
§ Kmpletenessaxit

01 : How does IR differ from Q ?

M_aj#p±

I
. Upper,

lower bounds
2

. sup ,
Inf :

- defs
- finding sup

S
,

inf S

-

proving youths are correct
.

3
. Completeness

4
. Density of Q

5. Archimedean Property .



B_eg.nu#nds : Some subsets of IR have minimum anchor

maximum elements

• MES is mins if FSES
,

ones

•

MES
is maxs if FSES

,
SEM

mins =0

E±S={ 0,2 ,4 } • • • >
max 5=4

0 2 4

S=[ 0,6 ) . > mins = O

0 no max

5=10,1) 0 0 >
no min

,
max

0 1

S={ 1- HINEIN}
•

• •• .i
.

, >
min 5=0

'

0 1
no max



More generally : mis an upper bound for

SEIRIFYSES

,
Sem

m is a [ bound far Serif t.es
,

mss

( neednotbeins )

E±S=Io,2,4 } • • • >

o 2

�4�upper bdand

max

5=10,1) 0 0 >

0 1

0 is lower bd
.

I supper
So  is -1

,
-2

,
-3

,
...

bound . So

- ra
, -1.7 is 5

. or it
. .

SHI -

'AINHN}
, i >

0 1



Observations 0 if m is upper bound for S
,

so is any #

larger than  m .

�2�
m is lower bound ⇒ so is any smaller # .

�3� If an upper bd MES
,

then it's max S
.kef

Let OFSEIRbebouts .

( ie .
it has an upper bd)

The least upper bound is called supremum of S
,

sup S = lub S

Similarly
,

greatest lower bound of a set which is bold below

is in finum  of 5
, infs = glb 5

.

1



Ex

S=fo,D
• • , supS= I

- 0 I inf S= 0

S= ( o ,x ) 0 > inf

5=0
0

no sup

SHI - KINHN} •
• • • .

:|
> int 5=0

0 '

Sup  =/

So if m= sups ,

(a) mzs FSES
.

(b) m 's m can't be an upper bound : 7 s 'eS7 s
'

>m
'

Similarly
,

if mains

(a) my HSES

(b) m
'

>m can't be lower bound : 75cm '



EI ( Old Exam Problem) A=fnn÷ : new ]

(a) List the dts of A .

AYE 't , I , Eiut , Its ,
. 3=10, ti 's 't , IF , }i . }

(b) Show A is bounded above and below

new ⇒ nt
,

ntl both >- o ⇒ k¥0
,

so A is bounded

below by 0
.

Also n - 1 < nil ⇒ nutty ( bkntl > 0 )

(c) Find f- int A
, m = sup A . Prove your answers are right.

l=infA=o ,
m= sup A=1



A = { TET : nt IN } = { 0
,

' bi 421315 , 2/3 , 5171 . . . }

Proof thatinf

First
,

0 is a lower bound of A by part (b)
.

Now suppose 7 l >o which is a lower bound for A
.

This is a contradiction
;

bk Oe A
,

so l cannot a lower

bound of A .

key : shorter bk OEA
,

so 0 = min A



A = { NIT : nt IN } = { 0
,

' bi 421315 , 2/3 , 5171 . . . }

Proof that A-= i

By part 41
,

I is upper bound : a el H AEA
.

Now suppose F m< I which is also an  upper bd
.

We 'll

show this is impossible,
so 1 is in taut tie 1¥ upper bd.

n÷ > m findglut of A here
,

to right not

n . I > nmtm

=n - nm > mt I T
m I

n ( I - m ) > mil nn÷ for some

n > MI n ) MI
I - m 1- m



D. Sometimes m= I - E
{

for some small #{ so m= I - E

So solve nn÷ > m = 1 - C

n - 1 > ( n+D( 1 - e)
.

÷ ¥

. ...
end result : m=l - E is not an upper bd . Hence 1 is

least upper bound .



Completeness Axiom Every Ots ER which is bold above
-  -

has a least  upper bound
.

Notes OQ net complete . Ee S :{ xe Q : x3< 2 }
.

OES
,

les ⇒ St 0 .

bold above by 2 ( 1.5.10 ,
ek

. )

But no least upper bd of S in Q : fact Q

02why not
"

Every 0=1 SER which is bold

below has inf ?
"

True -

can prove using completeness Axiom .



That Archimedean Property of IR

IN has no upper bound in R
. .ie#R

no

PE By contradiction
. Suppose IN is bold above

,
INFO ⇒ F least

upper bd
,

m = sup IN .

Then m - I ±ot upper bd ⇒ F not IN
,

no > m - I .

Then not I > m
,

and no +1 EIN
,

m not upper
bd 4 .

thy TFAE

( * ) Archimedean Property
R (a) FZEIR

,
F n 7 n > z

.

( b) f × > ofye IR F he IN 7 nx >y

& ( c ) F × > OF new J 0 < nt < × .


