
§ 3.2 Ordered Fields
-

You should react this section
,

but you're not responsible
for all of it

.

Focus on the deft we discuss in lecture
,

the few thus

we 'll mention
,

and any HW assigned .

The rest is
" ambiance "

showing just how much work

goes into constructing algebra .

For more
-

:

field
- take modern / abstract algebra

ordered fields - take Math 561516 .

( Real Analysis)



Risenplete,o¥fied¥ng :

Complete : will be described in next section
. Essentially means

-  -

R has no
" holes

.

"

EI in 7L
,

no # 's blw 0 and I
.

EI in Q
,

there is nd # q s :b
. q2=2

But GEIR
.

ordered Given any x , y ER we can put them in order : x< y , yex ,

etc .

field means we can do all standard arithmetic

+ ,
-

, • , ÷ 1 but not by 0)



Addition axioms

A1: 8x, y 2 R, x+ y 2 R.
If x = w and y = z, then x+ y = w + z.

A3: 8x, y, z 2 R, x+ (y + z) = (x+ y) + z.

A4: 9!0 3 8x 2 R, x+0 = x.

A5: 8x 2 R, 9!� x 3 x+ (�x) = 0.

A2: 8x, y 2 R, x+ y = y + x.

A1, A3, A4, A5 make R a group under addition.

If A2 is also true, we say that the group is commutative (or

abelian).



Multiplication axioms

M1: 8x, y 2 R, x · y 2 R.
If x = w and y = z, then x · y = w · z.
M3: 8x, y, z 2 R, x · (y · z) = (x · y) · z.
M4: 9!1 3 1 6= 0 and 8x 2 R, x · 1 = x.

M5: 8x 2 R with x 6= 0, 9!x�1 3 x · x�1 = 1.

M2: 8x, y 2 R, x · y = y · x.

And one axiom governing how the two operations interact:

DL: 8x, y, z 2 R, x · (y + z) = x · y + x · z.



Order axioms

O1: 8x, y 2 R, exactly one holds: x = y, x < y, y < x.

O2: If x < y and y < z, then x < z.

O3: If x < y, then x+ z < y + z.

O4: If x < y and z > 0, then x · z < y · z.



Extanples

IN : Hm
,

he IN
,

Mtn t IN ( we can add)
10 - 15  

= - 5 EZ
,

not IN . ( can't do - )
.

Can  multiply ,
not divide in genll.

7L : we can add
, subtract

,
or multiply two integers and

get an  integer. BUI ...

in gen 't
,

can't divide : at Ct 7L
.

Q : Can add
,

subtract , multiply ,
divide (by non - zero )

fractions and get fractions
.

field ( ordered
, even )



Thmtididletx ,y,z€|R
IAHF !otRtVxeR,x+o=×

1DH xlytztxytxz
(a)

×tz=y+z⇒X=y
lA2)x+y=y+x

14×-0=0
(c) - 0=0(d) HI .x= - × Pf±(b )

(e)
×y=oHX=oory=o
(f) ×<y( ⇒ -

yc - × X . 0=1/(0+0) 1 A4 )

(g) xcyandzco × .O=× . Otx . o ( DL )
⇒zy<

ZX × .oto=× . Ot xD ( A 4)
Otx .O=× . Otx - 0 ( AH

0 =x.O ( party )



THMZQSL If xeyte He >o
,

then XEY .

Remark : Think " limits ! ytc for all e so  is funny way
to say linyyth.

h→o

Thm says : hi;g+x
e hixisth ⇒ x a- y .

CP : if y< × then Fe >o 7 y+e< x
.



Pfot :  if y< x then F E > o f × > yt E

C
• p • >

y yte X

Could use y+e=×t9y ⇒ [ = xtst - y=×1s

cheat : y+C= yt '¥

= 2y*g
2

= ×±

⇒ ¥ ( bk x > g)
= ×



threw (a)

1×1>-0(b) 1×1 eats - aexea

1×1={4×30 (c)lxyklxtlyl
- × '*° (d)Ixtylslxlt

triangle inequality )
clearer w/ vectors :g+g%

:


