution of the full
system (14) of order a.

As Bernstein remarks, a system of equations gives rise to only finitely many
distinct reduced systems. In other words, different vectors « can induce the same
reduced system. Recall that the terms of the reduced polynomial f;, correspond
to vertices in the face of P; determined by the supporting hyperplane with inward
normal o. While the facets (faces of codimension 1) of a polytope have a unique
inward normal up to scalar multiplication, the lower dimensional faces will have
infinitely many. However, they all induce the same reduced system. The vectors
a € R™ can be partitioned into finitely many sets according to which face of P; they
induce. The sets of the partition turn out to be convex cones and the partition is
called the normal fan of P;. To be sure that every reduced system is examined one
needs to construct the common refinement of the normal fans of Pi,..., P,, i.e.,
the partition obtained by intersecting the sets of the partitions for the individual
P;. Tt turns out that this refined partition is just the normal fan of the Minkowski
sum polytope Py +...+ P, ={z e R" 1z =a1+ ...+ z,,2; € B;} [47].

We can now outline our method for proving that a given system of polynomial
equations has finitely many solution in T. First we find the Newton polytopes P;
and compute their Minkowski sum, P. For each face of P (defined by an inward
normal vector ), we see whether the corresponding reduced equations f;, = 0 have
solutions in the algebraic torus T. If not, then « and all other inward normal vectors
to that face are ruled out as possible orders of Puiseux solutions. If the reduced
equations do have solutions, we can still try to show that no Puiseux solutions of
order « exist by examining higher-order terms in the series. If all vectors « in a
half-space of the form ¢+« > 0 can be eliminated in this way, then the system has
finitely many solutions in T.

For our system of equations for relative equilibria, almost all of the reduced
equations have no solutions in T provided the masses are positive. Only a few
exceptional cases have to be handled by going to higher-order terms.

We will use one more remarkable fact from BKK theory to get an upper bound
for the number of relative equilibria. Note that the Newton polytopes of a system do
not depend on the actual coefficients of the polynomials, only on which coefficients
are nonzero. So one can consider the set of all polynomial systems which have the
same P; but with different values for the coefficients. Then Bernstein shows that
for systems of n equations in n unknowns and for generic choices of the coefficients,
the number of solutions in the algebraic torus T is equal to a certain geometric
invariant of the Newton polytopes called the mixed volume (the solutions have to
be counted with appropriate multiplicities). Moreover, even when the number of
solutions in T is infinite, the mixed volume gives an upper bound for the number
of isolated solutions. The definition of mixed volume depends on some geometrical
constructions on polytopes. We have used the Minkowski sum of polytopes P;
above. More generally, one can take a linear combination of polytopes A1 P; +...+
MPr={z€eR": 2= a1+ ...+ M2, z; € B;}. The Euclidean volume of this
linear combination is a homogeneous polynomial function of the A; of degree n. If
the volume V(A1 Py + ...+ A\, P,) is expanded as a sum of powers of the A; then
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the mixed volume is just the coefficient of the product A;--- A, [8]. It is not easy
to compute the mixed volume from this definition, but there are other algorithms
which have been implemented on the computer [16, 11].

4. THE NEWTONIAN FOUR-BODY PROBLEM

In this section we carry out the procedure outlined above for the relative equilib-
rium equations of the Newtonian four-body problem. There are six mutual distances
r;j. The six Albouy-Chenciner equations are rational functions in these variables.
Since we are looking for solutions with r;; # 0 we can clear denominators to obtain
polynomial equations. Similarly, Dziobek’s equations (12) are equivalent to poly-
nomial equations in the mutual distances. To obtain a system of equations which is
symmetrical under permutation of the four bodies, we view (12) as three equations:

812534 - 814523 = 512334 - 513324 = S13524 - S14S23 =0.

