
EI if our list looked like this :
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( 001
Another weirdexample ( 0,1) - ( o , D

-

It's not so bad to add one # to a denumenble set and show
the result is equi numerous . [ ed f : No → IN

,
fcntntl ] It's

much harder with an uncountable set
.

idea : to construct bijh f :(0,1) → ( 0
, D ,

use fcxtx lid fnl

for basically everything .

Need to hit 1
.

Choose to send
Yzt ' 1

. Creates new
"

gap
"

in range at 42
.

Send 44 H Yz
.

( and so  on )
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Define f :( 0,1) - ' ( 0,1 ] as follows :

f(×)=¢j¥=£,
×=a÷

,
some new

,
otherwise

.

tf÷€ ( you check : bijn ⇒ (0,1 ) - ( QD )



thm TFAE (The following are equivalent)

(a) S is countable
\

( ak⇒ (b)
(b) F injection f :S - ' IN (a) a (c)
( c) F surjection g://V.is . ( b )L⇒ ( c )

,
Usually we prove

" just enough
"

Sketch of Pf of (a) ⇒ ( c ) to establish equivalency

If S is finite
,

Sys , , sa
,

. . , .sn } (a) I ( b)

define gll ) =s , I #

gH÷s2
( C )

gcnlisn
gcm) = Sn ,

m >n Or (a) C ⇒ ( b) ( ⇒ (c)

If S~ IN
, S={ si , 52,53 ,

. . . } : gln ) = Sn



)

Putting it all together

÷- ft
, they have the same cardinality or cardinal #

.

( Remember
,

this is an equiv . rein . [ Tulth ] )
So 11,2, 3 }

, { a ,b , if not equal assets
,

but have same card ' lity .

Def2.4.IT Denote card 'l number of S by 151
,

so 1St ITI
iff S~T

,
ie .

• Define ISKITI if F injection S→T
.

• Define ISKITI if ISKITI but not 1st. IH
.

EI / IN /±/Z/: f :lN→Z , fins =n ("

inclusion IN 42
" ]

1 {1,233 / < IINI : f inclusion identity ,
but 111,3331=1HNI



The cardinal number or cardinality of a set is ( informally)
its size :

• cardinal # of 0 is 101=0 .

• cardinal #  of In :{ 1,2 ,
. . . ,

n } is IInI=n

•1NI= No
• IRI = c ( continuum)

Aside : The Continuum Hypothesis

There is no set whose cardinality is strictly blw No and c
.



Things Lets ,T,
U besets

.

(a) SET ⇒ Isle ITI f :{IF } this " identity
"

or
" inclusion "

always
(b) 151<-151 injective .

⇒ by def
SES

,
use part (a) Isle ITI

(

dlskklandltklul
⇒ ilsleul

FEST 2¥ :t→u ,
and got :S - su injh .

⇒ ISKIUI .

(d) m ,
new

,
men ⇒ IIMIIIINI

Im=H,2 , ... ,m } E { 1,2 , } ... ,n 3- In
,

use (a) .



Folly manyX= ( not P )

Det Given a sets
,

the power setofs
.

written PCS)
is the set of  all subsets of 5

.

E±S={ a,b:
It subset leltsubsets 2eH subsets 3eH subsets 4eH subset

P($={ 0 ,
la } { a ,b3 I a ,↳c3

,
la ,b,sd} }

{ b }
, la,c} la ,b,d }

,

{ c3
, { aid } { a ,c,d}

{ d }
,

148 lb ,c,db
"

15¥
if



Another way to count # subsets (not list them) :

To construct a subset of { a ,b ,
c

,
d }

. . .

For each elt
,

I need to decide whether to include it or not
.

( Ex : 4 No 's : 0 ; YNNY → { a
,

d } )
tour YIN questions ⇒ Total possibilities = 24=16

In gen 'l for finite 5
,

/ PCS) / = 2151

thms • Isl < IPIS) 1

• IPANH = IN

Coty F infinite ' ' chain "

of larger and larger x 's :

IN 1<1 PHNIKIPCMINH / < . . . . .



A few words concerning § 2.5
,

which covers Axioms of Set thy .

÷th majors are encouraged to read this section
,

but it's not officially part of the course !

It has the basic Axioms we use to build up set
theory and modern mathematics - and possible shortcomings !

( ... paradoxes ! )


