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1. 10 points) Use a truth table to determine whether the following statements are logically equivalent.
If so. explain how this is demonstrated in the truth table; if not, give a situation in which their truth
values are different.

Statement 1: p ~ q
Statement 2: (pA ‘~ q)
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2. (10 points) Consider the following implication: If x e N and y = ir, then sin (zy) = 0.
(a) (4 points) Write the converse of the implication.

IF 5ifl(X9)~’O1 w~€~g ON~d

b) (6 points) Write the negation of the implication.

xeIWav~c\ 9’ir,a~~4 ~in(%cj’)~O.
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3. 16 points) Write each statement using mathematical quantifiers and symbols where possible. Then

write the negation of each statement, again using quantifiers and other symbols. You should not just
put the negation symbol in front of the statement; rather, change quantifiers and other symbols as
needed to express the negation as a new statement.
a) (8 points) For all positive real numbers x, there is a real number y such that f’(xy) = 0 or f’(xy)

is undefined.

Statement: Vxe’W,no,]~je’W~a S ‘(‘x5’~=o v ;~

I \
Negation: ~%ER,~C7O,~V~6’W, ~tx’j)≠Q A 41 (oet1) is

dt be~ed.

b) (8 points) There exists an integer ii such that \/~ < Ii < + 1.

Statement: 2 ~ Vi”-n ~.

Negation: Y~ V “~ (TI~1.

4. (4 points) Give a BRIEF (2-3 sentences at most) description of how to prove a mathematical state
inent p by contradiction.

(4~ v4-1’c~ 0c~, n~, ~
-frtsce- (-Ace- 4’s ascncp-k’ov~ 4’ 1nU4

a. C~r0~’°~’ ltiet” tt&e c&cs-.~t\pf10t~

~ ~ -fr~Lkf.



Let A, B, and C be subsets of a universal set U . Prove: A \ (B \ C) = (A \B) [ (A \ C).

Proof: To show that A \ (B \C) ✓ (A \B)[ (A \C), take some x 2 A \ (B \C). Then, by definition, x 2 A

and x /2 B \ C. x /2 B \ C is equivalent to x /2 B or x /2 C [¬(x 2 B ^ x 2 C) () x /2 B _ x /2 C]. So

x 2 A \B or x 2 A \ C. I.e.,x 2 (A \B) [ (A \ C), which shows that A \ (B \ C) ✓ (A \B) [ (A \ C).

Conversely, suppose x 2 (A \B) [ (A \ C). Without loss of generality, assume that x 2 A \B. Then x 2 A

and x /2 B. So x /2 B \C. So x 2 A \ (B \C). Thus (A \B)[ (A \C) ✓ A \ (B \C), which shows that the

two sets are equal.
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7. (16 points) Consider the following relation on lit xRy if there exists a real number r 0 0 such that
x = ry. (In other words. xRy if you can multiply y by some nonzero real number to get x.)
(a) (12 points) Prove that R is an equivalence relation.

(it V1%LLS4 proUt R ~c rtfltldVt1 S~nirnL&&, A.J~
oRtkt$;Jt ~ qx~~f~: LeA r:L; tL.. ~
•~ (Qx,~3Lr2~ ~t~32$’\
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(b) (4 points) Describe the equivalence class of x = 0 in this relation.

CD:, ~di? j ~inton rsci.tcs
.~ &j~±~2c$n’t ~cJ
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Xzttj 4~) rj~)c.
~ h-r~cjj-a~~c ,%ad S4ct.t_-J

~czr~ j~SE

8. (8 points) Give a counterexample to show the following equality is not true: no4 c: rj , ~s

(AxB)U(CXD)=(AUC)x(BUJ3)
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8) Consider the following relation on R: xRy i↵ there exists a real number
r 6= 0 such that x = ry. (In other words, xRy if you can multiply y by some
nonzero real number to get x.)

a) Prove that R is an equivalence relation.

Proof. Let x 2 R. Then, taking r = 1 and y = x, we obtain x = 1 · x.
Hence, xRx, and it follows now that R is reflexive.

Let us verify that R is symmetric. Suppose that x, y 2 R are such that
xRy. By definition of R, it means precisely that x = ry for some non-
zero r 2 R. Then r

0 = 1
r is a non-zero real number and we can write

y = r

0
x = 1

rx. Thus, yRx.

It remains to show that R is transitive. Let x, y, z 2 R be such that
xRy and yRz. It means that there exist non-zero r

0
, r

00 2 R such that
x = r

0
y and y = r

00
z. Now, the product r0r00 is non-zero and, moreover,

x = r

0
y = r

0 (r00z)| {z }
y

= (r0r00)z. This equality means that xRz. Thus, R is

indeed transitive.

Since R is reflexive, symmetric and transitive, it is an equivalence relation.

b) By definition, the equivalence class of x = 0 with respect to relation R
is the set E0 = {y 2 R|0Ry}. More explicitly, E0 consists of all real
numbers y such that 0 = r · y for some non-zero r 2 R. It is easy to see
that the only number y with this property is y = 0. Thus, E0 = {0}.

8) Give a counterexample to show the following equality is not true:

(A⇥B) [ (C ⇥D) = (A [ C)⇥ (B [D).

Solution. One can produce (infinitely) many such counterexamples. Per-
phaps, one of the simplest looks as follows. Let A = B = {F} and
C = D = {�}. Then the Cartesian product A ⇥ B is the set {(F,F)}
and C ⇥D = {(�,�)}. Thus,

(A⇥B) [ (C ⇥D) = {(F,F), (�,�)}.

On the other hand, since A [ C = B [D = {F,�}, then

(A [ C)⇥ (B [D) = {(F,F), (F,�), (�,F), (�,�)}.

So the set on the right-hand side of the given identity is strictly larger than
the set on the left-hand side.
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