So we have a system of nine equations satisified by the six mutual distances of any
relative equilibrium.
A typical one of the six Albouy-Chenciner equations is:

3.3 .3 .3 3.3.3.3.3
(17)  2(ma + m2)risriaTasryy — 2MriarisriaThsras
3.3 3.3 5 3.3 3.3.2 3
T M3T T 3714724 — M3T12713714724 + M3T12773714723724
3.3 3.3 2.3 .3 .3 3.5 .3
T M3T T 14723704 + M3T12713714723724 — M3T127714723724
3.3 3.3 3.5 .3 3.3.3 2
+ MAT 73T 1423 — TAT 12713714723 + M4T 1271371473724
3.3.3 .3 3.2 .3 3 3.3 .5
+ MaT a7 3753754 + MAT12T13T 14753754 — MaT12713753724 = 0
where m = mqy + mo + ms3 + my. The others are similar. Since there are fourteen
distinct monomials, the corresponding Newton polytope in RS has fourteen vertices.
For example, if we order our six variables r = (ri2,713,714, 23,724, 734) then the
vector of exponents of the first term of the polynomial above is k = (0, 3,3,3,3,0) €
RS and this point will be one of the vertices of the Newton polytope.
The Dziobek equations are
3.3 3.3 3.3 .3 3.3 .3 3.3 .3 3,3.3 _
T14T93 = T12T34 — 12714723 + 712714754 + 712723754 — 71473754 = 0
3.3 3.3 3 3.3 3.3 .3 3.3 .3 3.,3.3 _
T13T54 — T12T34 — 12T 13724 + T12T 13754 + T127247 54 — 713724754 = 0
3.3 3.3 3.3 .3 3.3 .3 3.3 .3 3,3.3 _
T14T93 = 13794 — T13714723 + 713714724 + 713793754 — 714723724 = 0
Their Newton polytopes have six vertices.

4.1. Computation of the Minkowski Sum Polytope. The Minkowski sum
polytope, P C RS, of the nine Newton polytopes of our equations is quite com-
plicated. A straightforward approach to such computations, which works well in
simpler examples, is simply to add the vertices of the summands and then find
a minimal set of vertices and facets with a program such as Porta 1.3.2 [6]. In
this case, however, it was necessary to develop an indirect approach which will be
described in this section.

Porta uses the double-description method of Motzkin, Raiffa, Thompson, and
Thrall [33]. This algorithm is among the most efficient for high-dimensional, non-
simple polytopes. However, computing our polytope P using Porta was unfeasible
on our current hardware. Although many alternative algorithms for computing
convex hulls exist, the available exact arithmetic implementations of them also
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seemed insufficient for our task. Our idea was to exploit permutation symmetry to
compute P more efficiently.

The permutation group Ss acts on the subscripts of the m; and the r;; (with
the convention that r;; = ;). Under this action the nine equation of our system
will be permuted. In fact the six Albouy-Chenciner equation are permuted among
themselves as are the three Dziobek equations. Let P; be the Minkowski sum of
the Newton polytopes of the Albouy-Chenciner equations and P, the sum of the
Newton polytopes for the Dziobek equations. Then the group action above induces
actions on the polytopes P;, P> and P. It was possible to directly compute P; and
P, using Porta. We want to use these partial sums together with the symmetry to
find P = P1 + PQ.

We begin by constructing a list of possible inward normals for the facets of P.
From polytope theory we know that every face of P is the Minkowski sum of a face
from P; and a face from P,. In particular, some of the facets of P can be found by
taking the sum of a facet from one of the P; with a vertex from the other. As an
inward normal for this facet of P we can use the normal for the facet of P; used to
construct it. So we add all of the inward normals from the P; to our list.

Next we want to compute the normals for the other facets of P. These new facets
F; arise from sums of lower-dimensional faces of P; and Py, i.e., F; = g; + h; where
g; is a s-dimensional face of Py, h; is a t-dimensional face of P». To find all possible
normal vectors of new facets it suffices to compute the sums of faces with 1 < s < 4,
1<t<4,and s+t =>5. The g; and h; can be found by computing the face lattices
of P; and P,. The f-vectors (the number of faces fo, ..., f5 of each dimension) for
P, and P, are (2881,12942,22504, 18657,7178,964) and (54,210, 357,312,135, 24)
respectively. Once the facet F; is in hand, it is elementary to compute its normal.
The symmetry of P; and P> can be exploited by only computing sums where the g;
are representatives from each orbit of the symmetry action. This also means that
the entire face lattice of P; need not be computed. Since there are very few faces of
P, which have nontrivial stabilizers, the S; symmetry reduces the computational
complexity by a factor of almost 24.

