
Chapter 3 : the Real Numbers

§ 3.1 IN (? ! ) and induction
.

IN provides a nice into to properties of number systems
and Sets

. For example :

Axiom IN is wetland ,
which means :

If 0¥ Sen
,

then  it has " least ' ' EH
,

i.e.

7 KES such that hem YMES
.



EI S = {

10
,

9,8
,

100
, 99,98 , 1000,999,

998
,

. . .
} E IN

k = 8 I m V. me S
.

Aside#l_ Could look  at the zest of the elts in S C if there

are any )
, choose the least of those

, repeat .

⇒ can write S in numerical order .

S . = { 8,9
,

10
, 98,99 ,

100
, 998,999,100 ,

. . . .
}

Aside#2_ Can every set be well - ordered ?

What's the smallest lminimalelt in ( 0,1 ) ? or IR ?



treeing"¥m "

Every set can be well - ordered
1 with respect to same order - not necessarily <

,
E

,
etc)

Hmm . . . believable ? Equivalent to :

Axiomotchoicee Given any infinite collection of bins ( set )
we can choose one object ( el t )
from each .

Seems reasonable
. ...

but has weird consequences ,

like WOT above
,

and
...

Seems more reasonable (? ) Has lots of useful
,

reasonable consequences ,
but also



Banach - Tarski Paradox
.

A sphere in 1123
can be cut into a finite number

of pieces ,
which can be rearranged and glued back

together ...

into two identical copies of original sphere /! ! ?!)

¥e- Ee he





Backtalk

Thm¥2 (Proof by Induction )
Let Pcn ) be a stmt which is TIF for each n . If

base - ) (a) Pa ) is true

induction step  → (b) FKEIN
,

if Plk) true then PCKH) true
Then P ( w ) true for all NEIN .

idea : PH ⇒ Pla ) ⇒ PCD ⇒ Pk ) ⇒ . . . ( infinite ladder)
[ could start other than n= 1 ]

PI : Let S={ k / PCH is false } e IN
.

If S= 0,
then

PH true Un
,

we 're done
.

If St 0 ,
it has a least

dtm [by well ordering ]
. By (a) [ base case ] mtl

,
so

m - 1 E IN . Pcm - I ) true
, so (b) ⇒ Plm) true § .



ObligatoryHistoricalEtample

Prove : 1+2+3 + . . . . +n= MITT

Cheat : PN : 1--114=25--1 ✓

PHJ :

1+2+3+4=10
.

4¥ = 10 .
✓

P( 1000 ) : 1+2+3+4 + . . . + 1000

1000+999+998+997 . . . . + 1

÷+1001+1001 + . . - - + 1001  =  100040011

Answt : £4000.1001)



Inductively 1+2+3 + . . . .+n=n£h+X
.

:P ( n )

Base case : checked Pll ) above

Induction step : Assume Pcn) is true
,

It . . .tn = HIT and
we want to show Plntl ) is true :

1+2+3 + . - + nt 1 NH ) = (+2+3 + . ..+n]t ( NH )
use assumption

& often use PCH
,

PCHHI =[nlnatX]+( ntl )

instead of n here
.

=(n2I⇐e2
=n2+3nt=

= ( ntl)(n¥ ,
as desired .



¢ What 's wrong with this " inductive proof
" ?

B#se : n =L : 1=1121 ✓

Inductee : Assume true for n , prove for n +1 :

I +2+3 + . . . + n = n(n¥n

1+2+3 + . . .tn + ( nt l) = NYT+ ( n +1)

1+2+3 + . . .tn + 1 n+|j = n2+t#2
1+2+3 + . . .tn + ( n +1 ) =

n2+3*2
1+2+3 + . . .tn + ( n+| ) = ( NHKr¥ ,

as desired
.



4 What 's wrong with this " inductive proof
" ? ( ✓2)

B#se : n=l : 1=1121 ✓

Inductee : Assume true for n , prove for nil :

1 n+Nn+2 )
1+2+3 + . . - th + ( hit ) =

21+2+3
+ . . .tn =

(hHkn# - ( NH )

1+2+3 + . . .tn = ( n2t3nt2 ) - 2h - 2
.

2

1+2+3 + . . .tn =
n2+=

2

1+2+3 + . . .tn =
n (n¥ ,

which is true by
assumption .



General Guidelines :

�1� Don't work with both sides of an

equality at once

�2� Related : don't say things are equal until

you know they 're equal .

avoid : 1
eqn that = ( we want

- = -

- = -

1something) = ( we know ) ✓


