
Det ( Sn) converges to SEIR
,

written

Sn - S o± las sn=S org
l sn=S

.

He >o

INEIN
(or R) sit

.

n±V
⇒ Isn - Sk {

.

Into : Sri 's if

eventually
, every Sn is

arbitrarily
)0¥ .

n > N , Yq >o Isn - SI < E

Some N

¢ Order matters ! You don't choose E
.

It's

given to you ,
and your challenge is to prove

you can ( eventually ) force Sn within E of s .



Visuals - via Geolrebn
.

Alternatively
,

§
,

;
.

sit.

;,

is
. •Me

; ; ; .gs'
Sntf ( Snnsn

Shits

SN
,

Sn+, , Sun
,

. ... are all within { of s

nzn ⇒ Isn - s|< E a she (S - E
,

Ste )

01 SNEMS ; E)



Note at this point we're not worried about tools to find a

limit . Just proving that a limit exists / is correct !

In general ,
to prove Sn → s :

Stepl : Think /Algebra /Preparation .

For some [ so
,

do

algebra to find N which makes rest of def " work
.

Steps : Proof
.

Let e > 0
.

Choose N = (magic # from above)
.

Then if
n > µ

,

/ Sn - SI = . :(algebra) . .  = . . . . < E
.

( subs th )

.



€ ( sn )=(n÷)=( Fi 's ' } 'T '
. " ) We suspect sn→l

Thinldatglprp:

Want : figure out ns.t . Isn - SKE
,

i.e. /¥ - 1/< [
.

Method Method
. { ( n÷t< e

- { < tktce 1¥ - Fike
- { <

- ' Ince In '#1< E

→always tree ; 1- Yn|< E

{ > 's no  useful into
± < [

n > 't ← that's N .

yecn



Foot that ¥ → I

Let { so
,

and choose N =
' te.

Then n > N implies

1¥ - it . .=Hl= 's s ,j=÷=E

Sn→s if YE >o
, 7 N sit .

n > N ⇒ Isn - SKE



Ex 41.6 Show sn=
PI → 0

- n3 - 5

thiIlAlge¥/Peparati_n

PITT - 0/4 messy n2+2n< n
?

e- 5e
.

to solve for n >
-

Trick of the trade : find a
"

nicer
"

sequence which → 0

and is bigger than ours :

oepH÷- old )< e



Showing nIt¥→0 via lnI¥ - ole ( ) < e

�1� We only care what eventually happens, so we can

assume n 22 So that

n2+2n2o and n3 -5>-0 ⇒ /nItf÷/= nitty
�2� Try to find a simpler (larger) seq .

which bounds ours .

K¥ n2+2n PCI
Fs

<

qcn,
¥ PM > natan

qln) < n
'

- 5

Helps if
p, q

have form k .
npower

,
degree (p) < degree (g)



Showing nIt¥→0 via lnI¥ - ok

#<
e

n3/2

• For large enough n (specifically ,

¥3
)

n2>2n ⇒ n2+n2 > n2t2n
2n2 > n2+2n park 2 . n

2

• For large enough n (specifically ,¥ )

nt5 > n3 never true !

what about ¥ ?

n
3- 5 > ¥ ⇒ Ps 10 qH=

1- n3

n > Tw
2



Showing nIt¥→0 via lnI¥ - ole ( Yn ) < e

�3� Find an appropriate N for our simpler sequence .

Figure out condition on ns.t .

/ ¥ - OKE .

amounts to Hake ⇐ ) ns 4k

So if n > 413 and nz3
,

n2
+2¥ < n±< e



Poot that nn2I¥→o ( finally! whew !)

Given e >o
,

set N= max / 2,3 , 3,4k }
.

Then NN ⇒

last. kt÷oI=nIt÷n.IN/tm4k
.

This is all a special case of
...

thm Suppose an→o .

If for k >o
,

me IN we have

t.sn - s / Ek - an for all mm
,

then Sn → S
.



thm Suppose an→o .

If for k >o
,

MEIN we have

Isn - S|< k . an for all n >m
,

then sn→s .

Notes 0 lnI÷ - ok 41 's)
Sn s k an ( m =3 )

�2� This is the Squeeze thm !

If oefcnsegcnl and nlgsoenlaxkns season)

0 Elna fox e 0

⇒ nlgyfcn) = 0
.



thm Suppose an→o .

If for k >o
,

me IN we have

Isn - S|< k . an for all n

>nr
,

then sn→s .

If
.

Let e so
,

need to show Isn - SKE for (eventual)
values of  n .

Because an→o ,
F N

,
st. Ian-01=1 ank 4k

.

Let N= max { m
,

N , } .
Then n > N ⇒

Isn - sleklanl < k(4k)=E
, ,

mm bkn >N
,



Q : How to prove a sequence diverges ?

Recall the def " :

,
implied Y n > N

Sn →s iff HE > OF N s . t
.

n > N ⇒ Isn - SI < E
.

snts iff Fe > o J V. N F n J n > N and I sn - SIZE

i.e. F e > o for which you
can't eder guarantee

Sn is ever within E of s
.

E± nt + ' 9 bk we can't guarantee tn will be within E units

of 9 far { =/
. In fact / 'T -9/2 E =L far all I

-

not even a matter of finding n !



So to prove SNDNERGET
, you must show it cannot

Converge to airy se R - that's hard !

Show : FS Fe > of V. N F n s n > N and Isn - SIZE

Must exhibit { so sit
. no matter hot large n gets ,

you cannot guarantee Isn - SKE for any s .

EI Prove sn=tH
"

diverges . sn=H ,
1

, -1,1 , -1,1 ,
. . . )

Let E = 1/2
, suppose Sn → s

.

t#
,

F NS.t
.

n > N
, Isn - sk 42

.

Thus - Is Sn - s < at

No matter how large n  is
,

Sn still oscillates blw L
,
-1

.



EI Prove Sn=H )
"

diverges .

not ⇒ sn= - I
,

so
- £< - I - sc 's ⇒ - Eos - ta

nev=⇒sn=l , so
- Lal - se ta ⇒ tacsc I

Thus - a2< sa - La 's < sa 22

i.e. s < s
,

a contradiction
. Hence Sn does not

Converge to qwy S
.

( Sn diverges)



thm If sn→s
,

Sn - 't
,
then s=t . ( tin of a seq .  is unique )

PI We want to show s=t ( ⇒ s - t=o

( ⇒ Is - tl=o
( ⇒ Is - tl < { feso

Since sn→s
, sn→t , given E > 0 we know

F M sit
.

n >M ⇒ lsntl < [ 12

7 K sit . nsk ⇒ Isn - tk

42Then N=max{ M
,

K } ⇒ both ing 's true
.

For n > N we therefore have
...



t.tt/=/(sn-t)-(sn-s)/(addedO=sn-sDEIS
.

- tltlsn - S/ ( Oineq )

€42+42
=  29.12

={

as desired
.



thm A convergent sequence is bounded

Read in book  with paper and pencil to draw

and follow along .

toss
,

SN