This procedure yields a large list of possible facet normals, most of which are
spurious. For each candidate normal, the vertices from the ‘raw’ Minkowski sum
Py + P which minimized the inner product with the normal were found. This ‘raw’
Minkowski sum, computed by taking all possible sums of vertices of P; and P, has
134784 points. Using the fact that the dimension of the set of minimizing vertices
has to be 5 for a true facet normal we could weed out the spurious normals. Besides
the 973 distinct facet normals already present in P; and Ps, there are 2007 more
arising from lower dimensional combinations as described above so the polytope P
has 2980 facets.

The vertices of P are the extreme points among the 134784 points found above,
i.e., those which are not in the convex hulls of other points on the list. To find
them we used the following procedure. First we constructed other, asymmetrical
raw Minkowski sums by writing P = P/ + Pj where Pj is the Minkowski sum of
seven of the nine polytopes and P} is the sum of the other two. Since the polytope
P is symmetric, any point of this raw sum for which the complete S4 orbit is not
contained in the sum cannot be a true vertex. By decomposing P in several different
ways and intersecting the resulting lists, we found a much smaller set of candidate
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vertices. Finally, we eliminated any of these candidates which was not a point of
intersection of six different facets. The result was a list of 13836 vertices.

The final list of vertices and normals was verified as follows. Each of the 2980
normals « determines an inequality « -k > u where p is the minimum value of a- k
on the big list of 134784 points. On the other hand, a Porta computation showed
that the convex hull of the smaller list of 13836 vertices is defined by exactly the
same inequalities. It follows that the convex hull of the smaller list is really the
polytope P and that the inequalities define P. Finally, the 13836 are true vertices
of P because they each lie on six distinct facets.

4.2. Analysis of the Reduced Equations. The “big Minkowski” polytope com-
puted in the last section has 2980 facets and 13836 vertices. The next step of our
procedure is to analyze the reduced systems corresponding to the various faces of
P. The simplest faces are those for which one or more of the reduced equations
consists of a single term. We will refer to such a face or reduced system as trivial.
A trivial reduced system can have a solution with all variables nonzero only if the
coefficient of the monomial vanishes. Since the single term in question is one of the
terms of the original equations, we can guarantee that all possible trivial reduced
systems will have no nonzero solutions by assuming that all of the original coef-
ficients are nonzero. For the equations above, this amounts to assuming that the
masses satisfy m; # 0, m # 0 and m; +m; # 0 for distinct indices 4, j € {1,2,3,4}.
Using Mathematica [44] we found that all but 53 of the 2980 facets lead to trivial
reduced systems of equations. The nontrivial ones are shown in Table 1.

Each of these inequalities corresponds to a facet of P with inward normal vec-
tor « given by the coefficients of (ki,...,ks). For example, inequality 22 has
inward normal o = (0,0,—1,—1,0,0). We will analyze the reduced equations
only for the facets with normal vectors in the half-space ¢ - o > 0 where ¢ =
(-1,-1,-1,—-1,—-1,-1), i.e., for the facets corresponding to inequalities 22-53.

For inequality 22, we get the reduced equations by selecting from each of the nine
polynomials f; of our system, those monomials whose exponent vectors minimize
«a -k = —ks — k4 among all the monomials in f;. After cancelling out factors which
are powers of the variables r;;, the result is the following system of nine reduced
equations fiq:

Mariarty + mariarsy = mariyriy + morisr, =0

mariyrsy + mari riy = moriyris + mirirs, =0

Mariyriarsy + mariyrisrsy + martyrayrs, + mariariyr, — 2mrtyrisrd,ri, = 0

mariyriariy + marfyrisrly + martyriyry + mortarird, — 2mrdyriard e, =0

1arsy — riariariy — rarSy + riarisrsy + riyrd,rsy — risrduriy = 0

Mo+ —1=rh+r3, —1=0
All such systems of reduced equations have a certain homogeneity. In this case, the
monomials which appear in each equations have exponent vectors k with the same
value of —k3—k4. It follows that if r = (r12, 713,714, 23, 24, 734) € T is any solution,

then for any s € C\ 0, we get another solution (r12,713, 5 1714, 5 1793, 724,734). In
general, for the reduced equations f;, we can rescale solutions via

