
That Archimedean Property of IR

IN has no upper bound in R
. .ie#R

no

PE By contradiction
. Suppose IN is bold above

,
INFO ⇒ F least

upper bd
,

m = sup IN .

Then m - I ±ot upper bd ⇒ F no EIN
,

no > m - I .

Then not I >m
,

and no +1 EIN
,

m not upper
bd } .
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( * ) Archimedean Property
R (a) FZEIR

,
F n 7 n > Z

.

( b) f × > ofye IR F he IN 7 nx >y

& ( c ) F × > OF new J 0 < nt < × .

PI ( * ) ⇒ la ) Assume not
,

so Fz sit ttn
,

Zzn .
{ ( bd fr IN )

(a) ⇒ (b) Choose Z  = YK in (a)

(b) ⇒ (c) Choose gal in (b)
. ( Also ( a ⇒ ( * ) ?)



Finally...

thm Q is devise in IR : Y × , y ER with x< y ,
F re Q s ×< rcy .

Proof : See book
.

Constructed : Write out decimal exp's of × , y :

× =3
. 1415692 . . .

y =3 .

1412.987
. . . .

1st time they differ
,

"
split the difference "

r =3. 1413=3,105.3
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st . xc way .

II 7 r ( to ) in Q between th'In :

Fer <

tf
a < y
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