(o3 « (0% (o3 « «
(51712, 57?113, 8737114, 5123, 5% 19y, 50T34).
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2k — ko + 2k3 + 2ks — kg > 28 33. —kog— ks —ky4 — ks >= 81
2k — ko + 2k3 — ks + 2k5 > 28 34. —ki — kg — kg — k6 >= —81
2ko + 2ks — ky — ks + 2kg > 28 35, —ki— ko — ks — kg >= —81
9. —ko — k3 + 2k4 + 2k5 + 2kg > 28 36. —2ks — 3ks — 3kg >= —170
10.  —kq + 2ko + 2k3 — ks + 2kg > 28 37. —3ks — 2ks — 3kg >= —170
11, —ky + 2ko + 2k3 — ky + 2kg > 28 38. —3ks — 3ks — 2kg >= —170
12, —Fky — k3 + 2k4 + 2ks + 2kg > 28 39. —2ky — 3ky — 3kg >= —170
13, —ky — ko + 2k4 + 2ks + 2kg > 28 40. —3ko — 2k4 — 3kg > —170

1. ki+ ko +ks+ky+ ks + kg > 90 28. —ki — kg — k3 >= —63
9. Dy + 2o+ 2y — ks — kg > 28 20, —hy — ks — kg > —69
3. Oy 4+ 2y — ki + 2y — ke >28 30 —ky — ks — kg > —69
4. 2k, + 2ks — k3 + 2ky — ks > 28 31. —ki— ks — ks > —69
5. 2k1 + 2ks — ky + 2ks — kg > 28 32. —ki—ky— k4> —69
6.

7.

8.

14. k1 + ko + ks > 36 41. —3kg — 3ky — 2kg > —170
15. k14 ks + ks > 36 42. -2k — 3ky — 3ks > —170
16. ko + k3 + k¢ > 36 43. —2ky — 3ky — 3ks > —170
17. ks+ ks + kg > 36 44. -3k — 2k4 — 3ks > —170
18. ki1 + ko + k3 > 30 45. —3k1 — 3ky — 2k5 > —170
19. ki + kg + ks > 30 46. —3k1 — 2ko — 3k > —170
20. ko + kg + kg > 30 47. —3k1 — 3ky — 2k3 > —170
21. ks + ks + ke > 30 48. —2ko — 3ks — 3ks — 2ks5 > —208
22. —ksz— kg4 > —50 49. —3ko — 2k3 — 2ky — 3k5 > —208
23. —ka — ks > —50 50. —2k; — 3ks — 3ky — 2kg > —208
24. —ki — kg > —50 51. —2ky — 3ko — 3ks — 2kg > —208
25, —kg — ks — kg > —63 52. —3k1 — 2k3 — 2k4 — 3kg > —208
26. —ko —ky — kg > —63 53. —3ky — 2ko — 2ks — 3kg > —208

27. —ky —ky — ks > —63

TABLE 1. Nontrivial facets for the Newtonian Minkowski sum polytope

Using this, we can arrange to have the following normalization condition hold:

(18) T12713714723724734 = 1.

To see this note that under the rescaling above, the product of the r;; changes by
a factor for sl°l, where |a| = a; 4 ...+ ag. As long as |a| # 0 and r;; # 0, we can
rescale to make the product be 1.

After appending the normalization condition (18) to the reduced system we
get ten equations. The equations generate an ideal in the polynomial ring with
variables r;; and m;. If this ideal contains polynomials in the mass variables alone,
then these polynomials give necessary conditions on the masses for the existence of
values r;; € C making the equations valid. In particular if these mass polynomials
are not zero for a given choice of m; then for those m;, the reduced equations have
no solutions r € T as required. Such polynomials in the masses alone can be found
by computing a Grobner basis for the ideal with an appropriately chosen monomial
ordering (for an introduction to Grébner basis theory, see [7]). Our Grébner basis
calculations were carried out using Mathematica and checked using Macaulay 2
[14]. For the reduced equations above, the mass polynomial mym4 — mamg turns
out to be in the ideal. Thus if this polynomial is nonzero, the reduced system has
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no solutions in T. It follows from symmetry that the inequalities 23 and 24 will
lead to similar mass polynomials m;m; — mym; with permuted subscripts. When
writing such mass polynomials, the subscripts ¢, j, k, [ will always represent distinct
elements of {1,2,3,4}. Unfortunately, these polynomials can vanish for positive
masses and so the vector a remains a possible order of a Puiseux solution for such
masses. However, this possibility will be ruled out in section 5.

In addition to the reduced systems arising from the nontrivial facets in the table,
we have to study the reduced systems arising from the the lower-dimensional faces
of the Minkowski sum. These faces can be constructed by intersecting two or
more incident facets of P. If a set of facets are incident then the face obtained by
intersecting them can be defined by an inequality of the form « -k > p where « is
any inward pointing normal vector to the face.. The choice of the inward normal
« is not unique, but the reduced equations obtained are independent of which
normal is used. We used the sum of the normals of the incident facets. The terms
appearing in these reduced polynomials f;, are always a subset of the terms which
were present in the reduced polynomials of the corresponding facets. It follows that
if a certain facet is trivial (some equation reduces to a single term) then all of the
subfaces of this facet are also trivial. So in our study of faces we need only consider
intersections of the 53 nontrivial facets. Thus any nontrivial face can be described
by giving a list of indices from 1-53, describing the facets whose intersection yields
the given face.

We have used permutation symmetry extensively to cut down the number of
reduced systems which need to be analyzed. The action of the permutation group
S4 on the variables m; and r;; induces an action on the set of faces of the polytope
P. Tt is clear that we need only check one representative face from each orbit of
S4. We choose the representative whose list of facet indices is minimal with respect
to lexicographic order. Call such a list of indices a minimal representative for its
orbit. Then the list of minimal face representatives can be computed inductively
by dimension as follows. First construct a list L; of minimal representatives of
the facets, by choosing from each Sy orbit the facet with the smallest index. Next
suppose that the lists Lq,..., Ly have already been constructed, where Lj is the
list of k-tuples I = (i1,...,0%), i1 < 42 < ... < ik, of minimal representatives
for nontrivial faces which are defined by intersecting k incident facets. Then Ly
can be constructed by considering all possible extensions of the k-tuples I € Ly
to (k+ 1)-tuples I’ = (i1,...,ik,ix+1) With ig41 > i and then eliminating those
extensions which describe non-incident facets, those which lead to trivial reduced
systems and those which not minimal in their group orbits. To see this, note that
if I' € Lgy1 then the k-tuple, I, obtained by dropping the last component must
represent k incident facets which determine a nontrivial reduced system. We also
need to see that I is a minimal representative of its group orbit. If not, then there
is some k-tuple J =g -I = (j1,...,jk), g € S4 with J < I in lexicographical order;
here we denote the action of Sy by a dot. Then we will show that J' =g -I' < I,
contradicting the minimality of I". Now J' = (j1,...,j; ) consists of the k-tuple
J together with the index g-ix41 inserted in its proper order. No matter where this
new index is inserted, we will have (j{,...,j,) < J < I and so J’ < I’ as required.

We can further cut down the list by using our requirement that each face we
analyze must have a normal vector « lying in our chosen half-space ¢ - a > 0.
Now if a face is obtained by intersecting two or more facets which all have inward



FINITENESS OF RELATIVE EQUILIBRIA 15

normals with ¢ a < 0 then every normal vector a for the face will also satisfy this
inequality. This is because the normal vectors for faces are convex combinations of
the normals of their defining facets. Hence we can eliminate from our list all faces
obtained by intersecting only facets with indices between 1 and 21.

After using symmetry and the half-space condition, only the faces determined
by the following lists of inequalities have to be analyzed:

{22} {25} {29} {33} {36} {48}
{2,25} {2,36} {14,25} {14,36} {18,29} {22 48}
(25,36} {33,48} {2,14,25} {2,14,36}
{2,25,36} {14,25,36} {2,14,25,36}

Any other combination of inequalities has one of the following properties: either
the facets are not incident in the polytope P or they are incident but determine a
trivial reduced system of equations or they can be obtained from a combination on
this list using symmetry.

For each of the corresponding reduced systems, we append the normalization
condition (18) and use the Grébner basis method to find polynomials in the masses
which are contained in the resulting ideal. The ideals {25}, {29}, {36}, {48},
{2,36}, {18,29}, {22,48}, {25,36}, {33,48} contain one of the polynomials m;,
m;+m; or m which we are already assuming to be nonzero. Ideals {2, 25}, {14, 25},
{14,36}, {2,14, 25}, {2,14, 36}, {2, 25,36}, {14,25,36}, {2, 14, 25,36} contain sums
of three masses m; + m; + my,. This leaves only facets 22 and 33.

As noted above, the ideals of facet 22 and its symmetrical counterparts contain
polynomials of the form m;m; — mym;. The ideal of facet 33 is more complicated.
It contains (m; + m;)?(my 4+ my)*(m +m3)(mi +m})Q where
(19) Q= (mf’ - m?’)Q(mi — m?)2 + 4m§’m§’(m2 — ml3)2 + 4mim§’(m§’ - m?’)Q.
This polynomial also vanishes for some positive masses and so the corresponding
normal vector « is still a possible order for a Puiseux solution.

At this point, our analysis of reduced systems has shown that if

m; # 0 m; +m; # 0 m; +m; +my #0 m=mi+mg+mg+my#0

then almost all of the vectors « in the half-space ¢- a > 0 are ruled out as possible
orders of a Puiseux series solution of our system. The only remaining possibilities
are positive rational multiples of the vectors ass = (0,0,—1,—1,0,0) and as; =
(0,—1,-1,—1,—1,0) and their symmetrical analogues. In the next section these
orders are also shown to be impossible.

5. ANALYSIS OF THE EXCEPTIONAL CASES

Assuming that m; > 0, we will show that there do not exist Puiseux series
solutions of our system of nine equations whose order « is a positive multiple of
age = (0,0,—1,-1,0,0) and g3 = (0,—1,—1,—1,—1,0). This will complete the
proof of theorem 1.

If the masses are chosen so that the corresponding mass polynomials vanish then
one can find solutions of the reduced equations in T. But these solutions represent
only the leading coefficients of a possible Puiseux series solution. If there really
exists such a solution, it must be possible to find consistent values for the higher
order terms in the series as well.



16 MARSHALL HAMPTON AND RICHARD MOECKEL

5.1. Facet 22. Let us assume that mim4 = moms and that m; > 0. Because
our equations are homogeneous in the masses we can further assume that my =
1. We wish to analyze the possible Puiseux series which begin with a positive
rational multiple of the exponent vector awss = (0,0,—1,—1,0,0). Recall that our
variables are ordered as r = (712,713,714, 723, 724, '34). 1f such a series exists, then
the projection of the variety V' onto the r14 and 723 axes does not consist of just a
finite set, so it must be dominant. By proposition 1, there will be a Puiseux series
solution with 714(t) = 1/t. Then the exponent vector will be exactly ss. It follows
that the leading term of 793(¢) is also of degree —1 while all the other series begin
at order 0.

Making the substitution r = (z12, 13, 1/, Ta3/t, T24, x34) and clearing the
denominators gives a system of nine polynomial equations F'(¢,x) = 0 in five un-
knowns = (212, 13, T2s, T24, T34) With coeflicients which are polynomials in ¢. We
can expand the system as F(t,z) = Fy(x) + Fi(x)t + Fa(z)t? + ... = 0 (however,
it turns out that Fyj(x) = 0). A Puiseux series solution of our original system with
order o would give rise to a Puiseux solution z(t) of the new system with order 0.

The equation Fy(z(0)) = 0 is equivalent to the reduced equations for ass. These

determine the constant terms of the z;;(t), although not quite uniquely. Namely

215(0) = 11177,212’ 234(0) = ﬁa 13(0) = 1:17%37 23,(0) = ﬁa and x23(0) = +i.

Using Mathematica, it is not hard to show that the rank of DFy at x(0) is 5.
By the implicit function theorem, the z;; must be power series in ¢. Since the
expansion of F' continues at order 2 we set xij(t) = T (0) + uith + vijt3 + ...
Substitution into F leads to systems of linear equations for v and v. It turns out
that the equations for u are consistent and determine u uniquely. However, the
resulting equations for v are inconsistent so no Puiseux solution of this order exists.

5.2. Facet 33. Suppose now that (19) vanishes for positive masses. A repre-
sentative case is when m; = ms and ms = my = 1. We want to rule out
Puiseux series whose order is a positive rational multiple of the exponent vector
ass = (0,—1,—1,-1,—1,0). As above, we may assume the order is exactly ass
and set r13(t) = 1/t. Setting r = (z12, 1/t, ®14/t, T23/t, x24/t, x34) gives a system

F(t,l‘) = Fo(LL') + Fl(l')t + Fg(x)tQ +...=0for x = (1‘12,3314,1'23,33247.’)334). We
want to rule out Puiseux solutions of order 0.
The reduced equations give the leading terms 23,(0) = -, 23,(0) = 14—,

23,(0) = £, 235(0) = Fi, and x24(0) = —1. Again the rank of DF,(x(0)) is 5.
Although the polynomial Fj(x) is nonzero, it turns out that Fy(x(0)) = 0 so once
again, the possible series solutions take the form z;;(t) = @;;(0) +w;;t2 +vi;t3 +. . ..
As before, u is uniquely determined but then the equations determining v are found
to be inconsistent. This completes the proof of theorem 1.

6. UPPER BOUND AND LOWER BOUNDS

6.1. Lower Bound. There are always exactly 12 collinear relative equilbria [32].
MacMillan and Bartky [25] prove the existence result of one convex relative equi-
librium for each of the 6 rotationally distinct cyclic orderings of the 4 masses. The
strictly concave case, where one particle is contained in the convex hull of the other
three points, is more complicated. In [13] it is shown that if all four masses are
different then there are at least 16 concave relative equilibria giving a lower bound
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of 34 for the total number of relative equilibria (the lower bound of 8 concave
configurations stated in [13] counts reflected configurations as equivalent).

In fact this result can easily be refined to give the following proposition, the proof
of which contains some additional geometric information about these configurations.

Proposition 4. There are always at least 14 concave relative equilibria in the four-
body problem. Unless exactly three of the masses are equal, there are at least 16
concave relative equilibria.

Proof. The proof is based on the main result in [13] which can be formulated as
follows. First we introduce a way of labeling a concave configuration of four masses.
One mass, call it m¢, lies inside the triangle formed by the other three. For a
scalene triangle, the sides and their lengths can be uniquely labeled L, I, and S
such that L > I > S. By reflecting the configuration, if necessary, we can always
assume that the edges occur in the counterclockwise order. We label the masses
opposite the edges L, I, and S as mp,, my, and mg respectively, so these will also be
counterclockwise around the triangle. For an isosceles, but not equilateral, triangle,
one or the other of L, S will be uniquely determined and the other two labels can be
chosen to achieve counterclockwise order. For an equilateral triangle, just choose
the labels to get the desired order (it is known that this case can only occur if
mp =m; =mg).

With these conventions, the main result of [13] shows that there exists a concave
relative equilibrium of this form provided

(20) myp 2> mp, mp > mg

Of course the reflection of this configuration will be a rotationally distinct relative
equilibrium with mp, mr, mg in clockwise order.

Given four masses my, ..., my we obtain several different concave configurations
by assigning which masses are to play the roles of m¢g, my, mp, mg. Assume without
loss of generality that m; > mg > mg > my. Then the following 8 permutations
will satisfy (20):

(me,mr,mp,ms) =(1,2,3,4) (2,1,3,4) (3,1,2,4) (4,1,2,3)
(1,2,4,3) (2,1,4,3) (3,1,4,2) (4,1,3,2)

Now if no three of the masses are equal, it is easy to see that the 16 relative
equilibria determined by these 8 configurations and their reflections are pairwise
inequivalent under our rotational symmetry. First note that if two configurations
are equivalent, then they must have the same central mass and the masses on
the triangle must be in the same cyclic order. For a fixed m¢ there are just two
permutations in the list above and these have the triangular points in opposite
orders. Finally, these two configurations cannot be equivalent to one another’s
reflections. To see this, note that since the triangle is not equilateral, at least one
of the edges L or S is uniquely determined by the geometry (independent of our
ordering convention above). In that case, the two equivalent configurations would
have to have the same choice for my, or mg. But two different permutations from
the list which have the same m¢, always differ in both my and mg.

Since Albouy [2] has shown that there are 50 relative equilbria when all four
masses are equal, it only remains to consider the case of exactly three equal masses.
If m1 = mg = mg > my then the six permutations in the table with m¢ # my still
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give 12 different relative equilibria. But the other two entries might be realized by
equilateral triangles with m4 at the center. These are equivalent to one another’s
reflections and we get only 14 in all. The case m; > mo = mg3 = my is similar. QED

A complementary result of Xia [46] gives a relatively simple proof of a lower
bound of 16 concave relative equilibria if certain nondegeneracy assumptions on
the function TU? hold, otherwise at least 8. Here U is the potential > mim;r !

j
and I is the moment of inertia m~! Dici mimjrfj.
To summarize, we can say that there are always at least 32 relative equilibria
in the four-body problem. Unless exactly three of the masses are equal and the

function TU? is degenerate, there are at least 34 relative equilibria.

i<j

6.2. Upper Bound. We have shown that for positive masses, the nine Albouy-
Chenciner and Dziobek equations have finitely many solutions r = (r12,...,734)
in the complex algebraic torus. Since the number of equations used exceeds the
number of unknowns, it is not possible to directly apply the mixed volume bounds
of BKK theory to this system. However, we will now apply it to a system of 10
equations and 10 unknowns derived from the equations (13) in section 2.2.

As noted in section 2.2, any non-collinear relative equilibrium determines a so-
lution of (13) with 7;; # 0 and z; # 0. However, it is possible that & = 0. To
sidestep this difficulty we replace the equations f; = ... = f; = 0 by the differences
fi— fa= fa— fa = f3 — f4 = 0 to obtain a system of 10 equations for (r,z). Then
an upper bound for the number of complex solutions (r,z) € T gives an upper
bound for the number of equivalence classes of relative equilibria. In fact, we are
only interested in solutions with r;; real and positive.

The main point is that there is a two-to-one mapping from the set of solutions
(r,z) € T of this new system to solutions r € TS of the Albouy-Chenciner
and Dziobek equations. To see this, suppose we have a solution (r,z) of our ten
equations with r;; # 0. We will show that r satisifies the nine Albouy-Chenciner
and Dziobek equations. First of all, Dziobek’s equations (12) follow immediately
from the equations S;; = z;z;. Next we will show how to derive the Albouy-
Chenciner equation with (4, j) = (1,2) ; the others can be derived in a similar way.
Setting (7,7) = (1,2) in (10) and replacing S;; by z;z; gives:

2 2 2 2 2 2 2
(21) = 2(mq1 + ma)z12277y + M32123(rss — ris — o) + M32223(1]3 — T55 — T13)
2 2 2 2 2 2
+maz124(r3y — 174 — 112) + Maz223(17y — T34 — T12).
A bit of algebra shows that this expression is equal to

—(z1 4 z2)riafo + (22 — 21)(f1 — f2)

so our system of 10 equations implies the Albouy-Chenciner equations.

On the other hand, we will now show that given any r € T%, there exist at most
two ways to find z € T* such that z;z; = S;; hold. Since all the z; are to be
nonzero, we must have S;; # 0. Then the ratios of the z; are uniquely determined
by equations of the form z;/z; = Sit/Sjk. Setting z; = c(; where (; = z;/z4, we
have ¢2(1¢a = S12 which determines ¢ up to sign. Thus z is determined up to sign.

If m; > 0, we have shown that the Albouy-Chenciner and Dziobek system has
finitely many solutions » € T® and it follows that our system of 10 equations
has finitely many solutions in T!'°. Then BKK theory shows that the number
of solutions is bounded above by the mixed volume of the Newton polytopes P;,
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i = 1,...,10, of these equations. Using the program Mixvol we found that the
mixed volume is 25380 [10]. This bounds the complex solutions with all variables
nonzero. However, at most one third of these solutions can have real values for the
mutual distances r;;. To see this, note that if (r, z) € T'C is any solution then so
is (wr, z) where w is any third root of unity. So we can have at most 8460 real
solutions (r,z) (probably the number of real solutions is much less). Since there
are exactly 12 collinear relative equilbria which are not included here, our upper
bound for the number of relative equilibria of any four positive masses is 8472.
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